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CARLEMAN ESTIMATE AND NULL CONTROLLABILITY OF A
CASCADE DEGENERATE PARABOLIC SYSTEM WITH
GENERAL CONVECTION TERMS

JIANING XU, CHUNPENG WANG, YUANYUAN NIE

ABSTRACT. This article shows Carleman estimate and null controllability of a
cascade control system governed by the semilinear degenerate parabolic equa-
tions with the general convection terms. The semilinear parabolic equations
are weakly degenerate on the boundary and the convection terms cannot be
controlled by the diffusion terms. We establish the Carleman estimate and the
observability inequality for the linear conjugate system, and prove that the
control system is null controllable.

1. INTRODUCTION

In this article, we study the Carleman estimate and the null controllability of
the cascade semilinear degenerate parabolic system with convection terms

w — (2%ug)e + (Pr(z, t,u)e + Fi(z, t,u) = bz, t)xw, (2,t) € Qr, (1.1)
vy — (2%5)z + (P22, t,0))z + Fa(z, t,u,v) =0, (x,t) € Qr, (1.2)
u(0,t) =v(0,t) =0, wu(l,t)=v(1,t)=0, te(0,7), (1.3)

w(z,0) = uo(z), v(z,0)=vo(z), =z€(0,1), (1.4)

where 0 < a < 1/2, Qr = (0,1) x (0,T), h is the control function, w C (0,1) is an
interval, ., is the characteristic function of w, ug,vg € L?(0,1), and Py, Py, Fy,
are measurable functions. It is noted that (1.1) and (1.2) are degenerate at the
boundary = 0. The cascade system (1.1) and (1.2) arises in some models from
mathematical biology and physics, such as the Keller-Segel model [6] and the Lotka-
Volterra model [25].

Controllability theory has been widely investigated for nondegenerate parabolic
equations and systems over the last forty years and the known results are almost
complete (see [3, 4, 5, 16, 18, 19, 20, 21, 22] and the references therein). Recently,
controllability theory for degenerate ones has been studied and there have been
many results (see [1, 2,7, 8,9, 10, 11, 12, 13, 14, 15, 17, 23, 24, 26, 27, 28, 29, 31]).
But it is far from being solved. The null controllability of the following system,
governed by a degenerate diffusion equation, is already investigated

up — (2% )z + c(z, t)u = h(z, t)xw, (z,t) € Qr, (1.5)
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u(0,t) =u(l,t) =0 f0<a<l,te(0,T),
(x%ug)(0,t) =u(l,t) =0 ifa>1,te(0,T),
u(z,0) = uo(x), € (0,1), (1.7)

where > 0, ¢ € L*°(Qr). It was shown that the system (1.5)—(1.7) is null con-
trollable if 0 < a < 2 [1, 10, 11, 24], while not if & > 2 [9]. Although system
(1.5)—(1.7) is not null controllable for oo > 2, it was proved in [14, 26, 27, 28] and
[7, 8, 9] that it is approximately controllable in L?(0,1) and regional null control-
lable for each « > 0, respectively. Flores and Teresa [17] studied the degenerate
convection-diffusion equation

(1.6)

we = (0%u2)s + 220, g + cla, O = h(z,)xy (,8) € Qr (L8

with b € L (Qr) and proved that the system (1.8), (1.6) and (1.7) is null control-
lable for 0 < a < 2. Clearly, the convection term can be controlled by the diffusion
term in (1.8). Wang and Du [29] considered the degenerate convection-diffusion
equation

up — (2% )z + (0(z, 0)u)y + c(x, t)u = h(z, t)xw, (x,t) € Qr, (1.9)

and proved that system (1.9), (1.6) and (1.7) is null controllable if 0 < o < 1/2.
Here 0 < o < 1/2 is optimal when one establishes the Carleman estimate in such
a way as in [29]. Since (1.9) is degenerate, the convection term can cause essential
differences. For example, problem (1.9), (1.6) and (1.7) is well-posed in the weakly
degenerate case (0 < o < 1), while may be ill-posed in the strongly degenerate case
(v > 1) (see [30, 32]). Moreover, the system

up — (x%Uy )y + 0(z, O)ugy + c(x, t)u = h(z,t)xw, (2,t) € Qr

with (1.6) and (1.7) was shown to be null controllable for 0 < o < 1if b, b, byy, bs €
L>(Qr) in [31]. As for systems, the authors in [2] studied the null controllability of
system (1.1)—(1.4) without convection term, i.e. the case that P, = P, = 0. It was
shown in [2] that the system is null controllable if 0 < oo < 2 (a different boundary
condition at = 0 is prescribed if 1 < a < 2). Du and Xu [15] considered the
linear case of system (1.1)—(1.4) when the convection terms can be controlled by
the diffusion terms. Furthermore, the Carleman estimate in [15] depends on the
derivatives of the coefficients of the convection terms and cannot be used to treat
the semilinear case.

In this article, we consider the more general system (1.1)—(1.4) where the con-
vection terms are independent of the diffusion terms. More precisely, we assume
that Py, Py, F, F5 are measurable functions satisfying

P1($7t,0) = PQ(.%‘ f,O) = Fl(x,t70) = Fg(x,t,0,0) = 07

1.10

Folwt,) € C'R),  (0,1) € Qr, (1.10)
|Pi(z,t,y1) — Pi(z,t,y2)| < Ky — yol,

|Po(x,t, 21) — Pa(z,t, 29)| < K21 — 22|, (L11)

|Fi(z,ty1) — Fi(z, ty2)| < Ky — 2],
(z,t) € Qr, y1,Y2, 21,22 € R,
OFy(x,t,y, 2)
0z

8F2(1'7t,y,2)

L) <

| < Ka (xvt) € QT& Y,z € Ra (112)
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0Fy S 0Fy

or < —cp, (1.13)

