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ABSTRACT. In this article we study the Cauchy problem of the nonlinear
Schrédinger equations without gauge invariance

i+ Au= A(lulP! + [o]P?), () € [0,T) x R,
00 + Av = A(ulP? + [oP1),  (t,2) € [0,T) x R”,

where 1 < p1,p2 < 1+ 4/n and A € C\{0}. We first prove the existence of
a local solution with initial data in L?(R™). Then under a suitable condition
on the initial data, we show that the L2-norm of the solution must blow up in
finite time although the initial data are arbitrarily small. As a by-product, we
also obtain an upper bound of the maximal existence time of the solution.

1. INTRODUCTION

In this article, we consider the Cauchy problem of the nonlinear Schrédinger
equations without gauge invariance

i+ Au = A(JulP* + |[v|P?), (t,z) €[0,T) x R™,
10w + Av = A(JulP? + [v|PY), (t,z) € [0,T) x R™,
u(0,z) =ef(zx), zeR™,
v(0,2) = eg(x), =e€R",

(1.1)

where 1 < p1, poa <1+ %7 T >0 and £ > 0 is a small parameter. v = u(t,z) and
v = v(t,z) are complex-valued unknown functions, f = f1 +ifs and g = g1 + igo
are prescribed complex-valued functions, and A = A +iXz € C\{0}.

System is a generalization of the Cauchy problem of the nonlinear equation

i0iu + Au = F(u), (t,z)€[0,T) xR,

u(0,z) = f(x), xeR", (1.2)

where F'(u) = A|ulP.
We know that a solution to (1.2)) on [0,T] gives rise to a family of solutions, i.e.
for any v > 0,

uy(t, @) == YT u(y?t, )
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is also a solution to (1.2 on [0, T /4?]. Moreover, a direct calculation gives

luy (I 2@ny =77~ CEa [[u(t, )l L2 @n)-
Thus if the order p satisfies

2 n . 4

b1 5 =0 ie. p=po .—1+n,

then the L2-norm of the solution is also scale invariant. Therefore, the case p = pg
is called L2-critical case. The case of p < py (resp. p > po) is called L2-subcritical
case (resp. L?-supercritical case).

We say that a nonlinear function F satisfies the gauge invariance if F(eu) =
e F(u) for § € R. However, the nonlinear term in F(u) = Aul? is not
gauge invariant. This is different from F(u) = A|u[P~1u, which satisfies the gauge
invariance and possesses the conservation of mass (and also energy for H*-solution).
However, in the case of non-gauge invariance, the conservation of mass (or energy
for H'-solution) fails (see [9]).

Equation has various physical contexts and has been studied from the
mathematical viewpoint in several papers. For example, it is related to the Gross-
Pitaevskii equation, which describes the Bose-Einstein condensate in physics. The
solution ® of the Gross-Pitaevskii equation satisfies a non-zero constant boundary
condition as |z| tends to infinity. In that case, the nonlinearity |u|P appears if
we introduce the new dynamical variable u by ® = u + constant and expand the
nonlinearity |®[P® in u (see [8, [I7]). Thus, it is expected that the analysis of
may be helpful for the study of the Gross-Pitaevskii equation.

For , i n_42$ (0<s<5), itis
well known that local well-posedness holds in Sobolev spaces H?® (see [3, 2I] with
the references therein). In one dimension, when p = 2, Kenig et al. [14] first proved
the local well-posedness in H*(R) when s > —i. For general dimension, when p is
sufficiently large the small initial data L>2- solution exists globally. More precisely,
for L2 N L' % -data, when pg < p < po = 1 + 4, where ps nt2tvnitdntla 2+4”+1 1s the
Strauss exponent (see [I8]), which is greater than 1+ 2 and less than 14+ 2 the
global existence result for small initial data holds (see also [B]). When1 < p < 1—&-%,
Tkeda and Wakasugi [11] showed that the L?-norm of the solution for blows
up at finite time, provided that

A1 Im f(z)dx <0, or Az-Re f(z)dx > 0.
R® R®
In particular, this implies that there is no global well-posedness even for small
initial data. Later, in [ } Ikeda and Inui proved a small initial data blow-up result
of the L2-solution for in 1 < p < pg. Recently, Tkeda and Inui [10] proved the
non-existence of the local weak-solution for in the L2-supercritical case p > po
for suitable L2-data. To construct the blow up solution, the authors in [I1], 9} [10]
used a test-function method which heavily relies on the shape of the initial data,
though their norms may be arbitrarily small.
The coupled nonlinear Schrédinger equations

0w+ Au = M(Juf?" + [o)u,  (t,2) € [0,T) x R”,
10w + Av = A(|Jo|P* + |u|P?)v,  (t,z) € [0,T) x R",
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where 1 < p1, p2 < 1+ %, describe the minimum approximation of the transforma-
tion of light wave. For more details of the physical background, we refer the readers
to [2} 1, 16l 20]. When u and v satisfy non-zero constant boundary condition as |z|
tends to infinity, the same analysis as for leads to .

