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LOWER ORDER FOR MEROMORPHIC SOLUTIONS TO
LINEAR DELAY-DIFFERENTIAL EQUATIONS

RACHID BELLAAMA, BENHARRAT BELAIDI

ABSTRACT. In this article, we study the order of growth for solutions of the
non-homogeneous linear delay-differential equation

ZZAijf(j)(Z+ci) = F(2),

i=05=0
where A;j(z) (¢ = 0,...,n;5 = 0,...,m), F(z) are entire or meromorphic
functions and ¢; (0,1,...,n) are non-zero distinct complex numbers. Under

the condition that there exists one coefficient having the maximal lower order,
or having the maximal lower type, strictly greater than the order, or the type,
of the other coefficients, we obtain estimates of the lower bound of the order
of meromorphic solutions of the above equation.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Throughout this article, a meromorphic function means a function that is mero-
morphic in the whole complex plane C. We use the basic notations such as m(r, f),
N(r, f), T(r, f) and fundamental results of Nevanlinna’s value distribution theory
[6] 10, 12, 23]. Further, we denote respectively by p(f), u(f),7(f),(f), the order,
the lower order, the type, and the lower type of a meromorphic function f. Also
when f is an entire function, we use 7y (f), 7,,(f) respectively for the type and
lower type of f.

Recently, a lot of results have been obtained for complex difference and complex
difference equations [3, B [8, @ [I5]. The back-ground for these studies lies in the
recent difference counterparts of Nevanlinna theory. The key result here is the
difference analogue of the lemma on the logarithmic derivative obtained by Halburd-
Korhonen [8, 9] and Chiang-Feng [5], independently. Properties of meromorphic
solutions of complex linear difference equations of type

Anf(z+cn) + Anaf(z+cn-1) +- -+ Arf(z+a) + Ao f(2) = Angr, (L1)

where A;(z) (j =0,...,n+1) are entire or meromorphic functions and ¢; (1,...,n)
are non-zero distinct complex numbers, have been made where one of the coeffi-
cients is dominating in comparison with the other coefficients, see e.g. [5], [13]. The
following two theorems have been obtained in [I].
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Theorem 1.1 ([I]). Let A;(z) (j = 0,...,n + 1) be entire functions, and let
k,1€{0,1,...,n+ 1}. If the following three assumptions hold simultaneously:

(1) maX{N(Ak)ap(Aj)’j # k7l} =p=< ﬂ(Al) <0, N(Al) >0;
(2) Tar(A1) > 7o (Ax), when p(Ar) = p(Ar);
(3) max{Ta(4;) : p(4;) = w(A),j # k. 1} = 71 < 1 (A), when p(A) =
max{p(A;). j # k.13,
Then every meromorphic solution f of satisfies p(f) > w(A;) if Apy1 Z 0.
Furthermore, if An11(2) = 0, then every meromorphic solution f # 0 of
satisfies p(f) > u(A;) + 1.

Theorem 1.2 ([1]). Let A;(z) (j =0,...,n+ 1) be meromorphic functions, and
let k,1 €{0,1,...,n+ 1}. If the following five assumptions hold simultaneously.
(1) max{u(Ar), p(4;),j # k,1} = p < p(A;) < oo;
(2) (A1) > £(A), when p(Ar) = p(Ag);
()

T = Z T(A;) < 7(4;) < +o0
p(Aj)=p(Ar), j#Lk

when p(4;) = max{p(4;),j # . k};
(4) 71+ 7(Ak) < (A1) < +oo when ju(Ar) = pu(Ax) = max{p(4;),§ £ b, 1}
(5) M) < p(Ar) < oo.

Then every meromorphic solution f of satisfies p(f) > pw(4;) if Any1 Z 0.
Furthermore, if An11(2) = 0, then every meromorphic solution f # 0 of (1.1)
satisfies p(f) > u(A;) + 1.

Historically, the study of complex delay-differential equations can be traced back
to Naftalevich’s research. By using operator theory and iteration method, Naf-
talevich [I8] considered the meromorphic solutions on complex delay-differential
equations. Also there are few investigations on complex delay-differential equation
field using Nevanlinna theory. Recently Liu, Laine and Yang [I5] presented de-
velopments and new results on complex delay-differential equations, an area with
important and interesting applications, which also gathers increasing attention (see,
[14, 17, 19, 20, 21]). Chen and Zheng [] investigated the growth of solutions of the
homogeneous linear delay-differential equation

i=0 j=0
and have obtained the following results.

Theorem 1.3 ([4]). Let A;;(2) (i =0,...,n;5 =0,...,m) be entire functions, and
a,l €{0,1,...,n}, b€ {0,1,...,m} such that (a,b) # (1,0). If the following three

assumptions hold simultaneously:

(1) maX{M(Aab)vp(Aij)’ (7"]) # (av b)’ (l,O)} =p=< M(AIO) < OO,/,L(A[()) > 0;
(2) Tar(Aio) > 7pr(Aap), when p(Aw) = p(Aab);
(3) za(Aw) > max{my(Ai;) = p(Ai;) = p(Aw), (i,7) # (a,b),(1,0)}, when
:u(AlO) = max{p(Aij) : (7’7]) # (a, b)v (Z,O)}.
Then any non zero meromorphic solution f of satisfies p(f) > w(Ap) + 1.
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Theorem 1.4 ([]). Let Aij(2) (i =0,...,n;5 =0,...,m) be meromorphic func-
tions, and a,l € {0,1,...,n},b € {0,1,...,m} such that (a,b) # (1,0). If the
following four assumptions hold simultaneously:

(1) 6(o0, Ajp) =liminf, 4 er((::ﬁfg)) =0>0;

(2) max{u(Aap), p(Aiz), (i,4) # (a,b), (1,0)} = p < p(Aw) < 00, pu(Ay) >0

(3) 67(Aw) > 7(Aab), when p(Arw) = p(Aap);

(4) 0z(Aw) > max{7(Ay) : p(Ai;) = n(Aw), (i,5) # (a,b), (1,0)} when p(Ay) =

max{p(Aq;) : (i,7) # (a,b), (1,0)}.

Then any non zero meromorphic solution [ of satisfies p(f) > w(Ap) + 1.

