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BOUNDARY PARTIAL HOLDER REGULARITY FOR ELLIPTIC
SYSTEMS WITH NON-STANDARD GROWTH

JIHOON OK

Communicated by Giovanni Molica Bisci

ABSTRACT. We investigate regular points on the boundaries of elliptic systems
with non-standard growth, in particular, so-called Orlicz growth. A regular
point on the boundary in this paper is a point for which a weak solution to
a system is Hoélder continuous in a neighborhood. Here, we assume that the
boundary of a domain and the boundary data are C!, and that a system has
VMO (vanishing mean oscillation) type coefficients.

1. INTRODUCTION

In this article, we study partial regularity on the boundaries of nonlinear elliptic
systems with nonstandard Orlicz growth and the Dirichlet boundary condition.
Precisely, we find a suitable condition of the boundary points to obtain Hélder
continuity of the corresponding weak solution in its neighborhood for any Hélder
exponent « € (0,1). Here we assume that the coefficients of the systems are VMO,
and that the boundaries and boundary data are C*.

Partial regularity for general elliptic systems with ‘standard’ p-growth was first
systematically investigated by Campanato [13| [14]; see [27) [45] for pioneering works
in this direction. The main objective in this field is to obtain relations between the
regularity of coefficients of systems and partial regularity of relevant weak solutions,
which are naturally expected from scalar problems. For instance, if the coeflicients
are Holder continuous, then the gradient of the weak solution is partially Holder
continuous, i.e., Holder continuous except for a measure zero set. In addition, if
the coefficients are merely continuous, then the weak solution is partially Holder
continuous for all Holder exponents « € (0,1). This result for general dimension
n > 2 was first proved by Foss & Mingione [24], and then Beck [7] characterized
the boundary points to obtain partial Holder regularity. We remark that the actual
existence of regular boundary points for systems with Hélder continuous coeflicients
was proved in [22] B5]. For further regularity results, concerning both systems and
integral functionals, we refer to [, [7, Bl [0} (0] [T} 12, 23] 25, 28, 29, 32, 33 [34] 36).
An extensive overview can be found in [44].
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For the last few decades, there have been a lot of research activities regarding
the partial differential equations(PDEs) and functionals with non-standard growth,
which was first studied by Marcellini [40, [41] 42} [43]. The most basic non-standard
growth type is the so-called Orlicz growth condition, which implies that PDEs
or functionals are controlled by Orlicz functions. The definition and properties
of Orlicz functions and related properties will be introduced in the next section.
PDEs and functionals with Orlicz growth were first investigated by Lieberman
[37, 138, [39]; see also [11 2] [[5], 19] for further regularity results. In addition, partial
regularity for systems or functionals with Orlicz growth have also been studied in
[19, 2], 48]. In particular, in [48] the authors obtained partial Hélder regularity for
elliptic systems with VMO coefficients. Finally, we would like to mention that non-
autonomous problems, for instance, problems with p(z)-growth and double phase
problems, are closely related to the Orlicz case, and we refer to recent results in
[3, [4, [16], 17, 18], 7] for double phase problems and [30} 46} [48] 50, £1] for partial
regularity for systems with non-autonomous growth conditions.

Here, we consider boundary partial Holder regularity for elliptic systems with
Orlicz growth, which is a natural generalization of [7] in the Orlicz setting. Let us
introduce the system we mainly consider in this paper. Let G : [0,00) — [0, 00)
with G(0) = 0 be C? and satisfy

G G
—1< < < — .
Peom = mien) =S an <! (L)

for some 2 < g1 < g2 < co. Note that under these assumptions, G is convex and

strictly increasing. We then consider the system
diva(z,u,Du) =0 in Q,

u=nh on 9. (1.2)
Here, a: Q x RN x RN" — RN" N > 1, satisfies
la(z, ¢, §)| + |0a(z, ¢, §)|(1 + [€]) < LG1(1+[¢]), 13)

da(z,(,&m - n > vGa(1+ &) nl

for all x € Q, ¢ € RN and ¢, € R™ and for some 0 < v < L, where da(x,(,§) :=
Dga(l’,{,f),

Gi(t) :=t7'G(t) and Gy(t) :=t2G(t). (1.4)
We note from the second inequality in that
(a(z,¢,&1) —a(z,(, &) : (&1 — &) > 0 Go(1+ |&1] + &) — &

> 2{G(1+ el — &l + G& - &)}
(1.5)
Then, for h € WHG(Q,RN), we say u € WhE(Q,RN) with u — h € W39 (Q,RN)
is a weak solution to if

/ a(z,u, Du) : Dodr =0 Yo e Wy (Q,RY). (1.6)
Q

Here, W€ and WO1 % are Sobolev-Orlicz spaces, which we shall introduce in Section
and the existence and uniqueness of weak solutions to are a consequence of
nonlinear functional analysis, see for instance [49, Chapter II.2], and the properties
of the Sobolev-Orlicz spaces.
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We further impose regularity assumptions on nonlinearity a as follows. For the
first variable x ,we suppose that

lim V(p) = where V(p):= sup sup ][ V(z,B-(y) NQ)dz, (1.7)
p—0 0<r<pyeR™J B, (y)NQ
‘a(l‘, C7€) — (a('7 C7 5))U‘
V(z,U):= sup sup <2L. 1.8
@0) CERN £€RNN Gi(1+[€]) (18)

Here we note that condition (1.7) implies that the coefficient factor of a is VMO
uniformly for both ¢ and &. For the other variables, we assume that there exists a
nondecreasing and concave function p : [0,00) — [0, 1] with 1(0) = 0 such that

la(z,¢1,6) — az, ¢, &)l < Lu(|G — &) G (1 + [€)), (1.9)

a(z.6.61) - 0a(e €. < L 2 )Gl 41e)  (110)

for all z € Q, (,¢(1,¢ € RY and €,£,,& € R™. In this setting, we show the
following result.

