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ABSTRACT. In this article, we consider the multiple solutions for the nonho-
mogeneous Choquard equations

1
—Au+u= (— * \u|p>|u|p72u + h(z), =€RY,

||

and

1
—Au = (
||
where N > 3,0 < a < N,2- % <p <2, = 2]1\,\]7:20‘ Under suitable
assumptions on h, we obtain at least two solutions on the subcritical case

2 — § <p <2 and on the critical case p = 23,.

# [ul? ) [uf2a 2w+ h(z), @ eRY,

1. INTRODUCTION AND MAIN RESULTS

In this article, we consider the nonhomogeneous Choquard equation

1
—Au+u= <W * |u|p)|u|p_2u+h(x), reRY, (1.1)

WhereN23,0<a<Nand2—%<p§2;:QIJ\Y:;‘.

A special case of (|1.1)) is the Choquard equation

—Au+u= (L * \u|2)u, z e RV,
||

which was proposed by Choquard in 1976, can be described as an approximation
to Hartree-Fock theory of a one-component plasma [22] 23]. It was also proposed
by Moroz, Penrose and Tod [26] as a model for the self-gravitational collapse of a
quantum mechanical wave function. In this context, Choquard equation is usually
called the nonlinear Schrédinger-Newton equation. For more details on the physical
aspects of the problem we refer the readers to [11}, 12, 13| 14, 24| 26] 30] and the
references therein.

Recently, the nonlinear Choquard equations has been widely studied. When
h = 0, the existence and multiplicity results of system have been discussed in
many papers. Take for instance, Lieb [22] proved the existence and uniqueness of
the ground state to by using symmetric decreasing rearrangement inequalities.
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Later, Lions [24] showed the existence of infinitely many radially symmetric solu-
tions to . Gao and Yang [I8] established some existence results for the Brezis-
Nirenberg type problem for the nonlinear Choquard equation with critical exponent.
Further results for related problems may be found in [11 2, [3 [ [T5] 19} 25] 27, 29]
and the references therein.

Next, we consider the nonhomogeneous case, that is h # 0. In [35], Xie, Xiao
and Wang proved the following Choquard equation

1
—Au+V(x)u = (W * |u|”> |ulP~?u+ h(z), xcRY,
x
had two nontrivial solutions if 2 — & <p < 2]]\,\’__;‘ satisfies the compactness condi-

tion:

(A1) V € C(RN,RT) is coercive, that is limy,_, o0 V(z) = +00.
Zhang, Xu and Zhang [37] also considered the bound and ground states for nonho-
mogeneous Choquard equations under the condition

(A2) infpn V' > 0, and there exists a constant r > 0 such that, for any M > 0,

meas{z € RY |z —y| <r,V(z) < M} — 0 as |y| — oo, where meas stands
for the Lebesgue measure.

Under condition(A1l) or (A2), they define a new Hilbert space
E:={ue H'R"): /]RN [Vul® + V(z)u’de < oo}
with the inner product
(u,v)p = /RN (Vu - Vv + V(z)uv)dz

and the norm ||u|z = (u,u)'/?. Obviously, the embedding E < L*(RY) is contin-
uous, for any s € [2,2*]. Consequently, for each s € [2,2*], there exists a constant
ds > 0 such that

luls < dg|ullp, Yu€ E. (1.2)

Furthermore, it follows from condition(Al) (or (A2)) that the embedding E —
L*(RYN) are compact for any s € [2,2*)(See [5]). Other related results about non-
homogeneous equations can be found in [9) 10, 16}, 17, 2] 31 B2], 33| B34} 36] and
the references therein.

Motivated by the works above, in this paper we study the existence of multiple
solutions to the nonhomogenous Choquard equation with the critical exponent

1 * .
—Au= <W * |u|2a> lul?«=2u + h(z), z€RY (1.3)
T
and the subcritical exponent
1
—Au+tu= <W * |u|p)|u|p72u+h(x), reRY, (1.4)

where N > 3,0 <a < N and 2 - & <p<2;.
Before giving our main results, we give some notation. Let H'(R") be the usual
Sobolev space endowed with the standard scalar and norm

(u,u):/ (VuVo + w) dz, Hu||2:/ (|Vu|2+|u|2)dx.
RN RN
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DY2(RY) is the completion of C§°(RY) with respect to the norm
P e L T
RN

The norm on L* = L*(RY) with 1 < s < oo is given by |u[$ = [pn |ul*dz.
We use the following assumptions:
(A3) ||hll -1 < Cor 8%/2a=1) 1 where H~! is the dual space of D2(RY),
Sw,r is the best constant defined by

) Jon |Vul?dz
Sur = il ETAT: ey
ueD12(RN)\{0} (fRN f]RN ‘zfiylaydx dy) 2N —«
and
2025 — 1)
CQT,, = 2.2% 1

(2.2 —1)7% 2

2N
(A4) h € LaNw-17a (RN), h(z) > 0 and h # 0;
(A5) |h|__2nvp < e=¢e(N,p,a,d 2np ), where ¢ is a positive constant, d_anp
IN(p—D)Fa 2N—«a ZN—a
is defined in Lemma [E.1] below.

To our best knowledge, in the nonhomogeneous case, this is the first result in-
volving critical exponent, so that we think this type of problem is worth to consider.
We mentioned here that the basic idea of this paper follows from that of [34]. Our
main results read as follows:

Theorem 1.1. Assume h # 0 and (A3) hold. Then has at least two solutions.
One of which is a local minimum solution with the ground state energy, and the other
one has the energy which is strictly bigger than the least energy. If additionally, we
assume h > 0 holds, then the two solutions are positive.

Theorem 1.2. Assume h £ 0, (A4) and (Ab5) hold. Then (1.4]) has a local mini-
mum solution with the ground state energy. If additionally, if h > 0, then (1.4) has
at least two positive solutions.

Remark 1.3. There is a standard method for obtaining two solutions of a nonho-
mogeneous system. Usually it is not difficult to obtain a negative local minimum
and a positive mountain-pass value of the energy functional. But because of the
lack of the compactness of the embedding H'(RY) «— LP(RN),p € (2,2*), the
Palais-Smale condition no longer holds. Especially, many authors avoid the lack of
compactness by some coercive assumptions on the potential or by restricting the
problem to the radially symmetric subspace of H!(RY). But in this paper, these
methods are not adopted. To overcome this difficulty, we use the Brezis-Nirenberg
method [7, 8], which preserve the compactness except some fixed bad energy level.
And then by estimating the asymptotic behavior of the local minimum solution, we
obtain the second solution.

Throughout this paper, the letters Cy,d,c;, i = 1,2,3... will be used to denote
various positive constants which may vary from line to line and are not essential
to the problem. We denote by — weak convergence and by — strong convergence.
Also if we take a subsequence of a sequence {u,,}, we shall denote it again {u,,}.
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This article is organized as follows. In Section 2, we introduce the variational
setting for the problem and give some related preliminaries. In Section 3, we manage
to give the existence of the solutions for the critical case. In Section 4, we give the

proof of Theorem

2. VARIATIONAL SETTING AND COMPACTNESS CONDITION

First we give the well-known Hardy-Littlewood-Sobolev inequality.

