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UNIQUENESS OF ENTROPY SOLUTIONS TO NONLINEAR
ELLIPTIC-PARABOLIC PROBLEMS

STANISLAS OUARO, HAMIDOU TOURE

ABSTRACT. We study the Cauchy problem associated with the nonlinear el-
liptic - parabolic equation

bu)e — a(u, p(W)z)e = f.
We prove an Ll-contraction principle and hence the uniqueness of entropy
solutions, under rather general assumptions on the data.

1. INTRODUCTION

We consider the Cauchy problem
b(u)e — a(u, p(u)z)e = f in Q=]0,T[xR
b(u(0,.)) =v9 on R,
where f € LY(Q), T > 0, vg € L*(R), a : R x R—R is continuous and a(k,.) is
nondecreasing, ¢ and b: R—R are continuous, nondecreasing and b is surjective.
Whenever v is such that b(u) is constant, (1.1) degenerates into an elliptic prob-
lem of the following form, with ¢ as a parameter,
—a(u,p(u)z)e = f n Q=]0,T[xR
b(u(0,.)) =vo onR.

(1.1)

(1.2)

If the function b is one to one, on each part where u is such that ¢(u) is constant,
(1.1) degenerates to a scalar conservation law of the form

vy —a(v,0), = f inQ=]0,T[xR
v(0,.) =vyp onR,
with v = b(u), a(k, &) = a(b=1(k),&).
It is then clear that we include in (1.1]), some first order hyperbolic problems, for
which (even under assumptions of regularity on data) there is no hope of getting

classical global solutions. It is well known that, for such equations, the above
problems are ill-posed in the sense that there is no uniqueness. It is necessary to

(1.3)
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introduce Kruzhkov solutions in order to obtain existence and uniqueness results
(see [15]).

Since b and ¢ are not increasing, the above formulations include Stefan problems,
filtration problems, etc. in the one dimensional case. In the case where b = id,
was studied by Bénilan and Touré [7] in a bounded domain of R, and by Bénilan
and Wittbold [§], Carrillo and Wittbold [I3] in a bounded domain of RY. Related
problems were studied in [2, B, @, 10, 14, 16]. See also [4, [6] 1T, 12] and the
corresponding references for semigroup approach.

In this paper, using nonlinear semigroups theory in L', we established existence
and uniqueness of mild solutions for the “evolution problem” from the prop-
erties of the associated “stationary problem” in sense of Benilan:

b(u) — a(u, p(u)z), = f on R. (1.4)

Under additional assumption on the data, we proved that mild solutions are entropy
solutions. Furthermore, we established L'-contraction principle for the entropy
solution from which uniqueness arises.

2. PRELIMINARIES
In what follows, a, b and ¢ are given functions such that
a:R xR—-R, p: R—=R, b: R—R are continuous,
a(k, &) is nondecreasing in &, (2.1)
b(k), p(k) are nondecreasing and b is surjective.

Define
H(k)=a(k,0) forkeR, h=a(u,e(u));

1 ifr>0 L ifr>0
if r
signo(r) =40 ifr=0 SignaL(r) = i
0 otherwise;
1

-1 ifr<0
ifr>0 1 ifr>0
signt(r)=1<10,1] ifr=0 sign(r)=<[-1,1] ifr=0
0 if r <0 -1 if r < 0;
rt
H(r)= min(?7 1);  Ho(r) =signg (r).

Our main assumption is the coerciveness of a with respect to &, for k bounded;
more precisely:

H1) lim inf |a(k,&)| = +oo for all R > 0.
(1) lim_ inf Jo(k.9)

We now define an L!(R) operator A, associated with the evolution problem (1.1])
by Apb(u) = —a(u, p(u),), and it satisfies:
vE Ay < b(u) € L*R),v e L'(R) N L¥(R),
w is an entropy solution of (L.4)) with f = v + b(u).

Lemma 2.1. Suppose that conditions (2.1) and (H1) are satisfied. Then the oper-
ator Ay defined above satisfies the following:
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(1) Ay is T-accretive in L*(R); i.e.,
(@ = 2) |22 < (2 = T + A(Apz — ApZ)) || 2

for all A >0 and z,7 € D(Ap).
(2) For each X\ > 0, the range R(I + \Ap) of I + A, is dense in L'(R).
(3) The domain D(Ay) of Ay is dense in L'(R).