0y l(zo,e1)x(0,1)xR2 0y l(zo,e1)x(0,T)xR2 ~

where K > 0, ¢ > 0 and 0 < 29 < 1 < 1 such that (zg,21) C w. Since (1.1) and
(1.2) are degenerate at the boundary = = 0, the classical solution may not exist
and weak solution should be considered. The key to prove the null controllability
of system (1.1)—(1.4) is the Carleman estimate for its linear conjugate problem.
The degeneracy of the equations and the existence of the general convection terms
cause essential difficulties for the Carleman estimate. In order to establish the
needed Carleman estimate for the degenerate parabolic system, we use the Carle-
man estimate for a single degenerate parabolic equation in [29], where the auxiliary
functions for the Carleman estimate were chosen by the method of undetermined
coefficients and it was turned out that only the case 0 < a < 1/2 can be treated
in such a way. Using the Carleman estimate in [29] and the classical Carleman
estimate, together with some other energy estimates, we establish the Carleman
estimate for the linear conjugate problem of problem (1.1)—(1.4). Some techni-
cal difficulties caused by the degeneracy of the equations and the existence of the
general convection terms have to be overcome. After the Carleman estimate, we
establish the observability inequality and further prove the null controllability of
system (1.1)—(1.4).

This article is organized as follows. In § 2, we introduce the well-posedness of
problem (1.1)—(1.4) and some a priori estimates. The Carleman estimate and the
observability inequality are established in § 3. Finally, the null controllability of
system (1.1)—(1.4) is shown in § 4.

2. WELL-POSEDNESS AND SOME A PRIORI ESTIMATES

Consider the linear nondegenerate parabolic problem

uf — ((x 4 n)*ud)e + (cr(z, t)u"), + cz(@, t)u + caz, )0 = fi(x,t),

(z,t) € Qr, (2.1)

vf — (@ + )0z + (c2(z,)v")s + 5 (@, )u" + co(z, )" = fa(2,1),
(a.1) € Qr, 22
u(0,t) =0"(0,¢) =0, w"(1,t)=0"(1,t) =0, t€(0,7), (2.3)

u'l(z,0) = up(x), v"(x,0) =vo(x), z€(0,1),

where 0 < o < 1,0 <n <1, ¢ € L®Qr) (1 <i < 6), fi,f2 € L*(Qr),
and ug,vg € L?(0,1). The problem (2.1)—(2.4) admits a unique solution (u",v")
with w7, v" € L*(0,T; L?*(0,1)) N L?(0,T; H*(0,1)). Moreover, (u",v") satisfies
the following a priori estimates.

Lemma 2.1. Assume that 0 < a <1,0<n <1, ¢; € L™(Qr) with |c;|| L) <
K (1 <i<6), fi,f2 € L*(Qr), and ug,vo € L*(0,1). Then the solution (u,v")
to problem (2.1)—~(2.4) satisfies

1" | Lo (0,7;22(0,1)) + || (% + 77)&/2UZHL2(QT) + 1|0 Loo (0,732 (0,1))

+ (@ +0)* 20}l 12(@r) (2.5)

< N([[fille2@r) + I follL2(@q) + luollzz(0,1) + llvollz2(0,1));



4 J. XU, C. WANG, Y. NIE EJDE-2018/195

{ /0 (u"(2,t2) — u"(z,t1))s(z) dz| + | /0 (V"(x, t2) — V" (@, t1))s(x) dz|

< N(ta — t1) 2(| fillz2@r) + I f2ll 2@y + ol z2(0,1)
+ llvollz2o, sl 0,1y, 0<t1 <ta <T, <€ H(0,1),

LAT;éjﬁuun@”T‘F5)—1f“x,fn2dxd7

(2.6)

T-§ ;1
+/0 /0 (wMNx,7+9) —v"(x,7))*dedr (2.7)

< N51/2(||f1||%2(QT) + Hf2||%2(QT) + ||U0||%2(o,1) + ||U0||%2(0,1))»
0<d<T,

where N > 0 depends only on K, T, and .

Proof. Without loss of generality, it is assumed that (u",v") is a smooth solution.
Otherwise, one can mollify ¢; (1 <14 < 6), f1, fa, wo, V9, and prove the lemma by
a standard limit process. For convenience, u” and v" are abbreviated as u and v,
respectively, in this proof.

For 0 < s < T, multiplying (2.1) and (2.2) by u and v, respectively, then
integrating over (0,1) x (0, s) by parts and summing up, we obtain

// )dxdt+// x4+ n)*(ul +v?) dedt

= / / (cruug + covvy) da dt — / / (czu® + (cq + c5)uv + cgv?) dr dt
0o Jo

1
(fru+ fav)dadt

// |uux|—|—|vvx|)dxdt+2K// (u? +v?) de dt
// (Ifrul + | fov]) da dt
%// z+n)*(u +0?)dedt + Kz// (z +n)"%u? +v?) dzdt

(K //u+v ydzdt + = // (f2 + f2) da dt.

Therefore,

\

/01(u2(9c,s) +112(ac,s))dx+/08 /Ol(er?])o‘(ui +v2)dx dt
< /Ol(ug(a:) +vi(x))de + K? /Os /On(x+77)_a(u2 +v?) dz dt (2.8)
+(n_"K2+4K+1)/Os/01(u2+v2)dxdt+/os/01(f12+f22)dxdt,
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where 0 < k < 1 will be determined. It follows from (2.3) and 0 < o < 1 that

/OS /Oﬁ(x+">“u2(x,t) dz dt
:/OS/OH(Q:+77)a(/oxux(f,t)difdxdt

s/s/ﬁ<x+n>—a /Ox(iJrn)‘adif)(/ox(Hn) (1) dz) dedt (2.9)

Sl— ( + )t 2“dx// (z +n)%u?(z,t) de dt

2204_
< tm) " // (z + n)*ul(z, t) d dt.

