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STABILIZATION OF SEMILINEAR WAVE EQUATIONS WITH
TIME-DEPENDENT VARIABLE COEFFICIENTS AND MEMORY

SHENG-JIE LI, SHUGEN CHAI

ABSTRACT. In this article, we study the stabilization of semilinear wave equa-
tions with time-dependent variable coefficients and memory in the nonlinear
boundary feedback. We obtain the energy decay rate of the solution by an
equivalent energy approach in the framework of Riemannian geometry.

1. INTRODUCTION

Let Q@ C R™ (n > 2) be an open bounded domain with a smooth boundary T’
of class C2. We assume I' = T'o UT; with Ty # 0, where I'y and T'; are closed
and disjoint. We consider semilinear wave equations with time-dependent variable
coeflicients and memory on the boundary:

ug(z,t) + p(t)Au(z, t) + h(Vu) + f(u) =0, (z,t) € Q x (0,400),
u(z,t) =0, (x,t) €Ty x (0,+00),

0 i 1.1
,u(t)aTu(x,t) —|—/ g(t — s)us(z,s)ds +1l(uy) =0, (x,t) € T'1 x (0,+400), (1.1)
A 0
U(.’E,O):Uo(fﬂ), ut(xvo):ul(x)v fEEQ,
where
Au = —div A(x)Vu = — i i(al(az:)%) x e R". (1.2)
=1 8% J an ’
A(z) = (as5(x)) (i,j = 1,2,...,n) is a symmetric and positive matrix with the

functions a;; = aj; € C*°(R™) satisfying
n

3 ai(@)&6 > AY 2, Ve e, 0£E=(&,6,....&)T €RY, (13)

ij=1 i=1
for some positive constant A\. v = (v1,1v4,...,V,) be the unit normal vector of T
pointing toward the exterior of Q, v4 = Av, % =3, aij%ui. w: (0, +00) —
J

(0, +00) is a continuous non-increasing function. f,1: R — R and h : R" — R are
continuous nonlinear functions satisfying some hypotheses (see (H3)—(H5) below).
g:[0,4+00) — (0,+00) is a C2-function.
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The stabilization of wave equations has been widely investigated; wee [2], [T2] [13]
191 [30] and their references. For the constant coefficient case (a;; = d;5, p(t) = 1)
and g(t) = 0, a classical semilinear wave equation

uy — Au+ h(Vu) + f(u) =0, (z,t) € Q x (0,+00),
u=0, (z,t)€THx(0,400),
d (1.4)
So A Uu) =0, (x,8) € Iy x (0,400),
u(z,0) =up(x), w(x,0) =ui(x), x€Q

was considered in [Il [7]. The existence of strong (and weak) solution and uniform
stabilization of the system were established.

Variable-coefficients wave equations are mathematical models arisen in solid me-
chanics, electromagnetics, fluid flow in porous media, etc. In the case of variable
coefficients, the main tool is the Riemannian geometry method which was intro-
duced by Yao [28] to obtain boundary exact controllability for the wave equation
in the form

"9 ou
- a. iJ a. ) = 07 7t € 07 T).
Ut “2'::1 oz, ((l j(x) 8xj) (1) x ( )
This method was applied to achieve the controllability and stabilization of PDEs
with variable coefficients in [6] O] 20, 21]. In 2009, Guo and Shao [§] considered the
semilinear wave equation with variable coefficients

Uy — Agu+h(Vu) + f(u) =0, (z,t) € Q x (0,400). (1.5)

This was done under the nonlinear boundary feedback

)
£ Fl(u) =0, (z,t) €Ty x (0,+00),

where A, is the Beltrami-Laplace operator of Riemannian metric g. Here, p is
the normal vector field on I' in terms of Riemannian metric g. The existence of
both strong and weak solutions to was proven by Faedo-Galerkin method
and denseness argument. The exponential stability of this equation was obtained
by introducing an equivalent energy functional and using the energy multiplier
method on Riemannian manifold.

Variable coefficients depend not only on space but also on time. In 2019, Liu [15]
dealt with the boundary exact controllability for the wave equation with variable
coeflicients in time and space

"9 ou
— ”2 o (aij(aﬁ)@) =0, (z,t)€Qx(0,T),
which was subject to Dirichlet or Neumann boundary controls. In 2021, Ha [10]
explored the time-dependent variable coefficients wave equation with damping and

supercritical source terms
uy + p(t)Au + gluy) = |[ulfu, (x,t) € Q x (0,400),

where p is a constant. He proved the existence of solutions and energy decay rate.

