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DIRICHLET PROBLEMS FOR SEMILINEAR ELLIPTIC
EQUATIONS WITH A FAST GROWTH COEFFICIENT ON
UNBOUNDED DOMAINS

ZHIREN JIN

ABSTRACT. When an unbounded domain is inside a slab, existence of a posi-
tive solution is proved for the Dirichlet problem of a class of semilinear elliptic
equations that are similar either to the singular Emden-Fowler equation or
a sublinear elliptic equation. The result obtained can be applied to equa-
tions with coefficients of the nonlinear term growing exponentially. The proof
is based on the super and sub-solution method. A super solution itself is
constructed by solving a quasilinear elliptic equation via a modified Perron’s
method.

1. INTRODUCTION AND MAIN RESULTS

Let Q be an unbounded domain in R” (n > 3) with C*% (0 < a < 1) boundary.
We assume that € is inside a slab of width 2M:
QcSu={ky eR": [y <M}

where x = (21, x2,...,2,-1) and throughout the paper, y will be identified with
Z,. We consider the existence of positive solutions for the Dirichlet problem

— a;i (X, y)Diju = p(x,y)u” in Q;
121 Al o) (1.1)

u=0 on 0N
where (a;;) is a positive definite matrix in which each entry is a local Hélder con-
tinuous function on €, p(x,y) is also local Holder continuous on €2, v < 1 is a
constant. We note here that (a;;) is not required to be uniformly elliptic on €.

When the principal part in (1.1]) is the Laplace operator, v < 0, (1.1)) becomes a
boundary-value problem for the singular Emden-Fowler equation

—Au =p(x,y)u” in Q;
u=0 on 0f.

The singular Emden-Fowler is related to the theory of heat conduction in electrical
conduction materials and in the studies of boundary layer phenomena for viscous

(1.2)
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fluids ([I], [15]) . The existence of positive solutions of the equation on exterior
domains (including R™) has been widely considered (for example, see [3], [4], [7],
[10], [I1], [14], and references therein). The main approach used to prove existence
results is to construct super and sub solutions. A super solution is usually found
in the class of radial symmetric functions. If  is an exterior domain (not inside a
slab), v < 0 and there is C such that p(x,y) > WC;W) for |x|? 4 y? large, then
has no positive solutions ([I0]). On the other hand, if there are constants
o > 1 and C, such that 0 < p(x,y) < W for |x|? + y? large, has a
positive solution ([7]). When € is an unbounded domain inside a slab, the situation
is quite different since now one cannot construct a super solution which is a radial
symmetric function. In addition, the generality of the coefficient matrix (a;;) in the
equation in also makes finding a radial symmetric super solution impossible.
However a super solution still can be constructed when 2 is a domain inside a slab.
In [8], the author combined an idea from [12] and a family of auxiliary functions
constructed in [9] to construct a super solution which is then used to prove the
following existence result.

Theorem 1.1. Assume

(1) p(xo,y0) > 0 for some (Xg,Yyo) € §2;
(2) there is a positive constant C such that

0 <px,y) <C(x|+1)77 for (x,y)€ (1.3)

(3) Trace(aij) =1 and there is a constant ¢; > 0, such that
ann(X,y) >c1 on Q. (1.4)

Then for v <0, has a positive solution u € C%(Q) N C(Q).

Comparing Theorem 1 with the known results when the domain is an exterior
domain, we see a new phenomena appearing. That is, when the domain is inside
a slab, has a positive solution even if the coefficient p(x,y) of the nonlinear
term is unbounded, while if the domain is an exterior domain, to assure that
has a positive solution, the coefficient p(x,y) of the nonlinear term must go to zero
no slower than some functions ([I0]). In this paper, we improve Theorem 1 in two
aspects. One is to allow the exponent 7y in to be any number less than 1. The
other is to allow the coefficient p(x, y) of the nonlinear term to grow exponentially!
Here is the statement of the main result of the paper.