- 2(1 — «)
Similarly, it holds that

/OS /OR(:U + n)_O‘UQ(x,t) dz dt

22047
<t // (z + )02 (z, t) dz dt.

2 1 —a
Take 0 < k < 1 so small that

2 2-2a _ 220\ < (] _ )2
K= max (5 +7) ) =(1-a)

Substituting (2.9)—(2.11) into (2.8) yields

/( 2(z,8) +v?(x,5)) da + = // x4 n)%(u? + v2) dedt

(2.10)

(2.11)

S/ (ud(z) +v3(z))de + (v *K? + 4K + 1) / / Zrot)dedt (2.12)

/ / (fE + f3)dxdt.

Then, (2.5) follows from (2.12) and the Gronwall inequality. For 0 < t; < tg <
T and ¢ € H'(0,1), multiplying (2.1) and (2.2) by ¢, and then integrating over

(0,1) x (t1,t2) by parts, we obtain

/0 (ula, 1) — u(w, t1))s(x) dz

to
= / / (—(@ + 1) uzse + crus, — czus — cqvs + fi) dadt,

1
/0 (v(z,t2) —v(x,t1))s(x) dx

1
= / / (—=(z + 0) %z + v, — csus — cgvs + fas) da dt,
t1 0

which, together with the Holder inequality and (2.5), lead to (2.6). It remains to
prove (2.7). For 0 < § < T and 0 < 7 < T — 4, multiplying (2.1) and (2.2) by
w(z, 7+ 0) — u(x,7) and v(x,7 + ) — v(x, 7), respectively, then integrating over
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(1,7 + 0) with respect to ¢t and summing up, we obtain

(u(z, 7+ 6) —u(z, 7)) + (v(z,7 + ) —v(z,7))?
T+0
= / ((x 4+ n)%uz)z(w(z, 7+ ) — u(z, 7)) dt
"4
—|—/ ((x 4+ 1) %)z (v(z, 7+ 0) —v(z, 7)) dt
45 48
- / (cru)z(u(z, 7+ 8) —ul(z, 7)) dt — / (cov)z(v(z, 7+ 8) —v(x, 7)) dt
i .
+/ (f1 — czu — cqv)(u(z, 7+ 6) — u(zx, 7)) dt

T+
—|—/ (fo — csu — cgv)(v(z, 7+ 6) — v(x, 7)) dt.

Integrating this equality by parts, over (0,1) x (0,7 — 4), yields

T-5 T-5
/ / w(z, 7+ 0) — ulx, 1) d:rdT—f—/ / (z,7 +0) —v(z,7))? dedr

(x—i—n) Ug (2, ) (ug (2, 7 4+ 0) — up(z, 7)) dt dz dr

}ﬂ
Q’l
2
ﬂ\

3
L,
J

T4+8
(x + 1) (2, ) (v (2, T + 0) — v (z, 7)) dt dzdr

3
L,
J

T+5
cr(z, t)u(z, t)(ug (2, 7+ ) — ug(x, 7)) dtdedr

+

T4+8
ez, t)v(z, t) (ve(x, T+ 0) — vy, 7)) dt dzdr

T
>
>

T+6

(f1(z,t) = es(z, u(, t) — calz, t)v(2,1))
0) —u(z,7))dtdedr
T+6

(fa(a,t) = es(z, tyulz, 1) = co(z, t)v(a, 1))

- v(x 7)) dt dx dr
T+6§ 1 1/2
(z +n)*u? dx dt)

+

X
B
ﬂ

_l’_
/@\h?o\,c\ﬂc\ho\
\
+h +c\cﬁc\c\c\
q\q\q\q\

5
s,
>

+

i%

(o9
~—

N
o
—

(x4 1)*(ug (2,7 + 8) — ug(z,7))* da dT) V2

1/2
(z +n)*? dz dt)

—

(z +1)*(va(z, 7+ 6) — ve(2, 7)) da dT)1/2

+
=)
S~
:
io\o\Hc\

1 1/2
(z +n)"*u?dx dt)

_l’_
Jlay

=
T
S~
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: (5/0”/01(%77)&(%(3:,”5) —uua ) dedr)
+K(T/TT+6/01($+77)O‘vzdxdt)l/g
5/T_6/1($+n)a(vx<x,7+6) (e ) dear)
+<T/:+ /1(|f1|+K|u+K|v|)2dxdt)l/2
<G )
( - /

+

0
1

1/2
(u(z, 7+ 0) —u(z,7))* dz dT)

1)
-5
')
0
5
)
T-§ 1/2
X (5 / v(x, 7 +0) —v(z,7))? dsz)
T 1
2(T6 1/2/ / (z+n)” idwdt+2(T§)1/2/ /(ac—&—n)avidxdt
o Jo
1/2 T rl 1/2
—1-2K(T6)1/2 / /(x+77)7°‘u2da:dt> (/ /(x+n)°‘uidxdt)
o Jo o Jo
T ,1 1/2 T rl 1/2
+2K(T6)1/2(/ /(x+n)_o‘v2dxdt) (/ /(x+n)%§,dxdt)
o Jo o Jo
T 1 1/2 T orl 1/2
2(3T5)1/2 / /(f12+K2u2+K2v2)da:dt / /quxdt

1/2 1/2
+2(3T6)/2 / / f2+K2u2+K22dxdt //vdmdt) .

(=)

1 ) 1/2
(121 + Klul + Ko)* do dt)

o

(2.13)
For 0 < k < 1 satisfying (2.11), it follows from (2.9) and (2.10) that
T 1
/ / (z +n) *u?dedt
o Jo
) e i (2.14)
2 - 2
Sﬁ/o /O(J:—l—n)o‘umdxdt—i—/i ("/O /0 u” dz dt,
T 1
/ / (z +n)"“v?dzdt
0
—_— (2.15)
_2K2/ / x+n)* dxdt—&—m_a/o /0 v2dx dt.
Then, (2.7) follows from (2.13)—(2.15) and (2.5). O

Using the a priori estimates in Lemma 2.1, one can prove the well-posedness of
problem (1.1)—(1.4).