Lemma 2.1 (Hardy-Littlewood-Sobolev inequality [23]). Assume f € LP(RY) and

g € LY(RYN). Then

/ / @O 4 40 < o, g, )11l
gy Jry |z —y|@

wherel<p,q<oo,0<a<N,%4—%4—%:2.
If p=q=2}, then

o2 TAFY) (T(H)\ %
Cp,ga) =C(N,a) = /2F(N_%){F(N)} .

The equality in (2.1) holds if and only if f is a constant times g and
g(x) = (C Tz —a)CN-a/2

for some A; € C, 0# C €R and a € RV,

By the Hardy-Littlewood-Sobolev inequality, the integral

)P NE
p- [ [ b,
RN JRN |z — y

is well defined if |u|P € L*(RY) for some s > 1 satisfying

2 a
-+ — =2
S+N

Therefore, for u € H'(RY), by Sobolev embedding Theorem, we know that

2 < < 2N
s .
P=N_9
that is
2N — « 2N — «
<p< :
N N -2
Thus, 2NN_ ¢ is called the lower critical exponent and 2}, = 211\\,’:2"‘

(2.1)

is the upper
critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality.
For all u € Dl’Q(RN), by the Hardy-Littlewood-Sobolev inequality, we have

)|2 e No2
dwdy) ™" < C(N, @)~ 5 [uf3.,
RN JRN |»"U - ?J|D‘

C(N, ) is defined in Lemma We use Spg,1 to denote best constant defined in

(A3).
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Lemma 2.2 ([I8]). The constant Sy,1 defined in (A3) is achieved if and only if
b N-2/2
o= rimss)

where C' > 0 is a fived constant, a € RN and b € (0, +00) are parameters. We can
also obtain

S S
HL = C(N,a)N-2/2N-a’

where S is the best Sobolev constant. In particular, let
[NV - 2)) 5
Ul)=—""—"5>5
(1+[z[?) 7=
be a minimizer for S, S is the best Sobolev constant, then

(N—a)(2—N) 2-N
W(z) = S 3072 C(N,a)2N==F U (x)

is the unique minimizer for Sy, and satisfies

27 .
7Au:/ |“(y)|ady|u|2a*2u in RY.

Ry |7 — 9

Moreover,

27 27, 2N —o
RN '

|z —yl|*

To prove the problem by variational methods, we define the energy functional
associated with (L.3)) by
1 2
I(u) = 7/ |Vul? [u@)l% july)™ dr dy — h(z)udz,
2 RN RN |x — |a RN
(2.2)

RN

for u € DL2(RY).
By the Hardy-Littlewood-Sobolev inequality, we know that I € C1(DV2(RV),R)
and

(I'(u),v) :/ |Vul|Vo| dz —/ /RN \x )Zju(y)v(y) dx dy

- /RN h(z)vdx

for all v € C§°(RY). And so u is a weak solution of (1.3)) if and only if u is a critical
point of function I. We will constrain the functional I on the Nehari manifold

A = {u € DV2RN) (I'(u),u) = 0}.
Denote ®(u) = (I'(u),u), so we know that

(I'(u),u) = [Jull}) - / /RN fu( |x_y|a)| dx dy—/RNh(x)udx,
and

(@' (u),u) = 2|ul|% —2- 2*/ /RN |x—y|0‘)|2* dxdy—/RN h(x)udz.

Notice that, when wug is a local minimum solution of I, it holds
(I'(uo), uo) = 0, (®(ug), uo) >0,

(2.3)
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which leads us to consider the following manifolds:
A = {u € DY*(RN) : (I'(u),u) = 0},
AT ={ueA: (' (u),u) >0},
A" ={ueA:{(d(u),u) <0},
A ={ue A: (' (u),u) =0}
Obviously, only AY contains the element 0. Furthermore, it is easy to see that

A°UAT and A°U A~ are both closed subsets of D12(RYM).
To simplify calculations, for u € DV?(RY), we denote

A= Au) = HUHD7

[u(z) = u(y) [~
/ / dzx dy,
RN JRN |$ - i‘/|a
C=C(u) / h(z)udz.
RN
Define the fibering map
A, B 55
ou(t) =1I(tu) = =t* — ——t=*« = Ct, t>0. (2.4)

2" 2.2

Therefore,
¢, (t) = At — Bt*2~1 — C,

O(t) = A—(2-25 —1)Bt*%2,
Obviously, tu € A with ¢ > 0 if and only if ¢/,(t) = 0. By the sign of ¢/ (t), the
stationary points of ¢, (t) can be classified into three types, namely local minimum,
local maximum and turning point. Moreover, the set A is a natural constraint for
the functional I. This is means that if the infimum is attained by w € A, then u
is a solution of . However, in our case, the global maximum point of ¢, (t)
is not unique. This leads us to partition the set A according to the critical points
of ¢, (t). This kind of idea was first introduced by Tarantello in [34]. Later,
many mathematicians apply this idea to study other problems; for instance, see

[6, BT, [37, 136] and the references therein. Now we give some properties of A* and
A°.

Lemma 2.3. (i) Assume that h # 0 for u € DY2(RN)\{0}, there is a unique
t= =1t (u) > 0 such that t—u € A~ . If additionally we assume [,y hudx >0, then
there exists a unique 0 < t+ =t (u) <t~ satisfying tTu € AT. Moreover,

(2.5)

I(t"u) = max I(tu) for/ hudz < 0;
t>0 RN
It u) = I(tw), I(ttw)= min I(t hudx > 0.
(70 =T, T(¢F0) = win 1(00) for [ huds

Proof. Define ¢, (t) = 4% — ;2= 2 2122 — Ct for all t > 0. In the case S~ hudz <0,
there is a unique ¢~ > 0 such that ©,(t7)=0and ¢//(t7) < 0. So that

(I'(t7u),t"u) =0,
lt7ulh — (22 = DB(w)(t7)% 2 <.
Thus, t”u € A~ and I(t™u) = max;>o I (tu).
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1
In the case [;n hudx > 0, for tg = to(u) = [ﬁ] 22572 > 0, we have

2.2%—1
max ¢, (t) 2 Ato — Bty —C

2 soi—s 2-2F —2
_ |: ||u||D ] 2272 « ||U||%) . hu dx
2-2: - 1)B 225 — 1 n

2% /2 2* —1 2(2:; - 1)
O e ele — Wl o

= 5517705 Jullp — hllg-1llulp > 0.

From ¢/,(0) = —C < 0 and ¢/,(t) — —o0 as t — 400, we know that there exist
unique 0 < t1 < to < t~ such that ) (t7) = ¢/, (t7) = O,apu( ) <0< Ql(th).
Equivalently, ttu € AT and t~u € A~. Moreover, since %1 (tu) = ¢/ (t), we can
easily see that I(t7u) = max;>.+ [(tu) and I(tTu) = ming<,;<;~ I(tu). The proof
is complete. B - ([l

> Sy

Lemma 2.4. Assume h £ 0 and (A3) hold. Then

(i) A° = {0}.

