Electronic Journal of Differential Equations, Vol. 2019 (2019), No. 123, pp. 1-15.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

NULL CONTROLLABILITY OF NONLINEAR CONTROL
SYSTEMS GOVERNED BY COUPLED DEGENERATE
PARABOLIC EQUATIONS

FENGDAN XU, JINGXUE YIN, MINGJUN ZHOU, QIAN ZHOU

ABSTRACT. This article concerns the null controllability of a nonlinear control
system governed by coupled degenerate parabolic equations. We first establish
the Carleman estimate and the observability inequality for solutions to the
conjugate problem. Then we can prove the observability inequality and the
null controllability of the linear control system. Finally, the nonlinear control
system is shown to be null controllable by a fixed point argument and compact
estimates.

1. INTRODUCTION

In this article, we study the null controllability of the following nonlinear system
governed by coupled degenerate parabolic equations

up — (2% ug) e + g1 (z, t,u) = h(x, t)xw, (2,t) € Qr, (1.1

ve — (2%?05)5 + g2(z,t,0) = b(x, t)u, (z,t) € Qr, (1.2

w(0,6) =0if 0 <y <1, (z%u,)(0,6)=0if1 <oy <2, t€(0,7), (1.3

v(0,) =0if0< s <1, (z%v,)(0,t)=0if1<an<2, te€(0,7), (14

u(1,t) =v(1,t) =0, te(0,T), (1.5

u(z,0) = uo(x), wv(x,0)=wve(zx), z€(0,1), (1.6

where 0 < a1, a2 < 2 and T > 0 are constants, Q7 = (0,1) x (0,T), g1 and go are

Lipschitz functions satisfying

q1(z,t,0) =0, |o1(z,t,u) — g1(z,t,v)| < Klu—v|, (x,t) € Qr,u,v eR, (1.7)

92(x,t,0) =0, |g2(z,t,u) — go(z,t,0)| < K|lu—v|, (x,t) € Qr,u,v € R (1.8)

where K > 0 is a constant, b € L>=(Qr), uo,vo € L?(0,1), h is a control function,

w is a nonempty open subset of (0, 1), and x,, is the characteristic function of w.

Since the null controllability of v is controlled by bu, it is reasonable to assume that
there exists a nonempty set w CC w and a constant by > 0 such that

inf b>by>0 or sup b < —bg <O. (1.9)
@x(0,T) @x(0,T)
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See [16] for details.

The coupled parabolic equations and are degenerate at the bound-
ary x = 0, and they are some version of the following Volterra-Lotka model in
mathematical biology

up = (a1(2)ug )y + bru +ufi(z, t,u,v), (z,t) € Qr, (1.10)
v = (a2(2)vz)x + bov + vfa(x,t,u,v), (z,t) € Qr, (1.11)

where a; and ag are positive functions in (0, 1) [II},22]. Under suitable assumptions
on by, be, f1 and fs, the equations (1.10)) and describe the time evolution of
two competing species when space diffusion effects are taken into account. Here, u
and v denote the population densities of the two species, respectively. Additionally,
there are other mathematical applications that appear in mathematical biology and
in a wide variety of physical situations [3, [, 211 25| 26, 27, [28§].

Controllability theory has been widely investigated for nondegenerate parabolic
equations for almost five decades and there have been a lot of results (see for
instance [2, 12| [14]). The study on the degenerate parabolic equations just began
ten years ago and a few results have been known. In particular, the following system
governed by a single degenerate parabolic equation has been widely studied

Wy — (xaww)w + k(l‘, t)’LU = h<xat)Xu}a (SC, t) S QT7 (
w(0,t) =0if0<a<l, (z%w,)(0,t)=0ifa>1, te(0,7), (1.13