Theorem 1.2. Assume vy < 1, Trace(a;;) = 1 and there is a constant ¢ > 0, such
that

Ann(X,y) > 1 in Q. (1.5)
Then there is a positive constant o depending only on ¢y, M and n, such that for

any positive constant C, (L.1)) has a positive solution u € C*(Q) N C°(Q) for all
p(x,y) that is not identical to zero and satisfies

0 < p(x,y) < Cet=Mlxl for (x,4) € Q. (1.6)

Furthermore, there are constants cg and c; depending only on n, M and c1 such
that

u(x,y) < cee™*in Q. (1.7)
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The idea of the proof of this theorem is as follows: Consider the boundary-value
problem

n
— Z a;j(x,y)Dijup = p(x,y)uy in Quo=1 on IN. (1.8)

ij=1

For any positive constant kg > 0, that ug > 0 satisfies ([1.8)) is equivalent to that
vy = 1710 Inug (i.e. ug = ekov0) satisfies

~ 1

- E aij(x,y)Dijvo = ko|Vvo|* + . p(x,y)eT"DRoroin Q
< 0

i,5=1

(1.9)
1o =0 on 909,

Where |V’U0‘2 = Z:'tj:l aij (X, y)DivoDjU().

We will show that for an appropriately chosen kg, has a positive solution
vg. Then has a positive solution ug > 1 that will be a supersolution to .
From there the existence of a positive solution of follows from a standard
procedure that approximates the solution by solutions on a sequence of bounded
domains.

The proof of the existence of a positive solution of is very similar to that of
the existence of the supersolution in [8]. The main difference is that in [§], a super
solution is constructed directly for (|1.1) while in this paper, a super solution is
constructed through a solution of Therefore, the proofs here will be parallel
to that in [8] except we need to make some necessary changes to deal with different
equations. We give full details of the proofs here so that the paper is self contained
and convenient for readers to follow the argument. However for some technical
constructions we still refer readers to the paper [§].

2. A FAMILY OF AUXILIARY FUNCTIONS

In this section, we use a family of auxiliary functions constructed in [9] to con-
struct families of sub-domains 2y, of Sys, constants Ty, and functions zyx, (see
definitions below) such that Ty, + zx, satisfies

- Z aij(xa y)Dij(Txo + Zxo)
i,j=1 (2.1)

1
Z k0|v(TXo + ZX0)|2 + kiop(x7y)e(771)k0(Tx0+zxo) in QXU n Q

and the graphs of the functions Ty, + zx, have special relative positions (see below).
We first extend a;; (1 < 4,5 < n) to be continuous functions on Sy; in such a
way that we still have Trace(a;;) = 1 and

nn(X,y) > 1 in Sy (2.2)

It was proved in [9] (the construction of the functions was inspired by [I3] and
the details of the construction were also repeated in the appendix in [§]) that there
are positive decreasing functions x(t), he(t) and a positive increasing function A(t)
(x(t) depending on ¢; only, h,(t) and A(t) depending on ¢; and M only), such that
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for any number K, there is a number Hy, depending only on K, M and ¢y, such
that for H > Hy, we have (for 0 < t < 2M)

A(H) < h i (t) < A(H)eXH) | 22MH < ¢; A(H)eXH) < 66 M H, (2.3)
8K < A(H)eXH) | 0 < x(H) <1, (2.4)
and the non-negative function
2= 2x = A(H)XH) — {(h M (y + M))* — [x — x*}/? (2.5)
satisfies
- -3¢ .
ijZ=1 aij (X, y)D”Z S 226MH mn on,H,Ka (26)
2M
z>K on0Q, mrxN{ly <M}, =z(x0y) < Nl for |y| < M, (2.7)
ClK 1 2
|Dxz(x,y)| < Q(W)I/Qﬁ, |Dyz(x,y)| < T o Qo H,K s (2.8)

where

2K hy'(y+ M)} (2.9)

o, = {(,9) : [yl < M, [x — x| < A(H)ex e

Now we set

301
K= 100, H = HO + 4M, Co = m7 on = QXO,H,K' (210)
Then from (2.7)), we have
z>100 on 00, N{ly| < M}, z(x0,y) <1 for |yl < M. (2.11)