In this article, by combining complex differential and difference equations, we
extend the results of Theorems[I.3|and [I.4] for the complex non-homogeneous linear
delay-differential equation

i=0 j=0

Let us define
Si={F,Aij : (i,5) # (1,0), (k,p)},  p(S) := max{p(g) : g € S}.

The main results of this paper reads as follows.

Theorem 1.5. Consider a delay-differential equation with entire coefficients.
Suppose that one of the coefficients, say Ajp with p(Aw) > 0, is dominante in the
sense that:

(1) p o= max{u(Aey). p(S)} < u(Aw) < o0;

(2) Tar(Aio) > Tpr(Akp), whenever p(Aw) = p(App);

(3) m = max{7n(9) : p(g9) = n(Aw), g € S} < 7y (Aw), whenever pu(Ay) =

p(S).

Then every meromorphic solution f of satisfies p(f) > pn(Ap) zf F( ) # 0.
Further, if F(z) = 0, then every meromorphic solution f # 0 of ( satisfies
p(f) = u(Awp) + 1.

Theorem 1.6. Consider a delay-differential equation of type (1.3) with meromor-
phic coefficients. Suppose that one of the coefficients, say Ay, is dominate in the
sense that

(1) p:=max{u(Ap), p(5)} < p(Ag) < oo;
(2) 7(Asw) > 7(Akp), whenever u(Aw) = u(Akp);
(3)
= 3 7(Aj)+7(F) < z(Ap) < +o0
p(Aiz)=p(Am),
(4,)#(1,0),(k,p)
whenever p(Ap) = p(S);
(4) 71+ 7(Akp) < (A1) < +00 whenever u(Ayp) = p(Akp) = p(S);
(5) M) < p(Aw) < oo.
Then every meromorphic solution f of (L.3) satisfies p(f) > (Alo) zf F( ) £ 0.

Further, if F(z) = 0, then every meromorphic solution f % 0 of satisfies
p(f) = u(Aw) +1.
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2. SOME PRELIMINARY LEMMAS

Lemma 2.1 ([7]). Let f be a transcendental meromorphic function of finite order
p(f), and let k and j be integers satisfying k > j > 0. Then for every e(> 0), there
exists a subset By C (1,+00) which has finite logarithmic measure such that for all
z satisfying |z| = r ¢ [0,1] U E1, we have

k
|f( )(Z)| < || (k=D N)=140)
) =
Lemma 2.2 ([5]). Let f be a meromorphic function of finite order p, and let
c1,ca(c1 # c2) be two arbitrary complex numbers. Let € > 0 be given, then there

exists a subset Ey C (1,400) with finite logarithmic measure such that for all z
satisfying |z| = r ¢ [0,1] U E3, we have

_ f(Z + 01) _

exp{—rP 1Tl < |22 | < exp{rP e,

p{or” 1) < [ FE O < el 1)

Lemma 2.3 ([6]). Let f be a meromorphic function, ¢ be a non-zero complex
constant. Then we have that as r — 400

(1+0(W)T(r —lef, f(2)) <T(r, f(z+¢)) < (14 0o())T(r + |cl, f(2))-
Consequently

p(f(z+¢) =p(f),  wlf(z+c) =p(f)

Lemma 2.4 ([2]). Let f be a meromorphic function of finite order p. Then for
any given € > 0, there exists a set E5 C (1,+00) having finite linear measure and
finite logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E3 and
sufficiently large r, we have

exp{—r"T¢} < |f(z)\ < exp{r’Tel.

Lemma 2.5 ([I1]). Let f be an entire function with u(f) < oco. Then for any given
e(> 0), there exists a subset E4 C (1,400) with infinite logarithmic measure such
that for all r € E4, we have

. loglog M (r, f)
— 1 0608 ML J)
'u(f) r~>+oloIT1rEE4 lOgT

)

M(r, f) < exp{r“(f)+5}.

Lemma 2.6 ([22]). Let f be an entire function with 0 < p(f) < oco. Then for any
given (> 0), there exists a subset E5 C (1,400) with infinite logarithmic measure
such that for all r € E5, we have

log M (r, f)

Tu(f) = rof o0, rEFs log

M(r, f) < exp{(zp; (f) +)r D},

Lemma 2.7 ([5]). Let f be a meromorphic function of finite order p(f) < oo, and
let c1,co be two distinct complex numbers. Then for each € > 0, we have

m( ’ ;Ei j’_ Z;;) = O(rPN)—1+e),
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Lemma 2.8 ([24]). Let f be a meromorphic function with u(f) < co. Then for any
given (> 0), there exists a subset Eg C (1,400) with infinite logarithmic measure
such that for all r € Eg, we have

T(r, f) < pif)+e

Lemma 2.9 ([16]). Let f be a meromorphic function with 0 < u(f) < co. Then
for any given (> 0), there exists a subset E7 C (1,+00) with infinite logarithmic
measure such that for all r € E7, we have

T(r, f) < (z(f) +)rD.

3. PROOF OF MAIN RESULTS

Proof of Theorem[I.5. If f has infinite order, then the result holds. Now, we sup-
pose that p(f) < co. We divide (1.3) by f(z + ¢;) to obtain

— Alo(z)

Dz +¢) flz+¢) 'f(j)(Z-i-Ck)f(Z‘*‘Ck)
Z Z v fz+c ) feta) 2, Ay fle+e) flz+a) 31

i=0,i#l,k j=0 J=0,j#p
P (z + 4 m (x4 F
+Akpf (z+cx) fz Ck)“l‘ZAljf (= Cl)_ (2) .
fetea) fera) & fera)  fG+a)
Therefore
FO(z+e), flz+e)
IHEEEDS ZIAZJI\ el
ZOZ#M ‘ z+c z+Cl
fO(z+ex), flz+cr)
+ Z H z+c H z+c |
= ) 1
§=0,j#p (3.2)
f (z+ck) flz+ck)
A
+ 1wl [~ S 5 eTe|
f Z+Cl F(z)
A .
+Z| lJH | |f(Z+Cl)|

From Lemmas[2.1]and 2.3 for any given (> 0), there exists a subset Fq C (1,400)
which has finite logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U
F1, we have

(4) z+c o
‘ff(z(+c‘ < | te)=tde) — |oJile(H=1+e) (5 5) = (1,0). (3.3)