’(U(l,t) =0, te (OaT)v (

w(w,O) :w0(m)7 T € (0»1)7 (
where k € L>®°(Qr). The system is null controllable if 0 < o < 2 ([1I [7, 20]), while
not if & > 2 ([0]). It is noted that the degeneracy of (1.12) is weak if 0 < av < 1 and
strong if a > 1. The null controllability of the system (1.12)—(1.15) for 0 < o < 2
is based on the Carleman estimate for solutions to its conjugate problem
Wy — (2Wy)e + k(z, )W = F(x,t), (x,t) € Qr, (1.16)
W(0,t)=0if0<a<l, (zW,)(0,t)=0ifl1<a<2, te(0,T7), (1.17)
W(l,t)=0, te(0,7), ( )
W(z,T)=Wr(z), z€(0,1). (1.19)
Although the system ([1.12)—(1.15) is not null controllable for a > 2, it was proved
in [6] and [23] that it is regional null controllability and approximate controllability
for each a > 0, respectively. Moreover, the controllability on a single degenerate
parabolic equation with linear or semilinear lower order terms have also been studied
in [10, 13}, 24], while the null controllability of the system governed by a degenerate
equation in nondivergence form was considered in [5]. The controllability for the
nondegenerate coupled systems has been studied in [I5, [I6] [19]. There is also a
few results concerning with the controllability of the system governed by coupled
degenerate parabolic equations. In [§], Cannarsa and de Teresa studied the system
up — (2% )e +c1(x, )u =€+ hyxw,, (2,t) € Qr, (1.20)
vy — (%) + c2 (2, 0)v = uxXy,, (x,t) € Qr, (1.21)

subject to the conditions (1.3)—(1.6) with oy = ae = «, where 0 < a < 2, ¢1,¢2 €
L>®(Qr), £ € L*(Qr), and w; and wy are nonempty open subsets of (0,1). It was
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shown that the system is null controllable if wi Nwy # (. In [17], the authors proved
the null controllability of the weakly degenerate system

up — (a1 (2)ug) . + Fi(x,t,u) = h(z, t)xw, (2,t) € Qr,
vy — (a2()vg )z + Fo(z, t,u,v) =0, (x,t) € Qr,
uw(0,t) =v(0,t) =0, wu(l,t)=v(1,t)=0, te(0,7),
u(z,0) = uo(x), v(x,0)=wv(z), z€(0,1),
where a1,as € C1((0,1]) N C([0,1]) satisfying a1(0) = a2(0) = 0 and
ai(z) >0, az(z) >0, =zaj(z)<kai(z), zay(r)<kaz(z), z€(0,1]
with some constant x € (0,1). Note that in this paper, 0 < a7, s < 1 if
ai(x) =z, ag(x) =2, z€][0,1].

In 18], the authors studied the null controllability of the linear system

up — (M Uy) + c1(x, t)u + ca(z, t)v = h(z, t)xw, (x,t) € Qr, (1.22)

ve — (2%%0)z + c3(x, t)u + ca(z, t)o =0, (z,t) € Qr, (1.23)

subject to the conditions (1.3)—(1.6) with 0 < aq, az < 1 and ¢; € L®(Qr) (1 <

j <4). They proved that the system (1.22)), (1.23), (1.3)—(L.6) is null controllable.
It is noted that 0 < aj,as < 1. That is to say, equations (1.22) and (1.23)) are

weakly degenerate. Recently, Du and Wang [9] proved the null controllability of
the system

ur — (%Ug ) = a1(x, )u + by (x, t)v + h(z, t)xw, (x,t) € Qr,
vy — (%) = ao(x, t)u+ b(z, t)v, (z,t) € Qr
subject to the conditions (1.3))—(1.6]), where 0 < a < 2, a1, a2,b1,b € L®(Qr) and

b satisfies (|1.9).
In this paper, we first study the null controllability of the linear control system
up — (2% ug )z + c1(z, )u = h(z, t)xw, (z,t) € Qr, (1.24)

vy — (%0 )2 + c2(z, ) = b(z, t)u, (x,t) € Qr (1.25)
with (1.3)—(L.6), where 0 < a3, a9 < 2 and ¢, ¢2,b € L (Q7). This null controlla-
bility is based on the Carleman estimate for solutions to its conjugate problem

—Yt — (xalyw)w—i—cl(xat)y: b(m,t)z, (J?,t) € QT; (
—2zt — (%%24)z + c2(x,t)2 =0, (x,t) € Qr, (

y(0,) =0if0<ayg <1, (2My,)(0,t)=0if1<ay <2, te(0,T), (1.28
2(0,t) =0if 0 < g <1, (29%2,)(0,t) =0if 1< <2, t€(0,7), (
y(1,t) = z(1,¢t) =0, te (0,T), (

y(z,T) =yr(z), z(x,T)=z2r(x), ze(0,1). (1.31
Then we can prove the observability inequality and the null controllability of the
system (1.1))—(1.6]). Using a fixed point argument and many compact estimates, we
can show that the nonlinear system (|L.1))—(1.6)) is null controllable.

This article is organized as follows. In §2, we recall the well-posedness and the
Carleman estimates for the problem of the single degenerate parabolic equation.