For two points x¢ and x; in R*~!, when Q, either covers the whole segment of
the set {(x0,9)||y] < M} or does not intersect with the set, from (2.3 and (2.9)),
we have either

|x1 — xo| < 1/200A(H)e X(H) or |x; —xg| > /200A(H )ex(H), (2.12)

When Q, covers part of the set {(xo,¥) : |y| < M}, we have

\/195A(H)e—x(H) < |x3 — xo| < 1/205A(H )ex(H), (2.13)

Let x; and xq satisfy (2.13)) and Jy be a small positive number such that 2§, <
V195A(H)e=XUH) | Tf (x,y) € Q, for some y and |x — xo| < o, by (2.3), [2.5) and
(2.13), we have

le (X,y)

> A(H)eX(H) — {A(H)QeQX(H) —|x- x1|}1/2

> A(H)eXH) — {A(H)?e2XH) — (/195 A(H )e~x(H) — §,)2}1/2

> A(H)eXH) — {A(H)?e2XUD —195A(H)e XH) 4 2601/ 195A(H )e—x(H)}1/2

195 260/ 195A(H )e—x(H)
X(H) _ _ 0 1/2
> A(H)eX"™ (1 — (1 A(H) e + A(H)2e2x(H) )
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(by the inequality /1 —¢ <1 — 1t for 0 <t <1 and ([2.4))

v ()
5 AGH)eXE (195 200/ 195A(H)e (1)

DA(H)eHx(H) 2A(H)2e2x(H)
_ 195 8oV/ISSA(H)e XD 00y/195A(H)e XD
T2 T T A(Mex® T T A(@)ex @

Thus there is a §p small such that for all |x — xo| < dp with (x,y) € Qx,, if x; and

x satisfy (2.13), we have
2y, (X,y) > 8. (2.14)

From (2.9) and (2.11]), we can choose a number da(xg) > 0 such that for all x € R*~1
with |xg — x| < d2(xg), we have (x,y) € Qy, for all |y| < M, and

Zxo (X, 9) < 2. (2.15)
Now if we set 0x, = min{dp, d2(x0)}, from (2.14) and (2.15)), we have
Zxo (X,Y) <2 < 8 < 2y, (X,9) (2.16)

for all xg and x; satisfying (2.13)), |xo — x| < dx, and (x,y) € Qx,.
Since Trace(a;;) = 1, we have Y a;;&;§; < 1 for any unit vector £ = (&1,...,&,).
Then from ({2.8]), we have
|VZ|2 = Zaijzizj S |Dx25|2 + |l)y25|2
400¢4 4
< _
- MH  H?
< 400¢q n 1 _ 400c; + 1 _
- MH HM MH
Here we have used that H > 4M. If we set kg = 2%"‘3, then the function zy, satisfies
that on Q,

(2.17)

C3.

C2 1
k 2< 25 = —co. 2.18
O\VZ| = 26303 202 ( )

Now we set ¢y = /205A(H)exUD, ¢5 = \/200A(H)ex(H), ag = Lko and assume

that for some constant C, p(x,y) satisfies (1.6). Furthermore we set

1
Ty = a(\Xol +A)
where A = ¢5 — —%—— In(min{ <% 1}). Since on Qy,, |x| < |xo| + ¢5, from (I.6)),
(1—v)ko 2C 0

we have that on Qy, N,

ip(x y)e(TDko(Txo+2) < geikouiv)lxle(’y_l)kOTxO
ko ) ~ ko
. kgeéko(l_,y)(lx[]|+Cs)e(7—1)koi(|xo|+A) (2.19)
0
= O emma ka1
ko 2

by the definition of A. Combining (2.6]), (2.18)) and (2.19)), we have that on Qy, N2,
Ty, + # satisfies

1 _ ; ”
Kol V(T + 2)|* o+ w6 )e0 0072 < e < = 37 a4 () D Ty + 2).
i,j=1
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That is, Tx, + 2x, satisfies (2.1)). As x( varies, we get a family of such functions.
Now for all x¢ and x; satisfying (2.13]),
Txo = Txl + TX() - TX1
1
=Tk, + —(Ixo0| = [x1])
C4