It follows by Lemma [2.2] that for any (> 0), there exists a subset Fy C (1, +00)
with finite logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Eq,

we have
| f(z+ci) |
fz+a)
From Lemma we obtain

(e +e)) = o(Fay) = o)

<exp{r/H=1+er £ (3.4)
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So, by Lemma for any given £ > 0, there exists a subset E3 C (1,+00) having
finite linear measure and finite logarithmic measure such that for all z satisfying
|z| = r ¢ [0,1] U E5 sufficiently large, we have
———| < exp{rrH*e}. 3.5
] < el (35)
We divide the rest of the proof into four cases. Case 1: p < u(Ay). For g € S, by
the definition of p(S), for any given € > 0 and sufficiently large r, we have
l9(2)] < exp{r"*} < exp{rP*e). (3.6)

From the definition of u(Ajp), for sufficiently small ¢ > 0 and sufficiently large r,
we have

|Aio(2)] > exp{r#(Aw)=}, (3.7)
It also follows by the definition of p(Ag,) and Lemma [2.5] that for any (> 0),
there exists a subset E4 C (1,400) with infinite logarithmic measure such that for
all r € Fy, we have

A (2)] < explrmtam)+e). (3.8)

By substituting (3.3)—(3.8) into (3.2)), for all z satisfying |z| = r € E4\ ([0,1]UE U
E5 U E3), we obtain

eXp{T“(A“))iE}

n

< Y e exp et
i=0,i#l,k j=0

+ Z exp{rp+s}|z|j(p(f)fl+6)exp{rp(f)*lﬁ}
j=0,j#p
+ |2|PP=1FE) exp {pr(Arp)He) exp{rpr())—1te) (3.9)

£ D ep(r YT fexp (e exp ()
j=1

< ((n—1)(m + 1) 4 2m)r™P =148 exp{rrte) exp{rrH 142y
+ pPPU)=148) oxp {pi(Akp)te) oxp{pp(f)—1+e)
+ exp{r’e} exp{rrH*e},

Now, we choose ¢ sufficiently small to satisfy 0 < 3¢ < p(4;0) — p. We deduce from
(3.9) that for |z| =r € E4\ ([0,1] U E; U E2 U E3), r — 400,

exp{r“(“‘w)*%} < exp{rp(f)ﬁ}.

Therefore, u(Aj) < p(f) + 3e, since € > 0 is arbitrary, then p(f) > u(Ajp).
Further, if F' = 0, then by substituting (3.3)), (3.4) and (3.6)—(3.8]) into (3.2)), for

all z satisfying |z| = r € Ey \ ([0,1] U E1 U Ey), we obtain
exp{r“(A’O)_E} <(nm+n+m-— 1)rm(p(f)_1+s) exp{r’*e} exp{rp(f)_“rs}
+ PP =148) exp {pi(Are) e exp {rr(H)—1te],

By choosing sufficiently small ¢ satisfying 0 < 3¢ < u(4;0) — p, we deduce from
(3.10) that for |z| =r € E4\ ([0,1] U Eq U E3), 1 — +o00,

exp{r“(Alﬂ)*%} < exp{,ap(f)flﬁ}7

(3.10)
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that is, u(A;) < p(f) — 1+ 3e, since € > 0 is arbitrary, then p(f) > u(Ajp) + 1.
Case 2: = p(S) < p(Aw) = p(Arp) and 7, (A1) > 73, (Arp). For g € S, by the
definition of p(59), for any given (> 0), and sufficiently large r, we have

19(2)] < exp{r”®*°} < exp{rFe). (3.11)

From the definition of 7,,(Ajg), for sufficiently small € > 0 and sufficiently large r,
we have

| A0(2)] > exp{(zp(Aig) — e)r#Ao)}. (3.12)

Also, from the definition of 7,,(Agp,) and Lemma for any given (> 0), there
exists a subset F5 C (1,+00) with infinite logarithmic measure such that for all
r € E5, we have

| Akp(2)] < exp{(zas (Arp) + )"} = exp{(zy (Arp) + )"} (3.13)

By substituting (3.3)—(3.5) and (3.11)—(3.13) into (3.2)), for all z satisfying |z| =
r € E5\ ([0,1] U E; U Ey U E3), we obtain

eXp{(IM(AlO) — g)rﬂ(Alo)}
< (nm+n+m — D) =1He) exp fpftet exp{pr(H)-1tey
+ P =149) oxp (1), (Agp) + £) (A1)} exep [P 1Y

+ exp{r#=} exp{rrH+ey,

(3.14)

Therefore, we may choose ¢ sufficiently small, 0 < 2 < min{u(Ay;) — 8,75 (Awo) —
T (Agp)}, then from (3.14) for r € E5\ ([0,1] U E1 U E5 U E3) sufficiently large, we
obtain

exp{ (T (Aw) — Tps(Arp) — 26)r A1) =2} < exp{rrtFe}.

Then, pu(Ap) < p(f) + 2¢, since € > 0 is arbitrary, so p(f) > p(Ap).
Further, if FF = 0, then by substituting (3.3), (3.4) and (3.11)—(3.13) into (3.2),

for all z satisfying |z| =1 € E5 \ ([0,1] U Ey U Es), we have
exp{ (2 (Ar) — e)r )}
< (nm +n+m — 1) =148) exp (pAte) exp {rrH)—1+e) (3.15)
+ pP(p(f)—1+¢) eXp{(IM(Akp) + E)Tu(Azo)} exp{Tp(f)flJrs}'

Now, we choose ¢ sufficiently small, 0 < 2e < min{u(Ai0) — B, 73 (A10) —Tar(Arp) }-
Then from (3.15) for r € E5 \ ([0,1] U E1 U E») sufficiently large, we obtain

exp{ (T (Awo) — Tpr(Arp) — 26)r (A1)~} < exp{rr=1Fe),

that is, u(A) < p(f) — 1+ 2¢, since € > 0 is arbitrary, then p(f) > u(Ajp) + 1.
Case 3:u(A4;0) = p(S) > p(Akp) and max{rar(g) : p(g) = w(Aw),g € S} =n <
T (Apg). For g € S, by the definitions of p(S) and 75/(g), for any given € > 0 and
sufficiently large r, we have