When waves propagate in viscous and elastic materials, some properties of the
materials might change. Meanwhile, the state at each moment would be affected
by the previous state in the propagation, that is called the memory effect. Many
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papers have studied the viscoelastic wave equations, see [3, [4, [I7), 18 22]. In 2004,
Chai and Guo [5] established the boundary stabilization of wave equations with
variable coefficients and memory

u(z,t) — div A(x)Vu(z,t) =0, (z,t) € Q x (0,+00),
u(z,t) =0, (x,t) € Ty x (0,+00),

aa—u(a:,t) +/ g(t — s, x)us(z, s)ds + a(x)l(uy) =0, (x,t) € T'1 x (0,400),
VA 0
u(z,0) = uo(z), w(x,0)=ui(z), xe€Q

by Riemannian geometry method and sharp trace regularity. In 2009, Park and Ha
[24] considered energy decay for non-dissipative distributed systems with source
terms
uge(x,t) — Au(z, t) + h(Vu) = |u|fu, (x,t) € Q x (0, +00).
And it had the nonlinear boundary condition
ou

%(x,t) —|—/0 g(t — s, 2)us(z, s)ds + a(z)l(u) =0, (z,t) € T'1 x (0,+00).

In 2010, Wu et al. [25] showed the exponential decay of energy for the system
upt(x,t) — div A(z)Vu(z, t) + f(u) =0, (z,t) € Q x (0,+00),
u(z,t) =0, (x,t) €Ty x (0,+00),

%(%t) = _/0 gt — s, )us(x, s)ds —l(ug), (x,t) € Iy x (0, +00),

u(z,0) = up(x), w(x,0) =ui(x), =x€.

In 2018, the stabilization of a wave equation with variable coefficients and internal
memory in an open bounded domain

+oo
ugr + Au + a(x) (ulut(:ﬂ, t) + ,ug/ g(s)ut(z,t — ) ds) =0,
0

for (x,t) € 2 x (0,+00) was considered by Ning and Yang in [23]. Later, some
scholars studied the energy decay rate of wave systems with variable coefficients
combining the memory boundary condition and acoustic boundary condition, see
Jeong et al. [I1], Liu [16] and Wu et al. [26].

Motivated by the above work, we explore semilinear wave equations with time-
dependent variable coefficients and memory on the boundary. Compared with pre-
vious articles on this subject, the highlights of this article are the time-dependent
variable coefficients in the principal part and nonlinear terms with the memory
boundary condition. Such a mathematical model can more accurately reflect the
actual situations of wave propagation in materials.

In this article, we study the stabilization of system by equivalent energy
approach and Riemannian geometry method. The Riemannian method is a power-
ful tool to deal with variable coefficients PDEs. Several multiplier identities, which
have been built for constant coefficient wave equations (see Lions [14]), are general-
ized to the variable coefficients case by geometric multiplier identities subject to a
different geometric condition. Besides that, it is interesting that some factors cause
the energy to be non-dissipative in the system , however, the energy decays
exponentially.
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This article is organized as follows. In Section 2, we present some notations
needed for our work and state the main result. In Section 3, we show the energy
decay rate.

2. PRELIMINARIES AND MAIN RESULTS

In this section, we introduce some notation and assumptions that will be used
in the following content. All definitions and notations related with Riemannian
geometry are standard and classical in the [27].

A couple (R™,g) represents a Riemannian manifold with metric g. G(z) =
(9ij(x)) = A71(z), z € R", where A(x) is defined in (L.2). For each z € R", we
denote the inner product and norm with Riemannian metric g over the tangent
space R? = R" as

g(X,Y) = (X, V), = Y gy, |X]y = (X, X)}/?,

i,j=1
=Yoo Y=Y hgn ek
i=1 Oz
We define the usual dot product and norm in Euchdean space R™ by
n
XY =Y i, |X|=(X,X)"? VX )YE€ER]

And the divergence of X in Euclidean metric is

Oa;(x
divX = , YreR™
Z axl
We denote the Levi-Civita connection in Riemannian metric ¢ by D. Let H

be a vector field on (R™, g), then the covariant differential DH of H determines a
bilinear form on R? x RZ, defined by