1
S Tx1 —|— ;|X0 —X1| S Tx1 —+ 1.
4

Then for all x and x; satisfying (2.13)), |xo — x| < dx, and (x,y) € Qx,, from
(2.16]), we have
Txo + 2x0 (X, y) < Ty + 142 < T, + 25, (X, 9). (2.20)

Finally we define a family of open subsets of €2 that will be needed in next section.
For each point (xo, o) € 2, we define an open set O(xg, o) as follows:

1) If (x0,%0) € €2, we choose a ball B with center (x¢,yo) and a radius less than

dx, S0 that B C 2. We then set O(xg, yo) = B;

2) If (%0, y0) € 99, since Q has C* boundary, there is a ball B with center (xo, yo)

and a radius less than dy,, such that there is a C%* diffeomorphism ® that satisfies

®(BNQ) CRY, ®(BNOQ) CIR?;  d(x0,y0) = 0.

Now we choose a domain J with C® boundary with following properties: (a)
J C ®(BNQ); (b) dJNAIRY is a neighborhood of 0 in OR’. Certainly there are
many different J’s having those properties. One example on how to construct J is
given in the Appendix IT [g].

Now we set O(xg,90) = ®1(J). It is easy to see that O(xg,y0) C BN,
O(x0,10) has a C? boundary and d0(xg,y0) N OQ is a neighborhood of (x¢, o)
in 0.

Let II be the collection of all such open sets O(xq,yo) defined in 1) and 2).

3. A SoruTION OF (1.9

In [12], a modified version of the Perron’s method has been used to prove the
existence of solutions. In the modified version of the Perron’s method, one uses a
family of local upper barriers to replace the role played by the supersolution in the
normal version of the Perron’s method (the local upper barriers in [12] were inspired
by [0]). The modified version has been used in [§] to prove the existence of a super
solution by using a family of auxiliary functions similar to the one constructed in
section 2. In this section, we will follow the same part in [8] with the necessary
modifications. We will show that there is a positive function vy € C2(Q) N C°(Q),
satisfies

n
1
= 37 ay(ey) Dyt = kol Voo + ple )0 Q. (31)

i,j=1

vo =0 on 0. (3.2)

Let v > 0 be a continuous function on €, for a point (xg,y0) € €, we define a
new function My, 4,)(v), called the lift of v over O(x¢,y0) as follows:

o) i (o) € 9\ Oxo30)
Moo ()x,9) = {w<x, y) i (%) € O(xo,40)
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where w(x, y) is the non-negative solution of the boundary-value problem

— Y ai(x,y) Dijw = ko|Vuw|® + k*OP(X’ y)el TR i O(xo, o), (3:3)
ij=1

w=v ondO(Xg,Yyop)- (3.4)

We claim that this system has a solution in C?(O(x¢,%0)) N C°(O(xq,yo)), which
is positive and unique. Indeed the uniqueness and positivity of a solution easily
follow from a standard maximum principle. For existence, we notice that m; =
min{v(x,y)|(x,y) € d0(xg, yo)} is a sub-solution, mq—+Tx, + 2x, is a super solution
by (2.1), where ms = max{v(x, y)|(x,y) € O (x0,y0)}. We set a change of variable

u = ek,

Then w satisfies (3.3)-(3.4) if and only if u satisfies

- Z aij(xv y)Dlju = p(xa y)u’Y in O(XO,yO)v (35)

ij=1
u = e on 0(xg, o). (3.6)

Then efo™1 and eFo(m2+Txo+2x0) are sub- and super- solutions of (3.5)-(3.6). It is
then well known that 1'1) has a positive solution u (see [2]). Then w = % Inu
solves (3:3)-(B4).
We define a class = of functions as follows: A function v is in = if

(1) ve C%(), v>0on Qand v < 0 on 99

(2) For any (xo0,¥0) € Q, v < M(x, 40)(v); B

(3) v < Tx, + 2x, on 2y, NQ for any (xo,y0) € Q.
An application of a maximum principle implies that the function v = 0 is in E.
Thus = is not empty. Now we set

vo(x,y) =supv(x,y), (x,y) €.
vEE
We will show that vy is positive on 2, in C?(2) N C°(Q) and satisfies (3.1))-(3.2).