(i) A* # 0 and A~ is closed.
Proof. (i) To prove A° = {0}, we need to prove that, for u € DV2(RM)\ {0}, . (t)
has no critical point that is a turning point. Set |ju||p = 1, define

K(t) = At — Bt¥2a~1, (2.6)

Then ¢!, (t) = x(t)—C, " (t) = —B(2-25—1)(2-2%,—2)t>2a=3 < 0 for t > 0. So x(t) is
strictly concave. If k'(tg) = 0, to = (M)l/@'z:ﬁz) >0, for 25, >2—- % > 1.
Moreover, lim; o+ x(t) = 0,lim; 4o Ii&) = —oo and x(t) > 0 for ¢ > 0 small.
Therefore, we have that x(t) has a unique global maximum point ¢y and

2(2 — 1) 1 1/(22,-2)
wlto) = 55— ((2-23— 1)3)

By and (2.5)), we infer that if 0 < C < kg, the equation ¢[,(t) = 0 h
exactly two points 1, ts satlsfymg t) < tg <ty If C <0, the equatlon () =
has one roots ¢35 > ¢o. Since ¢ll(t) = A — (2- 2% — )Bt2 272 it follows that
O(t1) > 0,¢(t2) < 0 and ¢(t3) < 0. It follows that t;u € AT tou € A~ if
0 < C < kg and tzu € A~ if C < 0. Since {u € DV2(RN) : |jullp = 1,0 < C < Ko}
and {u € DY2(RN) : |jul|p = 1,C < 0} are nonempty, we can infer that A* are
nonempty. This implies A° = {0}.

It is suffices to prove kg > C. By (A3), Lemma and the definition of Sg f,

we have

= RQ.

Ko — C = k(to) - C = Ato — Btngil

= to[l — 22 _2B]—/RNhudx

2/22, -1 22, - 1)
(225 — 1)22a-1/22-1)

-C

> S — ||l g-1 > 0.

(ii) Let u € A~, denote @ = Talp then ll@||p = 1. By (i), we know that C(a) <

uH

2(2%-1) 1 1/22a-1) . . _
Ko = 557 ((2_2371)5) with B := B(@). Furthermore, if 0 < C(@) < ko,
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the equation ¢ (t) = 0 has exactly two roots #1, s satisfying 0 < #; < tg < f such
that t10 € AT, tot € A~. Then t2t = w and so ||u||p = t2 > to. If C < 0, the
equation ¢%(t) = 0 has exactly one roots t3 > to. Then t30 = v € A~ and so
|lullp = t3 > to. In other words,

lullp >to >0, uweA™.
So there exists 7 > 0 such that

lullp >7>0, VueA™. (2.7)

Therefore, 0 ¢ cl(A™), where cl(A™) is the closure of A~. On the other hand, by

(i),
(A7) c A~ UA® = A~ U {0}

Hence, cI(A~) = A~ and A~ is closed. The proof is complete. O

Lemma 2.5. Under assumption (A3), for u € A\ {0}, there exists € > 0 and a
differential function t = t(w) > 0,w € DV2(RY), ||w|| < € such that
(1) #(0) =1;
(2) t(w)(u —w) € A, for all w € B(0);
2fm1\7 VuVw de—2-27, IRN IRN lu(y)|%a ‘”(I)le(raizu(m)w(m) dx dyffRN hw dx

|z

/ —
(3) (¢'(0),w) = Tl (225~ 1) B(w)
Proof. We define F : R x D2 = R by

F(t7w) :tHu_wHQD 42251 /RN ‘/RN ‘(U’_w)(w” ¢ (u_w)(y>| © dx dy

E
- y

Obviously, F(1,0) = 0, F{(1,0) = ¢!/(1) # 0. According to the implicit function

theorem at point (1,0), we get that there exist ¢ = e(u) > 0 and differentiable

function ¢t : B.(0) — RT such that: (1) ¢(0) = 1; (2) t(w)(u — w) € A, for all
9F w .

w € B(0); and (3) (¢'(0),w) = —{oglaow) “pp, proof is complete. O

@|
at 1(1,0)

3. LOCAL MINIMUM SOLUTION

Now we can define

= inf I = inf I = inf I(u).
co=iof I{u), e1= inf I(w), "= if I(u)

Proposition 3.1. Under assumption (A3), equation (1.3) has a local minimum
solution with the least energy co = infa I(u).

Proof. Firstly, we will show that ||u||p is bounded from both above and below. For
any u € A,

1 1
I(u) = Slullp — 5—5 B(u) — C(u)
2P 9o
11 ) 1
= (z - — ~ (1= 575 [ hud
(2 2-2;;)”””5’ ( 925 ) Jon O
2 1 ., 2.2% -1 (3.1)
(25 —1)?
[/,

= 8.2:(25 —1)
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Thus,

Lo% _1)2
R
o )
By the proof of Lemma[2.4] we have that if u € DV2(RV) and ||lu|p = 1, then

2(2% — 1) ( 1 >1/2<23;71>
225 —1\(2-2% —1)B '

So that equation ¢/, (t) = 0 has a positive solution ¢; satisfying 0 < t; < tp and t1u €
AT, Since ¢/, (t) = t— Bt>a~1 — C, we know that lim, o ¢/,(t) = —C < 0, ©’(t) > 0
for all t € (0,%p). From ¢/,(t1) = 0 we have that ¢, (t1) < lim;_g+ ¢y (t) = 0 and
ou(t1) = I(tyu) > ¢t. Thus ¢ < 0 and ¢o = infy I(u) < infpy+ I(u) =t <O0.

By using the Ekeland’s variational principle on A, we get a minimizing sequence
{un} C A which satisfies

co 1717

0<C<kKy=

1
I(Un) < ¢o + )
. " (3.2)
I(w) > I(uy) — ﬁ||u—w||D, w € A.

Since {u,} C A, it follows that ||u,||% = B(uy) + C(uy,). Furthermore, we infer

from (3.2) that

1 1 1 1
ot = 1) = (5= g Il = (1= 575) [ h@un e

1 1 1
> (5= gz Il = (1= 52 ) -+l

We know that {u,} is bounded. We claim that inf,, ||u,||p > o > 0, which ¢ is a
positive constant. Indeed, if not, by (3.3), I(u,) would converge to zero. We can
infer that cg > 0 which is contradict with cg < 0. So we have

o < unpllp < 6. (3.4)

(3.3)