{eXp{rMSHE} < exp{rHA=},if p(S) < u(Au),

1
exp{(7 + ), (s =), 10

l9(2)| <
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Then, by substituting (3.3)—(3.5), (3.8), (3-12) and (3.16) into , for all z satis-

fying |z| =7 € E4 \ ([0, 1] UFE; UE>U Ej) suﬂi(:lently large, we obtain
exp{ (7 (Aio) — &) A0}
<0 (r’"(p(f)_lﬁ) exp{(ry + g)rtAw)} exp{r”(f)_l"’a})
+O< p(f)—1te) exp{r“(A”)) “}exp{r”? (- 1+5})
+ rP(P)=14E) exp {pr(Arp)te) exp () —1te) (3.17)
+ O( P(N)=1+€) axp [ (Ar) = E})
+ O( P=14e) exp {(7'1 + 6)7""(‘4’0)} )
+ exp{(r + &)r"(A0)} exp{rr(H)te],
Now, we choose ¢ sufficiently small satisfying
0 < 2¢ < min{p(Aw) — u(Arp), Tar(Aio) — 71},
then from for sufficiently large r € E4 \ ([0,1] U By U E3 U E3), we obtain
exp{(7y (Ajo) — 71 — 2e)rHA0) =) < exp{rrH+ey,

That means, u(Ap) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > M(Alo)

Further 1f F =0, then by substituting (3.3 , ., .7 and (| into

, for all z satisfying |z| = r € E4 \ ([0, 1] U Fj U Ej) sufﬁc1ently large we have
exp{ (2 (Ar) — e)r )}
< 0( (f)—1+e) exp{(ﬁ +s)r“(‘4m)}exp{rp(f 1+€})
+0 (Tm(p(f)—1+6) exp{r#(Aw) e} exp{rp(f)—lﬁ})

+ pPle(f)=14e) exp{ru(Akp)+€} exp{rp(f)flJrE}
O(rm PN =148) exp {prlA) =21
(

pUP)=1HE) exp{ (7 + &)rH A}y,

(3.18)

Now, we choose ¢ sufficiently small satisfying
0 < 2e < min{p(Aw) — u(Akp), Tas (Ao) — 11}
Then from for sufficiently large r € E4 \ ([0,1] U E; U E3), we obtain
exp{ (T, (Ar) — 71 — 2&)rH A=Y < exp{prf)—1+ey,

That means, u(Ap) < p(f)—1+2¢, since € > 0 is arbitrary, then p(f) > u(Ap)+1

Case 4: p(S) = p(Akp) = u(Aw) and max{ry (Arp), Tm(9) : p(9) = 1(Aw), g €

S}t =12 < 1)(Al). It follows by substituting (3.3)—(3.5)), (3.12), (3.13) and (3.16)

into (3.2)), for all z satisfying |z| = r € E5\ ([0, 1] U By U E5 U E3) sufficiently large,
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we have
exp{(zps(Aio) — e)rt o)}
< O( me(N=1+e) exp{ (g + )r#A10)} exp{rP(F) 1+6}>
_|_0( m(p(f)—1+¢) exp{r”(A“’) 1 exp {,rp(f) 1+s})
+ PP =149 oxp{ (73, (App) + ) A10) ) exp {rr f)*HE} (3.19)
+ O (rm(PU)=148) xp fin(Aio) = 6}>
+0 (TM(p(f)—HE) exp { (72 + g)r#(Aiwo) })
+ exp{ (7o + &)r*(A0)} exp {r"(f)“}.
Now, we choose ¢ sufficiently small satisfying
0 < 2e < 1(Ap) — 72,
from for sufficiently large r € E5 \ ([0,1] U B4y U E5 U E3), we obtain
exp{(7,,(A) — 72 — 25)7"“(‘410)_5} < exp {r”(f)"’a},

this means, p(A;) < p(f)+2¢, since € > 0 is arbitrary, it follows that p(f) > p(Ai).

Further, if F' = 0, by substituting (3.3, (3.4), (3.12), (3.13) and (3.16) into (3.2)),
for all z satisfying |z| =7 € F5 \ ([0,1] U E; U E») sufficiently large, we have

exp{ (T (Ar) — e)r# o)}

<O( m(p(f)—1+e) exp{(Tg—i-E)?"“( ”’)}exp {Tp - 1+€})

+0( P =1+4e) axp [pi(A) €Y oxp, {Tp(f 1+a})

+ pP(p(f)—=1+e) exp{(TM(Akp) + E)TH(AlO)} exp {Tp f)—1+s}
+O( p(f)—1+e) eXp{’I"“(A’O) 5})

—|—O( m(p(f)—14e€) exp{ Tg+€ Aw)})

Now, we choose ¢ sufficiently small satisfying

(3.20)

0<2< IM(AZO) — To,
from (3.20) for sufficiently large r € E5 \ ([0,1] U E; U Es), we obtain
exp{ (T (Ar) — 72 — 2&)rH A=} < exp {rp(f)*lﬁ}.

That means, u(Ay;) < p(f)—1+2e, since € > 0 is arbitrary, then p(f) > p(A;)+1.
The proof of Theorem is complete. O

Proof of the Theorem[I1.6 If f has infinite order, then the result holds. Now, we
suppose that p(f) < co. By (3.1, we have

T(r, Ajp(z))
= m(?" Alo(Z)) + N(T AIO<Z))

Z Zm (r, Aij (2)) + m(r, Ap(2)

1=0,i#l,k j=0
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m m n m (
+ Z m(r, Ag;(z +ZmrAlJ )+ Z Zm(,W)

Jj=0,j#p 1=0,i#l,k j=
- Z+Cz s f(J) k) f(Z+Ck)
i_él,km( G+ a) )*;m( Tereg )t )

+]§m(r, W) +mlr, F(2)) +m(r

+ N(r, Aip(2)) + O(1)

n

< Z ZTT‘A” )+ T(r, Agp(z Z T(r, Ag;(z

1
’f(z—&-cl))

1=0,i#l,k j=0 ]0]751)

- () (
+ ZT r, A (2 Z Z (v J”ZZ:CC)))

1=0,i#lk j=1
S fete)y N~ 1P E ) Sz + )

+i=0,zi;él7km(r, f(z+cl))+jz:;m(r, Tt o) )+ 2m(r, f(ercl))

i f(j)(Z—f—Cl) 1
+jz_;m(’l",f(z_’_01)> +T(T,F(Z))+T(’I", f(z+cl))

+ N(r, Aio(2)) + O(1).