Proposition 2.2. Assume that 0 < a < 1, and Py, Pa, Fy, Fy satisfy (1.10)—(1.13).
For h € L*(Qr) and ug,vo € L?(0,1), problem (1.1)~(1.4) admits a unique so-
lution (u,v) € HH(Qr) x H#o(Qr). Furthermore, u,v € L°(0,T;L*(0,1)) N
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Cw([0,T); L%(0,1)). Here, 7,(Qr) = {w € L*(Qr) : z*/?w, € LQ(QT)} and
a function & € Cy([0,T; L*(0,1)) means that fol &(z,t)y(z) dz € C([0,T]) for each
v € L?(0,1).

The proof of Proposition 2.2 is standard and is omitted here. We refer to [29,
Theorem 2.1] for the single equation case.

3. UNIFORM CARLEMAN ESTIMATE AND OBSERVABILITY INEQUALITY

In this section, we prove the uniform Carleman estimate and the observability
inequality for the linear nondegenerate conjugate system

Ul + ((x +n)*UN) + c1(x, ) U — e3(x, t) U — cq(x, t)V" = 0,

(,0) € Qr, )
Vi + ((x +n)V)e + co(z, )V — c5(z, ) VT =0, (x,t) € Qr, (3.2)
Un0,t) =v"0,¢) =0, U"(1,t)=V"(1,t)=0, te(0,7T), (3.3)
UNe,T) =Urp(z), V' z,T)=Vr(z), =xe€(0,1), (3.4)
where 0 < a < 1/2,0<n <1, ¢ € L®(Qr) (1 <i<5), and Ur, Vr € L?(0,1).

Let 1 € C*([0, 1]) satisfy
=1, x €00, (3xo + 221)/5],
P el0,1], ze,
=0, HARS [(21‘0+3$1)/5,1],

where @ = ((3xzo + 2x1)/5, (229 + 3x1)/5) and & = ((4dxo + x1)/5, (xg + 4x1)/5).
Set

olx,t) =0(t)g(x), P(z,t)=0(¢) (eQC(O) — eC(”“')), (z,t) € Qr,
(z,t) = Y(z)p(z,t) — (1 —¥(2)¥(2,t), (z,1) € Qr,
where
1
G(t) = m, t S (0,1-')7

@) =8((w+m 2D =8), ((a) = 1+~ (@+n)' "2 we(0,1).
The Carleman estimate for the solution to problem (3.1)-(3.4) is as follows.

Theorem 3.1 (Uniform Carleman estimate). Assume that0 < a <1/2,0<n <1,

ci € L™®(Qr) with ||lcil|pe@my < K(1 <4 <5), and 04’($0711)X(07T) > ¢ or

C4|(x0,x1)x(0,T) < —cg. There exist two constants sg > 0 and My > 0 depending

only on xg, x1, K, co, T, and «, such that for each Ur, Vr € L*(0,1), the solution
(UM, V") to problem (3.1)—(3.4) satisfies

T 1
/ / (sO(UM? + s303(U")? + s0(V)? + s203(V"))e>*® da dt
0 0

T
< MO/ /(U")dedt, 5> s0.
0 w

Proof. For convenience, U" and V" are abbreviated by U and V/, respectively, in
the proof. Without loss of generality, it is assumed that U,V € C?(Q). Set

U/(:L’,t) = w(x)U(xat)v W(xvt) = 1/)($)V($,t)a (ZL’,t) € Qr. (35)
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Then, (w, W) solves
we+ (@ +0)"wa)e = p1, Wi+ (@ +0)"We)a = p2, (2,8) €Qr,  (3.6)
where
p1 =01 — 1wy + c3w, p2 =02 — oWy + W, (2,t) € Qr,
o1 = (@ + )Yy + ¢ (@ +0)Us + 1)U + sV, (x,t) € Qr,
02 = (& +m)*"'V)a+¢'(x+ )" Vo + 'V, (2,1) € Qr.
Set
Y (x,t) = @ y(2,t), Z(x,t) = @OW (x,t), (2,t) € Qr. (3.10)
From (3.6) it follows that
e ((e7Y )+ ((x +m)* (€Y )z)a) = € p1,  (,1) € Qr,
(e 2)e+ ((x+n)* (e 2)2)2) =€ ¥pa, (2,1) € Qr-

From [29, Proposition 3.1], there exist three positive constants My, My, and s;
depending only on T and «, such that for each s > sq,

T 1 T 1
Mls/ / (z+n)4=DB0(v2 4+ 22) de dt + M253/ / 03(Y?+ Z?)dxdt
0 0 0 0
T 1
< / / (0T + p3)e™*? da dt.
0 0
This formula, together with (3.7) and (3.10), leads to that for each s > s1,
T 1 T 1
Mls/ / (z+n)4=DB9(v2 4+ Z2) de dt + Mgss/ / 03(Y? + Z%) dzdt
0 0 0 0
T 1
< 2/ / (0f + 03)e*? da dt
0 0

T 1
+ Ms/ / (Y24 Z24Y2 4+ 22 + 5% (x4 n)2129802(v? + 22)) da dt,
0 0

where M3 > 0 depends only on K, T, and «. Therefore, there exist sy > s; and
My > 0 depend only on K, T, and «, such that for each s > sg,

T 1
s/ / (x + 77)(40‘_2)/30(((3_8“’1/)926 + (€759 Z)%)e**? dz dt
o Jo
T 1
+s3/ /03(Y2+Z2)dxdt (3.11)
o Jo