Secondly, we claim that, for a subsequence of {u,} (still denoted by {u,}),
IVI(uy)||[p — 0 as n — oo. In fact, if the claim were false, we could assume
IVI(uyn)|lp > ¢ > 0 for n large enough. Consequently, according to Lemma
for u, there exist ¢, and differentiable ¢,, satisfying

tn(0) =1, ty(w)(u, —w) €A, |w|p<en
and
(t,,(0),w)
2 fon Vit Vwde — 225 fon fo L8l @l Pun@ue) gy gy — [ b da

z—y|>
lunllp — (225 — 1) B(un)

We choose wy, = 6, VI(un)/||VI(un)|lDs vn = tn(wn)(tn —wy), where 0 < 6, < €,

is sufficiently small satisfying é,, — 0, t,,(w,) — 1 as n — oo and
|I(”n) = I(up) = (I'(un), vy — un>| < l
”un - Un”D n
‘tn(wn) —-1- <t%(0)7wn>‘

lwn D

)

<1.
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From (3.2)), that v,, € A and the above, we deduce

1 1
ﬁ“vn —Un|lp > I(up) — I(vp) > <I/(un),un - Vp) — E”“n — | D-

Thus, we have
2

ﬁ”tn(wn)(un - wn) - Un”D

/ / VI (un)
> (1 - tn(wn))u (un)a un) + tn(wn)6n<l (un)a m >
and
210,00 wa) |+ o)1 + )l ] > )80Vt .

Dividing by §,, > 0 on both left and right hand of the above inequality, we obtain

/ Vl(un)
A (CAOR o

Now, if there exists A > 0 such that
llunllh = (225 = 1)B(un)| 2 A,

4+ Dllwnllp + ta(wn)] = ta(wa)[VI(w) . (3.5)

we can get the claim. In fact,

N2V Vi = Bt — 225 [ fyn 2@ 0P s @) g g
‘ R a JR R

_ lz—y|™
Tunll3 — 225 — D B(un)
c
A
Here, h,, = % and we have used the uniformly boundedness of ||u,| p-
Consequently, as n — oo,

201,000, Bud] + Dllunllo + )] — 0.

So that, by passing to the limit as n — oo in (3.5)), we get a contradiction which
implies the claim is true.

To show the existence of positive lower bound of ‘||un||20 —(2-25 = 1)B(uy)|, we

argue indirectly and assume
lunllD = (225 = 1)B(un) = o(1), 1 — oo.

Here, {u,} is a subsequence still denoted by the original symbol. Combining this
and (3.3)), similarly to the proof of Lemma i), we can easily get a contradiction.
So that we conclude that, for a subsequence which we still denote by {uy},

I(un) = co,  [IVI(un)lp — 0,

as n — oco. By we know that {u,} is bounded in DV2(R¥), and the weak
limit of {u,} which we denote by ug is a weak solution of system . Obviously,
ug € A and

1
2. 2%

[e3

1
co < I(ug) = 5”“0“% - B(ug) — C(up)
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= <% - ﬁ) [uollD — (1 - ﬁ)c(uo)
<liminf I(uy,) = co.

Therefore, ug is a least energy solution.
Now, we only need to show that ug is a local minimum solution. We apply
Lemma [2.3] to ug and |ug|. Since

L E{tuo) = ¢, (1) > 0, € (1 (o), (u0),

we know that ug € AT. Otherwise, ug € A~ and co < I(t1 (up)ug) < I(ug) = co
which is a contradiction. By Lemma and ug € AT we know that

uoll?, 1/(22,-2)
(2-2% —1)B(uo)

1= t"(uo) < to(uo) = {

Therefore

_ 2 1/(2-2%—2)
(7 w
” 0 ”D ] « , ||wHD <e,

(2-2¥ —1)B(ug — w)
for € small enough. Applying Lemma we get a t(w) > 0 such that t(w)(ug—w) €

A for ||w|| < e small. Moreover, it holds t(w) — 1 as w — 0. Thus we can assume
that, for |w|| < e sufficiently small,

1< |

luo — w||% 1/(2:25,-2)
tw) < [(2 22 — 1)B(ug — w)}

Then by Lemma [2.3] we conclude that
I(uo) < I(t(w)(uo — w)) < I(t(uo — w)) (3.6)

, tw)(ug —w) € AT,

for 0 <t < [M%%P/(ZZ;_Q). Taking ¢t = 1 in (3.6) we have
I(uo) < I(ug —w), |lw|p <e,

which means ug is a local minimum solution.
Additionally, if we assume that h > 0,

@1u0\(t) < (p;m (t> < Oa te [07 1)
Hence, t*(Jug|) > 1 and consequently,
co < I(t" (Juol)[uol) < I(Juol) < I(uo) = co.

Therefore, t(Jug|) = 1 and [;n h(x)|uo| dz =[x h(z)ug dz, which yields ug > 0.
Then by the maximum principle, we know ug > 0. The proof is complete. (]

We remark that since c¢g < 0, any solution ug of system (|1.3) with the least
energy cq satisfies

1
2.2

a R
= (% -3 .123)\\110”2,3 - (1 ~ 5 _123) /RN h(z)up dzx < 0.

Thus, f]RN h(z)ugdz > 0 and consequently, ug € A™.

1
co = I(uo) = 5 lluollp — B(uo) = | h(z)uodx
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Proposition 3.2. Assume N > 3, 0 < a < N and (A3). If {u,} is a (PS).
sequence of I with

N+2—-o 2o
IV g0 oML (3.)

then {un} has a convergent subsequence.

c<cy+

Proof. Obviously, ||un||p is bounded. In fact

<II(Un)v Up)

e+ unllp = I(un) = 5

[e%

1, 1
= glhuallh — gz Blun) = Clm)

m‘lun”% + 9. 2ZB(un) + C(un)

1 1 1

(1= Hunlls - (1 - ——
> 1= gl — (- 55
Thus, there exists w € DY2(RY) which satisfies u,, — w weakly in D?(RY) and
solves (1.3]). Therefore, w # 0 and I(w) > ¢o. Let u, — w = v,, by Brezis-Lieb
lemma [7] and [I8, Lemmas 2.1 and 2.2], we deduce that

2.2:

Al = lunl -

lunllD = llvall + lwllD +o(1), 0 — oo,

y) |2
RN JRN |$ - y|a

|vn (@ (y) > |w(@)[?a Jw(y) >~
dx dy + dx dy + on (1)
RN JRN |93 - y|a RN JRN |x - y|a

as n — 00. So we obtain

¢ — I(up)
U (z wn ()2
= S llunllp - | _' a( DI oy —/ () uy, dx
2 RN JRN |95 yl RN
2,
= lally - nl W gy [ e o
RN JRN |17 yl RN
+ 5ol - /'/ fw@Pelw®)Pe gy~ [ b de + on(1)
2-2% RN |z — ylo RN
=I(w) + IIUnHD ~B(vn) +on(1).
2. 2@
As a result, for n large we have
N+2—-q 2o
— 2 . N+2 @
sllonllp = 55 Bva) +0n(1) < Zm—5—=Su " (3.8)

«

On the other hand,
o(1) = {I'(un), un) = (I'(w), w) + [la | — Blvs) + o(1),

which implies
[vallB = B(vn) = o(1). (3.9)



EJDE-2018/172 NONHOMOGENEOUS CHOQUARD EQUATIONS 13

If we can show that {v, } has subsequence converging strong to 0, we have the result.
Therefore, arguing indirectly, we assume ||v,||p > ¢ > 0 for n large. According to

(3.9), the definition of Sy, and 237‘11 = 1\2,112—317 we have

H%M%:B@M+ﬂ@)_ﬂﬁhL,

SPFL
and
IN+2—o i 125 -1 #5%
2 2N —a "HL T g THL
125 -1
< 2
11
:§||vn||D 237 B0 +ou()
< N+2—-a 27
202N — ) HE 7
which is a contradiction. The proof is complete. (Il

Remark 3.3. 7o find the second solution of . the only we need to show is that

. N+2—oa 2N
cop < C1 :lglfj(u) <Co+msg-22 .