Then, we establish the Carleman estimate for solutions to the problem (|1.26)—
(1.31) in §3. In §4, we prove the observability inequality and the null controllability
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of the linear system (|1.24), (1.25]), (1.3)—(1.6). Subsequently, the null controllability
of the nonlinear system (1.1))—(1.6]) is shown in §5.

2. RECALL OF RESULTS ON A SINGLE DEGENERATE PARABOLIC EQUATION

In this section, we recall the well-posedness and the Carleman estimates for the
problem of the single degenerate parabolic equation. For 0 < « < 2, consider the
equation

wy — (%Wy)y + k(z, )w = f(z,t), (z,t) € Qr, (2.1)
subject to the conditions (L.I3)~(L.15), where k € L>(Qr), f € L*(Qr). In order

to define solutions to the problem, the following Hilbert space is introduced (see
[, [7, 207)
{w € L*(0,1) : w is absolutely continuous in [0, 1],

x*/?w, € L*(0,1) and w(0) = w(1) =0 if0<a<1
HL(0.1) » € L7(0,1) (0) = w(1) =0y, 7
c {w e L*(0,1) : w is locally absolutely continuous

in (0,1],2%/?w, € L*(0,1) and w(1) = 0}, if1<a<?2.

Definition 2.1. A function w is called to be a solution to the problem (2.1}), (1.13)—
(1.15), if w € C([0,T]; L*(0,1))NL*(0,T; H,(0,1)) satisfies (2.1) in the distribution
sense and satisfies (L.15]) in the common sense.

The well-posedness of problem ({2.1)), (1.13)—(1.15) was established in [I} [7, 20],

by the semigroup method.

Lemma 2.2. For any f € L*(Qr) and wo € L?*(0,1), problem (2.1)), (1.13))—(1.15)

admits a unique solution w. Furthermore, w satisfies

[wll L= 0,7:22(0,1)) + 122wzl 22(@r) < Clllwollz20,1) + 1f |2 (@)
and for any 0 <7 < T,
lwell 20,1y % (r.1)) + 1222 wall oo (r.1522(0,1)) < Cr(lwollz2co,1) + 11l 22(@1)):
where C' and C; are positive constants depending only on o, ||k||p~q.) and T,

while C; also on 7. Moreover, if wy € Hq(0,1) additionally, then x* 2w, €
L*°(0,T;L?(0,1)) and w; € L*(Qr)-

Next, we recall the Carleman estimate for problem (1.16)—(1.19). For & =
(wg,21) With @ CC w, let £ € C*(R) satisfy 0 < ¢ <1 in R and

€(x) = 1, ifxe(0,(2z0+ 21)/3),
0, ifz e ((wo+271)/3,1).

Define
e )\, 0< 2 1
wle) =" Osae<Zafl o,

Kke® — A, a=1,

1 _wa/Q
— ar¢(x) _ 427¢(0) : _
Ux)=e e with ((z) —a/2’ z €10,1],
1
o(t) = te(0,7),

(T - 1)
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where k, A are positive constants such that ¢ < 0 on [0, 1] and r is a suitably large
constant. Set

oz, t) =P(x)0(t), P(x,t) =¥ (x)0(t), =z€][0,1],¢€(0,T),
oz, t) = &(z)Pp(z, t) + (1 — £(x))P(x,t), x€][0,1],t€ (0, T

One has the following Carleman estimate.

Lemma 2.3. There exist two positive constants My and Ry depending only on
o, T, ||kl (@) and @, such that for any F € L*(Qr) and Wr € L?(0,1), the
solution W to problem (1.16)—(1.19) satisfies that for each R > Ry,

// (ROTW?2 + R30322*W?2)e2R? dz dt

SMO( / / F22Re du dt + / / R393 W22 dxdt),
T QT

where &p = @ x (0,T).

Lemma was proved in [§] by combining a Carleman estimate for a degen-
erate parabolic equation (see also [T, [20]) and a classical Carleman estimate for a
nondegenerate parabolic equation.

3. CARLEMAN ESTIMATE

In this section, we establish the Carleman estimate for solutions to problem
293D
Definition 3.1. A pair of functions (y,z) is called to be a solution to (1.26])-
(L31), if y € C([0,T]; L*(0,1)) N L3(0,T; Ha, (0,1)) and z € C([0,T]; L*(0,1)) N
L?(0,T; H,,(0,1)) satisfy (1.26) and in the distribution sense, and satisfy
in the common sense.

Similarly to Lemma [2.2] one can prove the following result.