We now recall the definition of weak and entropy solution of (1.1)).

Definition 2.2. Let f € L?(0,7; H }(R)) and vg € L'(R). A weak solution of
problem ([I.1)) is a function u such that ¢(u) € L%(0,T; HY(R)), b(u) € L'(Q) and
which also satisfies the following;:

(i) b(u)e € L*(0, T3 H™(R)), h = a(u, p(u):) € L'(Q) N L*(Q),
(ii) b(u)t — hy = f in D’'(Q) and b(u(0,.)) = vo.

The condition above should be understood in the sense

Ain@ﬁ=—éwmmw—Awmwz

for any ¢ € L%(0,T; D(R)) N W11(0,T; L°°(R)), such that £(T) = 0, where (,)
represent the duality pairing between H~1(R) and H'(R).

Definition 2.3. Let f € L?(0,7; H *(R)) N L'(Q) and vy € L'(R). An entropy
solution of problem (1.1]) is a weak solution u which satisfies the following:

y/Haufm&Ah—Huwgwmmfb@»affadmﬁ
e (2.2)
—AWWM—MMWHWWSO

[ Hale = )&~ H(B) - 0w) - b(k)&: ~ 7€) dode
e (2.3)

+Awmw—mmramMZo
for all € € D+([0,T] x R), k € R, and &(T) = 0.

To obtain regularity results of the mild solution which will enable us link up mild
and entropy solutions, we also assume that

(H2) vy € D(A,) N L®(R), f € BV(0,T; L*(R)) and
T
|1yt <+

where E(Ab) is the generalized domain of operator A; defined by
ﬁ(Ab) ={vo € L'(R) : there exist v, = b(u,) € D(A;) such that
vp — vg in L'(R) and Ayv,, is bounded in Ll(R)}.
Remark 2.4. (i) By [7, Proposition 1.4] (see also , [20, Proposition 6]), if vy €

LY(R) N L*(R), f € L'(Q) and u is the mild solution of (I.1)), then u € L*>(Q)
and

T
HMMMM@SH%hwm+A 1t eyt
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(ii) If f € BV(0,T; LY (R)) and vy € D(A}), then by nonlinear semigroup theory
(see [4,[7]), the mild solution u of (1.1]) satisfies b(u) € Lip([0,T]; L*(R)).

For the next lemma, we use following assumption (see [20])

(H3) b+ ¢ is a one-to-one function.

Lemma 2.5. Under assumptions (H1)-(HS3), Problem (1.1) has at least an entropy
solution.

3. UNIQUENESS

Our interest in this section is to study the uniqueness of the entropy solution to
the evolution problem (1.1)). We make the following additional assumptions

(H4) For all r, s, £, n € R,

(a(r,€) = a(s,m)-(& = n) + M(r, s)(1 + [€]* + In|*)|e(r) — o(5)|
> T(p(r), ¢(s)).£ + T((r), o(s))n,

where M : R xR — Rt T, I:R xR — R are continuous functions.

Remark 3.1. (i) Assumption (H4) implies I'(¢(r), p(r)) = f((p(?ﬂ)gp(?")) = 0 for
all » € R. Indeed, choosing r = s, n =0, =tv,t >0, v € R in (H4), we get
tv[a(r,tv) — a(r,0)] > T'(p(r), ¢(r))tr. Dividing by ¢ and taking limit as ¢ — 0,
we get I'(p(r),¢(r))v < 0 for all v € R; hence T'(¢(r), ¢(r)) = 0. Using the same
argument we obtain the corresponding result for T

(ii) Assumption (H4) implies that a is monotone with respect to the second

variable (for the proof see [I3, Remark 2.2]).

For the proof of uniqueness, we use a method developed by Carrillo (see [10])
and Carrillo-Wittbold (see [I3]) for parabolic degenerated problems. We start by
showing that entropy solutions satisfy Kato’s inequality (cf [I]); more precisely we
show that entropy solutions satisfy the following inequality.