DH(X,Y) =g(DyH,X) = (DyH,X), VX,Y€cR?,

where Dy H is covariant derivative of the vector field H with respect to Y. If
[ € CY(R"), we denote gradients of f by V and Vg in Euclidean metric and in
Riemannian metric g, respectively. It follows from [28, Lemma 2.1] that

n

VS - z<z D5 g

V=S ay(a) 2L 0L

XT; 04
ij=1 Or; Oz

It is easy to verify that
Vyf = A@)V/,

and via the Riesz representation theorem, we have

X(f) = (Vaf, X)g,
where X is any vector field on Riemannian manifold (R", g). For more details, we
refer to [28 [29].
To obtain the stabilization of problem (1.1f), we assume the following hypotheses:
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(H1)

(H5)

There exists a vector field H on Riemannian manifold (R™, g) such that

DH(X,X) >o|X|?, VzeQ, X eR], (2.1)
for some constant ¢ > 0. The divergence of H satisfies
divH > — o, Vred, (2.2)
r—

where r is given in (2.7). Futhermore, we suppose that the vector field H
satisfies

H-v <0, only, (2.3)
H-v>6>0, only,

where § is a constant.
The function pu € C*t (0, +00) is non-increasing and satisfies

/J’(t) > Mo > 01 vt > 0; (25)

where o is a constant.
f:R = Ris a C'-function deriving from a potential:

F(s):= / f(r)dr >0, VseR, (2.6)
0
and satisfies

[f(s)] < buls|” +b2, [ f/(5)] < bsls|™" + ba,

where b; (i = 1,2,3,4) are positive constants and the parameter p satisfies

{2, n <3,
1<p<
n n > 4.

n—2’

Also F' and f have the following relationship:
2rF(s) < sf(s), VseR, forsome constant r > 1. (2.7)
Example. A function satisfying (H3) is given in [] as

2 n<3
J— 1 ) )
f(s) =|s|’""s, for some constants v >0, 1 < p < { n

n—2"
h:R™ = R is a C'-function and there exist two constants 3 > 0 and L > 0
such that
h(E)] < BVAIE],  VE € R™, (2.8)
IVR()| < L, VEeR™
Here,
VAo ﬂé}
AM +2R(Cq +1) €y
where ¢ is from (3.18]). The constants involved in (2.10)) can be found in
the text, and we do not repeat them here.

[ : R — R is a non-decreasing C'-function and there exist two positive
constants ¢; and ¢y such that

c1ls]? <1(s)s < ca|s]?, Vs €R. (2.11)

8 < min { (2.10)
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(H6) g :[0,4+00) — (0,+0c0) is a non-increasing C2-function satisfying g(0) > 0,
and there exist constants (3, (2 > 0 such that

g ) < —Gg(t), Vt>0, (2.12)
g'(t) > =g (t), Vt>0. (2.13)
We denote
ou = ‘ — S)|u\xr —ulxr.,s 2 S. .
g o u(t) /09“ Jue, 1) — u(z, 3)|2d (2.14)

We define the energy corresponding to the solution of problem (|1.1)) by
1 1 1

E(t) := f/ u? dx + fu(t)/ |Vgu\§dx+/ F(u)dx — f/ g ou(t)dl
2 Jo 2 Q Q 2 Jr,

1
4 290) [ Jut) — uol?ar,
Iy

(2.15)

and denote

Ey(t) := 1/ u? dx + 1u(t)/ |Vgu|2d:c+/ F(u)dx. (2.16)
2 Jo 2 Q g Q
Set
H} (Q) ={ue H'(Q), ulr, =0} and V = H*(Q)N H} (Q).

Proposition 2.1 (Well-posedness). Let us assume (H1)-(H6), and let the initial
values (ug,u1) € V- x V satisfy the compatibility condition

u(O)%—i—l(ul):O, on Fl.
Then problem (1.1) admits a unique solution u such that
u € L*®(0,00; V), wuy € L*(0, 00; H%O (Q)), uw € L=(0,00; L>(£)).

Moreover, if (ug,u1) € H%O () x L*(Q), then problem (1.1)) possesses at least a
weak solution in the class

u € C([0,00); Hy, (2)) N C*([0,00); L*(22)).-

The above proposition can be proved using the Faedo-Galerkin method and a
denseness argument (see [§] for details). We omit it here.