Lemma 3.2. For any yr,zr € L%(0,1), problem (1.26)-(1.31) admits a unique
solution (y,z). Furthermore, the solution satisfies

al/znyILa(QT) + ||zl zoe (0,7522(0,1)) + ||$a2/2zz||L2(QT)

< C(llyrllz2o,1) + llz7llz2(0,1))5
and for any 0 <17 < T,

[9llLos 0,7:L2(0,1)) + [l

el 20,1y x (0,7—)) + 2% 2yl Lo (0,7 rs2(0,1)) + 12ell L2(0,1) < 0.7—))
—+ ||.’Ea2/221;||L00(0,T—T;L2(0,1))
< Cr(llyrllz20) + lzrlizz o),

where C' and C. are positive constants depending only on a1, az, T, |lc1|ne(Qy)
llcall oo (@ry and ||bl| e (@), while Cr also on 1. Moreover, if yr € Hq,(0,1) and
2r € Ha,(0,1) additionally, then x°1/?y,, x°2/2z, € L>=(0,T;L?(0,1)) and y;, 2 €
L*(Qr).

For j = 1,2, we define
K27 — N;, 0<ay <2, a; #1,
W):{ d g 5<%

x €10,1],
Iijez — >‘j7 Qj = 1,
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1— /2
T 12
oj(x,t) = (x)0(t), @;(x,t)=";(x)0(t), (z,t)€(0,1]x(0,T),

where k1, A1, K2, Ao are positive constants such that

W) = 9@ — 26O with ¢(x) z € [0,1],

P1(x) <a(z) <0, z€]0,1], (3.1)
and r1, 79 are suitably large constants and satisfy

Uy (z) < Pa(z) <0, x€][0,1]. (3.2)
Lemma 3.3. There exist two positive constants My and Ry, depending only on

ar, az, T, @, |le1]|pe(@r)s ezl (@) and ||bl| L~ (@), such that for any yr,zr €
L?(0,1), the solution (y,z) to (1.26)—(1.31) satisfies that for each R > Ry,

// (ROz* 92 + R3GP2>~19%)e? 1 da dt
T
+ // (ROz222 + R393227 222222 dy dt (3.3)
T
< ]\4’1 // (R303y262R4p1 +R3032262Rtp2)d1} dt.
wT

Proof. Tt follows from Lemma [2.3] that there exist two positive constants Ry and
My depending on a1, az, T, @, |lc1||Le (@) llc2llL=(qs) and ||b|| L (q,), such that
for any R > Ry,

// (ROz* 9% + R303x>~19%)e? %1 dy dt
T

< My ( // 22281 dy dt + / R363y%* 11 dy dt),
T QT

and

// (ROz™222 + R39322722%)e2 B2 dy dt < MO/ R3632%e*1%1 dx dt.
Qr @
It follows from (3.1)) and (3.2)) that
// (ROz1 92 + R3032*~1y?)e? B2 dz dt
T

+ // (ROx%22% + R3032%7 2 22)e? %2 gy dt (3.4)
T

< Mo(// 2222 o dt + // R303 (y2e?fer 4 22e292) dy dt).
T wor

Set
p((t,t) = Z(mvt)eRw2(I’t)a (Sﬂ,t) € QT~
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Since p(1,t) =0 and 0 < as < 2, we have

// (z,t)dxdt = // / Pz t)dac) dsdt
1

g// / x3/2pi(:c,t)dx)(/ x*3/2dx)dsdt
< 2// (/ 3202 (g, t)dx) ~12dsdt
:2// 2322 (x, t)(/ s_l/zds) dz dt

T 0
< 4// 22p2(z,t) do dt
< 4// x°2p? (x,t) dx dt.

It follows from the definition of ¢9 and £ that

// ®2p? do dt = // 292 (22 4+ R?(po)22%)e? 22 dz dt
Qr T

(2zo+z1
< / / (29222 + KER*2* 207 2%)e? 92 dx dt - (3.6)

+ C’/ / (22 + R?6%2%)e* %2 dx dt,
0 2xo+x1

Where C > 0 is a constant depending only on xg and x1. Thus, it follows from (3.5)

and (3.6]) that
1
M, // 262R¢2 0 dt < 5 // (RHxazzi +R393x2—a222>62R¢2 dx dt (3.7)
T T

for suitably large R. Thanks to (3.4) and (3.7]), one can get (3.3). The proof is
complete. 0

Theorem 3.4. There exist two positive constants My and Rs, depending only on
ay, ag, by, T, ©, @, ||clHLoo(QT), HCQ”LO@(QT) and ||bHLoo(QT), such that for any

yr, 2r € L*(0,1), the solution (y,z) to the problem (1.26)—(1.31)) satisfies that for
each R > Ro,

// (Re.’L‘al 2 —|—R3(93 2— a1y2) 2Ry dx dt

+// (ROz2 22 4+ R*0° 2 ~22%)e* 12 dx dt

T
§M2// y? dx dt,
wT

where wr = w x (0,T).