First we present some lemmas.

Lemma 3.1. Let D be a bounded domain, If wy, wy are in C*(D)NCY(D), wy < ws
on 0D, and

n

1
- E a;;(x,y)Dijwr < k0|Vw1|2 + . p(x, y)e(vfl)kow1 mn D,
“ 0
1,j=1

1
- E a;;(x,y)Djjwa > kO\Vw2|2 + o p(x, y)e("’_l)kow2 mn D
“ 0
1,j=1

then wi < wq on D.

Since %p()@ y)e(r= kot is decreasing on t, a straightforward application of a

maximum principle to wy — wy gives the proof of the above lemma.

Lemma 3.2. If0 < vy < wy, then My, ) (v1) < M(x,,y0)(v2) for any (xo0,y0) € 2.
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Proof. Let w1, wo be the positive solutions for the following problems, respectively,

- Z ai;j(x,y) Dijwg = ko|Vwg|* + k*OP(Xa y)elT DR in O(xo, o),

i,j=1
Wq = Vq ON 6O(X05 yo)v q= 17 2.

Since w1 = v1 < vy = wy on 90(Xg,Yyp), from lemma 1, we see w; < ws on

O(x0,y0). However, on Q\ O(x0,Y0), M(xq,y0)(V1) = v1, M(xqy)(v2) = v2. Thus

M(meO)(Ul) < M(Xo,yo)(w)' O

Lemma 3.3. If vy € 2, vy € E, then max{vy, v} € E.

Proof. If v1 € 2, vy € Z, it is clear that max{vy,v2} € C°(Q), max{v,v2} > 0 on
Q and max{vi,v2} < 0 on 0. It is also clear that max{vi,va} < Ti, + 2x, On
Oy, N for any (xg,yo) € 2. Since

v1 < max{vy,ve}, vy < max{vy, vy},
by lemma 2 we have that for any (x¢,%o) € €,

My o) (1) < Mg o) (max{os, va}),

M(XO,yO)('UQ) S M(XO’yO)(max{vl,vz}).
Since v; € Z and vy € Z imply

U1 < M(xo,yg)(vl)a and V2 < M(xo,yo)(UZ)a

we have

max{vy,va} < M(x, o) (max{vi, va}).
Thus max{vy,vo} € E. O
Lemma 3.4. Ifv € E, then Mx, ,,,)(v) € E for any (xo,10) € Q.
Proof. By the definition of My, ) (v), it is clear that My, .)(v) > 0 on €,

Mx40)(v) € CO(Q) and M(x, y,)(v) < 0 on Q. For any (x*,y*) € Q, we first
show that

M(Xo,yo) (U)(X, y) S M(X*,y*) (M(Xo,yo) (U)) (Xa y) (37)

We only need to prove (3.7) for (x,y) € O(x*,y*).
Since v < M(x, 40)(v), by lemma 2 we have

Miser gy (V) € Mises o) (Micq,) ()
Then from v < My« +)(v), we have
0 < Mix- ) (Mxg,0) (V)
Thus for (x,y) € O(x*,y") \ O(x0, Yo),
M(x[),yo)(v)(xv y) = U(X7 y) < M(x*,y*)(M(xo,yo)(U))(Xa y) (38)

That is, (3.7)) is true on O(x*,y*) \ O(x0, yo), Now for 1 = O(x*,y*) N O(x0,Yo),
if we set

Mg ,yo) (V) = w1, Mxs o) (Mg o) (V) = w2
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then

n
1
= D ay(x,y) Dyjwr = ko|Vur |* + ?Op(x7y)e(v—1)kow1 on
ij=1

n
- Z aij(x,y)Dijws = ko|Vwa|* + kip(x,y)e('yfl)kow2 on Q.
ij=1 0
On 99, wy; < wy on O(x*,y*) NIO(xg,yo) by and w; < wy on JO(x*,y*) N
O(x0, yo) since is true on © \ O(x*,y*). Then lemma 1 implies w; < wg on
Q. Thus is true on O(x*, y*) N O(X0,yo) and on O(x*,y*).