Theorem 2.2. Let u be a solution to problem (1.1). Suppose that (H1)—(H6) hold.
Then, the energy E(t) associated with (L.1) decays exponentially. That is to say,
there exist two positive constants v and w independent of initial values such that

E(t) < yE(0)e ', Vit > 0. (2.17)

3. PROOF OF MAIN RESULT

Lemma 3.1 ([28,29]). Let u,v € CY(Q) and H be a vector field on (R™, g). Then,
the following formulae hold:

(i) divergence theorem:

div(uH) = udiv H + H (u), (3.1)

/didex:/H-VdF. (3.2)
Q T
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(ii) Green’s formula:

/v.Au d:z:z/(Vgu,ng>g d:cf/vﬂ dr. (3.3)
Q Q r Ova
(i)

1 .. 1 ,
(Vou,Vy (H(u))y = DH(V4u, Vgu) + 3 d1v(|Vgu|§H) — §\Vgu|§ divH. (3.4)

To simplify computations, we integrate by parts using the boundary condition
on I'; of problem (1.1f). This means

t

/ g(t — s)us(z, s)ds = g(t — s)u(z, s)’g + / g'(t — s)u(z,s)ds
0 0
= 9(0)u(z,t) — g(t)u(z,0) + /0 g'(t = s) (u(z,s) —u(x,1)) ds
+u(x,t)/0 g'(t—s)ds

= /O g (t—s) (u(z,s) —u(x,t) ds+ g(t) (u(z,t) — uo(x)) .

Thus, problem (|1.1)) is transformed into the problem
uge(x,t) + p(t) Au(z, t) + L(Vu) + f(u) =0, (x,t) € Q x (0, +00),
u(z,t) =0, (x,t) €Ty x (0,+00),

u(t)%(x,t)—i— /O §(t—9) (ulx, 5) — u(z, 1)) ds (3.5)

+g(t) (u(z,t) —up(x)) + l(uy) =0, (z,t) € 'y x (0, +00),
u(z,0) =up(z), wu(z,0)=ui(x), €.
1)-

U
Pr0p051t10n 3.2. Under hypotheses (H1)—~(H6), the energy (2.15)) associated with
system (L.1) satisfies

1 gy < BorE ()—cl/ ufdr_l/ g" o u(t)dr
dt Fl 2 Fl
1
4500 [ fut) = uol ar,
Iy

where 8 and c¢1 are defined in (2.8)) and (2.11), C1 > 0 is a constant.
Proof. Differentiating the energy E(t) in system (3.5 induces

d 1
E(t) :/ututtdaz+u(t)/<vgu,vgut>gdx+f,u’(t)/ |Vgu|3da:
Q Q

dt
/f utdx—;/rlg ou()dr+g()/ e () (u(t) — ug) dT

(3.6)

+ g() N lu(t) — ug|* dT" — /1“1/ (t — s)ue(t)(u(t) — u(s))dsdl
1 l 2
:/Qututtdx—ku(t)/gut./lu dx—l—/ﬂf(u)utd:c—kiu (t)/Q|Vgu|g dz
—i—u(t)/ %utdl“—%/r g”ou(t)dF+g(t)/ e () (u(t) — up) dT

1
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1
+29/( ) [ |u(t) — uol? dT — / / (t — s)u () (u(t) — u(s)) dsdl’
Iy a8

= /Qh(Vu)utdm—/Fl 1(ug)ue dT — 2/Flg o u(t)dl

1 1
Lo [ ) —wl2dr + L) / IV gul? d.
2 r, 2 Q

In terms of (1.3)), (2.5) and (2.8]), we have

—/ h(Vu)ug dx < é/ u? dx + iu(t)/ |Vgu|£27 dzx.
Q 2410 Q
The monotonicity of u(t) and - lead to

1
B/Utdl'+ (t)/|Vgu|§dx—cl/ udeff/ g" owu(t)dl’
Q 1 2 T

+59/0) [ Jutt) ol ar

1 1
< BCLE(t) — cl/ uf dl’ — 5/ g" ou(t)dl + ig’(t) |u(t) — ug|*dr,
Fl I‘1

Iy
where Cy = max{1, u%} > 0. O
Suppose that H is a vector field on Q, we construct a functional
div H —
Q

where the vector field H and the constant o satisfy (2.1) and (2.2).

(3.7)

Remark 3.3. Here, H(u) = H - Vu, where v is a continuous and differentiable
function. We can see [28] [29] for more details regarding the existence and examples
of vector field H. If a;; = d;; in , we choose H = x — z¢ for fixed z¢g € R".
The inequality can take the equal sign and o = 1.