Proof. Without loss of generality, we assume that b satisfies infy,o,7)b > by > 0.
The case infg,y (o,7)(—b) > by > 0 is similar.
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By Lemma [3.3] it suffices to prove the inequality

/ R30%22e28¢2 o dt < C// y2 dz dt.
QT wT

(3.8)

Here and below, we use C' and C(¢) to denote generic positive constants depending
only on ay, ao, T', @, @, |lc1llze(@r)s le2llo (@) and [|b]| o (qy), while C(e) also
on . By Lemma [3.2] and a standard compactness argument, we can assume addi-
tionally that yr € H,,(0,1) and zp € H,,(0,1) without loss of generality. Then,

w01/ 2y, 2222, € 1°°(0,T; L?(0,1)) and v, 2: € L?(Qr).
Define a function p € C*°(0,1) satisfying

plx) =1, ze€w and p(r)=0, z€(0,1)\w.
Multiplying (1.26) by R363ze?R#2p yields

/ / bR3032%e*R22 p dg dt
Q

T
= / (—y: R30%2e*R%2 p) dx dt + // (— (2% y,) n R30P 212 p) dix dt
Qr Qr

+ // cyR303z22 pda dt =: I} + I + I.
T
Integrating by parts, we obtain that for any ¢ > 0,

I :// yztR393e2R“’2pdxdt+// yzR3(03e*12), p da dt
T T

: 5// (R7107 22?2 + RPGP2? 227?92 da dt
T
+C(e) // R707y2e?R%2 dy dt,
wT
b= / / 2y 2o RGP0 pder dt + / / 2y, 2RO (2592 p),, do dt
Qr Qr

= —// T2 (%2 2 ) R303e2 B2 p d dt

T

—// 2yz, R303 (x01 2202 ) dx dt

T

— // Ty 2, R303(21°2 ), du dt

T

f// yzR303 (1 (e*192) ), dx dt
Qr
<c [ e pene

T
+ Rﬁﬂca"‘zieZRw2 + R393:L‘2_a"‘z2ezR"°"‘) da dt

+C(e) / R797y2e?R2z2 dy dt,

and

I3<¢ / / R3032%72,2e2R%2 (p dt + C(e) / / R303y?e*1%2 dx dt.
T

wT

(3.9)

(3.10)

(3.11)

(3.12)
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By Lemma there exists a constant Cy depending on a1, az, T, @, [[c1 ||z~ (0r),
llcall o (@) and ||b]| o (@), such that for a suitably large R,

// (ROx%22% + R3032% 2 22) %2 dg dt
T
< / R30%22e2R¢ du dt
3C
e // (R0 ((2%224)2)% + R™H07 122 + ROx*222
bo Qr

+ R3032%7222)e® %2 qu dt 4 C(e) / R707y2e?B%2 dy dt

wr

because of (|1.9) and (3.9)—(3.12). Choosing ¢ = 61’701 yields

/ / (R0 (ROz222 + R3032272222) 2 dy dt < C / R707y2e2Be2 dy dt,

which implies (3.8]). O
4. OBSERVABILITY INEQUALITY AND NULL CONTROLLABILITY OF LINEAR
SYSTEM

In this section, we investigate the observability inequality for the problem (|1.26[)—
1.31)) and deduce the null controllability of the linear system (|1.24]), (1.25]), (1.3)—
1 6;

Theorem 4.1. There exists a constant M > 0 depending only on oy, as, by, T,

@, W, ||c1HLoo(QT), ||c2HLoo(QT and ||b||Loo(QT), such that for any yr, zr € L?(0,1),
the solution (y, z) to (1.26)—(1.31) satisfies

190202201y + 112, 0) 220y < M // 2 da dt.
wr

Proof. By Lemma and a standard compactness argument, we can assume ad-
ditionally that yr € H,,(0,1) and 27 € H,,(0,1) without loss of generality. Then,
01/ 2y, 20225 € L°(0,T; L*(0,1)) and y;, 2, € L?(Qr). Multiplying and
by y and z, respectively, and then integrating over (0,1) with respect to z,
one gets that