Theorem 1.1. Suppose Q € C', h € C1(Q), G : [0, oo) 0 ) is C? and
satzsﬁes, a: QOxRY xR"™W 5 RV satzsﬁes ., , and ( - Let
U € W,i (Q,RN) be a weak solution to . Then a set of regular points on the
boundary 0S) given by

o0, = ﬁae(0,1){$0 €ON:ue C¥Uy, N, RN) for some Uy, C Bl},

where Uy, is an open neighborhood of xo, satisfies

o0\ oQ, C {mo €00 : hmlionf][ |Du — (D, u) B, (z0)n @ Vi, | dx > O}

Br(zo)ﬂQ

U{xo Eaﬂ:limsup][ G(\D,,IOuDdgc:oo}7
rl0 B, (z0)NQ

where vy, is the inward unit normal vector at xo C OS).

Note that Q € C*! means that for each y € 9Q, there exist r > 0 and C! function
Yy R™ ! — R such that, in the coordinate system with the origin at y and Vy = ep,
B, NQ ={z = (2',x,) € By : &, > 7,(2")}. Note that by the continuity of 92, we
can consider r > 0 independent of y in the definition.

Now, we introduce the approach used in the proof. We consider a system on a
half ball with a zero boundary condition on the flat part and characterize regular
points on the flat boundary, see Theorem This implies our main result via a
flattening argument. To obtain the result in Theorem we linearize the system
with a ‘re-normalized’ weak solution, and then compare it with an A-harmonic map.
Here we will use a flat boundary version of the A-harmonic approximation lemma,
see Lemma We note that this technique was developed in [24] (resp. [6]) for
interior (resp. boundary) partial regularity for systems with p-growth. Hence, we
make use of the method presented there and modify it for the setting of the Orlicz
class. In this procedure, various technical difficulties are arising. To overcome these,
we take advantage of an almost convex property, see Lemma[2.2] and an additional
assumption, see .

The rest of this article is organized as follows. In the next section, we present
notation and auxiliary results. In Section [3] we obtain Cacciopoli type estimates,
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and after linearization, compare the re-normalized function of the weak solution
with an A4-harmonic function using an .A-harmonic approximation lemma. In the
final section, Section [4] we construct a condition for regular boundary points for
systems on a half ball with the zero boundary condition on a flat boundary. Using
this, we prove Theorem [1.1

2. PRELIMINARIES

2.1. Notation. Define R?} := {z = (z1,...,2,) € R" : 2, > 0} and B,(x¢) by a
standard ball with center 2o € R™ and radius r > 0, B;\ (x¢) := By(xo) "R}, and
T (x0) = {x = (z1,...,2,) € Br(x) : , = 0}. For a locally integrable (vector
valued) function f in R™ and a bounded open set U C R™, (f)y is denoted by the
integral average of f in U such that

<f>U][dea:(1]|/dea:.

Moreover, we abbreviate (f)eo,r = (f)B,(2) and (f)F, ., = (f) Bt (wo) if there is no
confusion. Let A = (a;;), B = (b;;) € R™Y, 1 <i<mnand 1< j <N, be matrices,
and define the inner product of them by A : B = 3, ~a;bij. P : R" — RV is
always an affine function, that is, P(z) = Az + b for some matrix A € R™Y and
b € RYN. For a given u € L?(B;}(x0),RY) with g € R*~! x {0}, we define an affine

function P;)J, by the minimizer of the functional

P lu — P|? da.
Bif (o)

Then one can see that

2
o= %][ w(x)z, do.
r B} (z0)

We note that if the center point of a ball is clear or not important, we shall omit it
in the notation, for example, B, = B,.(x¢), B = B} (z0), (f)r = (f)zg,r» and so
on.

Pa—tt),r(m) = Q:i_o,rxnv where ng,p =

2.2. Orlicz function and space. We say that G : [0,00) — [0,00) is an N-
function if G is differentiable and G’ is a non-decreasing right continuous function
satisfying G'(0) = 0 and G’(t) > 0 for all ¢ > 0. Note that an N-function is convex.
From now on, we suppose G is an N-function that satisfies
tG'(t tG'(t
(1) _ 10
G@t) ~ 0 G(t)
for some 1 < g1 < g2 < oco. For instance, G(t) =¥, 1 < p < o0, is an N-function
and satisfies (2.1)) with g; = go = p. We notice that if G is C? and satisfies (1.1)),

then it is an N-function and satisfies (2.1)).
We next define the complement function of G by G* : [0, 00) — [0, 00) such that

G*(1) = igg(ﬁ - G(1)).

1 < inf < 2.1
<g1 < inf < ga <00 (2.1)

Then we have that G* is an N-function satisfying (2.1]) with g; and g» replaced by
g2/(92 — 1) and ¢1/(g1 — 1), respectively. Note that (2.1)) is equivalent to G and
G* satisfying the so-called As-condition, i.e., G(2t) < ¢G(t) and G*(2t) < cG*(t)
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for some ¢ > 1. We briefly state some basic properties of the Orlicz functions. We
refer to [48, Proposition 2.1].

Proposition 2.1. Suppose G : [0,00) — [0,00) is conver and satisfies (2.1) 1 <
g1 <ga<oo. Lett,7>0,0<a<1<b<oo0.