By the continuity of I and Lemma [2.2] we know that there exists § > 0 such

that Noio -
+2—-a 25
I(UO+tW)<Co+mSIJ_IV22 , 0<t <,

where ug is the positive local minimum solution we get in Proposition For
t > 0, a directly computation shows us

1 1
I(ug +tW) = =|jug + tW||% — 7 Blug +tW) — h(ug + tW)dx
2 227 .
1 9 t? 9 1
= Sllwllp+t [ VueVWdz + W} — s— Bluo)
2 . 2 227
+ [B(’LL()) + B(tW) — B(ug + tW)] — B(tW)
2.2 2. 27
— / hugdx — / htW dx
RN RN
t2 5 t2(2;71)
= I(uo) + *[HWHD - WB(W)] + W[B(Uo) + B(tW)
)2 2% -2
RN |z — Z/|a
N 2 _ 2N —a
<eot usgﬁ s,

4N — 2«
Here, we use that (I'(ug),tW) = 0 and W is a minimizer of Sy 1.

Proof of Theorem[I.]]. Firstly, we show that
N+2-a =

Nf2—o

—inf] tre-a
co < ¢ = inf (u) < co+ AN — 90 CHL
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We observe that for every u € DV2(R™) with |lu||p = 1, there exists a unique
t~(u) > 0 such that (see Lemma

t(u)u e A™.

Similar to Lemma we know that ¢~ (u) is a continuous function of u. And
consequently the manifold A~ disconnects D*2(R%) in exactly two connected com-
ponents U; and Us, where

_ 12Ny ., - u
Ul—{uED RYY:u=0or ||lulp <t (HUHD)},
_ 12Ny . —(_u
UQ—{UED (RY) : Ju|lp >t (HU”D)}

Obviously, D¥2(RN) = A= U U; U Us. In particular, ug € AT C U;. Since
7( ug +tW ) ug +tW

€ A,
|uwo +tW|p/ [luo + tW|[p
we have
_ ug +tW
o<t (0t Wy g
[wo + tW| o 0

uniformly for ¢ € R.
On the other hand, there exists ¢ > 0 such that

luo +tWlp > t|Wlp — lluollp > Co, t >t

So that we can fix a tg > 0 such that ||ug + tocW/|p > t_(%). Thus,

ug + toW € Us. Combining this and the fact ug € Uy, we know that
ug + W e A,

for some 0 < t; < ty. Consequently, by Remark we have

; N+2—« 2N—a
cv=infl(u) < max Tuo + W) <o+ s =Sl

Next, we show that ¢; is a critical value of I and satisfies ¢; > ¢p. Similarly
to the proof of Proposition we apply Ekeland’s variational principle and get a
minimizing sequence {u,} C A~ such that

1
I(uy, =
(un) <1+ -
1
I(w)zl(un)_ﬁ”u_w”D7 we A,
So that

1

1
ca+1>1(u,) = §||un||% ~ 5o B(uy,) — /RN h(z)u, dx
«

1 1 1
> (5= gz Mualld = (1= gz )l s,

which implies |lu,|| has a upper bound. Moreover, from {u,} C A=, we know that

lunllh < (2- 25 = 1)
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Thus, ||u,|p has a uniform positive lower bound. Then, analogously to the proof
of Proposition we know that

I(up) —c1, I'(up)—0 in H™L

By Proposition [3.1jand ¢; < ¢o + {Lﬁ 2351”2 «, we can conclude that there exists

a subsequence of {u,} such that u, — uy strongly in DV2(RYN). Therefore u; is a
critical point of I and I(u;) = ¢;. Noting that A~ is closed, we have u; € A~. To
show ¢; > ¢, arguing indirectly, we assume ¢; = ¢o. Thus by Remark [3.3] we have
h(z)uide >0 and wu; € AT,
RN
which leads to a contradiction.

Finally, we consider the case h > 0. Applying Lemma to uy; and |uql|, we
know that there exist a ¢t~ (Ju1|) such that

= (lur]) ] € A

Moreover,

Thus in both cases [px h(x)udz >0 and [;x h( udx < 0 we can deduce that
cr=1I(ur) > It (w)ur) = It (Jua])|wa]) = to(w1) = 1.

Therefore, [,n h(x)urde = [ h(x)|ui|dz, which implies u; > 0. According to the
maximum principle we get u; > 0. The proof is complete. (]

4. PROOF OF THEOREM

We define the energy functional associated with

1
“Au+tu= (W * |u|p) uP~2u+ h(z), zeRY, (4.1)

where N > 3,0 <a <N and 2 - & <p <2, by

9 |u )P|u(y) P /
v 4.2
J(u) 5 / | u| +udr— /N /N E | dx dy— h(z)udz, (4.2)

for w € HY(RY). By the Hardy-Littlewood-Sobolev inequality of Lemma we
know that J € C'(H'(RY),R) and

)P luy) P 2 v
(T (), 0) :/RN(|VU||W|+W)dx7/R /RN 2l ||m—|y|0‘ LOLC .
f/ h(z)vdx.
RN

We will constrain the functional J on the Nehari manifold
N ={ue H'RN), (J'(u),u) = 0}. (4.3)
Denote ¥(u) = (J'(u),u), so we know that

(), ) = [Jul]? — //RN @ PR o~ [ h@)ude,

|z —yl* RN

(W (), 1) = 2fu® — 2p/ / [u( x'i'“a d dy — /RNh(:r)udx.
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Note that, when ug is a local minimum solution of J, it holds

(J'(w),u) =0, (¥'(u),u) >0,
which leads us to consider the following manifolds:

N ={ue H'RY): (J'(u),u) = 0},
T={ueN: (¥ (u),u) >0},

N™={ueN : (V' (u),u) <0},

N ={ueN: (¥ (u),u) = 0}.
Moreover, we define

— R R
Jo=1nfJ(u); j1=inf J(u); J7 = inf J(u).

Obviously, only A° contains the element 0. It is easy to see that NY U NT and
NOUN~ are both closed subsets of H!(RY).