Now we prove that M, 4,)(v) < Ty, + 2x, on Qy, NQ for all (x1,91) € Q. By
the definition of My, ,,)(v), we only need to consider the graph of the function
My ,y0)(v) over O(x0,%0). If O(x¢,%0) is covered completely by €, since v <
Tx, + 2x, and Ty, + 2x, satisfies (2.I), Tk, + 2x, is a super solution of on
O(x0,40). Then Lemma 1 implies My, y,)(v) < Ty, + 2x, on O(xo,y0). In the
case that O(xg,yo) does not intersect with Qy,, the conclusion is trivial. Now we
consider the case that O(xg, yo) is partially covered by Qy,. First by what we have
just proved, we always have

M(xo,yo)(v) < Txo + 2x, On O(Xo, yo). (39)
By the choice of dx, and O(xg,yo), the graph of Tx, + zx, over O(xXo,%o) N O, is
under the graph of Tx, + 2x,. Thus the conclusion follows from (3.9). O

Now we are ready to prove that vy has the desired properties. Let (xo,%0) € Q.
By the definition of vy(xq, yo), there is a sequence of functions vy in = such that

vo (X0, Yo) = kﬁ_)ﬂgo v(X0, Yo)-

By the definition of =, vy > 0 on Q. We replace vy, by My, y,)(vr). Then we have
a sequence of functions wy, such that
vo(Xo0,¥0) = lim w(xo,Y0),
k—oo

n

1 _
= > aii(x,y) Dygwy = ko| Vg |* + FP(X>y)€(7 DRows on O(xq, yo),
~ 0
i,j=1
wg = v on 00(Xg, Yo)-
Then uj = eFowr gatisfies
n
- Z aij(xa y)Dl]uk = p(X7 y)uz on O(X07 Z/O)7
i,j=1

up = e on d0(xq, yo).
Further, from the fact that for all &,
0 <wp Swp < Ty, + 2, 00 O(x0,%0),

we have
1 <ur < eFo(TxoFt2x0) o O(x0,¥0)-

By [6l, Theorem 9.11] and an approximation of the boundary value by smooth
functions, we see that there is a subsequence of uy, for convenience still denoted by
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uy, converges to a C?(0(xg,v0)) NC°(O(x0,yo)) function u,(z) in C2(O(xq,yo)) N
C°(O(x0,¥0)). Thus u,(x) satisfies
— Y ai(x,y)Diju. = p(x,y)ul  on O(xq, yo)

7,j=1

Then w = kio In u, satisfies

n
1 _
- Z ai;(%,y)Dijw = ko|Vw|* + ]?p(xv y)e Dk on O(xq,10)
ij=1 0
and vg (X0, ¥0) = w(Xo,y0). We claim that v = w on O(xg,yo). Indeed, if there
is another point (x2,y2) € O(xg, yo) such that vy(x2,y2) is not equal to w(xz,y2),
then vg(x2,y2) > w(Xz2,y2). Then there is a function v* € =, such that

w(x2,y2) < v*(X2,y2) < vo(X2,y2).
Now the sequence max{v*, M(x, ,)(vr)} satisfies
vk < max{v™, M(x, yo) (k) } < vo.

In a similar way, M x,y,)(max{v*, My, ,)(vx)}) will produce a function w; such
that
= 2 1 (y—1)kow1
- Z aij(x,y)Dijwi = ko| Vw1 | + k—p(x, y)e on O(xo,Yo),
< 0
3,j=1
w S wyp on O(Xan0)7
w(x2,y2) < v*(X2,y2) < wi(X2,¥y2),
w(meo) = w1 (%o, Yo) = Uo(Xo7y0)~

That is, wq(x,y) — w(x,y) is non-negative, not identically zero on O(xg,yo) and
achieves its minimum value zero inside O(xo,y9). However, from the equations
satisfied by w and wy, we have that on O(xq,yo),
n
- Z a; ;(x,y)Dij (w1 — w) — 2ko(Vw + 1V (w1 — w)) - V(w — w)
ij=1