By Lemma[2.3]and the first main theorem of Nevanlinna, when r sufficiently large,
we have

1
T(r fay) =105/ +e) + 0) < (L4 o()T(r + ], f) < 27(2r, ).

So, for r sufficiently large, we obtain

T(r, Ao (2))

Z ZT(T‘,AZ']'( )+ T(r, Agp(2) Z T(r, Ag;(z

zOz#lij 7=0,5#p

f(J)Z—I—CZ)
+ZTTAU Z Zmr z—i—c))
1=0,i#l,k j=1
(3.21)

+ Z m(r, Z+CZ))+T(r,F(z))+2T(2r,f)

=011,k flz+a)

m f(]) z—i—cl m J) z—i—ck)

—I—Zm( fz+a) ) z:: z—l—ck))
flz+cx)

+2m(r, ot c’;)) £ N(r Ap(2)) + 0(1).

By Lemma [2.7] for any positive e, we have

f(Z) _ p(f)—1+¢ mlr f(Z+CJ) _ rP —1+¢
mr f(z—!—cl)) = 0@, (’f(z+cl)) =07, (322)
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for j # I. By the lemma of logarithmic derivative [I0], there exists a subset Eg C
[0, +00] of a finite linear measure such that for all » ¢ Fg sufficiently large, we have

( f(j)(z +¢)
m\r, 71,(2 + Ci)

From the definition of )\(Aiw), for any € > 0 and sufficiently large r, we have

):O(logr) (i=0,....,n:5=1,...,m). (3.23)

N(r, A) < M7 +e, (3.24)
We divide the rest of the proof into four cases.

Case 1: p < u(Ay). For g € S, from the definition of p(S) and p(f) for any given
€ > 0 and sufficiently large r, we have

T(r,g) < rPS)te < rPre (3.25)
T(r, f) < rPDte, (3.26)

It follows from the definition of 1(A;g), for sufficiently small € > 0 and sufficiently
large r, we have

T(r, Ay) > riAo)=e, (3.27)
It follows from the definition of /1(Ax,) and Lemma [2.8] for any e(> 0), there exists
a subset Eg C (1,+00) with infinite logarithmic measure such that for all r € Eg,
we have

T(r, Agp) < riAre)Fe, (3.28)
By substituting (3.22)—(3.28)) into (3.21) for sufficiently large r € Eg\ Es, we obtain

T,M(Al(])*& < ((TL _ 1)(m + 1) + Zm)’l"erE + /r'M(Akp)+€ + O(rp(f)71+£)
+ 2(2r)p(f)+8 4 pPte 4 g )te + O(logT).

We may choose ¢ sufficiently small satisfying

(3.29)

1
0 < 3e <min {u(Aw) — p, n(A) — /\(A—lo)},

it follows from (3.29) that for r € FEg \ Es, r — 400,

ph(A0)—2¢ < T/J(f)-i-f7

this means, pu(Ap) < p(f) + 3¢, since € > 0 is arbitrary, then p(f) > pu(Ap).

Further, if F = 0, then by substituting (3.22)-(3.25), (3.27) and (3.28) into
(3.21)) for sufficiently large r € Eg \ Eg, we obtain

piA)=E < ((n = 1)(m + 1) + 2m)rPte 4 pilAr)te 4 g(pell)=1te)

(3.30)
+ MG TE O(logr).

We choose ¢ sufficiently small satisfying

1

0 < 3e <min {u(Ap) — p, n(A) — )\(ATO)},

from (3.30) that for r € Eg \ Es, r — 400,

TFL(AZO)_QE < rp(f)—l-i-f:"

this means, u(Ap) < p(f) — 1+ 3¢, since € > 0 is arbitrary, then p(f) > u(App) + 1.
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Case 2: 8 = p(S) < u(Ap) = p(Akp), and 7(Ay) > 7(Agp). For g € S, by the
definition of p(S), for any given (> 0) and sufficiently large r, we obtain
T(r,g) < rPSte < pfte, (3.31)

From the definition of 7(A;y), for sufficiently small € > 0 and sufficiently large r,
we have

T(r, A) > (z(Ag) — &)rH(Aw), (3.32)

It follows from the definition of 7(Ag,) and Lemma that for any positive ¢,
there exists a subset E; C (1,+00) with infinite logarithmic measure such that for
all r € Fr7, we have

T(r, Arp) < (2(App) +)rCn) < (z(App) + )r ), (3.33)
By substituting (3.22)—(3.24)), (3.26]) and (3.31))-(3.33) into (3.21)), for sufficiently

large r € E7 \ Eg, we obtain
(z(Ar) — e)rttAo)
< ((n = 1)(m + 1) + 2m)rP* 4 (2(Agy) + )rHAw) (3.34)
+ O(rP =14y (2N ey pfte L AT L O(logr).

Now, we choose ¢ sufficiently small satisfying

0 < 2e < min {M(AZO - 6,7 (AlO) - T(Akp) (AlO) - /\(Ailo)}7

so from (3.34)) for sufficiently large r € E7 \ Eg, we have
(r(Asp) — (App) — QE)TM(AlO)—E < Tp(f)+€
this means, u(Ajp) < p(f) + 2¢, since € > 0 is arbfumry7 then p(f) > (Alo)

Further if F = 0, then by substituting (3.22] and ( - into

, for sufficiently large r € E7 \ Fg, we obtam

(z(Ar) — )] < ((n = 1)(m + 1) + 2m)rP*e 4 (2(App) + e)r o) (3.35)
3.35
+O(rP)=1Fe) 4 PMag)te 4 O(logr).