1d [t 1 1 1
—f—/ y2dm—|—/ xalyidaz—i—/ cly2dx:/ byzdz, te(0,T),

1d 1 1
/ 22dx Jr/ x°2 22 dx Jr/ c2?dz =0, te(0,T).
Todt o 0

d 1
Cdt

Hence
1 1
(y + 2%)dx < 2/ (c1y? + co2® + byz)dx < 2A/ (y* + 2%)dx,
0 0

for t € (O,T), where A = |1z (Qr) + llcall oo (@r) + 1Pl Lo (@) Hence

d ( ont ! 2 2
— (e y +2%)dx) >0, te(0,7),
dt( /0( ) ) ( )
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which yields
1 1
/ (42(2,0) + 22(x, 0))dz < emt/ (2@, 1) + 2@, 0)de, te(0,T). (41)
0 0
Integrating (4.1) over (T'/4,3T/4) leads to
3T/4 1
—/ (z,0) + 22(z,0))dx < / M (y? + 22) da dt. (4.2)

T/4
As in the proof of (3.5), we obtain

3T/4 3T/4 41
/ / (y? + 2% da dt < CO/ / (z*1y2 + 2°222) dx dt (4.3)
0

with some constant Cy > 0 depending only on oy and as. Then, from (4.2)), (4.3)
and Theorem [3.4] it follows that

1
/0 (43 (2,0) + 2%z, 0))dx

20, e—2Rip1 3T/4
< 2SATZ gup / / (z10y2e?Ter 4 gp020,262R192) dy dt
(T/4, 3T/4)
2C0 My 3p7)9 e e 2
< ——e sup // y* dz dt,
TR, (T/4,3T/4) wr
which completes the proof. ([

Solutions to problem ([1.24)), (1.25), (1.3)—(1.6) can be defined similarly to Defi-

nition Furthermore, one can show its well-posedness for ug, vy € L?(0,1) and
helL? (QT)

Theorem 4.2. For any uo,vo E LQ(O, 1) there exists h € LQ(QT> such that the

solution (u,v) to the problem (1.24), ([L.25), (1.3)(L.6) satisfies u(-,T) =v(-,T) =
0 on (0,1).

Proof. To prove the null controllability of system ([1.24] - . 7 we first

show the approximate controllability. For any ¢ > 0 deﬁne the functlonal

J-((yr,27)) = %//w y? du dt +€</01(y%($) + z%(x))dx> 1/2

— /01 (y(x,O)uo(x) + z(a:,O)vo(x))dar,

for (yr, 2zr) € L*(0,1) x L?(0, 1), where (y, 2) is the solution of (1.26)—(1.31])). As the
proof of approximate controllability in [23], one can prove that there exists a unique
point (gr,2r) € L?(0,1) x L%*(0,1) such that J. achieves its minimum. Denote

(Je, 22) to be the solution to the problem (1.26)—(1.31)) with (yr,2r) = (47, 21).
Then take the control he = x, 9. to get the solution (ue,v.) to the problem (1.24]),

([25). (L3)(L0) satistying
e (5 T 220y S & Noe( D20y < e (4.4)

From J.(¢r, 27) < 0, Holder inequality and Theorem we have

//wT drdt+e /01(?9%(96) +2%($))dx)1/2
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1 1
/ Je (2, 0)ug(x dx—i—/ Zc(,0)vg(z)dx
0 0
1 1/2 1 1/2
/ 92 (x,0) dx (/ ug(x)dx)
0 0
1 1/2 1/2
/ 22(x,0) da: (/ vg(x)dx)
0 0
/2 1 1/2
<C / dxdt (/ u%(m)dm)
UJT 0
/2 1 1/2
+ // dxdt / v (x)dx
o( [, st arar) ([ i)
1 1 1
< 7// ggdxdt+c(/ ug(x)dx+/ e )d:c)
4 wT 0 0

where C' > 0 is a constant depending only on a1, g, bo, T, @, @, |lc1]no(Qr)s
llcall oo (@ry and ||b]| Lo (g, Hence

//wT hgdxdt+s(/ (yT+zT)dx) 1/2 gC’(/Olug(x)d:ch/lvo( )d:z:) (4.5)