(1) G(t)t=9* is increasing and G(t)t~92 is decreasing. Hence we have
G(at) < a%*G(t), G(bt) <b2G(t). (2.2)
Moreover,
G*(at) < amTG*(t), and G*(bt) < bFTG*(t). (2.3)

(2) G(t+71) <27HG(2t) + G(27)) < 2927 H(G(t) + G(7)).
(3) (Young’s inequality) For any k € (0,1], we have

tr < G(roit) + G (v 717) < KG(t) + K~ TG (7), (2.4)
tr < G(r~ % 6) + G (x5 7) < K =TIG(E) + 1 G (7). (2.5)

(4) There exists ¢ = ¢(g1,92) > 1 such that
Gt < G (G()t) < eG(t). (2.6)

We also introduce a condition for functions that are similar to concave functions.
We refer to [48, Lemma 2.2].

Lemma 2.2. Suppose that ¥ : [0,00) — [0, 00) is non-decreasing such that the map
t — W(t)/t is non-increasing. Then there exists a concave function ¥ : [0,00) —

[0,00) such that

%@(t) <U(t)<U(t) forallt>0.

For a given N-function G satisfying (2.1)), we denote the Orlicz space L% (£2) by
the set of all functions f satisfying

Il = nt 2> 0 ¢(Myar <1} <o,
Q

In fact, the above inequality is equivalent to

/ G(If)) dz < oo.
Q

Furthermore, the Orlicz-Sobolev space W& () (resp. W&G(Q)) is the set of
f e Whi(Q) (resp. f € Wy () with f, |Df| € LE().

2.3. Basic inequalities. For f € LY (B,(x),RY) and A € RY, from Jensen’s
inequality and the property of the N-function (2.1)), it is well known that

f oGl Daahdrzom [ G- apdn
BT(IO) BT(IU)
Furthermore, in a similar way, one can also see that for f € W1%(B,.(x),RY) and

Ac RN,

][ G<|Df—(an>m,r®en|>decf G(Df —Aen)dr.  (27)
B, (x0)

Br(fﬂ)
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We next introduce a Poincaré type inequality for functions vanishing on the flat
boundary in W% (B}), which can be easily obtained by modifying the interior
counterpart in [19, Theorem 7).

Lemma 2.3. Suppose that G : [0,00) — [0,00) is an N-function and satisfies (2.1))
for some 1 < g1 < g2 < 00, and that f € WHL(B} (x0), RY) with u =0 on T, (z0).
Then there exist 0 < d; < 1 < da depending only on n, N, g1, gs such that

1f]\qdz B 1/ds . g 1/d; |
(£, [ a) ™ <e(f,  [cups* ) 28)

for some ¢ = ¢(n, N, g1,92) > 0.

The next lemma implies that the gradient on the right-hand side can be replaced
by the directional derivative D,, f.

Lemma 2.4. Let G be an N-function satisfying (2.1) and zo € R~ x {0}. For
f e WHE (B (x0)) with f =0 on T,.(x0), we have

/] 1
G(—)d — G(|D, f|) dx. .
/Bi(mo) ( T ) v g1 /Br(zo) (1Dnf1) de 29)

Proof. The proof when G(t) = t? can be found in [5, Lemma 3.4]. We follow the
argument presented there. Since f =0 on T).(x¢), we have

F(@) = f( 2n) = /OI Do f(a, 1) dt

where ©/ = (x1,...,2,-1). Using this inequality along with Jensen’s inequality and
Fubini’s theorem, we have

/ G(M) dx
B (x0)
'rszl r2—|z’|
/ / / G(|f(x)|)d$n...dl'2dflf1
—r \/r2—a? 0 r
/ / r2—w1 / r2—|x
—r \r2—a? 0
/ / TQ—II / r2—|x
—-r \r2—a? 0
—11 r2—|x r 2911

/ / / / " G(|Dnf (2 )]) dan dt . .. dus dary
—r [r2 23 0 /r2_|z/|2 r91

o VP
</ dxn/ / / G(|Dpf(2',t)]) dt ... dxsdry
—r \/r2—z? 0

G(|Dn f(x)]) da

G(“i”][ D f(2,1)] dt) . .. dzoda
™ Jo

(xTn)gl ][ ' G(|an(l'/,t)‘) dtdmn N dl’gdl’l
0

1
91 J B} (w0)

O

By the same argument as in Lemma [48] Lemma 2.3], we have the following
result.
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Lemma 2.5. Let G : [0,00) — [0,00) be convex and satisfy (2.1) for some 2 <
g1 < g2 < 00, and let u € WHC (B (x0), RY) with 2o € R*~! x {0}. Then we have

lu—Pg .|
+ _of < Gzl g 2.10
G(|ng,r Qx0,9r|) — C][B;r(wo) ( Or ) x ( )
and for any € € RV,
GUQL, ~ ) <ef  GDu-¢)ds (211)
B;«F(wo)
for some ¢ = ¢(n,g2) > 0.
Proof. By [7, Lemma 2.4], we have
"Z,L - P;r r 2
Q+ riQ;— 7«|2§C(n)][ 707d$,
| o, 0,0 Bg',,,(xo) (9’[")2

QF € < c(n) ][ D — €2 da.
B:—(Io)

Using these and Jensen’s inequality for the convex map ¢ — G(1/1), we obtain

2 u— PhP
G(IDPayy = DPayorl) < (cln) + 1)/ G(\/ f )
or\T0
+

|lu— P,
1 92/2 xo,T .
(c(n) +1) %B;T(zg) G(iﬁr ) dx

This shows (2.10). The same argument implies inequality (2.11]). |

IN

We complete this subsection stating an iteration lemma, see [26] Lemma 7.3
and [24, Lemma 2.3].