In this article, our main aim is to prove a small initial data blow-up result of
L2-solution for in the subcritical case 1 < p1, ps < pp. We also obtain an
upper bound of the lifespan for when 1 < p1,p2 < po.

For the rest of this article, we let p := min{p;,p2}. Since 1 < p1,p2 < po, wWe
have p € (1,po). We impose the additional assumption on the initial data,

||, if |z| > 1,
0, if |z| < 1,

A2(fi(w) +g1(x)) > {
(1.4)
[ F, i |2 > 1,

0, if |z| < 1,

—Mi(fo(z) + g2(2)) = {

where n/2 < k < 2/(p—1). Note that such k exists if and only if 1 < p < py. Now,
we can state our main result.

Theorem 1.1. Let 1 < py,ps < 1—|—%, A=A +iXy € C\{0} and f,g € L2(R"). If
f and g satisfy initial data condition (1.4)), then there exist g > 0 and a constant
C = C(k,p1,p2,A) > 0 such that for any e € (0,¢9),

T. < Cce Y9,

1

1 . Moreover, the L?-norm of the local solution blows up in finite

[Nl

where § =
time,
tlimf(IIU(t)llm + [lo(@)]lz2) = oo (1.5)

The definition of T, can be found in below. This theorem gives an upper
bound of the local existence time to the Cauchy problem in L?(R™). At the
same time, we note that means that the conservation law of mass does not
hold for equation (L.IJ).

The rest of this paper is arranged as follows. In Section 2, we prove the local
well-posedness for with initial data in L?(R™) and give the definition of L?-
solution. In Section 3, we show that an L2-solution of (2.1]) on [0,7) is a weak
solution of . In Section 4, we give the proof of Theor&

We concluding this section, by introducing some notation. For 1 < r < oo,
let L™ = L"(R™) denote the usual Lebesgue space. For a time interval I, we
use a time-space Lebesgue space L?(I; L"(R™)), with the norm ||u|| pe(r;1r®n)) =
Iw) |l zr@nyllzacry- We often omit the time interval I and R™ and denote simply
L(I; L™ (R™)) as L1L", when no confusion may occur. We write A < B if there
exists a constant C' > 0 such that A < CB.

2. LOCAL WELL-POSEDNESS

Firstly, by the Duhamel formula, we consider the integral equations

u(t) =eS(t)f — M/O St —7) (|uP* + |vP?) dr

v(t) =eS(t)g — i)\/o St —7)(|ulP? + |v|Pr) dr,
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as the integral version of the Cauchy problem (T.1)), where S(t) = e®? is the free
evolution group of the linear Schrodinger equation in H*®(R™).

Definition 2.1 ([3,19]). The pair (g, ) of real numbers is said to be admissible if
2

2 =2—2and
q 2 T

2<r<

2<r<xwifn=1;2<r<ooifn=2).
n—

Next, we define the function space
Xr = O([0,7); L*(R™)) N L& ((0,T); L™ (R™)) N L%=((0, T); L™ (R™)),
where (g;j,7;) is an admissible pair defined by r; =p; +1, j =1,2.

Lemma 2.2 ([3,[19]). Let (¢,7) and (v, p) be any admissible pairs. For any time
interval I, we have the estimates

1SC)ellosr @y < Cliolze,
t
|| / S(t = $)F(3) dsll (s 2y < CUF ot 1.1 iy -

Theorem 2.3. Let 1 < p1,ps < 1—&-%, A€ C,e>0and f,g € L3(R™). Then there
exist a positive time T = T(e, || fllrz2, lgllz2) and a unique solution (u,v) € X1 x X

of ,

The proof of this theorem is based on contractive mapping principle. See [21 4]
13|, [7] for the gauge invariance case. For the convenience of the reader, we give a
brief proof.