T
< M4/ / (02 + 0%)e**? dx dt.
o Jo
From (3.11), 0 < o < 1/2, (3.8)—(3.10) and (3.5), we obtain

T
/ / (s6w? + s303w? + sOW?2 + s303W?2)e?s% da dt
o Jo

T T 1
< M U? 4+ U2+ V2 4+ V2)e* dadt + W2e dadt), s> so,
x x
0 ) 0 0
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where M5 > 0 depends only on K, T, xg, x1, and «. Therefore, there exist s3 > so
and Mg > 0 depend only on K, T, zy, 1, and «, such that for each s > sg3,

T 1
/ / (s0w? + 303w? + sOW?2 + s30PW?)e?*? dx dt
o Jo

T
< M6/ /(U2 + U2+ V24 Ve dadt.
0 @

This formula, together with (3.5) and the definition of 1, leads to that for each
5> S3,

T (Bxo+2x1)/5
/ / (s0U2 + s*03U2 + s0V2 + 503V 2)e?*® da dt
0 (3.12)
< M6/ /(U2+U§+V2+V§)e2” dz dt.
0o Jo

Set
Q(xvt) = (1 - w(x))U(xvt)a Q($,t) = (1 - ¢($))V($>t)7 (x’t) € QT~

From the classical Carleman estimate [1, Proposition 4.2], there exist s4 > 0 and
M7 > 0 depend only on K, T, g, x1, and «, such that for each s > sy4,

T 1
/ / (50e°q> + 53033 q% + 50e° Q> + 53033 Q?)e~ 2V dz dt
o Jo
T
< M7/O [(UZ + U2+ V2 +V2)e ¥ dadt.
This formula, and the definition of ), leads to

T 1
/ / (80e°U2 + s203e3U? + s0e V2 + s303e3V?)e?*® dx dt
0 J(@zo+321)/5

’ (3.13)
< M7/ /(U2 + U2+ V2 4+ V2)e 2V dzdt, s> sy
0 @
It follows from (3.12), (3.13) and the definition of @, ¢, ¥, that
T 1
/ / (s0U2 + s303U? + s0V2 + 5203V 2)e?*® da dt
0 0

T

< Mg/ /(U2 +UZ 4+ V2 +V2) (¥ +e 2V L ) dr dt (3.14)

0 )

T
< 3Mg/ /(U2 + U2+ V24 VHe*Pdrdt, s> max{ss,s4},
o Jo

where Mg > 0 depends only on K, T, xg, 1, and a. Let & € C°°([0,1]) such that
suppé; Cw,0<& <1in (0,1) and & =1 in ©. For s > 0, (3.1)—(3.3) show

T d 1
0= / 7/ (U2 +VHe*® dadt
o dt o
T 1
=2s / E20,(U? + V?)e®* dz dt
0 0

T 1
+2/ / E((x+n)U2 + (z +n)*V2)e*® dx dt
0 0
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T 1
+4/ / §& (U (x +n)"Uy + V(x +1)*V,)e**® do dt
0 0
T 1
—2/ / 1 (c1UU, + 2V, )e*® dz dt
0 0
T 1
+43/ / 0, (U(x +n)Uy + V(z +n)*Vy)e*® dz dt
0 0

T 1
+2/ / E2(c3U? + s V2 + c,UV)e*® du dt,
0 0

which leads to

T 1
/ / Gz +n)°U; + (x +n)*V,)e*® dz dt
o Jo
1 /T !
< 5/ / E((x4+n)*U2 + (x +n)*Ve**® dz dt
o Jo

T
+Mg(l+52)/ /92(U2+v2)e23¢dxdt,
0 @

with Mg > 0 depending only on K, T, xy, 1, and a. Hence, for s > 0,

T T
/ /(U§ +V2)e2® dpdt < Mio(1+ 52)/ /92(U2 +V2)e2® drdi, (3.15)
0 @ 0 @

where Mg > 0 depends only on K, T, g, 21, and a. From (3.14) and (3.15), there
exist s5 > max{ss, s4} and My, > 0 depend only on K, T, xg, 1, and «, such that
for each s > s5,

T 1
/ / (s0U2 + s30°U? + s0V2 + 5303V 2)e?*® dz dt
o (3.16)
< Mn / /(U2 + V) dz dt.
0o Jo

Let & € C*°(]0,1]) such that supp& C (zp,z1), 0 < & < 11in (0,1) and §; =1
in ©. Multiplying (3.1) by &Ve*?®, then integrating by parts and using (3.2), one

gets
T 1
/ / cs&V2e > Az dt
0 0

T 41 T 1
= —2/ / (z +n)*&U, Ve ® dz dt + / / 16U Ve dz dt
o Jo o Jo

(3.17)
T /1 T 41
+ / / 62£2UVz62S® dxdt — / / ((63 +c5 + 28@7&)52
o Jo o Jo
— ((z+ n)a(fgel@)z)me*%@) UVe?s® dz dt.
The Holder inequality gives
T 41
{/ / (z +n)*&U, Ve da dt|
0 7o (3.18)

1 T 1 1 T 1
< 7/ / OU2e*s® dxdt—f—f/ / 0~ V2 dx dt,
2 0 0 2 0 0
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T 1
| / / 16U, Ve*?® dz dt|

(3.19)
/ / OU2e?5® dz dt + K2/ / 01V 2e25? g dt,
| / / C26UVoe™® da dt|
. . (3.20)
< f/ / OV 2e25® dxdt—&-fK?/ /9—1U2e25<1> dz dt,
2 0 0 2 0 w
and
T 1
| / / ((e5 + 5+ 25B0) — (& + 1) (E26%0)0)pe~ )TV da
0 0
1 T ot
< 7(1+s2)/ / 03V 2e®® dx dt (3.21)
2 0 0
T
+M12(1+32)/ /9—3U2e28‘1’ dz dt,
where M2 >0 depends only on K, T, xg, x1, and a. Since C4| > ¢g or

(zo,21)%(0,T)

4‘ (0.21)x (0.7) = €05 1t follows from (3.17)—(3.21) and the definition of &, that

co/ /V2 25® qr dt
/ /0U2 25® Qg dt + = / /0V2 25 Qg dt

+2/ /9_1Vw2e23®dxdt+7K2/ /9—1(U2+V2)e23‘bdxdt (3.22)
0 0

1
51+s //031/2 25® Qg dt

+ Mio(1 + 52)/ / 073U2e%*? dz dt.
Then the theorem follows from (3.16) and (3.22). O

Below we prove the observability inequality for the solution to problem (3.1)-
(3.4).