From (4.5) and Lemma -, there exist a strictly decreasing sequence {e,} with
lim,, 00 €, = 0, and h € L?(wr) such that

he, — hin L*(wr), wue, — uin L*(Qr), wv., — v in L*(Qr),
ue, (- T) — (-, )in L2(0 1), ve,(T) = ov(-,T) in L*(0, 1)
where (u,v) is the solution to - . . Then from (4.4) and (4.5] .
we obtain
u(z,T) =v(z,T)=0, =ze€(0,1),

1 1
/ h*dx dt < C’(/ ud(z)dx —I—/ v%(m)dw).
wT 0 0

The proof is complete. O

5. NULL CONTROLLABILITY FOR THE NONLINEAR SYSTEM (|1.1)—(L.6])

Definition 5.1. A pair of functions (u,v) is called a solution to problem (|1.1)—
(L.6), if w € C([0,7T]; L*(0,1)) N L?(0,T; H,,(0,1)) and v € C([0,T]; L?>(0,1)) N
L?(0,T; Hq,(0,1)) satisfy (1.1]) and (1.2)) in the distribution sense, and satisfy (1.6))
in the common sense.

Using Lemma/[2.2]and a fixed point argument, one can prove the following result.

Lemma 5.2. For any ug, vy € L%(0,1) and h € L*(Qr), problem (L.1)—(1.6) admits
a unique solution (u,v). Furthermore, the solution satisfies

[l L 0.7522(0,1)) + 2% 20zl 12(@r) + [0l Lo 07:22(0,1)) + 12727202 ]| 12 ()
< C(JJuollz2(0,1) + llvollL2(0,1) + 1Pl 22(Q1));
and for any 0 <7 < T,

a1/2

el 20,0y % (r. 1)) + 127 “uzll Loo (r,1522(0,1)) + Vel L2 ((0,1) % (71))

+ H,’L‘OQ/Z’UI ||L°° (7,T;L2(0,1))
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Cr(llwollzz(o,1) + llvollz2(0,1) + 1Al 2 (@r))s

where C and C are positive constants depending only on oy, az, T, K, |c1| o (Qy)
lle2llLos(@r) and [|b|| Lo (g, while Cr also on 1. Moreover, if ug € Hq,(0,1) and
vg € Ha,(0,1), then 201/ ?u,, 2220, € L°(0,T;L?*(0,1)) and y;, 2 € L*(Qr).

The system (1.1))—(1.6]) is null controllable.

Theorem 5.3. For each up, Vg € L2(0 1) there exists h € L*(Qr) such that the
solution (u,v) to ([L.I)~([1.6) satisfies u( =v(,T)=01n (0,1).
Proof. Give € > 0. For any (¢,v) € LI(QT X Ll(QT) we define

\_/\_/

g1 (zt,0(x,t)) o(z,t) £
c1p(x,t) = plot) 7 “ (z,t) € Qr,
, p(x,t) =
g2(z,t, () W(x,t) 7& 0,
Cop(a,t) =4 V0T (z,1) € Qr.
0, Y(x,t) =
It follows from ([1.7) and (1.8]) that c1 ,, ¢,y € L°°(QT), and
levell=@r) < K, lleawll=(@r) < K. (5.1)

Let (7, 2) to be the solution to (1.26)—(1.31)) with ¢1 = ¢1,4, €2 = 2,9, (Y1, 27) =
91, 21), where (g, Z7) is the unique minimum point of J; in the proof of Theorem

We define the operator £ : L'(Qr) x L'(Q7) — LY (Qr) x L*(Qr), b

L:(p,9) = (u,v),

where (u, v) is the solution to the problem (1.24)), (1.25), (1.3)—(L.6) with ¢1 = ¢1,,,
c2 = cap and h = x, 4. Then, for any (p,) € L} (Qr) x 1(QT) it follows from

(T3 that
luC Tz <& (G Dllzzn <.

First, we show that £ is continuous. Assume that (¢, 1,) — (¢,%) in L' (Q7) %
LY (Qr) as n — 0o. Set (un,vn) = L((¢n,¥n)) and (u,v) = L((p,v)). Let (g2, 27)
and (Jr, 2r) be the minimum points of J. with ¢; = ¢1,,,, c2 = 24, and ¢1 = ¢,
co = cg g, respectively. And denote (4n, 2,), (¥, 2) to be the solutions to the problem
f with ¢1 = ¢i,4,, 2 = 2.9, (Yr,217) = (9F,2}), and ¢1 = c1,p,
co = Cay, (Yyr,21) = (Y, 21), respectively. It follows from 7 and
that

—~

/01((?955(33))2 + (27(x))?)da < (;(/01 ul(x)dz + /01 vg(;c)dx),

where C' is a constant depending only on oy, as, b, T', K, @, @ and [|b| o (qQ,)-
Then there exist four subsequences of {71}, {7}, {c1,0.}, {c2,4,}, denoted by
themselves for convenience, and v, 2% € L?(0, 1), such that

0t —yp, 2 —2p in L(0,1),
Clip, = Clg, C2u, — C2p Weakly x in L=(Qr).