Lemma 2.6. Let ¢ : (0, p] — R be a positive and nondecreasing function satisfying
p(0% 1 p) < 02 p(0%p) + (0% p)™  for every k =0,1,2,...,

where 8 € (0,1), A € (0,n) and ¢ > 0. Then there exists ¢ = ¢(n,0,\) > 0 such
that

AT -
o(t) < cbzg{(;) d(p) + &t} for every t € (0, p].
2.4. A-harmonic approximation on half balls. We introduce a flat boundary
version of the A-harmonic approximation lemma. We refer to [29, Lemma 2.3].
Suppose A is a bilinear form with respect to R™V such that there exists 0 < v < L
satisfying

vIEPIn? < A€ ®n) s E@n < LEPm? (212)
for every £ € R", n € RN, If h € WH2(Q, RY) satisfies

/ADh:DgazO
Q

for every ¢ € C4(Q,RY), we say that h is A-harmonic
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Lemma 2.7. For ¢ > 0, there exists small 6 = §(n,N,L,v,e) > 0 such that the
following holds: if w € WY2(B; (z0), RY) with w = 0 on T,.(zo) such that

][ |Dw|?dz <1,
Bi(wo)

|]{3+( )ADU’ : Do da| < O|Dgl| oot (ay))  for all o € Co(B}F (x0), RY),
r (Zo

then there exists an A-harmonic map h € WH2(B}F (z0), RY) with h = 0 on T, (z0)
such that

][ |Dh|?dx <1, and r_2f lw— h|?dx <.
B (x0) B (z0)

2.5. Some estimates for weak solutions. We introduce energy estimates and
a self-improving property for systems on a half ball. In this subsection, we shall
consider the system

diva(z,u, Du) =0 in B (z0),

2.13
u=0 on Ty (x0), (2.13)

where 7o € R"~! x {0} and a satisfies
a(z, ¢, &) < LGi(s+[¢]) and a(z,(,§): &= vG([¢]) —nG(s) (2.14)
for all z € Q, ¢ € RY and ¢ € R™, and for some 0 < v < L < oo, 15 > 0 and

s € [0,1]. Here G : [0,00) — [0,00) is an N-function satisfying (2.1)).
We start with the energy estimates.

Lemma 2.8. Let u € WY (B (x0)) with u =0 on T, (x0) be a weak solution to
©13). Then

/ G(s+ |Dul)dx < c/ G(s+ |Dpul) dx (2.15)
B (z0) By, (x0)

for some ¢ = (n,N, L,v, 1, g1,92) > 0.

Proof. By taking n92u € Wol’G(Bg,«(sco)) as a testing function in the weak formu-
lation of (2.13), where n € C§°(Bay(x9)) is a cut-off function so that 0 < n < 1,
n=1in B,.(zo) and |Dn| < ¢(n)/r, we have

/ 792G (|Dul) dx < c/ nPa(z,u, Du) : Dudz + c¢G(s)
B3, (o) B, (wo)

< C][+ 7% G (s + |Du|)M dz + ¢G(s).
BQT

;
Using (Z:5) with (Z6) and (2:3),
|ul

][ Y92 G(s + |Du|) dx < 1][ P92 G (s + |Dul) dx + c][ G(—) dz + cG(s).
Bar 2 /B, B

,
2r
Finally, applying (2.9) we obtain (2.15)). a

We next state self-improving properties, which can be obtained from the previous
result along with Proposition and the interior self-improving property in [48]
Theorem 3.4]. Hence, we shall omit its proof.
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Lemma 2.9. Let u € WY9(BJ (10)) with u = 0 on Ty,(z0) be a weak solution
to (2.13)). Then there exists o1 = o1(n, N, L, v, 1, g1, g2) > 0 such that G(|Dul) €
LY (Q) with the estimate that for any o € [0,01] and B, (z0) € Q,

loc
_1
(][ (Gl + | Dup] 7 da) 7 < c]f G(s + |Du|) do (2.16)
B (20) B, (x0)
for some ¢ = ¢(n, N, L,v,v9,91,92) > 0.

3. LINEARIZATION AND EXCESS DECAY ESTIMATES
From now on, we shall consider problems on upper half balls such that
diva(z,u,Du) =0 in B}, (3.1)
u=0 onlT,.

Here, a is assumed to satisfy (1.3). The next lemma is a boundary version of a
Caccioppoli type inequality.

Lemma 3.1. Let G(t) satisfy (I.1), and u € WHC(B;}) be a weak solution to (3.1)).
Then for any Ba,(xo) with zo € T, and 2p < r — |zo| and any & € RN, we have

]/ [\Du—§®en|2 G(|Du—£®en|)}dx
B;(Io)

(L+1¢))? G(1+[¢])
lu — @, &J? G(lu — x,£]/(2p))
<c + dx 3.2
J{g;pw R R e 3.2)
—|—c,u<][ |u\2dz> + cV(2p)
B, (z0)
for some ¢ = ¢(n,N,L,v,g1,92) > 0, where v = (x1,...,2,) and V is denoted in

(i)