Theorem 3.2 (Uniform observability inequality). Assume that 0 < a < 1/2,
0<n<1,c¢ € L®Qr) with ||| Lo (@) < K (1 <i<5), and C4|(x0711)><(07,1.,) > ¢
or 04’(w0,w1)x(07T) < —cg. There exists M > 0 depending only on xg, x1, K, co,
T, and o, but independent of n, such that for each Up,Vr € L*(0,1), the solution
(UM, V") to problem (3.1)—(3.4) satisfies

1 M2 (g m2(x x ! M2 4z dt.
/()((U)(’O)+(V)(’O))d §M/0 /w(U)d dt

Proof. As in Theorem 3.1, U" and V" are abbreviated by U and V, respectively,
and it is assumed that U,V € C?(Qr). Multiplying (3.1) and (3.2) by U and V,
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respectively, and then integrating over (0, 1) with respect to z, we obtain

1d ! 1 1 1 1
-—— U2dx—/ (x+77)0‘U3d:c+/ clUdex—/ 03U2dx—/ c,UVdz
2dt Jo 0 0 0 0
=0,
1d [ 1 1 1
—— VQd:c—/ (x+n)avﬁdx+/ CQVdea?—/ csV2dz =0,
2dt Jo 0 0 0

for t € (0,7T). Using the Holder inequality and the Hardy inequality yields
d [t A
i ), (U? +V?)dx < M/0 (U* +VHdz, te(0,7),
where M > 0 depends only on K and a. Hence
1 oyl
/ (U2(2,0) + V2(z,0)) dz < eMt/ (U (2,0) + V2(x,0)) da, t € (0,T). (3.23)
0 0

Integrating (3.23) over [1'/4,3T/4] leads to

3T /4

T 1 N 1
5/ (U2(z,0) + VZ(x,0)) dz < 3MT/4 / (U2 +V3)dedt.  (3.24)
0 0

T/4
The theorem follows from (3.24), the Hardy inequality and Theorem 3.1. O

By a standard limit process, one can get the Carleman estimate and the observ-
ability inequality for the degenerate parabolic system

Ui+ (2%Uy)z + c1(z,)Uy — c3(x, t)U — ca(z,t)V =0, (z,t) € Qr, (
Vi+ (2%Vy)s + co(z, )V — c5(2,6)V =0, (z,t) € Qr, (3.26
U(,t) =Vv(0,t) =0, UQ,t)=V(1,t)=0, te(0,T), (
U(sz) - UT(x)a V(%,T) = VT(x)a T € (07 1); (
where 0 < o < 1/2, ¢; € L*>®(Q7) (1 <i <5), and Up, Vpr € L%(0,1).

Theorem 3.3. Assume that 0 < a < 1/2, 0 < n < 1, ¢; € L™®(Qr) with
lcillLoe(@ry < K (1 < <5), and C4|(a:0,a:1)><(O,T) = ¢ or C4|(wo,$1)><(0,T) < —co-
There exist three positive constants sq, My and M depending only on xg, x1, K,
co, T, and o, such that for each Ur,Vy € L%(0,1), the solution (U, V) to problem
(3.25)—(3.28) satisfies

T 1 .
/ / (s0U2 + s30°U? + s0V2 + s30°V?)e?® dx dt
o Jo

T
gMO/ /U2dxdt, s> s,
0 w

1 T
[ w0+ viwoas <o [ [ oraar
where
D(x,t) = 80(t)y(x) (x4 72973 — 8) — 0(1) (1 — () (e* — el—xlfuﬂ)’
fO?” (SC,t) € QT-
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4. NULL CONTROLLABILITY

In this section, we study the null controllability of system (1.1)—(1.4). First
consider the nondegenerate parabolic system

ug — ((x+n)ul)e + (Pr(z, t,u")y + Fi(z, t,u") = hxy, (z,t) € Qr, (4.1)
of = (@ + )"0z + (Po(x,t,0"))s + Fa(2,t,u”,0") =0, (,t) €Qr, (4.2)
u(0,t) =0"(0,¢) =0, w"(1,t)=0"(1,t) =0, ¢€(0,T), (4.3)
u"(aj,O) ZUO(I)a UU(I,O) :’UO(I), HAES (071)7 (4 4)
where 0 < a < 1/2,0 < n < 1, and ug,vg € L?(0,1).
Lemma 4.1. Assume that 0 < o < 1/2, 0 < 5 < 1, and Py, P2, F1, F5 satisfy
(1.10)~(1.13). For each ug,vo € L?(0,1), there exists h" € L*(Qr), such that the
solution (u",v") to problem (4.1)—(4.4) satisfies
u(x, T) =v"(z,T) =0, xz€(0,1). (4.5)
Furthermore, there exists M > 0 depending only on xg, 1, K, co, T, and «, such
that
17| 2@y < M(lluollL20,1) + lvollz2(0,1))- (4.6)
Proof. For (z,t,y,2) € Qr x R2, set
Pl(z,t,y)fPl(m,t,O) y % 0’

Cl(l‘,t,y): { Y ’