Proposition 3.4. Under hypotheses (H1)—(H6). If 8 in (2.8)) conforms to (2.10),
the functional P(t) satisfies
d

SP(1) < ~Calo(t) — 203/ g oult)dr + Csg(t) | |u(t) — uol?dT
Fl F1

(3.8)

M

+ (? + 04)/ uf dF,
Iy

where Eo(t) is defined in (2.16]), Ca,C5,Cy, M are the positive constants indepen-
dent of initial values.

Proof. Direct calculations yield

_P()

leH—O’ divH — o
/Qut — )dx—l—/gutt(H(u)—i—#u) dx

/ut div}g_ )dx— ()AAU(H(u)—&-M%u)dx

Q

(SIS
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H- H-
- / h(vu)(H( ) + d“’ dm— / flu pdviHzo )dsc
o T2
=5+ 1+ I3+ Ia,

9

where

I .f/ut(H(ut)eriVH;J ) da.

2
= —pu(t / .Au dw}; — au) dz,
I = — / (Vu)( (u) + M%u) dx,
/f dlvgiau) dx.

Now, we estlmate I; (i = 1,2,3,4), respectively. Set M = sup, g [H|. Using the

formulae and ., we obtam

divH —
:f/H(uf)dx+/uufdx
2 Jq Q 2

1 1 ivH —
/ (7 div(u?H) — Zu? div H) dx —I—/ Muf dx
o \2 2 Q 2

1 o (3.9
:f/uqu/dF—f/ufda:
2 Jr 2 Ja

M
— ude—g/ufdx.
2 Jr, 2 Ja

Next, we estimate I5. Since u|p, = 0, it follows that

ou
v

This together with (2.1)) and (3.4) yields
I = ,u(t)/ div A(z)Vu (H(u) + leHi_(fu) dx
Q 2
ou
) [ 2 mydr - u) / (Vyu, V, H(u)), dr
r Ova Q

divH — o Ou div H —
—l—,u(t)/#a wdl — p(t )/ 7|V u|2 dx
r VA Q

t)/ |Vgu|§H~VdF+u(t)/ (ﬁH(UHMi—"QU) dr
FO Fl

vy 2 vy
1
t)/ DH(V 4u,V yu) dx—éu(t)/ div (|Vgul2H) dx
Q Q

1 ivH —
+ i,u(t)/ Vgul? div H dx — u(t)/ dw%|vgu|§ dx
Q Q

ou divH — o Ou 1 9
< - i —— Y R .
< u(t) /1“1 (8VAH(U) + 5 aI/Au 2Wgu|gH V) dr

o 2
= Su) [ 1Vl o

IN

——H(u) = |[Vgul’H - v.

(3.10)
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Ao

4CoR >0

Let R = sup, g(divH — 0)/2. Using the Cauchy inequality with n =
and the trace theorem

/ |U‘2dl—‘§éﬂ/ |Vu|? de < %/ IV gul? dz, (3.11)
r, Q )

for some constant C, > 0 depending on ) under condition (|L.3]), we have

ou divH — o Ou 1 2
,u(t)/ (%H(u) e gt gl Vel 1/) dr

0 M?, du R, Ou 0
gu(t)/rl (515002 + G55 s+ 3y s | o = 59,2

M2 CQRQ 2
<(25A+ o )u /|—| ar + < JH /qu| de,

where § > 0 is from (2.4). On the other hand, in light of the Cauchy inequality,
Holder inequality, trace theorem (3.11)), and (2.11)), we deduce that

’81/,4| dr

< f/ 1(0) 50| ar
2

- /Fl\— / (¢ = 5) (u(s) — u(t)) ds — g(t) (u(t) — uo) — U(ur)| dT

t
< — / / "t —s) ds/ —g'(t — s)|u(s) — u(t)|* dsdl’
r, Jo 0
3
—i—— FO)|ut) —uol*dl + — [ 1*(ug)dl
Ho Mo Jr,
< —697(0)/ g ou(t)dl + 397@)9(75) [u(t) — uo|? dl" + =2 3¢5 / u? drl.
,U’O I'y ,UO I lJ“O Iy
Then
ou divH —o Ou 1 9
u(t)/ (aVAH( W)+ S = IVl v) dr

< —2C4% / g ou(t)dl + Csg(t)
Iy

t) / \Vgu@ dx,
Q

3M3g(0 3CaR%g(0 3M2c2 3Cq R2c2 s
where C5 = 26)\“1(0) + Sf\wg( ) >0, Cy = 25}\:02 + /\fwacz > 0. Substituting