Proof. Let us fix g € T, and p > 0 with 2p < r — |zg|. Then we simply write
By = Bi(zo) and B;” = B (x), where t = p,2p. Let P(x) := z,£ and n €
C§°(Ba,) satisfy 0 < np < 1, n = 1 on B, and |Dn| < ¢(n)/p. Then taking
o =n%(u—P) € Wol’G(B;p) as a test function in the weak formulation of (3.1)),

we have
][ n?? a(z,u, Du) : D(u — P)dx = 792][ n2 ta(z,u, Du) : Dy ® (u — P)dx.
B3, B3,
Setting a(¢, €) = (a(, g,g))B; , it follows that
I ::][ 792 (a(z,u, Du) — a(z,u, DP)) : (Du— DP)dx
B
2p
= —][ a(z,u, DP) : Dpdx
Bt
- g2][ n92~Ya(z,u, Du) — a(z,u, DP)) : Dy ® (u — P)dx
BT

=- ]{3+ (a(z,u, DP) —a(x,0,DP)) : Do dx
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—][ (a(xz,0,DP) —a(0,DP)): Dpdzx
Bt

— gg][ n92~Ya(z,u, Du) — a(x,u, DP)) : Dn® (u — P)dx
B,

= _I2 - .[3 - I4. (33)

Here, a(0, DP) := (a(-,0, DP))p,, and we have used the fact that
]l a(0,DP): Dpdx =0.
BT

For I; and Iy, we have from (1.5) that

|Du— DP? - .
]{Bﬂ [€ (1+|DP|)W G(IDu—DP|)|de < ch,  (34)

2p

and from (1.9 and . ) that

- P
L] < e ][ () 61+ 1DPY (97 1Du = DP|+ =) g
B} p

2p

< fﬁﬁ [ 92 G(|Du — DPJ) + G(“‘_pﬂ)] dx (3.5)

+cG(1+|DP)) ]{W s(uf?) dz

2p

We next estimate I3. By (1.8), (1.7) and (2.4) with (2.3) and (2.6]), we have

- P
|13|<c][ V(w, B, G1(1+|DP|)(n92|Du—DP|+|up)d

< 7][ 0% G(|Du — DP|) dx
4 B+

2p

+C][B+ [G* (V(z,B3,) G1(1+|DPJ)) +G(“;P|)] do (3.6)

< 1][ W G(|Du — DP|) dz
4 B+

2p

u—P|
p

+ (2L +1)7TG(1 + |DP|)V(2p) + cf G(
B

2p

)dm

We estimate Iy. By the first inequality in ([1.3), and Young’s inequalities with

(2.5) and (2.3)), we have

1
TARS c]1 ,79271(/ 9a(,u,tDu + (1~ t)DP)|dt)|Du — DP
3 0
Cf 1,1 G(1+ [DP| + |Du— DP])
Ba, (14 |DP| + |Du— DP|)?

G+ |DP)) . P
_— 7 Du— DP|——d
f a+pp " 1Pu- DRI de

- P
=Pl

-P
|Du —DP|‘ | e

IA

IN
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+C]/ g1 GUDu—DPY) ju—P|
B

E |Du — DP| p
. 1][ v G(1+|DP|)
=1/, YAV

|Du — DPJ? + n%G(|Du — DP|)} dz

+ (1+|DP|)?
2p
G(1+|DP — P? - P
e 1] ‘2)][ kil der][ G(M)dx). (3.7)
(L+[DP])? Jpg,  »p B, p
Consequently, applying Jensen’s inequality to p in (3.5]), inserting (3.4))-(3.7) into
(3.3), and recalling P(z) = £z, and DP = £ ® e,,, we get estimate ([3.2)). O

From now on, we fix 9 € T;, 0 < p < r — |zg|. For ¢ € RV, we define

— |Du—€E®e,|>  G(|Du—E€®ey,|)
C(mo’p’g)'_]{%(zo){ (1+1€])? M G(1+ €] }d’ (3.8)
/ .
B o0t [ f wra)] T e v 69
_ 0a(@0,0,£®en) u— &y,
AT TaarE YT aravE s oY

Note that we easily check from (|1.3)) that A4 satisfies the Legendre-Hadamard con-
dition (2.12)). In the next lemma, we show that one can apply the harmonic ap-
proximation lemma to A and w if E*(zo, p, £).

Lemma 3.2. Under the assumption of Lemma together with
C(zo,p,€) <1, (3.11)
we have that for every ¢ € C5°(B] (x0)),
{ ADw : D dx| < c[u( B+ (9, p,€))+E" (20, p, 5)} 72 sup |De| (3.12)
B (o) B (w0)
for some ¢ = ¢(n,N,L,v,g1,92) > 0.

The proof of this lemma is exactly same as the one of [48, Lemma 4.2] by replac-
ing B,(20), C(x0,p, P) and E* (x0, p, P) by B} (20), C(x0,p,§) and ET(xg, p, ),
respectively. Now, we choose

§ = (Dntt)ay,p = (Dnu)B;f(wo)
and set
C(zo,p) = C(x0, p, (Dnu)xo,p)

_][ {lDU_(Dnu)xo’p@)enP
B;(Io) (1 + |(Dnu)xo,p|)2 (313)

G(Du = Dy Sl 4,
) G(1 + [(Dntt)zo,pl) ’

E+(ZE07 p) = E+($07 P (Dnu)$071))

=+ [u( f, )] pE

1/2

(3.14)

E* (20, p) = Cl(w0,p) + [n(M(xo, )]/ + [V(p)] 727, (3.15)
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where
M(zg, p) := p][ |Dyu)? da. (3.16)
Bf (z0)
Then, by Poincaré’s inequality (2.9)) along with the fact that p < 1, we see that
E~+('T’07p) < CE+($0,p) (317)

for some ¢ = ¢(n,N) > 1.
Lemma 3.3. For 6 € (0,1/8), there exists small
€1 = 61(n7N7LaV791792aM(')70) € (07 1)

such that if

p< 0" and Et(xo,p) < e, (3.18)
then

C($0,0p) < 6192E+(1‘0,p) (319)

for some ¢4 = c1(n, N, L,v,¢1,92) > 1.