0, y =0,
Py (z,t,2)—Pa(x,t,0) Py 7& 0
’t7 — z b b
ca(x,t,2) {07 .=,
Fy(z,t,y)—Fi(z,t,0)
ey #£ 0,
c3(x,t,y) = Y
et {0, y=0,
1 1
F: F:
ety = [ SR sty = [ R0 a
0 Y 0 z

Then, (1.11)—(1.13) show that c1,c2,c3 € L®(Qr x R) and ¢4, c5 € L=(Qr x R?)
satisfy
lcill Lo (@rxry < K (1 =1,2,3)
llcillLe@rxrzy < K (j =4,5),
c4|(3007361)X(O7T)X]Rz >co or 04’(

Let y, z € L?(Q7). For € > 0, consider the problem

T ,1 1 /L 1 [
min{/ / thxdt—l—f/ u2(x,T)dx+f/ v (2, T)dx : h € LZ(QT)}, (4.7
o Jo €Jo €Jo
where (u,v) is the solution to the problem
ur — (@ 4 1) ue)e + (1@, b,y (@, t))u)e + cs(z, t,y(z,t))u
= hXw, ($,t) € Qr,
Ut — (({I? + n)a%)z + (C2(fL‘,t, Z((E,t))@)z + C4($,t,y($7t), Z({Eﬂf))u
+cs(z, b, y(z,t), 2(x,t)v =0, (z,t) € Qr,

20,01)x (0,T) xRz = —C0-
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u(0,t) =v(0,t) =0, wu(l,t)=v(1,t)=0, te(0,7), (4.10)
w(z,0) = uo(z), wv(z,0) =wvo(z), =z € (0,1). (4.11)

As shown in [5], one can prove that problem (4.7)—(4.11) admits a unique solution
heYE = UneYEy  where (UTSY:# V1€Y:%) ig the solution to the problem

UP= 4 (@ 4+ m) UDT )y + e (a, t,y(, ) UL

—c3(x, t,y(z, £)) U — cq(x, t,y(x, t), z(x, ) VTEYZ =0, (x,t) € Qr,
(4.12)

Vtﬂns,y,z + ((a: + n)aVIn,a,y,z)z + CQ(CC,L Z(.T,t))V;’E’y’Z
—c5(x, t,y(x,t), 2(x, ) VT2 =0, (x,t) € Qr,

UTEVE(0,8) = VIEVE(0,4) =0, UPSV*(1,t) = VIEUi(1,6) =0, te (0,T),
(4.14)

(4.13)

1 1
UT],E,y,Z(x,T) = _gun7€7y7z(x7T)a Vmsvy,z (1‘7T) = _gvms,y’Z(l‘vT)a S (07 1)7
(4.15)

with (u?®¥2 v™e¥:#) golving problem (4.8)—(4.11) for h = h™=¥*. Multiplying
(4.8) with h = h™T=¥2 (4.9), (4.12) and (4.13) by UP=Y:2 V1ev:z ¢hev:2 and
v"SY:% respectively, and then integrating over Q7 by parts, we obtain

/ / RS E UV A di + = /(u”’a’y’z(waT))de
7/ (vna,yz(x T)) dl’ (416)

€ Jo
1 1
:—/ U™Y2(z,0)ug(z) dx—/ VEYE (2, 0)vg(x) da.
0 0

It follows from (4.16), h75¥% = UTS¥:%y, the Holder inequality and Theorem 3.2
that

T 1 1t 1t
/ / (h”’e’y’z)2 dxdtJrf/ (u”’e’y’z(m,T))2 derf/ (1}’7’5’-”’2‘(30,T))2 dz
o Jo €Jo €Jo
1 1
< [ e @ o) do + [V @ o) do
0 0

IN

5 | @+ B e+ g [ (@ @0 + (@02 da

M 1
<M / (2() + v2(x)) dz + ~ / / (h1=92)2 dz dt,
2 0 2 0 0

where M > 0 depending only on xg, x1, K, ¢o, T and «, is given in Theorem 3.2.
Hence

T 1 2 1 2 1
/ / (W02 do dt 4 2 / (o (2, T)) da + / (W (2, T))? do
o Jo €Jo €Jo

<M / (u3(2) + 12 (x)) da,
(4.17)
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which, together with Lemma 2.1, leads to

w2 || Lo 0,752 (0,1)) + (@ + 1) U= L2
+ ||U7]751y72

< N(

L= miz2) + 1@ +0) 20 2 ) (4.18)
|RTEY %] L2 + w0l L2(0,1) + llvollz2(0,1))
< N(M'Y2 4 D ([lwollz2 0,1y + llvollL2(0,1))s

T-5 ,1
/ / (uSY 2 (x, 7 4+ 0) —uY A (x, T))2 dzdr
0 0

T—6 1
+ / / (WPEYE (x4 0) — oY (2, 7)) da dr
0 0
< Nal/Z(th,e,y,z

(4.19)

|%2(QT) + ||U0||2L2(0,1) + ||U0||2L2(0,1))
< N6VA(M + 1)(|luoll 2201y + lvoll720,0), 0 <8 <T,
where N > 0 depending only on K, T and «, is given in Lemma 2.1. Define
Ae : (y,z) —s (uﬂye7y72’vﬁ76>y,z)7 Y,z € BR — {w c L2(QT) . ||wHL2(QT) < R}
with
R= NTl/Q(Ml/Q + 1) ([Juollz2(0,1) + llvollz2(0,1))-

It follows from (4.18) and (4.19) that A. is a mapping from Bp to Bg, and A, is
compact and continuous. Therefore, the Schauder fixed point theorem yields that

A, admits a fixed point (u"¢,v™¢) € Br x Bpr, which solves problem (4.1)-(4.4)
with b = b = 154" Moreover, (4.17)—(4.19) yield