To simplify the calculation, for v € H 1(]RN ), we denote

(u) = IIUII2

)P |u(y)|P
/ / [u@PluW” g
Ry Jev e —yle
C=C(u)= / h(z)udz.
RN

Define the fibering map

A, B .
W(t) = ut) = J(tu) = t* ~ %t% ~Ct, t>0. (4.4)

Therefore,
Y(t) = At — Bt~ - C,

V"(t)=A— (2p—1)Bt**~2,
Obviously, tu € N with ¢ > 0 if and only if ¢/(¢) = 0. By the sign of ¢"(t), the
stationary points of ¥(t) can be classified into three types, namely local minimum,
local maximum and turning point. Moreover, the set N is a natural constraint for
the functional J. This is means that if the infimum is attained by u € N, then u
is a solution of (1.4). However, in our case, the global maximum point of (¢) is

not unique. This leads us to partition the set N according to the critical points of
¥(t). Now we give some properties of N+ and N°.

(4.5)

Lemma 4.1. (i) Assume that h # 0 for v € HY(RN)\{0}, there is a unique
t~ =1 (u) > 0 such that t-u € N~ If additionally we assume Jan hudx >0 and
(A5), then there exists € = e(N,p,a, d_2np ) and a unique 0 < t+ = T+ (u) < £~

satisfying ttu € N*. Moreover,

J(t"u) = max J(tu) for / hudx < 0;
t>0 RN
J(t"u) =max J(tu), J(tTu)= min J(tu) for / hudx > 0.
RN

t>t+ 0<t<t~
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Proof. Define 1 (t) = étz — %tzp — Ct, for all t > 0. In the case fRN hudr <0,
there is a unique £~ > 0 such that ¥/(f~) = 0 and ¥ (~) < 0. So that

(J'(Eu), £ u) = 0;
[ ul® = (2p = D B(u)(E)* 2 <0.
Thus, t~u € N~ and J(t~u) = max;>o J (tu). 1
In the case [pn hudz > 0, for ||ul = 1,4 = to(u) = [ﬁ]m > 0 and
(A5), we have

max ¢/’ (t) > to — BteP ' - C

t>0
{ 1 } s 2p — 2 hud
=|— . - wdx
(2p—1)B 2p—1  Jrw
2{ 2p — 2 —h|__anp doawy | >0.
(2p — 1)20-1/Cp-2) g}/2P 72 ING-DFa ZN-a

Here

2p — 2
e(N,p,a,d 2np ) =
(N2 ”?VN“*) (2p — 1)2P*1/(2p72)B1/2p *d ny

2N—o¢

P P
_Sup/ / @PWI g
|lul|=1 JRN JRN |z -y

From ¢/(0) = —C < 0 and ¢/(t) — —oo as t — 400, we know that there exist
unique 0 < T < 5 < £~ such that ¢/(t7) = /() = 0,9" () < 0 < "(tT).
Equivalently, ttu € Nt and t-u € N™.

Moreover, since £ .J(tu) = 1)/(t), we can easily see that J(I~u) = max,5¢ J(tu)

)

and J(tTu) = ming., ;- J(tu). The proof is complete. O
Lemma 4.2. Assume t h £ 0, (A4) and (A5) hold. Then
(i) N7 ={0};

(ii) N'E # 0, N~ is closed.
Proof. (i) To prove NV = {0}, we need to prove that, for u € H'(R™)\ {0}, 4(¢)

has no critical point that is a turning point. Set ||u|| = 1, define

k(t) = At — Bt?P~L, (4.6)
Then /(t) = k(t) — C,k"(t) = —B(2p — 1)(2p — 2)t>»=% < 0 for t > 0. So k(t)
@ 1)]3)1/(21’ 2 >0,forp>2-—2&>1
Moreover, lim; o+ k(t) = 0, lim;, o0 k(t) = —o0 and k(t) > 0 for t > 0 small.
Therefore, k(t) has a unique global maximum points ¢y and
2A(2p — 1) ( A )1/(2p—2)

2p—1 \(2p—-1)B

By (4.4) and ., we infer that if 0 < C' < ko, the equation ¥'(t) = 0 has exactly
two pomts t1, 1y satisfying t1 <ty < to. If C <0, the equation v’ (t) = 0 has one
root t3 > t. Since 9" (t) = A—(2p—1)Bt*~2, it follows that @”(tl) > 0,9"(t2) <0
and 9" (t3) < 0. It follows that fyu € N, tou € N7 if 0 < C < ko and f3u € N

if C < 0. Since {u € HYRY) : |Ju| = 1,0 < C < ko} and {u € H}RY) :

is strictly concave. If k" () = 0, to = (

k(to) = = Ko-
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[ul| = 1,C < 0} are nonempty, we can infer that A+ are nonempty. This implies
NO ={0}. i
It is suffices to prove that kg > C. By (A4), (A5) and Lemmawe have

ko—é:k(to)—é:Ato—Btgp_l—é>0.
(ii) Let uw € N~ and denote @ = u/|Jul|. Then |ja]| = 1. By (i), we know that

= - _2(p—-1) 1 1/(2p-1)
Cla) < ko= — ((2p_ 1)B>

with B := B(@). Furthermore, if 0 < C(@) < ko, the equation ¢(t) = 0 has exactly
two roots 11, ts satlsfylng 0<t; < to < to such that tyu € N, tou € N~. Then
tati = u and so Jul = ty > ty. If C < 0, the equation 1’(t) = 0 has exactly one
root t3 > tg. Then 34 = u € N~ and so ||uH = {3 > ty. In other words,

llul| >t >0, uweN.
So there exists 7 > 0 such that
lul| >7>0, YueN". (4.7)

Therefore, 0 ¢ cl(N ™), where cl(N ™) is the closure of N ~. On the other hand, by
(i),

ANT)C NTUN? =N~ U{0}.
Hence, cl(N~) =N~ and N~ is closed. The proof is complete. O
Lemma 4.3. Under assumption (A4) and (A5), for u € N'\ {0}, there exists € > 0
and a differential function n = n(w) > 0,w € HY(RY), |lw|| < € such that

(1) n(0) =1;
EZ; n(w)(u —w) € N, for all w € B.(0);
3

(n'(0),w) = (2/ (VuVw + vw)dz

2p p72
RN JRN \95 -yl RN

< (lull? ~ 20~ 1)Bw)).

Proposition 4.4. Assume (A4) and (A5) hold. Then (1.4) has a local minimum
solution with the least energy jo = infar J(u).