Proof. Let R > 0 and B(R) = {(u,v)|u,v € X, ||ul|x, < R,|v|]x, < R}, where
lullx, = llullpr2 + ullLar Lrs + lJull a2 2 - (2.2)
Endowed with the metric
d((ur,01), (ug, v2)) = [lur = uellx, + [lvr = v2]lx7,

It is easy to see that, B(R) is a complete metric space.
We expect to find the proper conditions of T and R, which imply that I" : (u,v) —
(T1u,Tyv), given by

Tu(t) =eS@) f — z’)\/o St —7)(Jul”* + |v|P?) dr

Tyu(t) = £8(t)g — i)\/o S(t — 7)(lulP* + [v]7) dr,

is a strict contraction on B(R).
For (uy,v1), (ug,v2) € B(R), we have

[T1ur — Trugl x,
t t

< |/\|||/ St —7)(Jur[P* — |uz|P*) drl|x, + P\|||/ St —7)(lo1]P? — |v2|P?) d7 || x,
0 0

=1+ 1.

By Lemma [2.2] and Holder’s inequality, we obtain

IS Pt = fualP | g ot
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ST (HulHIEﬂ_bl + ||u2||1£1ql_£n) lur — uallLorpm

gTaRplilHul — ug||painr s

1 _ pp 1 _p1 —n 4 _
where e =B ta,a=73(1+; —p1)>0 and

I ST (Jvils Les + o2l L) llor — vallpeazrs S TPRP2 ™ luy — va| oz o,

1 _ _p2 1 _ p2 _n 4
Wherez—pﬁl,E—q—z+ﬂ,ﬁ—z(1+;—p2)>0. So, we have

||F1U1 — F1U2||XT 5 TaRmil”ul — u2||LQIL"’1 + TBRP271 H’Ul — ’UQHLqQLrQ . (23)

Similarly, we obtain

[Tov1 — Tovalx, S TORP vy — vol|parpr + TP RP2 7 |uy — ug|peaprs.  (24)
Combining with , we have
d(F(ul,vl),F(UQ,vg)) =||Tyu1 — Tyus||x, + [Tev1 — Daval|x
STORP ™ H(|Jur — ugl o + [lr — vol|pas )
+ TP RP2 7 (||lug — ug||pezrre + |Jv1 — vallpazpra),

Let

T < min{(4RP*~1)~1/e (4Rpr2—1)=1/5}, (2.5)
Then there exists a constant § € (0,1) such that

d(L(u1,v1), Tz, v2)) < 6([Jur — vallx, + o1 — va2lxp)-

It follows that I is a strict contraction on B(R), and thus has a unique fixed point
(u,v). This completes the proof. a

The above solution (u,v) is called an “L2-solution”. Let T. be the maximal
existence time of the local L2-solution,

T, = sup {T € (0,00] : a unique solution (u,v) to (2.1) exists and
(2.6)
belongs to Xp X XT}.

Then provides lower bound of lifespan.
Corollary 2.4. Under the the assumptionsin Theorem we have the estimate
T. > C'min(e /01 ¢71/%2),

where 0; = Tlfl —4>0,j=12and C = C(n,p1,p2, |fllz2, lgllzz) > 0 is a
constant.

Combining Theorem [I.I]with Corollary[2.4] we obtain the estimate of the lifespan

min(e~ V0 7102 <1 < e V0

However, it is not optimal. Actually, to the best of our knowledge, if p1 < pa, we
have p = min{p1,p2} = p1, then the following estimate holds for sufficiently small

e >0,
eV < <m0,

But we know that
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Similarly, if po < pi1, then e 1/%2 < T. < ¢71/9 holds. However, this is also not
optimal. For the time being, to our knowledge, the optimal order of the lifespan is
an open question.

3. WEAK SOLUTIONS
To obtain our main results, we first define a weak solution of (L.1J).

Definition 3.1. Let T > 0. (u,v) is a weak solution of (1.1)) on [0,7), if (u,v) €
LP ([0, T) x R™) N LP2 ([0, T) x R™) and satisfies

loc loc

/ u(—i0y) + Av) dx dt

[0,T)xR"™ (3.1)

=ie f(@)¥(0,2) dx+)\/ (Ju|P* + |v|P?)y dx dt,
R" [0,T)xR"

/ V(=i + Ay) dx dt
[0,T) xR (3.2)
_ @-5/ 9(@)(0, ) dz + A (JulP? + [0 )b das dit

[0,T) xR
for any ¢ € C2([0,T) x R™). Moreover, if T can be chosen arbitrary large, then we
say that (u,v) is a global weak solution of (1.1J).