By Lemma there exist two subsequences of {g,} and {Z,}, denoted by them-
selves for convenience, such that

O —9°, 2, — 2" in L*(Qr),

On =y’ 2, — 2% in LQ(wT), (5.3)



EJDE-2019/123 NULL CONTROLLABILITY 13

Gn(-,0) = 4°(-,0),  2.(-,0) = 2°(-,0) in L*(0,1), (5.4)

where (%, 29) is the solution to the problem (1.26)—(1.31) with (yr,27) = (y%, 2%).
Then one can deduce from Lemma that there exist two subsequences of {uy}
and {v,}, denoted by themselves for convenience, such that

up = u’, v, =% in LQ(QT)7

where (u°,v") is the solution to (1.24), (L.25), (L.3 with h = . To

prove (u®, vo) = (u,v), it suffices to prove that (yT,zT) (yT,zT) For (yT,zT) €

L?(0,1) x L?(0,1), denote (yy, 2, ) the solution to 1.31)) with ¢ = ¢1,,,, and
2 = Ca,p, - By Lemma[3.2] there exist two subsequences of {yn} and {z,}, denoted
by themselves for convenience, such that

Yn — Y, Zp — Z in L2(QT)3 (55)

Yn =Y, Zn— 2 in L*(wr), (5.6)

Yn(0) = y(-,0),  2n(-,0) = 2(-,0) in L2(Oa 1), (5.7)
)

where (y, z) is the solution to (1.26)—(1.31) with ¢; = ¢1,,,, c2 = ¢a,5. Since (97, 27
is the minimum point of J. with ¢; = ¢1,,, and ca = c24,,, it follows that

//WT dxdt—ka(/ol(@?(x))? + (2?“(@)2)(13:)1/2

- /0 (9, 0)ao) + 2, 0) () )

= % //WT Y der dt + E(/Ol(yzﬂ(m)2 + z%(ac))dgc)l/2

- /1 (yn(a:,())uo(x) + zn(z, O)vg(x))dx.

0
Letting n — oo, from (5.2)-(5.7) and the weak lower semi-continuity of L? norm it

follows that
//w s 6(/01((3’%(95))2 + (Z%(x)>2)dz)l/2
_/0 (l/ (z,0)uo(x) +Z°($70)Uo(w))da:
1
2

J| asaes( | o)+ Aie)
-/ * (4(,0)u(e) + (2, 0)n(a) ) o

This means J.(y%, %) < J.(yr, zr) with ¢; = ¢1,, and ¢z = ¢ for each (yr, 27) €
L2(0,1) x L2(0,1). Hence (y2,2%) = (7, 21)-

Next, we show that £ is compact. Given ¢,,1, € L' (Qr). By ( ., there
exist two subsequences of {¢,} and {1, }, denoted by themselves for convenience,
such that ¢, , oy, converge weakly * in L>°(Qr). By Lemma there exists a
subsequence of L(¢y,, 1, ), denoted by itself for convenience, converges strongly in
LY (Qr) x LY(Qr). Hence L is compact. It follows from the Schauder fixed point

<
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theorem that £ admits a fixed point. That is to say, there exists h. € L?(Qr) such
that the solution (u.,ve) to problem (L.1)—(1.6) satisfies

lue (- T)llL20,0) <& Nve(T)lL2(0,1) < &
Furthermore, from the proof of Theorem we obtain

//WT hZdzdt < é(/ol ug(z)dz + /01 vg(z)d:c), (5.8)

where C' > 0 is a constant depending only on a1, o, by, T, K, @, @ and 16]] oo (@) -
It follows from Lemma and (|5.8)) that

el Lo 0,7;02(0,1)) + 1122 (ue)a || 22 (@)
+ vl oo 0,752200,1)) + 1222 (V)| 22 (@) (5.9)
< C(lluollzz0,1) + llvollL2(o,1) + 1Pell2(@r))s

where C' > 0 is a constant depending only on aq, as, by, T', K, @, & and 16/ Lo (@)

As in the proof of Theorem from (5.8)—(5.9)), system ([1.1)—(1.6) is null control-
lable. O
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