Proof. Firstly, we show that |lu|| is bounded from both above and below: For any
uecN,

ﬂw=%MW—%BU Ofu

)
11 ) 1
=(=—-— — h(z)ud
(2 Qp)Hu” 9 / z)udz
p—1 2p—1
> =l -
p

—MH 2
Sp(p—1) "R

(4.8)

|h| 2Np d 2Np ||uH

2N(p—D+a 2N—-a
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Thus,

(2p —1)?
8p(p — 1)
Similar to the proof of Proposition we can prove jg < 0. By using the Ekeland’s
variational principle on N, we get a minimizing sequence {u, } C N which satisfies

jO > — Hh||22NP .
2N —«

1
J(un) <j0+77
n

1 (4.9)
J(w)zJ(un)—fHu—wH, weN.
Since {un} C N, it follows that ||u,||> = B(u,) + C(uy,). Furthermore, we infer
from ) that
1 1 1 1
o+ — > J(un) = (5 — 5 Jluall® = (1 - 5= h(x)uy, d
vt =2 I = (5= g )l = (1= 5) [ hoye da o

11 )
> (5= g5 lunl = (1= 50 oo g

We know that {u,} is bounded. We claim that inf,, ||u,| > o1 > 0, which o7 is a
positive constant. Indeed, if not, by (4.10)), J(u,) would converge to zero. We can
infer that jo > 0 which is contradict with jo < 0. So we have

g1 S ||UnH S 51. (4.11)

Secondly, we claim that, for a subsequence of {u,} (still denoted by {u,}),
IV J(ur)|| — 0 as n — oo.

In fact, if the claim were false, we could assume ||VJ(u,)|| > d > 0 for n
large enough. Consequently, according to Lemma [I.3] for u, there exist €, and
differentiable 7,, satisfying

M (0) =1, nu(w)(un —w) € N, |w]| < en

and

(n,(0),w) = (2/ (Vu,Vw + upw)dz

_ [un @)Plun @) P 2un(@w(@) o0
QP/RN /RN |$—y|a dar dy /RNh ¢ >
+ (lunll? = (2p = 1) B(un)).

We choose w,, = 5"%’ Up = Np(wy) (Uyp — wy), where 0 < §,, < €, is suffi-

ciently small satisfying §,, — 0, 0, (w,) — 1 as n — oo and
|J(vn)—J(un)7<J'(un),vn7un)>’ 1

< -,
”un_vnH n
—1- 0), wy,
) = 1= o, 0), wal| _ |
[[wn |

From (4.6), that v,, € N and the above, we deduce that
1 1
;an — U > J(un) = J(vn) > (J (tn), up — vp) — E”un — nl|

Thus, we have
2

E”nn(wn)(un - wn) - UnH
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VJ(un)

IV (un)|

>(1- nn(wn))<=]l(un)aun> + nn(wn)5n<Jl(un)’ |

);

and

%{(K%(O),wn)l + [lwn D llunll + nn(wn)”wn”} > N (W) 00 |V (u) |-

Dividing by d,, > 0 on both left and right hand of the above inequality, we get

2 VJ(up)

= 00 ), S+ Dl + )] 2 ma(w) [Tl (112)

Now, if there exists A > 0 such that
llunll? = (20 = 1)B(un)| > A,
we can get the claim. In fact,
|(1,(0), )
2t 1) — fie it — 2p [ [ Lo (0 S (@2 g gy
- ‘ [unll? = (2p — 1) B(uy)

<

V\Qz

Here, h, = VJ(u,)/||VJ(uy)|| and we have used the uniformly boundedness of
ln||. Consequently, as n — oo,

2 000+ )]+ )| = .

So that, by passing to the limit as n — oo in (4.12]), we get a contradiction which
implies the claim is true. ~

To show the existence of positive lower bound of |[|u, | — (2p — 1)B(uy)|, we
argue indirectly again and assume

lunll® = (2p — 1)B(uy) = 0o(1) n — oc.

Here, {u,} is a subsequence still denoted by itself. Combining this and (4.10)),
similarly to the proof of Lemma [4.2{(ii), we can easily get a contradiction.

So that we conclude that, for a subsequence still denoted by {u,},

I(un) = jo, [V (un)|l =0,

as n — oo. By (4.10) we know that {u,} is bounded in H'(RY), and the weak
limit of {u,} which we denote by wg is a weak solution of system (1.4]). Obviously,
ug € N and

) 1 1 -~ ~
jo < J(ug) = §||Uo||2 - %B(UO) — C(uo)

— (5 - 5 lholP = (1= 3-)Ctu)
< liminf J(up) = jo.

Therefore, ug is a least energy solution.
Now, we only need to show that ug is a local minimum solution. We apply
Lemma [£.1] to ug and |ug|. Since

%J(tuo) P(t) >0, te " (u),t (ug)),
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we know that ug € N*. Otherwise, uy € N~ and jo < J(t+(uo)ug) < J(ug) = jo
which is a contradiction. By Lemma and ug € N we know that

l|luol? ]1/(217*2)
(2p — 1)B(uo) .

1 =1"(uo) < to(uo) = [

Therefore

lup — wl? 1/(2p—2)
& ] ,llwl <,

2p — 1) B(ug — w)
for £ small enough. Applying Lemma we get a n(w) > 0 such that n(w)(ug —
w) € N for ||w| < e small. Moreover, it holds n(w) — 1 as w — 0. Thus we can
assume that, for ||w|| < e sufficiently small,

o —ulf_ =2

n(w) < =
[(210 — 1)B(uo — w)
Then by Lemma we conclude that
J(uo) < J(n(w)(uo —w)) < J(t(uo — w)) (4.13)
luo—w||? 1/(2p-2) . 1
for 0 <n < [m] . Taking n = 1 in (4.13) we have
J(uwo) < J(up —w), [lwl <e,

which means ug is a local minimum solution.
Additionally, if we assume that h > 0, then

¢|/u0\(t> < w;o (t) < 07 te [07 1)
Hence, t(Jup|) > 1 and consequently,
Jo < J(E (|uo|)uol) < J(luol) < J(uo) = jo-

Therefore, +(Jug|) = 1 and [pn h(x)|ug| dz = [on h(2)ug dz, which yield ug > 0.
Then by the maximum principle, we know ug > 0. The proof is complete. (]

, n(w)(ug —w) € N

Consider the nonlinear Schréodinger equation

1
—Au+u= (—
||
By [28] Proposition 2.], we know that (4.14]) has positive smooth solution V' (z),
which is also a minimizer of

x \u|p)|u\p*2u in RV, (4.14)

S~ [Vul? + u?da
Sap =

inf .
’ ueHl(RN)\{o} (Jan Jun Iu(w)\ Iul(y)lp da dy) /P

If V is a positive solution of (4.14)) if and only 1f V is a critical point of the energy
functional

2 z)|Plu(y)?
J(u) = / (IVul* + v?)dx — — / / 7dxdy.
RN 2p Jr~ Jrv |z —yl®
We know that

IVl =B(V)=5&,"
From the fact that the Sobolev embedding
HYRY) — LYRY) (2<¢<2%)
is not compact, the variational functional J(u) fails to satisfy the (PS) condition.
Such a failure brings us some difficulties in applying the variational approach. In
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order to overcome the lack of compactness, we introduce the following proposition
which plays a key role in our argument. We remark here that since jo < 0, any
solution ug of system (|1.4)) with the least energy jo satisfies

) 1 1 -
o = T(u0) = gl = 5-Bun) = [ hwyuods

:(%_%)”uont(pf / h(w)uo dz < 0,

Thus, [pn h(z)ugdz > 0 and consequently, ug € N't.