Theorem 3.2 (Kato’s Inequality). For alli= 1,2, f; € L*(0,T; H~*(R))NLY(Q),
vo, = b(up,) € LY (R), ug, € L=(R) and u; an entropy solution of (1.1]) with respect
to data (f;,vo,), we have

/ Ho(ur — us)(hy — ho)s da dt — / (bur) — blus)) &, da dt
Q Q

- / (vo, — vo,) " E(0)d (3.1)
< /@HO(Ul —un)(fi — fo)é dudt,

for all ¢ € DT([0,T) x R).

For the proof of Theorem [3.2] we need to prove the following lemma.
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Lemma 3.3. If u is a weak solution of (1.1)), then we have:

/ Ho(u — k) {(h — H(k))Es — f€} dudt — / (b(u) — b(k))* &, dr
Q Q

/Ho —u){(h—H(k))& — &} da:dt—i—/@(b(k)—b(u)ﬁgtdxdt
/R (b(k) — vo) " £(0) dx (3.3)

= - lim Q(h — H(k))He(p(k) = o(u))g du dt

for all € € D¥([0,T) x R) and all k € R such that p(k) ¢ E, where
E = {r €Im(p)/(¢"")o is discontinuous into r}.

Proof. We observe that for all & such that (k) ¢ E, we have

Ho(u = k) = Ho(p(u) — ¢(k)) on Q.
Since p(u) € L*(Q) and p(u(t)) € H*(R) then

He(p(u) — (k)€ € L*(0,T; H'(R)).
Now, put

0ee) = Hle = 900, B () = [ Hlipo (6700 - (k)

Since 1, is bounded, we have

B () € LAR), By, (u)) € L¥(0.T: L)),
[ Bu @) dede+ [ Bufo)e@de = [ by, Kl - o€
Q R 0

Moreover, since u is weak solution and H.(o(u) — (k)¢ € L?(0,T; H*(R)), it
follows that

- / (b, H (() — p(k))E)lt
- /Q {(h — HR)Ho(p(u) — o(k))€l — FH. (o) — p(k))E} dardr.
This equality gives

/B¢ (b(u ))ftdxdtnL/Bq/J (v0)&(0)dx
(3.4)
/ {(h— H(k (w) — p(k))E], — FH(p(u) — o(k))E} da dt.
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To obtain ([3.2)), it is sufficient to show that

lim /Q B (bw)és dode+ [ B (w)s(0)do)

e—0

= [0 o) e di+ [ (o0 - b)),
Q R

for all k& € R such that ¢(k) ¢ E, where By, (b(u)) is defined by

b(u)
By, (b(u)) = ; He(po ((b671)o(r)) — p(k))dr.
Step 1. For k£ > 0.
b(u)
By, (b(u)) = " He (oo ((b™1)o(r)) = p(k))dr — (b(u) — b(k))*

as € — 0. Since b is continuous, and ¢(k) ¢ E, we have that go((b=1)o(r)) — (k) >
0, for all » > b(k) and then

He(po ((071)o(r)) — p(k))dr — 1
as € — 0 for all » > b(k). Thus, in a similar way, we obtain

lim By, (vo) = (vo = b(k))"

It is clear that | By, (b(u))| < |b(u)| and |By, (vo)| < |vo|, which implies

lim( / By, (b(u))€ da di + / By, (v0)£(0)dx)

e—0

= [ 0w~ sw)redrar+ [ (o - o) €0
Q

R
Step 2. For k£ < 0.

b(k) b(u)
By, (b(u)) = ; He(po((b7)o(r)) —p(k))dr+ o) He(po((b™1)o(r) = (k))dr.

Therefore,

lim By, (b(u)) = (b(u) — b(k))" + b(k).

e—0
In a similar way,
lim By, (vo) = (vo — b(k))" + b(k).