We note that an L2-solution as in Theorem [2.3|is always a weak solution in the
sense of Definition Then, we have the following proposition.

Proposition 3.2. Let T > 0. If (u,v) is an L2-solution of (2.1) on [0,T), then
(u,v) is also a weak solution on [0,T) in the sense of Definition |3.1]

Proof. Let T > 0 and (g;,r;) be admissible pairs, where r; =p; +1, j = 1,2. Let
(u,v) be an L?-solution to (2.1]) on [0,T) and ¢ € C3([0,T) x R™). It is easy to see
that
u,v € LY ([0,T) x R") N L2 ([0,T) x R™).
Let w = U; + U,, where
t
Uy = eS()f, U = —i/\/ S(t — ) (JulP + [v]P?) dr.
0

By a standard density argument and integration by parts, we can obtain, for any
¥ € C3([0,T) x R™),

/ Ur(—i0wp + Ayp) da dt = z/ ef(z)¥(0,x) dx.
[0,T) xR" R
Thus, it suffices to prove that
/ Us(—i0) + M) da dt = A / (uf + [P pdzdt.  (3.3)
[0,T) xR [0,T) xR
Let
Kl = / UgAZﬁ dx dt, K2 = —i/ Ugaﬂp dx dt,
[0,T)xR" [0,T) xR™
K= )\/ (Jul + [} ) da dt.
[0,T) xR

So, it is sufficiently to prove that K = Ky + K».
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Since u,v € LUL™ N L2L™  and C§°([0,T) x R™) is dense in LN L™ N L2L"™,
there exist two sequences {ug }ren, {vk}reny in C§°([0,T) x R™), such that

lim ||’U,k - u||Lq1 LTiNLa2 T2 — 0, lim ||'U].C - UHqu LmiNLa2[m2 — 0.
k—o00 k—o00

We also introduce an approximate sequence {Us i }ren to Us,

t
Uy = —i/\/ S(t — 1) (g P + [vu]?) dr-
0

By Lemmal[2.2|and Holder’s inequality with & = L + 21 and L = L pi-l
T T3 a;

pit1 o T g T

where o = 4 (1 + % —p;) >0, j=1,2, we obtain

Uz — Us k|| oo 12

t t
<| / S(t — 1) (ul?* — fugP') drl e + | / St — 1) (jol?* — o) dr] g 1z
0 0
S ulP = TugPO o e+ 101P = ok P2)] o 1
p1—1 p1—1

S.; T ”u - ukHL"l Lm (HUHL‘H 1t ”ukHqu LT1)

-1 -1
+ T |lv — vill Loz Lra ([0 e 12 + Vel Tz 2 )-

(3.5)
Noting U 1(0,x) = 0, by (3.5) and integration by parts, we have
Ky = —i lim Us Oyp dxdt =i lim O Uz 9 dx dt. (3.6)

k—r o0 [0,T) xR" k—o00 [0,T) xR"

By almost the same argument as in (3.5)), we find that Us , € C([0,7); H') and
the time derivative 8;Us , € C([0,T); H™') satisfy

iatUQ,k —+ AUvgJc = )\(|uk|p1 + |'Uk|p2). (37)

By changing variables with t — 7 = 7/, we have

0Us 1

t
—id, / AS(t — 7)(Jug]P* + [vx[P2) () dr
0

t
—i@t/ AS (T (Jug|Pr + vk [P2) (¢ — ") d7’
0

t
= 71‘/ AS(t — 7)0 (Jug|P* + |vk|P?) (1) dT — iAS () (Jug]P* + |vk|P?)(0).
0
Applying Lemma[2.2] we have

10Ul 2 S 110 (kP o g+ N0 0k P2 g o + 1k (O) 1720y + 0% (0) 1720,
S T ur P o 10unll o £y + T2 ol P pra 190p0r ]| Lo s

+ l[ukllZoe p2m + 0R[7 s p2n < 00,

for any k € N. Thus we obtain 9;Us ; € C([0,T); L?). Therefore from the identity
(3-7), we can find Us , € C([0,T); H?). Then we have

(AU i, ¥)r2 = (Ugg, A2, Yk eN. (3.8)
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By the same way as for (3.5)), we obtain
[ M pypdrde= [l o da
[0,T)xR™ [0,T)xR™
< (™" = s o da it + | / (Iof? — [o[72)ee de |
[0,T) xR" 0,T)xRn (3.9)
ST |u— ug||pa pn (HUHIL)%ir-l + ||Uk||ilq1in) ||l Larra