Proof. We omit xg in our notation for simplicity.
Step 1. We first estimate the integrals

|u(z) — Py, |° ][
———————dzr and
]{9 (20p)? B

+
20p

u— P
G(M) dz, (3.20)
+ 20p
20p
where the affine function P;g o = P;Z 20, 1S given in Section Recall A and w
from (3.10) with & = (D,u),. Then we see that
- Dn n
w = U= (Dnt)pr and f |Dw|? dz < 1.
~ +
(1+ [(Dnu)pl) \/ E* (20, p) Be

Let us take € € (0, 1) such that e = §"**, for which we consider 6 = 6(n, N, L, v, €) >
0 as determined in Lemma Then by Lemma together with (3.18]), we have

|][ ADuw : Dy dx| < §sup |Dy|
Bf B

by taking sufficiently small €; = €1(n, N, L,v, g1, g2, 4(+),8) € (0,1). Therefore, in
view of Lemma there exists an .A-harmonic map h such that

][+ |Dh|?dz <1 and ][+ lw — h|? de < 0" p?. (3.21)
By B,

We notice by a basic regularity theory for A-harmonic maps, see for instance [28|
Theorem 2.3], that

p~ 2 sup |Dh|? + sup |D?h| < cp*2][ |Dh|? dz < cp2.
Bt

+ +
B/J/2 BP/2

Moreover, the Taylor expansion of i and the fact that h = 0 on T,(zo) imply that
for 6 € (0,1/4),

sup |h(z) — Dyh(zo)zn|? = sup |h(z) — h(zg) — Dh(xo)(z — z0)|?

IEBere,, mGB;Gp

< ¢(20p)* sup [D?h|?

+
Bzep
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< 604p2.
This and the second inequality in imply that
|w — Dy h(x)2,)?

]{ggep (20p)*

hence, by the definitions of the affine function P;gp = P;g 20, and w and (3.17),
we obtain

|u — Pag,|? 2 Fp f |w — Dy h(xg)z|?
————dx < (1+ |[(D,u E(xg,p sc
]{sm (20p)° L+ [(Dn)l)E (70, ) Baoy (20p)2 (3.22)
< b (1 + [(Dnu),|)*E* (20, p).-

Next we estimate the second integral in (3.20). Let ¢ € (0,1) be a number
satisfying

dx < cb?,

where dy > 1 is given in Lemma[2.3] Then by applying Hélder’s inequality, Jensen’s
inequality to the concave map W with JW(¢) < W(t) := [G(t1/2)]1/92 < U(t) (see

Lemma, , and , we have

]{3+ G('u_zang) dx

26p
|2

- lu— P (1-t)g2 |u — Pgy |\ 7de /dz
<(f, (Gt (o) )"

< e [¥ (01 + [(Daw), B (20.0))] (e (]{3 G(|Du— DP3|) dx)t

260p

+
20p

< C[G(e(l +(Dyu),|) E+(x07p))} H( G(|Du — DFy, ) dx)t

Bsg,

< c[0v/E* (zo, p)]*D[G(1 + |(Dnu)p|)]17t<][ G(|Du — DP;@pD dx)t.

B2y,

In addition, keeping in mind that P} , = QF .z, from (2.10), (2.2), (2.8), (2.11)

and the definition of E we have

]{9+ G(|Du — DPy, |) dx

20p

<cf  GDu— (Dau)y  cal) o + cG(I(Dyu)y © e — DR
B

20p

<" . G(|Du — (Dpu), ® ey]) dx + cG(|Q3'9p — (Dnu),l)
BP

< 09_"][ G(|Du — (Dpu), ® ey,]) dz + c][ G(|Dpu — (Dpu),|) dz
B;JF B;Gp

<cf™" G(|Du — (Dnu), ® ey]) dx

B}

< B7"G(L + (Do) ) E* (w0, p).
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Combining the two above estimates, we obtain

—P
£, ot

< = HIIG(L 4 |(Dyu) ) [E (o, p)) # D01,
Therefore, taking ¢; > 0 sufficiently small so that

Et (20, p)(F 7DD < ¢ ( DAY - gi+(ntg)t+2

we obtain
‘u - PQJB | 2
][ G(7p> dz < c0*G(1 + |(Dyu),|) ET (0, p)- (3.23)
B3, 20p
Moreover, by a further assuming that

E*(zg,p) < \F< —
we have
L+ [(Dnu)pl <201+ [(Dnu)opl), 1+ [(Dnu)2sp| < 2(1+ [(Dnu)opl).  (3.24)
Indeed,
1+ [(Dpu)p| <14 [(Dnw)op| + [(Dnw)op — (Dnu),|
<14 |(Dpw)ap| + 07"/ EF (20, p) (1 + |(Dnur),|)
< 1+ (Dyuley) + 51+ (D))

which implies the first inequality in (3.24)). Similarly, using the first inequality in
(3.24]) with 6 replaced by 26, the second inequality in (3.24)) can be obtained such
that

1+ |(Dnu)29p| <1+ |(Dnu)9p| + |(Dnu)9p - (Dnu)p‘ + |(Dn“)29p - (Dnu)p|
< 1+ [(Dnu)op| + (07" + (20)7")V/ E (20, p) (1 + [(Dyu),|)

<14 [(Dyt)a| + 1<1+|< Dyt)ag ).