Now, we choose ¢ sufficiently small satisfying
1

0 < 2¢ < min {M(AZO — B,7(Aw) — 7(Akp), 1(A) — A(Tm)}

From ([3.35) for sufficiently large r € E; \ Eg, we obtain
(7(A) — 7(App) — 25)741(1410)*5 < ,np(f)71+s,
this means, u(Ajp) < p(f) — 14 2e, since € > 0 is arbitrary, then p(f) > u(Ap)+1

Case 3: p(Ajp) = p(S) > p(Axp) and

1 = Z T(Aij>+T(F)<I(Alo).
p(Aiz)=p(Am),
(,5)#(1,0),(k,p)
Then there exists a subset J C {0,1,...,n} x {0,1,...,m}\ {(,0), (k,p)} such
that for all (¢,j) € J, when p(A;;) = pu(Aiw), we have > 7(Ai;) < 7(Aw) —7(F),
(4,5)€J
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and for (7,7) € II = {0,1,...,n} x {0,1,...,m} \ (JU{(1,0),(k,p)}) we have
p(Ai;) < p(Ajp). Hence, for any € > 0 and sufficiently large r, we obtain

(T(Aij) + E)T”(Al0)7 if (Z,]) € J,
T(r, Aj) < {TP(AM')"FE < pi(Ao)=e if (i,j) eI (3.36)
and
(T(F) +e)rro)if p(F) = p(Aw),
T(r,F) < 3.37
(r F) < {TP(F)+€ < prlAo)=e - if p(F) < p(Ap). ( )

Then, by substituting (3.22)—(3.24), (3.26), (3.28)), (3.32), (3.36) and (3.37) into
(3.21)), for all z satisfying |z| = r € Eg \ Es sufficiently large r, we obtain

(z(As) — )r(o)
< Z (7(Aij) + e)riAw) 4 Z pr(A)—e | ppu(Arp)te
(i,5)eJ (4,5)€IL
T (7(F) + e)riam) 4 AT L 999N Fe L oD 14) 4 O(lny)
< (11 + (nm + n + m)e)rtAn) L O(prAw)=e) 4 puldip)te
+ TG o (2r)P N L 0P D14 4 O(log 7).
Now, we choose ¢ sufficiently small satisfying

p(Aw) — plArp)  T(Aw) —1 #An) ~ Mzg) )
2 "nm+n+m+1’ 2 ’
then from (3.38)) for sufficiently large r € Eg \ Es, we obtain

(z(Ap) — 71 — (nm +n+m + 1)e)rrtAn)=e < priHte

this means, pu(Ap) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > pu(Ap).
Further, if F' = 0, then by substituting (3.22)—(3.24)), (3.28]), (3.32) and (3.36)
into (3.21)), for all z satisfying |z| = r € Fg \ Es sufficiently large r, we obtain

(T(Ay) — g)T#(AZU) <(r+(m+n+m— 1)€)T#(Al0) + O(r#(Aw)—e)
4 plArp)te 4 A(mg)te O(r"(f)*HE) + O(log 7).
Now, we choose ¢ sufficiently small satisfying

w(Aw) — p(Arp) T(Aw) — 11 1(Aw) — A(A%D) }
2 "nm+n+m’ 2 ’
then from (3.39)) for sufficiently large r € Eg \ Es, we obtain

(T(Ao) — 71 — (nm + n + m)e)rrldo)=e < pr(H)=1te,

this means, u(Ap) < p(f) — 14 2¢, since € > 0 is arbitrary, then p(f) > u(Ap) + 1.

3.38)

0<5<min{

(3.39)

O<a<min{

Case 4: p(S) = pu(Ap) = p(Agp) with 7 + 7(Arp) < 7(Ap). It follows by
substituting (3.22)—(3.24), (3.26)), (3.32), (3.33)), (3.36) and (3.37) into (3.21)), for

all sufficiently large r € E; \ Eg, we have
(T(Ayy) — &)rHA0) < (7 + (nm + n + m)e)rHAw) 4 O(r"(A’U)fa)
+ (2(Agp) + )riAm) 4 AEGIHE L g9p)p(Nte (3.40)
+ O(rP =142y L O(log 7).
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Now, we choose ¢ sufficiently small satisfying

7(Ap) — 71 — 7(Akp) H(Aw) — A(%m) }
nm+n+m-+2 2 ’
then from (3.40) for sufficiently large r € E7 \ Es, we obtain

(r(A) =11 — 7(Akp) — (M +n+m+ 2)5)7«“(1410)—5 < rp(f)+s,

this means, pu(Ap) < p(f) + 2¢, since € > 0 is arbitrary, then p(f) > pu(Ap).
Further, if F' = 0, then by substituting (3.22)—(3.24)), (3.32)), (3.33) and (3.36)
into (3.21)), for all sufficiently large r € E7 \ Eg, we have

(r(Ap) — s)r"(A“’) <(mn+mm+n+m-— 1)5)7"“(‘4”’) + O(r“(A”’)*E)

+ (T(Apy) + e)rttAo) 4 p gt (3.41)
+O(r" =14 L O(log ).

Now, we choose ¢ sufficiently small satisfying

7(Aw) — 11 — 7(Akp) p(A) — A(%m) }

nm+n+m+1 2 ’
then from (3.41)) for sufficiently large r € E7 \ Es, we obtain
(r(Ap) — 11 — 7(App) — (nMm+n+m+ 1)6)7’”(‘410)—5 < pP)=1e

so this means, (1(Aj) < p(f)—142¢, since € > 0is arbitrary, then p(f) > p(A;0)+1.
The proof of Theorem [I.6]is complete. O

O<€<min{

0<€<min{

4. EXAMPLES

Example 4.1. We consider the non-homogeneous linear delay-differential equation
with entire coefficients

Ao2(2)f"(2) + Aur(2) f'(z + 1) + Ao (2) f'(2) + Aro(2) f(2 + 1)
+ Ago(2)f(2) = F(2).
Case 1: p(S) < p(Ap). In [{1)), for
Ago(z) = w2 +21%22,  Apo(z) = 677T2Z277T2, Ao (2) =212 (2 + 1)62”2Z+’T2,

1 2
A11(2) = =222, Apa(z) = —5 F(z) =¢e*™ 2,

(4.1)

we have
max{p(Air), p(F), p(Aij) = (6,5) 7# (1,0), (1, 1)} = 1 < p(Ar) = 2.
We see that the conditions of Theorem [L.5|are satisfied. The function f(z) = ™ =
is a solution of and satisfies p(f) =2 > p(Ag) = 2.
Case 2: p(5) < p(Aw) = p(Agp) with 7,,(Asw) > 75 (Akp). In ([@.1)), for

2

Ago(2) =272, Ajp(z) = 272 (2 + 1)6Z2 e . Agi(z) = 2n%z,
A (z) = —e*, Apa(z) = -1, F(z)= 22,

we obtain max{p(F'), p(Ai;) : (4,7) # (1,0), (1,1)} =1 < p(A10) = p(A11) =2 and
Tar(A10) = 72 > 7,,(A11) = 1. Hence, the conditions of Theorem are satisfied.
The function f(z) = e™ # is a solution of ([{@.1)) and satisfies p(f) = 2 > p(Ay) = 2.