Consequently,
lim( /@ B ()i dede+ [ B (w)(0)d)
= /(b(u) —b(k)) ¢ dr dt +/ b(k)&t dx dt
Q Q
+/R(v0 —b(k))*f(O)da:+/Rb(k)§(0)dx.
Since

T
/@ b(k)E; da di + /R b(k)E(0)dw = /IR b(k)( /0 €dt)da + /R b(k)&(0)dx = 0,
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it follows that

tim( | B ) dedt [ By )e(0)a)

R

- / (b(u) — b(k))™€, da dt + / (v — b(k))*+&(0)d.
Q

Hence, (3.5]) is established. Again, taking limit as € — 0 in (3.4]) and using (3.5)),
we obtain

/ (b(u) — b(k))* €, da i + / (v0 — b(k))*€(0)dz
Q

R

- /QHO(u —k)[(h — H(k))&, — €] dadt

+limy [ (0 ) (o(0) — ))&

from which we deduce (3.2]). The inequality (3.3 is obtained in a similar way. [

Proof of theorem[3.2 We use the method of doubling variables, which was intro-
duced by Kruzkhov [15] for scalar conservation laws. Let (s,y) and (¢,2) be two
pairs of variables in Q. We set w1 = ui(s,y), f1 = fi(s,y), vo, = vo,(y) and
us = us(t, z), fo = falt,x), vo, = vo,(x). Let & be a positive test function of
D(Q x Q), then for all (¢t,z) € Q, (s,y) € Q:

(s,y) = &(t,2,5,9) € DT([0,T) xR) V(t,2) € Q,

(t,z) — &(t, 2, 8,y) € DT([0,T) xR) V(s,y) € Q. (3.6)
Let
Q1 ={(s,9) € Q/p(ur(s,y)) € E},
Q2 = {(t,2) € Q/p(us(t,z)) € E}.
We deduce that
p(ur)y =0 on Qy, (3.7)

o(uz)z =0 on Q.
Then
Ho(uy — ug) = Ho(p(u1) — ¢(uz)) in [(Q\ Q1) x QU [Qx (Q\Q2)]. (3.8)

Replace u by u; and k by us in (3.2) and integrate over Q \ Q2. Also replace u by
uy and k by ug in (2.2)) and integrate over Q2. Then adding the two inequalities,
we obtain

A QHo(m —ug) {(h1 — a(uz,0))&y, — (b(ur) — b(uz))§s — f1€} dydsdrdt

_/@ (t0, — b{us)) E(0)dy (3.9)

< —lim (h1 — a(ug,0))He(p(u1) — o(uz2))y€ dy ds da dt.
=0.J(@\Q2)xQ
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In the same way, we replace k by u; and u by us in (3.3) and integrate over Q\ Q.
Furthermore, replace k by u; and u by ug in (2.3) and integrate over Q;. Again,
adding the two inequalities gives

. QHO(Ul —u2) {(h2 — a(u1,0))& — (b(uz) — b(u1))& — fol} dydsdu dt

+ /RXQ(b(ul) —v9,)T€(0) dy ds dx

> — lim (ha —a(u1,0))He(p(u1) — o(u2)) L€ dy ds dz dt.
=0 Jox(@\an)
(3.10)
From (3.9, we deduce that
Ho(ur — u2) {h1(&y + &) — (b(u1) — b(u2))és — f1€} dydsdxdt
QxQ
= [ o0~ b)) €Oy e
QxR
< Ho(ui — u2)a(ug,0)§, dy dsdx dt + Hy(uy — u9)h1&, dy dsdx dt
QxQ QxQ
— lim (h1 — a(uz,0))H(p(u1) — p(uz))y€ dy ds d dt.
=0J(@\@2)xQ
(3.11)
(From (3.10)), we deduce that
Ho(ur — u2) {ha(& + &) — (b(uz) — b(u1))& — fo€} dyds dx dt
QxQ
[ b~ o) E0) dyds o
RxQ
> Hy(up —ug)a(uq,0)é, dy ds dx dt + Ho(ur — u2)ho&y dy dsdx dt
QxQ QxQ
— lim (h2 — a(u1,0))He(p(ur) — (u2))o€ dy ds dz dt.