T 1 9 1 9 /1
/ /(h”’E)dedtJrf/ (u"’a(x,T))zderf/ (v"’a(x,T))zdx
o Jo € Jo € Jo
1
< [ () + (o) d,
0
||| Loo (0, 15220,1)) + || (2 + )2
+ (@ + )00 22 ()

< N(MY? + D (luollz20,1) + llvollz2(0,1))s
T-5 1
/ / (u™(z,7 + 8) — u"(z,7))*dzdr
0 0
T—5 1
+ / / (0" (z,7 4 6) — v (x,7))* dw dr
0 0

< N&Y2(M + 1)(||U0||2L2(o,1) + HUO||2L2(O,1))~
Then there is €, € (0,1) with lim, &, =0, E,, C Qp with lim,, o, meas E,,, =

0, h" € L?(Q7) and u",v" € L>(0,T; L?(0,1)) N L?(0,T; H*(0,1)), such that
RIEn s B e s g

wl | 2(Qr) + 1" Lo 0,7:22(0,1))

n.e 7 7,€ 7 e 7
e Tyt ol e gl (4.20)
in L*(Qr) as n — oo,
n.e 7 n,€ 7
T R )
. . . (4.21)
uniformly in Q7 \E,, as n — oo for each positive integer m,

u(z, T) =v"(z,T) =0, =z€(0,1), (4.22)
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/T /I(h")2 dzdt < M/l(ug(x) +v2(z)) d. (4.23)
o Jo 0

It follows from (1.11), (1.12) and (4.21) that
Py(z,t,u™") = Py(z,t,u"), Pa(x,t,v"") = Py(xz,t,0"),
Fy(z,t,u™) = Fy(z,t,u"), (4.24)
Fy(x, t,u™m ™) — Fy(x,t,u,v") in L*(Qr) as n — oo.

From (4.20) and (4.24), one can show that (u”,v™) is the solution to problem (4.1)—
(4.4). Finally, (4.5) and (4.6) follow from (4.22) and (4.23). O

Now we are ready to prove the null controllability of the degenerate parabolic
system (1.1)—(1.4).

Theorem 4.2. Assume that 0 < o < 1/2, and Py, Py, F1, Fy satisfy (1.10)-
(1.13). The system (1.1)—~(1.4) is null controllable. More precisely, for each ug,
vo € L?(0,1), there exists h € L*(Qr), such that the solution (u,v) to problem
(1.1)~(1.4) satisfies

w(z,T) =v(x, T)=0, =x¢€(0,1). (4.25)
Furthermore, there exists M > 0 depending only on xg, 1, K, co, T, and «, such
that

1kl z2(@r) < M([luollL2(0,1) + [lvollz2(0,1))- (4.26)

Proof. For each 0 < 1 < 1, Lemma 4.1 shows that there exists A" € L*(Qr) with

1771 22(@r) < M([luollz2(0,1) + llvollz2(0,1)); (4.27)
such that the solution (u”,v") to problem (4.1)—(4.4) satisfies
ul(z,T) =v"(z,T) =0, x€(0,1), (4.28)

where M > 0 depends only on xg, z1, K, ¢, T, and a.. Rewrite (4.1) and (4.2) into
uf = ((z+n)"u))a + (cr(@,)u)s + cs(z, u” = KX, (2,t) € Qr,
vy — ((z 4+ n)%v]) e + (ca(z, )v") g + ca(z, )u + c5(z, )" =0, (z,t) € Qr,
where for (z,t) € Qr,

Py (z,t,u"(z,t))—Pi(x,t 0)

rz mt) u”(x,t) 7&07

0, u(x,t) =0,

| [Pt B0 (1) £ 0,
0, v (z,t) =0,
Dletel DR (1) £0,

0, u(z,t) =0,

/01

OF,
n
9y (z,t, Au"(z, 1), W' (z,t)) dA,
/ aFQ (z,t, M (,£), \o" (2, 1)) .
0

0z
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Then, ¢; € L*>(Qr) with [l¢i| (@) < K (1 <@ <5). Lemma 2.1 yields
[u"l| Lo 0,722 (0,1)) + 1@ + 1)Ul 12(@r) + 07 |22 (0,7322(0,1)
+ 1@+ )0 2 (@n) (4.29)
SN(A"|L2(@qr) + lluoll 20,1y + llvollz2(0,1)),

/OT—a /Ol(un(x,T‘Fd) — "z, 7)) de dr

et o ) (4.30)
—|—/0 /0 (v"(z, 7 +90) —v"(z, 7)) dxdr

< N&2(IR"122 (g + lwolF2qo,n) + lvollEa0,y)s 0 <8 <T,

where N > 0 depending only on K, T and «, is given in Lemma 2.1. By (4.27)—
(4.30), there exist n,, € (0,1) with lim,,—.oc 1, = 0, E,, C Qr with
lim,,, o meas E,, =0, h € L*(Qr) and u,v € L>(0,T; L?(0,1)) N 5%, such that

Pl hyu s, o =, (24 )Y 2l = 2 P,

4.31
(z+n)* 20 — 2?0, in L*(Qr) as n — oo, (4.31)
u™ —u, v —wv
. . o (4.32)
uniformly in QT\E as n — oo for each positive integer m,
u(z, T)=v(z,T) =0, ze€(0,1), (4.33)
/ / hzdxdt<M/ ud(z) +vi () de. (4.34)
It follows from (1.11), (1.12) and (4.32) that

Pz, t,u™) = Pi(x,t,u), Pz, t,0")— Py(x,t,v),

1 ( ) = Pi( ), P ) = Pa( ) (4.35)

Fy(z,t,u™) = Fi(x,t,u), Folx,t,u, 0"7) = Fy(z,t,u,v)

in L2(Qr) as n — oo. From (4.31) and (4.35), one can show that (u,v) solves
problem (1.1)—(1.4). Finally, (4.25) and (4.26) follow from (4.33) and (4.34). O
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