Therefore, inserting the first inequality in into (3.22)) and ([3.23)), we obtain

|U 20p|2 9 9
oy < + .
]{9+ (20p)2 dz < cf°(1+[(Dnu)gp|)"E™ (20, p), (3.25)
lu — P2J5p| , N
]i+ G(T) da < c0*G(1+ |(Dpu)g, ) E* (o, p). (3.26)

260p

Step 2. Now we prove (3.19)). Suppose that
Et(x,p) < e <0, (3.27)
Then, in view of Lemma with p replaced by fp and £ = Q;rep, we have

Go(1+1Qfy, )1 Du — Qy, ® enPde + | G(IDu— Qfy, ® e, l)de
ng ng
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lu — Py |2 lu — Py |
< cGo(1 + Q7 D][ — = _dr+c G 7'0) dx
200 Bao, (260p)? Bazo, 20p

oG+ 1QG{u( £, P de) + Vo).

Here, we note that G(t) := G(t/2) is also an N-function and satisfies (2.1 with g,
and go replaced by %4 and %, which are larger than 1. Therefore, in view of (3)

and (4) of Proposition with G(t) = G(t), we have Ga(t)7? < ¢(G(t) + G(1)).
From this, (2.7) and Lemma [2.5| with (p, #) replaced by (fp, 1/2), we have

Ga(1 + |<Dnu>ep|>][ Dt — (Dyu)g, ® e ? da

0p

< Ga(l+ |Q;9p|)][ Du— (Do), @ en? da

Op

+ G| (Dutop = QD f 1Du = (D @ e, do
B

0p

+¢G2(1Qy, — Q;9p|)]l |Du — (Dypu)g, @ e,|* dz

B(,»p

< Gall+1Qi, ) |Du- @, @enfditef G(Du- Dy, s e do

Op Bep

+cG(|(Dnu)a, — Q4 |) + cG(1Q4, — Q%))

ScGz(1+|Q§epl>]{B |Du — Q3, ® en|” dz + ¢ ' G(IDu— (Dru)s, ® enl) de
Op Op

|ufP2zp|
+C][Bzgp G(T) d.]f

Using the above two estimates along with (2.7), we obtain
G(L+ |(Dnu)ep|) C(z0,0p)

= Ga(L+ [(Dawhayl) . |Du— (Do, ¢, d
By,

+ G(|Du — (Dnu)g, ® ey]) dx

ng
|u — Pay, | |u — Pap,|
< ¢Ga(1 + [(Dnu)agp|) mintp,,, ———t—dx + ¢ G 7p) dz

+ oG+ QG {n( £ I dr) + Vo) ).

(3.28)
We further estimate the right-hand side of the above inequality. Applying (2.11)),

and , we see that
G(|Q3,]) < cG(|Q3, — (Dnu)20p]) + ¢G(|(Dnu)2gp|)

< ]{9 _G(IDyu = (Dyu), ) do + ¢G(|(Dyu)aoy|)
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=ch " . G(|Du — (Dyu), ® ey]) dz + cG(|(Dru)20,|)
Bﬂ

< c(07"E* (z0, p) + 1)G(1 + [(Dnu)op))
< cG(1+ |(Dnw)opl)-
Moreover, using Poincaré’s inequality and the fact that p < 6™, we have

][ lu|? do < c@‘"][ lu|? de < cp][ |Dyul? d.
B, Bf Bf

260p P

Therefore, inserting the previous two inequalities, (3.25)) and (3.26)) into (3.28)), we
obtain

C(20,0p) < c0*ET (0, p) + c[ET (20, p)]*.
Finally, assuming ET (g, p) < €1 < 02, we prove (3.19). O

4. PROOF OF THEOREM [L.1]

We first consider elliptic systems in the unit half ball with the zero boundary
datum.

Theorem 4.1. Suppose G : [0,00) — [0,00) is C? and satisfies ([1.1), 0 < r < 1,

and a : B, x RN x R™™ — RN satisfies (1.3), (I.7), (1.9) and (1.10). Let u €
WLE(B,,RN) be a weak solution to

diva(z,u,Du) =0 in B,
(4.1)
u=0 onT:="1T,.

Then the set of reqular points on T denoted by
T, = ﬂae(o,1){l‘0 €T :ue C¥Uy, ﬂBi;", RY) for some U, C B,.},

where Uy, is an open neighborhood of xo, satisfies

T\T, C {xo € T : liminf |Du — (Dytt)y,p @ €n] dz > O}
P10 B} (a0) ’

U{l‘o eTzlimsup][ G(|Dnu|)da:=oo}.
plO B;(zo)

Proof. Step 1: Determination of parameters. Fix any a € (0,1), and denote
A=n—-21-a)€ (n—2,n). (4.2)

We then determine parameters 6 and es such that

(1 1 1

0=0(n,N,L,v,g1,92,a) = mln{g’ﬁam}’ (4.3)
AN

€2 = 62(n7N7LaV7gl792a,U/(')7a) = mln{ﬁv 51}’ (44)

where ¢; and €; are determined in Lemma [3.3] Furthermore, by the definitions of
w(-) and V(+), one can find é; = 61(n, N, L, v, g1, g2, pu(-), V(-), @) > 0 such that

()2 + [V(r)]%z%l < ey forevery r € (0,01]. (4.5)

We denote
p1:=min{6", 6} < 1. (4.6)
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Step 2: Decay estimates on the boundary. Let 2o € T and p < min{p;,r —
|zo|}. Without loss of generality, we shall write for t > 0, B;” = B; (z() and
(Dpu)y = (Dnu)B:r(zo). We then suppose that

C(zg,p) < e and M(zg,p) <, (4.7

see (3.13) and (3.16|) for the definitions of C(xg, p) and M (xg, p). Under this con-
dition, we will show that for any K =0,1,2,...,

C(z0,0%p) < e and M(z,60%p) < 6;. (4.8)

For convenience, we write ([£.8)x,1 (resp. (4.8)y2) for the first (resp. second) in-
equality in (4.8)).