<=0Jox(@\Qu)
(3.12)
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Subtracting (3.12) from (3.11)) gives

o Ho(uy — ug){(h1 — ha) (e + &) + (b(uz) — b(u1))(&s + &)

+ (fo— f1)€} dydsdadt

—/ (vo, —b(uz))+€(0)dyd:vdt—/ (b(u1) — vo,) *€(0) dy ds dx
QxR

RxQ

< Ho(uy — u2)[h1 — a(uq,0)]&,; dy ds dx dt

— Ho(u1 — u2)[ha — a(us,0)], dy ds dx dt
QxQ

— lim [h1 — a(ug, 0)]He(p(u1) — p(u2))yé dy dsda dt
0 @@)xe

+ lim [ha — a(u1, 0)|He(p(u1) — @(u2)) € dy ds dx dt.
“—0Jox@an)

Using (3.7, we obtain

Hy(uy — ug)[h1 — a(u,0)]&, dy ds dx dt
QxQ

= / Ho(uy — ug)[h1 — a(uq,0)]E, dy ds dx dt
Qx(Q\Q1)

(3.14)
= lim [h1 — a(u1, 0)]He(p(ur) — o(u2))Ey dy ds dx dt
=0 Jox@\a)
= — lim [h1 — a(u1,0)|He(p(ur) — o(uz))€ dy ds dx dt
=0 Jox@\)
and
Ho(uy — u2)[ha — a(us, 0)]&, dy ds dx dt
QxQ
= / Ho(u1 — u2)[ha — a(uz,0)]&, dy ds dx dt
(Q\Q2)xQ (3.15)
= lim [he — a(ug, 0)|He(p(u1) — p(u2))é, dy dsdz dt
=0J(@\@2)xQ
= —lim [h2 — a(ug, 0)]Hc(p(u1) — p(uz))y& dy ds dx dt.

=0J@\Q2)xQ
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Substituting (3.14)) and (3.15) in (3.13)), we obtain

A QHO(UI —up){(h1 — ha) (& + &) + (b(uz) — b(u1)) (& + &)

+ (f2 — f1)€} dy ds dx dt
-/ @mdmm%@@wﬁ—/ (b(u) — vo, )" €(0) dy ds da
QxR

RxQ

< — lim hiH (p(u1) — p(u2))€ dy ds dx dt
=0 Jox@\a)

+ lim hoHe(o(u1) — @(u2))y€ dy ds dx dt
=0J(@\@2)xQ

— lim hiH(o(u1) — (u2))y& dy ds dz dt
=0J(@\@2)xQ

+ lim h2He((p(u1) - L)O(UQ)):Icf dy ds dz dt.

~0Jox@\a)
Moreover, using (3.7)) in the inequality above, we obtain

o Ho(uy — ug){(h1 — ha) (& + &) + (b(uz) — b(u1)) (& + &)

+ (f2 — f1)€} dydsdx dt

3.16
[ o b O dydrdi— [ o) - ) e dydsdr
QxR RxQ
< lim [ho — hi]div He(o(u1) — @(u2))é dy ds dx dt.
~0J@e)x @)
Now, put
I =lim [he — hy]div He(p(u1) — p(us))€ dy ds dz dt.

=0J(@\Q2) x (@\Q1)

Then by (H4),

['=—lim [a(ur, p(u1)y) — alug, p(uz)2)](p(u1)y
—0J@e)x@\a)

- ‘P(Uz)m)Hé(SO(Ul) — o(u2))édydsdxdt

< lim M (ur, u2)(1 + |(ur)y|?
=0.J(@\Q2)x(Q\Q1)

+l(uz)al*)lp(ur) — p(u) Hi(p(ur) — p(uz))€

= lim T(p(u1), p(u2))p(ur)y H (p(ur) — (uz))§
=0 J(@\@2) x(Q\Q1)
— lim T (p(u1), @(ua))p(us)e H. (¢ (ur) — p(uz))é

=0 J(@\Q2)x (@\Q1)
= lim 1~ liy I, iy T,
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It is easy to see that lin% I, =0. Set
€E—

1%@=A3vwmmmv—awww
Then we have

I, = / divy Fe(¢(u1))€ dy ds dx dt
Q\Q2)x(Q\Q1)

—/ Fe(o(ur))&y dy ds dx dt.
(Q\Q2)x (Q\Q1)

Note that
1 pmin(ze(uz)te)

F.(z) = f/ T(r, o(uz))dr.

€ Jmin(z,p(u2))

The function I' € C(R?) and attains its maximum and minimum on any compact
subset of R; in particular on [¢(u2), ¢(ug2) + €] since ||ug||so is finite. Again, there
exists m,. and M, such that

1 min(z,p(uz)+e€)
me < 7/ D(r, p(u2))dr < M..