2
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Case 3: p(Aw) = p(S) > u(Agp) with 75,(Aw) > 71 = max{rm(g) : p(g) =
#(Aw), g € S}. In (4.1)), for

Ago(z) = +21%2%, Ap(z) =e 57777, Agp(z) =2r(z + 1)627T2Z+7T2,

1
Ap(z) = =212z, Ap(z) = 3 F(z) = ez 22’ z
we have p(Ay) :2maX{P(F),P(A”) 22,]) # (1,0),(0,1)} = 2 > u(Ap) =1
and 7,,(A10) = 4% > =1u(F) = “=. Obviously, the conditions of Theorem

are satisfied. The function f(z) = €™ # is a solution of (4.1) and satisfies
p(f) =2 = p(As) = 2.
Case 4: u(Ajp) = u(Arp) = p(S) and 7,,(A10) > max{71,7,;(4xp)}. In [A.1)), for

2,2 2

Aoo(2) =212, Asg(z) = 2n2(z + 1)e* +e 37577 Ay (2) = 20z,
Ani(z) = *ezz, Ag(z) =—1, F(z)= o5 Z2+2“2Z

we obtain yi(Ai) = p(An) = max{p(F), p(Ay) : (i,j) # (1,0),(1,1)} = 2 and
Ta(A10) = 2= > max{r, 75, (A11)} = max{ry (F), 75, (A1)} = ”? We see that

2

the conditions of Theorem are satisfied. The function f(z) =e™ # is a solution
of equation (4.1 and satisfies p(f) =2 > u(Ag) = 2.

Example 4.2. We consider the homogeneous linear delay-differential equation with
entire coefficients

An1(2)g'(z = 1) + Azo(2)g(z + 3) + Aoo(2)g(2) = 0. (4.2)
Case 1: max{p(Awp), p(A4sj) : (i,5) # (1,0), (k,p)} < p(Aw). In , for
Ago(2) =1, Agg(2) = (4mi(1 — z) — ™0%)e~10m=, An(z) =1,
we have
maX{N(All)’p(Aij) t(1,7) #(2,0), (L, 1)} =0 < p(Az) =
So, the conditions of Theorem are satisfied. The function g(z) = €2™* is a
solution of (4.2) and g satisfies p(g) = 2 > p(Agg) + 1 = 2.
Case 2: max{p( ) : (17]) # (170)7(kap)} < :LL(AZO) = ,u(AkP) with IM(AZO) >
Tar(Agp). In for
Ago(2) =1, Ago(z) = (4mi(1 — 2) — 2™ %)™ 1™2 A (2) = ™2,
we obtain p(Ag) = p(A11) = 1 > max{p(4;;) : (¢,4) # (2,0),(1,1)} = 0 and
Ta(Ag) = 14w > 1,,(A11) = 27 Obviously, the conditions of Theorem
are satisfied. The function g(z) = €2™%* s a solution of (4.2) and g satisfies
p(g) =2 = p(Az) +1=2.
Case 3: u(Ap) = max{p(4;;) : (4,7) # (1,0),(k,p)} > M(Akp) w1th T (Ar) >
71 = max{7Tar(4s;) : p(Aij) = w(Aw), (4,7) # (1,0), (k,p)}. In , for
Ago(2) = €2™% Ago(2) = (4mi(1 — 2) — e0™%) e 10mi=, All(z) =1,
we obtain p(Agp) = max{p(Ai;) : (i,j) # (2,0),(1,1)} =1 > p(A1nn) = 0 and
(AQ()) = 16m > 71 = 7p(Ago) = 2m. Obviously, the conditions of Theorem

are satisfied. The function g(z) = 2™ is a solution of ([@.2) and g satisfies
p(g) =2 > p(Az) +1=2.
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Case 4. p(Aw) = p(Arp) = max{p(A;) : (i,7) # (1,0), (k,p)} with TM(Azo)
To = max{7T,(Arp), Tar (Aij) : p(Ai) = u(Aw), (i,5) # (1,0), (k,p)}. In ; for

J
AOO(Z) — e—27m‘z7 Ago( ) (47T’L(1 —Z) 1)6 147rzz7 All( ) 27rzz
(2,

we have p(Ago) = p(A1r) = max{p(Ay;) : (i,5) # (2,0),(1,1)} = 1 and IM(A20) =
147 > max{7as(Aoo), 75 (A11)} = 2. It is clear that the conditions of Theorem

are satisfied. The function g(z) = e?™=” is a solution of (4.2) and g satisfies
plg) =2 = p(Az) +1=2.

Example 4.3. We consider the non-homogeneous linear delay-differential equation
with meromorphic coefficients

An(2)f'(z = 1) + Ao1(2) f'(2) + Azo(2 )f(Z + 1) + A1) f(z=1) = F(2). (43)
Case 1: max{u(Akp), p(S)} < p(4jp). In , for
Ag(z) = - BT At Ago(z) = 3n%(22 — 1) 37 3T
An(z) = -1, Au1(2) = i L F(z) = tan(wz),
we have
max{p(Air), p(F), p(Aij) = (i,7) # (1,0), (L 1)} = 2 < p(Aw) =3,

1
M=) = 0 < u(Ago) = 3.
Ao

It is easy to see that the conditions of Theorem [I.6] are satisfied. The meromorphic
function

f(z) = e™ % tan(mz)
is a solution of (4.3) and satisfies p(f) =3 > u(A 0) =3.
Case 2: p(S) < p(Ayp) = p(Agp) with 7(Ay) > 7(Agp). In (4.3), for

_ 3.3 3.2 o 3 3
AIO(Z) —e oz 43z 3 z+m

™ 3
373(22 — 1) — 3227° — 7)—2,
+ ( 7322 — 1) — 32%7% — wtan(nz) + tan(r2) e
Aso(2) = 37322 + 7 tan(rz) + I Agr(2) = —em 2 a0t

tan(mz)
A1(z) = e, F(z) = tan(wz),
we obtain
max{p(F),p(Aij) : (Zvj) 7é (1’0)7 (1’ 1)} =2< M(AIO) = M(All) =

1
)\(Tw) =1 < u(A) =3,
1

(AlO) = 7'(' > T(All) = ;

3.3

Hence, the conditions of Theorem are satisfied. The function f(z) =e™ * is a
solution of ([4.3) and f satisfies p(f) =3 > u(A10) = 3.