Proposition 4.5. Let N > 3,0 < o < N, (A4) and (A5) hold. If {u,} be a (PS).
sequence of J with

C<.70+ Spplv (415)

then {un} has a convergent subsequence.

Proof. Obviously, ||u,|| is bounded. Thus, there exists w € H'(RY) which satisfies
u, — v weakly in H*(RY) and solves (1.4). Therefore, v # 0 and J(v) > jo. Let
Uy — U = Wy, by Brezis-Lieb lemma and [I8, Lemmas 2.1 and 2.2], we deduce

lunl* = llwall* + [[0]|* + o(1), 7 — oo,

RN JRN |x— |a

p
RN JRN \CU - y|a RN JRN |93 -

as n — 00. So we obtain

C(*Junzf nll? = / / |un P lun ()7 dx dy — / h(x)u, dx
(1) = Sl i o o P e (@
L I B LG LY
2P RN JRN |z —yl® RN

f||vH2 / / P@PWE gy~ [ by do + on(1)
2p Jan Jan |z —yl® RN "

= J(v) + *IlwnIIQ QPB(wn) + on(1).
As a result, for n large, we have
1 1 - p—1 -2
§HwnH2 — %B(wn) +0,(1) < WSQJ,I. (4.16)

On the other hand,
o(1) = (J'(un),un) = (J'(v),v) + ”wn”2 - B(wn) +o(1),
which implies }
[wa | = B(wn) = o(1). (4.17)
If we can show that {w,} has subsequence converging strong to 0, we have the
result. Therefore, arguing indirectly, we assume ||w,| > C > 0 for n large. By

(4.17), we have
- [|wn|*P
[wn||* = Bwy) < P
a,p
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and
1 p— 1 -2 1 1 .
——Gr = (1 - ~)SrT
55T = 51— )
1 1
< 51— ) wa?
p
Jwal? — o= Bw,) + 0a(1)
= Z||Wn - o Wn, On
2 2
p— 1 =1
—Ss
% P
which is a contradiction. The proof is complete. ([

To prove Theorem the only we need to show that
. o op— 1oty
<ji=1inf J(u) < —S&p -
Jo < 1= inf J(u) < jo+ oy er

Consider V' (x) is a minimizer for both S,,,. Let ug be the positive local minimum
solution we get above. By the continuity of J, we know that there exists v > 0
such that

J<UQ+tV)<j0+7Sap, 0<t <.
1 _
J(’LLO +tV) = §HUO +tV||2 — fB(UQ -‘rtV) — /N h(ug +tV)dl‘
R

p—2
= J(uo) + nwwf%;Bwn Bluo) + BUV) — Blug + V)

< j() + WSE .
For ¢t > ~, a directly computation shows that

1 1 -
J(ug +tV) = 5Huo + 15V||2 — %B(uo +tV) — /RN h(ug + tV)dz
—ln 12+t [ YVuVV +uVd +5HV||27iB( )
= 2 () - Ug Up X 5 2p ()

+ 55 [Buo) + BV) = Blug +1V)] = 5-B(V)

7/ huodxf/ htVdx
RN RN

t2 t2(p—l)
= J(uo) + S IVI* -

p p—2
B(u0+tV +2p/ / [uo () [P uo (y) [P~ *uo(y) dz dy)
RN |z —yl®

B(V)] + ;p [B(uo) + B(tV)

<J —S(;T1 :
Jo+ 9p 0P
Here, we use that (J'(ug),tV) =0 and V(z) is a solution of (4.14).
Proof of Theorem[I.3. To show that

S o op—1
< j1=inf J(u) < S S
Jo < 1= inf J(u) < jo+ oy Ser
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Firstly, we observe that for every u € H'(R™) with |lu|| = 1, there exists a unique
1~ (u) > 0 such that (see Lemma

t~(u) e N™.
By Lemma we know that = (u) is a continuous function of u. Consequently

the manifold N~ disconnects H!(R”") in exactly two connected components U;
and Us, where

Ulz{ueHl(RN) w=0or |[ul <t (|| H)}
UQ:{uGH(R Yollull > ¢~ (H ”)}

Obviously, H'(RY) = N~ U U; U Us,. In particular, ug € N+ C Us. Since

_( ug +tV ) ug +tV e N,
|uo + tV ||/ [Juo + tV]|

we have

_ UO+tV
0<t (- N L
< (\|u0+tV||>< 0

uniformly for ¢ € R.
On the other hand, there exists £ > 0 such that

luo + tU| > V]| = |luoll > Co, t>1.

So that we can fix a tg > 0 such that ||ug + V]| > t‘(%). Thus, ug+toV €

U,. Combining this and the fact ug € Uy, we know that
ug +t1V e AT,

for some 0 < #; < #o. Consequently, by Remark [3.3] we have
. p—= -1
= inf < t p—T
1/{1;]( u) < omax J(up +tV) < jo+ 5 S,p

Next, we show that j; is a critical value of J and satisfies j; > jo. Similarly
to the proof of Proposition [£.4] we apply Ekeland’s variational principle and get a
minimizing sequence {u,} C N~ such that

1
J(uy, j -,
(un) < j1+ -
1
Tw) = () = u=wl, weN".
So that we have

. 1 1 -
J1+1>J(uy) = §||un||2 - %B(un) - /N h(z)uy, dx
R

11 1
> (5= 5o ) lunll® = (1= 52 ) Bl g s un
2 2p 2p IN(p—DFa 2N-a

which applies ||u,|| has a upper bound. Moreover, from {u,} C N'~, we know that

[ ||
SE.p

unl® < (2p—1)

Thus, ||u,|| has a uniform positive lower bound. Then, analogously to the proof of
Proposition we know that

J(un) — g1, J'(up) — 0 in H™L.
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P
From Proposition and j; < jo + %S&’,}l, we can conclude that there exists

a subsequence of {u,} such that u, — wu; strongly in H*(RY). Therefore u; is a
critical point of J and J(u;) = j;. Noting that N~ is closed, we have u; € N ™.
To show ji > jo, arguing indirectly, we assume j; = jg. Thus by Remark we
have

/ h(z)uidrz >0 and wu; € N,
RN

which leads to a contradiction.
Finally, we consider the case h > 0. Applying Lemma to uy and |uq|, we
know that there exist a ™ (Jui|) such that n~(Ju1|)|u1| € N~. Moreover,

0™ (fual) 2 mo(fun]) = o () = {@—Afgw] h

Thus both in the case [,y h(z)udz > 0 and [,y h(z)udz < 0, we can deduce that

Ji=J(w) = J(n~ (w)ur) = J(n~ (Jur])|wa|) = no(uw1) > ji-

Therefore, [,x h(z)uidr = [;x h(z)|u;|dz, which implies u; > 0. By the maximum
principle we get u; > 0. The proof is complete. [
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