(3.12) into (3.10)), we arrive at

I < —%u(t)/g Vgul? dz — 203/F g ou(t)dl + Csg(t) ; |u(t) — ug|?* dT’

lu(t) — ug|*dl’ + 04/ uf dl’ (3.12)

Iy Iy

+Cy / u? dl.
Iy
(3.13)
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We estimate I3 by the Cauchy-Schwarz inequality and Poincaré inequality under
conditions (H4) and (1.3),

/ u? dr < CQ/ |Vu|? de < —/ Vg4 u|2dx (3.14)
Q Q
where Cq > 0 is the Poincaré constant depending on 2. This implies

I Sﬁ\ﬁ\M/ |Vu|2dx+6\f)\R/ |Vul|u| dz
Q Q

M A
< \Bf (t)/ |Vgu|3d:v+ t)/ |Vgu|£27 dx—f—ﬁ\gR/uz dz (3.15)
Abto Q
<5(2M;ﬁcg+1 /\Vu|2dx
Ao

Now we consider Iy. Because u|p, = 0, we deduce that F(u) = 0 on I'g. By
(H1), (H3), and formulae in Lemma [3.1] we have

I, =- /H d:v—/leH%f(u)udx
Q

divH —
< - /le da:+/F )div H dz — 2r /%F(u)dw
o

:—/ F(u)H~1/dF—/[(r—l)divH—ra]F(u)dx
Iy Q

<_c; / F(u) dz

where C5 = mf leH —ra] > 0.

Using (3.9] (| |) 315 , and (3.16), we have

d _9 2 de — E_ﬁ(zM"'R(CQ“‘l)) ul? d
P(1) < Q/Q 2ar— (7 ) [ 19,

—Cs /Q F(u) de — 203/ g ou(t)dl' + Csg(t) lu(t) — uo|? dT’

I I

M
+(5 +C4)/ uj dr
Iy

< —CyEo(t) - 2Cs / g ou(t)dr + Cag(t) | |u(t) — uol? dT
Fl I—‘1
M

— + 04) / u? dr,
2 Ty

where C’gzmin{%—%ﬁ's'l)), C5}>0. O

+

Let us introduce a new energy functional,
E.(t) := E(t) + P(t). (3.17)

Here, ¢ is a suitable small positive constant satisfying

. 2¢1 G2 G
: 1
c<min g oG Gt acy G 2cs) (319
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Through calculations we obtain

= BL(t) - B()] = |P( |—\/ut )+ 2

L 2 2 1 2 R 2
<= utdx—I—— [Vul*de + = [ ujde+ — | v dx
2 Ja 2 Ja 2 Ja 2 Ja

M2+RQCQ
< uzderiut/Vuzd:c
R S t) [ 1V

< cE(t),

where ¢ = max {2, %} > 0. We show that E.(t) and E(t) are equivalent.

Next, we prove the main theorem.

Proof of Theorem[2.3 Tt follows from estimates (3.6), (3.8) and applying (2.12)),
E13). tha

d d d
TEt) = LB+ e3P0

< BCLE(t) — cl/ u? dl’ — 1/ g" owu(t)dl’
Fl 2 1—‘1

1
+ Eg’(t) lu(t) — ug|* dI’ — eCoEy(t) — 2eCs3 / g’ ou(t)dl
Fl 1_‘1

M
+eC3g(t) [ [u(t) = uol* dl +e(=- +C4)/ u? dl
I}

I 2
< BCLE(t) — &1 / u?dl + 2 2 / g  ou(t)dl
r, 2 Jr,
- gg(t) [u(t) — ug|? dT' — eCo E(t) — £Ce / g ou(t)dl
2 1“1 2 Fl

—|—@g /|u —u0|2dF—2503/gou()dF
r

M
+eCag(t) [ [u(t) — uol?dT + (5 + Cu) / W2 dr
I T,

_(602 — ,801)E(t) — [(31 — E(% + 04)] / uf dar

1]
[Cﬁ - (C’Q + 203) ] / g ou(t)dl
2 2 r
C
2o [ fut) - ol ar,
I
Where the positive constants (1, (o are given in and - From
and (3.18), we know that eCy — BC1, ¢ — e(¥ + 04) 2 e(Z +20,), and

% —6(% +C3) > 0. Then, recalling that g is a positive and non—increasing function,

and noting the equivalence of E.(t) and FE(t), we can find a positive constant w
such that

d
%E(t) < —wkE(t). (3.19)
Hence, we obtain the desired inequality (2.17) and complete the proof. [
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