€ Jmin(z,p(uz))

By the intermediate value theorem, there exists 1 (€) and ra(e) in [p(ua), p(uz) + €]
such that:

1(6),(u2)), M =T(ra(e), p(uz)).
Since 71 (€) and ro(€) € [p(u2), p(uz) + €], there exists 6, and 65 €]0, 1] such that
r1(€) = 01(p(uz)) + (1 = 01)(p(uz) + €),
ra(€) = O2(p(uz)) + (1 — 02)(p(uz) + €).

me =TD(r

)
) =
Consequently,

limri(e) = p(uz),  limra(e) = p(uz).

Thus, we obtain:
lim me = T(p(uz), (u2) = 0, lim M, = Dlp(), p(u2)) = 0.

This implies that F, — 0ase — 0, and so 1111(1J I, = 0. Similarly, we get that 1111(1J Is =
0. Consequently, I < 0 and, from (3.16[), we deduce the following inequality:

o Ho(uy — ug){(h1 — ha) (& + &) + (b(ua) — b(u1)) (& + &)

+(fo = )€} dyds dz dt (3.17)
- / (vo, — blus)) " €(0)dy dx dt — / (b(u) — vo, ) €(0) dy ds dz < 0.
QxR RxQ

Now let £ € D(]J0, T[xR) such that £ > 0; let (p,,) and (p;) be classical sequences
of mollifiers in R such that p;(s) = pi(—s) and p,(s) = pn(—s). Define

t+s x+vy r—y t—s,
()

gl’n(t7 :177 57 y) = 5(
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then £ is a positive function satisfying (3.6]) for n and [ large enough. By (3.17),
for n and [ large enough, we have

s QHo(m —ug){(h1 — h2)(& + &) + (b(uz) — b(u1))(&s + &)

+ (f2 = f1)€} pnpr dy ds da dt — / (vo, — b(u2)) " Epuprdy dz dt  (3.18)
Qx ({0} xE)

- / (b(u1) — vo,) T €pnpr dy dsdx < 0.
({0} xR)xQ

Set

T

! r Tty r l r Tty r
t = - D py(=)dr = -, =— ) pi(=)dr.
w(ww)tlég,Q oi(35)dr Amﬂfg,Q )ou(5)dr

Since us is entropy solution, we replace u by us, k by ug, and & by p,¢' in (2.3)
and integrate over R to obtain

-/ (v0, — bluz))* Epnpndy du dt
({0} xR)xQ
:1/ (v0r — b(uz))" poigldy de di

({0} xR)xQ
z—/ Ho(uo, — uz){ (a(uz, o(uz)s) — alto,,0)) (o))

({0} xR)xQ
— fgpngol}dy dx dt —/ (vo, — 1102)+pn<pldy dx.
({0} xR)x ({0} xR)

Since ¢! = 0, when ¢ > %, we have

-/ (v0, — bluuz))* Epnpudy du dt
({0}xR)xQ

z—/ Ho(to, — us){ (a(uuz, 9(uz)s) — a(uo, . 0)) (e (3.19)
({0} xR)x((0,4)xR)
— fapny' }dy da dt — / (vo, — v0,) "t pntp'dy da.
({0} xR)x ({0} xR)

It is easy to see that the first integral on the right side of inequality (3.19)) converges
to 0 when | — 4o00. Moreover, without loss of generality, we can assume that
pi(s) = pi(—s) for any s € R; then

T z+y
.y xty. ~£(0,%57)
Jim (0,2, y) = £(0, ) o pr)dr = ===

for any (x,y) € R x R. Since ¢'(0,z,y) is uniformly bounded in L>=(R) x L>(R),
we deduce that the second integral on the right side of inequality (3.19)) converges
to:

1

2/ (vo, — vo,) T puédy dz.
({0} xR)x ({0} xR)
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Then we conclude that
— lim sup lim sup/ (vo, — b(u2)) " Epnpidy dx dt
n—+oo [—+oco J({0}xR)xQ
. 1
> — lim f/
n=+00 2 J({0y x®) x ({0} xE)
1

= —5/ (vo, — v02)+§ dx.
({0} xR)

Similarly, by considering the function:

T 1
< rrxt+y - ! rxt+y -
P ST, Y —_/ (5 Pl*dr—/ &5 —5—)p(—-)dr

(vo, — vo,) F prédy dx (3.20)

and the fact that u; is an entropy solution and letting u = uy, k = uq,, & = p, @

in (2.2); we deduce that

n—+4oo [—-+oo

— lim sup lim sup / (b(uy) — vo,) T €pppdy dz ds
Q@x ({0} xR)

1
> — lim f/
n=toe 2 ({0} xR) < ({0} xR)
1
= _5/ (vo, — vo,) T Eda.
({0}xR)
Finally, taking limit as n — 400 and | — 400 in (3.18), and using (3.20) and
(3.21)), we get (3.1]). This completes the proof. O
Corollary 3.4. Let (H1), (H2), (H3) and (Hj) hold: Let u; be an entropy solution
of (L.1)) with respect to the data (f;,vo,) for i =1,2. Then

/R (b(ua (£)) — blua(t)))* di < / (v0y — vo,)* di + / / Ho(us — us)(fi — fo)duds,

and, therefore,

(vo, — vo,) " puédy dz (3.21)

t
[0(us(t)) — b(ua ()1 ) < llvo, — vo, |lLr(®) +/0 1 f1 = fallzrryds.

In particular, if vo, < vo, almost everywhere in R and fi < fa almost everywhere
in Q, then
b(ur) < b(uz) a.ein Q.

Moreover, if fi = fa2 and vg, = vo,, then b(uy) = b(uz).
Proof. Let ¢p € DT([0,T)). Let £ € DT (R) be such that 0 < ¢ <1, =1on[-1,1]
and supp& C [-2,2]. Set &,(x) = &(£); then &, € DT(R),0< &, <1,&, =0on
R\ {z € R/n < |z| < 2n}. Then we have &,(t,z) = ¥(t)¢u(z) € DT([0,T) x R).

Taking En as a test function in inequality , we have

— /(b(ul) — b(UQ))+1/)tfn dx dt + / Ho(U1 - UQ)(hl - hg)iﬁ(fn)z dz dt
Q Q

- /(Uol - U02)+¢(0)€ndl‘
R

S /(@Ho(ul — U,Q)(fl — f2)¢§n d.]? dt.



14 S. OUARO, H. TOURE EJDE-2007/82

The above inequality gives

—/}mM)—uugﬁ¢gMMdp+l/1 Ho(ur — u2) (hy — ha)we' (%) da dt
Q {n<|z|<2n} n

- / (v0r — t0,) Fb(0)Endr
< / Ho(us — uz)(fr — fo)tbén dedt.
Q

Note that hy, hy € L'(Q) since u; and up are weak solutions; thus applying the
Lebesgue Theorem, we deduce that as n — +oo,

- / (b(u) — b(usz)) " 4fy et — / (v0y — v0,) " (0)dx
Q R

< /0 ( /R Ho(ur — us)(f1 — fo)da)opet.

This inequality gives

T
—A(4@@ﬁ—ﬂ@ﬂ%@%ﬁ—/wm—%JW@Mz

R
T
S / (/ H()(U1 — UQ)(fl — f2)dx)¢dt
o Jr
From the above inequality, we deduce that

T
- / ( / [(bur) — blu))* — (vor — v0,)*Jdar)ibedt
0 _IE (3.22)

T
< /0 ( /R Ho(us — u2)(fr — fo)dz)pt.
Now, put

G(t) — gR[(b(ul (t)) - b(U2(t)))+ - (’Uo1 - 1)02)+]d:15 for t € (O,T)

for t € (-T,0),

—N—

Ft) = Jg Ho(ui(t) —ua(t))(fi(t) — fa(t))dz  for t € (0,T)
0 for t € (—=T,0).
Then from , we deduce that
dG

E S F in D/(—T, T),

and therefore, since G and F vanish for ¢t < 0, we have that

G(t)g/0 F(s)ds.

Hence, we easily deduce

ul — 0(U2g + T =
/R (b(us (1)) — bus (1)) *di: < /

R

(’UO1 — 1]02)+d1‘+/0 /RH()(U,l — Ug)(fl — f2)dx dS
(]
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