+ T o — vl oz o2 (|0 B s + NvklF2 1ra ) ]| L2 172
and

| (Ua, = U2)A¢| S T|[Uz — Us|| = 12| AY || oo 2 (3.10)
[0,T)x R"

Thus, combining ([3.6] || with (3.8)-(3.10]), we obtain

Ky = lim (/ AP +|vk|”2)wdxdt—/ N dxdt)
k—o0 [0,T) xR [0,T) xR

~ K — lim Us p A da di (3.11)
k=00 Ji0,1)xR"
=K - K;j.
Combining (3.4]) with (3.11)), we obtain (3.3)), thus (3.1] is valid. Similarly, (3.2)) is
also valid. The proof is complete (Il

4. PROOF OF MAIN RESULT

We first obtain an upper bound of lifespan via a test function method, inspired
by [15, @]. For 1 < p1,p2 < 1 + 2. to use this method, we take the intermediate
variable p = min{py, p2}. Then We glve the proof of T heorem . Without loss of
generality, we assume that A\; > 0. The other cases in can be treated in the
almost same way.

We introduce the non-negative smooth radial bump function ¢ € CZ(R") as

follows (see [3] [©, [A]),
$(0)=1, 0<¢(x)<1, forlz|>0,

where ¢(x) is decreasing with respect to |z| and ¢(x) — 0 as |z| — oo sufficiently
fast. Moreover, there exists p > 0 such that

|A¢| < pg, x€R, (4.1)
and ||¢||zr = 1. For sufficiently large 6, we set
- {o-im e
where T' > 0. Furthermore, for R > 0, we set
nr(t) =n0(t/R?),  ¢r(x) =é(x/R), ¢r(t,z) =nr(t)pr(2).

Next, we introduce some notation. Let T. be the maximal existence time. For
T, R > 0 with TR? < T, define

BT = [ (u fopn(t ) dedt
[0,TR2)xR™
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1) = | (JulP® + olPYon(t, 2) du dt,
[0, R?) xR
Tn= -z [ (a(e) + ga(a))én(a) da.
1/q
m@) = [ a0 dedr)
[0,T)xR"

1/q
- q —4/Pg(2) da
mm = ([ omwme o )

where p = min{p;, p2} and g satisfy % + % = 1. By direct computations, we have
H\(T) = p(0 + 1)~ Va7V .= p7/9,
Hy(T) =60(0 —1/(p — 1))~ YT~ YP .= o7~ Y/P,
We also denote H(T) = Hy(T) + Ho(T) and Ig(T) = I5(T) + I%(T).
Let 0 > 0 and 0 < w < 1. We introduce the function
¥(0,w) = max(oa® —z) = (1~ W)wT T TD. (4.2)

Now, we give an upper bound of Jr as an integral inequality that plays an
important role in the proof of Theorem [T.1]

Lemma 4.1. Let (u,v) be an L?*-solution of (2.1) on [0,T:). Then we have the
inequality

Jr < CLR*H(T)1 (4.3)
for any T, R > 0 with TR?* < T., where s = HT" —2and Cy = A\, Y(p—1)(2/p)".
Proof. Since (u,v) is an L2-solution on [0,7;) and ¢g € C3([0,T) x R™), according

to Proposition and TR? < T, by substituting the test function in Definition
3.1]into ¥R, we have

/\/ (JulP* + |[v|P*)YRr(t, ) de dt + ic ()Yr(0,z) dx
[0,TR2)xR" R

(4.4)
= / u(—i0r + Avg) dz dt,
[0,TR2)xR"
and
v (P + o or(t,2) dode -+ [ gl)in(0.2)ds
[0,TR2)xR" n (45)
_ / V(—itbn + Adbr) da dt.
[0,TR2) xR"
Taking the real part in (4.4) and (4.5 respectively, we obtain
MIL(T) —¢ | fo(2)¢pr(x)dr = Re / w(—idpr + Ag) da dt
Rn [0,TR2) xR"
(4.6)

< / (ul 0o + Jul| Atbr]) da dt
[0,TR2) xR

= Kp+ K%,
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and

MIE(T) — s/

n

g2(x)pr(x) de = Re/ v(—i0pr + AYg) dx dt
[0,TR?)xR"

< [ ol + eliAva dea D)
[0,TR2)xR"

= K?% + Kjl%.