—(y = Dp(x, ) Dholwtbalome) (@) —w;) = 0

for some continuous functions #; and #5. Then by the standard maximum principle
(see [6], Theorem 3.5]), we get a contradiction. Thus vg = w on O(Xg, yo). Therefore
vp € C?(Q) and
= Y aij(x,y)Dijvo = ko| Vo> + kip(xvy)e(v_l)kovo-

ij=1 0
When (x0,%0) € 99, 00(xX0,y0) N I is a neighborhood of (xg, o) in 9. Since
max{0,vp} = 0 on 9Q, vo = 0 on 9N and w = 0 on O (xg,yo) N IN. Since w is
continuous up to the boundary of O(xg, o), vo is continuous on 00 (xg,yo) N I
from inside O(x, yo). Thus vy € C°(Q2) and vy = 0 on JS. Now from the definition
of Tk, and v < T, + 2x, on (), for all v € E, we have

1
vO(Xan) é Txo + ZXO(XO,y) S ;4|XO| +A+ 3



EJDE-2005/109 DIRICHLET PROBLEMS 11

for all (xq,y) € Q. If we let x¢ vary, we get
1
vo(x,y) < c—|x\ +A+3 onQ. (3.10)
4

Then uy = ek satisfies (L.8)), uo > 1 and uy < cge®™*! for some constants ¢g and
c7 depending only on n, M and c¢;.

4. THE PROOF OF THEOREM 1

Since € is an unbounded domain with C%“ boundary, we can choose a sequence
of subdomains in 2, denoted by Q.,,,, m =1,2,3,..., such that
(1) Qy C Qa1 C Q for all m;
(2) Uy, = Q;
(3) Each Q,, is a bounded domain with C*“ boundary;
(4) dist(0,00 \ 09Q,,) — 00 as m — 0.
We can find a number g, such that the eigenvalue problem

= > ai(x,y)Diyé = App(x, )¢ on Qp,
ij=1

¢=0 on 90,

has a first eigenvalue \;(m) < 1 with eigenfunction ¢,,. We assume max ¢,, = 1.
Let 6 be a number such that 0 < 6 < 1/2 and ¢t < ¢7 for 0 < t < J. Let ug > 1 be
a positive solution to (1.8) with p(x,y) replaced by up(x,y). Then

- Z a;;(x,y)Dijw = pup(x,y)w”  on Qy,
ij=1 (4.1)
w=0 ondQ,

has a pair of super and sub solutions ug(x,y), d¢m, and ug(x,y) > 1 > d¢,,. Thus
(4.1) has a positive solution w,,. Since w,, is also a super solution of the equation
in (4.1) on Qg for all m > s, d¢, is a subsolution of the equation in on
0ps = 0 < wyy, on 9N, we have

0ps < w,, on (4.2)
for all m > s. We also have w,, < ug on Q4. Therefore a subsequence of w,,
will converge to a positive C?(€2) function u that satisfies the equation in .
Furthermore u satisfies since ug satisfies ((1.7). Now we still need to prove
that v € C°(Q) and u = 0 on 9.

If (x0,%0) € 09, we let O(xo,%0) € II be the C*% domain chosen in section 2.
Then 90(x,yo) N O is a neighborhood of (xg,%0) in Q. Now we choose a C*
function ¥ on 00(xg,yo) so that ¢» > 0, v» = 0 in a neighborhood of (x¢,y0) €
00(x0,10) and ¥ > ug on dO(xg,yo) N Q. Let wy € C°(O(x0,y0)) N C?(O(x0,y0))
be the solution of the problem

n
- Z a;j(x,y)Dijwo = up(x,y)wg  on O(xo,Yo),
i,j=1

(4.3)
wo =1 on 00 (Xo,Yo)-
Then for all m with O(x0,y0) C Qm, from w,, < ug < ¥ on J0(Xg, yo), we have

W, S wo on O(XOa yO)
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Thus combining this with (4.2)), we have that for large fixed s,

dps <u<wy on O(xp,%0)-

Since wo and &b are in C°(O(xo0,y0)) and wo(Xo,y0) = 0Vs(X0,y0) = 0, u is
continuous near (Xo,¥o) and u(xXo,yo) = 0. Since (xg,yo) € IQ can be arbitrary,
we get u € CY(Q) and u = 0 on 9.
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