Case 3: p(Ap) = p(S) > u(Agp) with
I(Al0)>7—1: Z T(AU)—"-T(F)

p(Aij)=n(Aw),
(1,9)#(1,0),(k,p)
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In (4.3), for
Agg(z) = e 2 # 3T 30t 4o () = 3B (22 — 1) BT F AT AT

AO1(Z) = _1’ A11(z) _ 637"322—37r3z+ﬂ-3’ F(Z) _ M

3
)

eﬂ323 I

we have
N(AIO) = max{p(F)ap(Aij) : (7’7]) # (170)7 (17 1)} =3> M(All) =2,

1
)\(7) =0< }L(Al()) =3
Ajg

and 7(A1g) = 272 > 7y = 7(F) = 72. We can see that the conditions of Theorem
[1.6] are satisfied. The meromorphic function

flz) = e tan(7z)
is a solution of and satisfies p(f) =3 > pu(Aio) = 3.
Case 4: p(Ajo) = p(Aro) = p(S) and 7(A1) > 71 + 7(Agp). In [£.3), for
Aro(z) = 6—277323+377322—37r3z+7r37 Asgo(z) = 37T3(22 _ 1)e(gz)3—3w3z2—3w3z—w

AOl(Z) _ _e(§z)3’ AH(Z) _ e(%.2)3’-"-371-3.22—37r‘q’z+7r37 F(Z) _ tan(ﬂ-z)

3
b

PEEFCI

we obtain
p(Aro) = (A1) = max{p(F), p(Ai;) : (i,5) # (1,0),(1,1)} = 3,
A(5—) = 0 < lAr) = 3,

Ao
71+ 7(A11) = 7(Aor) + 7(A2) + 7(F) + (A1)
2 2 71'2 67 2 2
:(4*34'1)7'(' +473:6747T <I(A10):27T .

Obviously, the conditions of Theorem [1.6] are satisfied. The meromorphic function
f(z) = e tan(mz)
is a solution of (4.3) and satisfies p(f) = 3 > p(Ai) = 3.

Example 4.4. We consider the homogeneous linear delay-differential equation with
meromorphic coefficients

Aq1(2)h (2 + i) + Ago(2)h(z + 2im) + Ago(2)h(z) = 0. (4.4)
Case 1: max{u(Axy), p(Ayj) : (i,5) # (1,0), (k,p)} < u(Awp). In ([4.4), for

. . 127rz2+247r2iz7167r3 67rz2+187r2i27147r3
AOO(Z) - 713 A20(Z) =€ —€ ;

B cos(2iz)
Anlz) = 6i(z + im)2 cos(2iz) + 2isin(2iz)’
we have max{u(Ai1), p(Ai5) : (4,7) # (2,0),(1,1)} =1 < p(Ag) =2 and

1
A(i) =0< H(Ago) = 2.
A20

Obviously, the conditions of Theorem are satisfied. The meromorphic function
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is a solution of (4.4) and satisfies p(h) =3 > p(Az) +1 = 3.
Case 2: max{p(A;;) : (i,7) # (1,0),(k,p)} < p(Aw) = pu(Arp) with 7(Ap) >
7(Agp). In (4.4), for
Ago(z) =1, Agg(2) = _26127rz2+2471'2iz—167r3,
(;/671222—0—6#2iz—27\'3 COS(2iZ)
6i(z + im)? cos(2iz) + 2isin(2iz)’

An(z) =
we obtain
#(As0) = p(An) = 2 > max{p(Ay) : (i) # (2,0), (1,1)} = plAog) =,
A=) = 0 < plAz) =2,

Ao
I(AQO) =12 > I(All) = 0.

It is clear that the conditions of Theorem are satisfied. The meromorphic

function
. 3
627'Z

Mz) = cos(2iz)
is a solution of equation (4.4)) and satisfies p(h) = 3 > u(Az) +1 = 3.
Case 3: :u(AlO) = max{p(Aij) : (17.7) 7é (l,O),(k,p)} > H(Akp) with I(AZO) >
2ep(Ais)=n(Ar0), (i) £ 10), (k) T(Aig)- T (.4), for

2 2 2. 3 2 2. 3
. Tz _ 13wz*+24n“iz—167 6mz°+187“1z—14m
Apo(z) = =™, Ago(z) =e —e ,

cos(2iz)
6i(z + im)?2 cos(2iz) + 2isin(2iz)’

A11 (Z) =
we obtain

1(A20) = max{p(A;;) : (i, j) # (2,0), (1, 1)} = p(Aoo) =2 > p(A11) =1,

7(Ag) =13 > > 7(Ai) = 7(Aoo) = 1.
p(Aij):M(AlO)v (i,j)#(l,o),(k,p)
It is clear that the conditions of Theorem are satisfied. The meromorphic
function
621’23
hz) = S
() cos(2iz)

is a solution of (4.4) and satisfies p(h) =3 > p(Az) +1 = 3.
Case 4: p(Aw) — p(Ay) = max{p(Aiy) 5 (i) # (1,0), (k,p)} with 7(Aig) >
2o p(Asy =l o), (1) £ L0}, (k) T(Aig) + T(Ap)- In (4.4), for

AOO(Z) — e7rz27 Ago(z) _ _261371'z2-§-247r2iz—167r37

2 2. 3 R
e?wz +6m°iz—21 COS(Q’LZ)

A =
1) = G i 2 cos(2i2) 1 2isin(2i7)]

we have

p(Az0) = p(A11) = max{p(Ai;) : (i,5) # (2,0),(1,1)} = p(Aoo) = 2,
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)\(TZO) =0 < p(Az) =2,

I(Azo) =13 > T(A()o) +I(A11) =1+7=8.

It is easy to see that the conditions of Theorem [I.6] are satisfied. The meromorphic

function
e2i23

h(z) = ———
() cos(2iz)
is a solution of equation (4.4) and satisfies p(h) = 3 > u(Agp) +1 = 3.
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