From these two inequalities we obtain
4

MIR(T) +Jr <Y K},

j=1
Now, estimate the terms K ;%, j=1,2,3,4. A direct calculation yields
A¢r = R*(A¢)(z/R),
Opr(t,z) = R2¢r(2)(0m)(t/R?).

By the above equality, Holder’s inequality, and noting that p = min{p1,p2}, we
obtain

1 _
K=o [l ol G )
R? Jio,7Rr?)xR"
1 1/p
< — w|Pp dx dt
T R? (/[O,TR2)><]R"| For )
—q/p 2 Y
y 1P| (0m)(t) R2)|1 du dt
(,/[O,TRa)xR" f mlGmE/ R ) (48)

24n

1/
< (/ (JulPr + |u|p2)wRdxdt) pR_2H2(T)RT
[0,TR?) xR"

< (IR(T) + IR(T)) /P Hy(T)R®
< I(T)YPH,(T)R®.
By (4.1) and Holder’s inequality, we have

1
Ky = ﬁ/ |ul|[Adr|nr(t) dx dt
[0,TR2)xR"

1
< | fultp e dt
R? Ji0,17Rr2)xRr

1 1/p 1/q
< p—2</ [P dz dt) (/ . d:cdt)
R\ Ji0,mr2)xRn (0,7 R2)xR"
= Ix(T)Y?H,(T)R?.
Similarly, we can obtain
K3 < Ir(T)YPHy(T)R®, Kp < Ir(T)Y?H\(T)R". (4.9)

Putting — together, we obtain
MIR(T) + Jr < 2R*IR(T)YPH(T).

Thus, combining the above inequality with , noting that A\; > 0, we have
Jr < 2R*H(T)Ir(T)YP — \Ig(T)
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< MY(2H(T)R®/A1,1/p)

=\ (p — 1)(2/p) "R H(T)".
This completes the proof. O
Proof of Theorem[1.1 By changing variables and applying , we obtain that

Tn== [ (fla)+ mla))on(o) do
=< [~ (£a(Ro) + ga(Re))o(0) do

> eRVFALT 2| *p(x) da (4.10)
lz|>1/R

> eR"RATT / lz| %o (x) da
|z|>1/Ro

= CkSRn_k7

for any R > Ry, where 0 < Ry < (b/a)'/? is a constant and
Cr = A;l/ 2| Fp(x) da < A;l/ REp(x) dr < A\['Rf < 0.
|2[>1/Ro |2|>1/Ro
Next, by Corollary [2.4] there exists 9 > 0 such that 7. > 1 for any & € (0,&0). Let
7€ (1,T.) and R > Ry. By using (4.3) with T = 7R~2, from (4.10) we deduce
that
e < C'CiR*H(T)IRF "

= C 'Oy (ar™YPRF O prt/aR=2tk/aya,
For each 7 € (1,T.), setting R, = (7b/a)'/? > Ry, by substituting R in (&.11)) into
R, we have

(4.11)

q
e< Oy (aT_l/p(Tb/a)k/Zq + le/q(Tb/a)_Hk/zq)
_ Ck—lOl2qaq7k/2bk/27_k/2*1/(17*1) _ 02770’
where 6 = p%l — g >0 and Cy = 0;1012‘1@‘1_’“/%’“/2. Since 6 > 0, (4.12) yields
7 < Ce™/9 for arbitrary 7 € (1,7.), with some constant C' > 0. Because 7 is
arbitrary in (1,7%), this implies T, < Ce~1/?.
Next, we prove (|1.5)). We suppose that

liminf (J|u(¢)]|zz + ||v(t)]L2) < +oo.
P

€

(4.12)

Then there exist a sequence {tx}ren C [0,T¢) and a positive constant M > 0 such
that

lim ¢, = Te, (4.13)
k— o0
iﬂg(llﬂ(tk)ﬂm + [lo(te)llz2) < M. (4.14)
€

On the one hand, by (4.14) and T. < oo, there exists a positive constant T'(M)
such that we can construct a solution (u,v) of (2.1 that satisfies

u,v € C([tg, ty +T(M)); L2) N L ([tg, te +T(M)); L™) 0 L ([tg, te +T(M)); L")
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for all ¥ € N. On the other hand, by (4.13), when k is sufficiently large, the
inequality ¢y + T (M) > T. holds, which contradicts the definition of T.. Therefore,

tim inf (u(t) |2 + [o(8)]12) = +ox.

€

This completes the proof. ([l
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