(4.8) by induction. Suppose that the inequalities in hold for k,
we then prove (4.8)) with k replacing by k& + 1. We first observe from k1 and
Holder’s inequality that

][ |Du — (Dpu)gr, @ en|2 de < (1+ |(Dnu)9kp|)20(x0, Hkp)
B

+k:
e (4.9)
<261 +][ Dyl d).
B+
ok p
and so by [@TF)s.2,
Hkp][ |Du — (Dnu)gkp®en|2dx < 2620kp+26251.
B+
ok p
This together with (4.3)), (4.4) and (4.6 imply
M (0,0 p) < 29k+1p][ |Du — (Dnu)gr, @ eq|* d + 20" p| (D) g |
B;rk+1p
< 2017”9’“,0][ |Du — (Dpu)gr, ® e |? dx + 20M (o, 0% p)
Bka

< A40MH ey p 401 " en 8y + 200,

<407 "eqp + 407 "ex61 + 206,

<4,
which shows k+172. It remains to prove k+1,1- We notice from ,
Ic,l; k72, the fact that #¥p < p; < 6; by , and that

E* (0,00) < €2 + [u(@)]Y + V()] < 26
Therefore, applying Lemma and , we have

C(x0,9k+1p) < 2¢16%€5 < €.

This shows (4.8), ., ;- Then, by induction, we prove that (4.8 holds for all k£ =
0,1,2,....

From the previous result, we also see that (4.9]) holds for all k =0, 1,2, ..., which
together with (4.4) and (4.9) implies

][+ |\ Dul? de < 2][ Du— (Do), @ eu[? da + 2|(Dr)gr,
B

okt Bok+1,
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<29 f
B

<407 "ex + (4607 "ea + 2)][ |Dnu\2 dx
B+

ok

|Du — (Dyu)gr,|* da + 2][+ | Dyyul? da

+ B
ok p 0k p

P

<407 "eq + 3][ |Dul|? dz,
+

Qkp

and so by (4.3),
/ |Dul? da < ek/ |Dul® da: + 2| B |(6%p)".
Bt +

ok+1, ok p

Applying Lemma with ¢(r) = fBi(xU) | Du|? dz, we have for every r € (0, pl,
/ | Dul? dxgc{(f)h/ |Du|2dx—|—r)‘}
B (w0) P B (z0)

< %(/ |Du|2dx+1)r’\.
p B (o)

Step 3: Choice of regular points on the boundary. In the last step, we have
shown that if (4.7)) holds then we have (4.10). Hence, in this step, we find boundary
points satisfying (4.7). Suppose that zo € T satisfies

(4.10)

hrﬁr)llbnf . |Du — (Dn“)B;f(zo) ® en|dx =0,
(4.11)

Mgy = limsup][ G(|Dpul) dz < oc.
pl0 JBJ (z0)

Then we show that z¢o € T,. For simplicity, we omit writing x¢, for instance,
B;’ = B;‘(xo) and (Dpu), = (Dnu)B;(a:O)'
Fix a € (0,1), and set ¢ € (0,1) such that

1 (1-1)

LI ) 412

92 g2(1+01) (4.12)
where o is determined in Lemma We further define
R 1 €2.1/2 (may +2) 1%

§:= mln{G ([G(( 5 ) )702 } ),51} <1, (4.13)

where ¢ = ¢co(n, N, L,v,g1,g92) > 0 will be determined later. Then, in view of

(4.11)), one can find p > 0 with

~ . 1—lzo| (4"(Mmyy +1) 1
£o < min {ph 4 ) [ G(l) + 1] 61} (414)

such that
][ |Du — (Dyu); @ ey|dx < s and ][ G(|Dpul)dx < my, +1.  (4.15)
BT B
p

45

We first observe from Holder’s inequality with (4.12]) that
tg
G(|Du — (D), @ en]) da < (][ (G(1Du — (Daw)y @ ea)] da)

+ +
B} B}
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1—t

x <]{B~+[G(\Du— (D) ® e)] 7 dr) T

Then by applying Jensen’s inequality to the concave function ¥ with
SH(0) < () = (G < B(o)
(see Lemma and (£.15), we have
£ 161Du= (D 0] o < 0( f

BF
p

|Du — (Dyu); @ ey dq:)

1

< 2[G(s)] 7.

On the other hand, applying Jensen’s inequality to the convex map t — [G(t)]}T91,
(2.16), (4.15) and (2.15]), we have

BY
P

160D (D0 a7 do < f (GDU T ds
Bﬁ
< c(]i+_[G<\Du|> +1) dx)”‘”
(f,

< c(mg, +2)to.

1401

IN

[G(IDyul) + 1] do

Therefore,

N G(|Du — (Dpu); @ ey)) dr < ca[G(3)]* (magy +2)' "
B;
for some co = ca(n, N, L,v, g1,92) > 0, and so by (4.13),
1/2
G(|Du — (Dpu); ® en) dz < G((%) )

BF
p

from which together with Jensen’s inequality for the convex map t — G(v/1), we
have

Clxo, p) < [G‘l( G(|Du — (Du)ﬁ®en|)d$>]2

B
p

+ Gt G(|Du — (Du); @ e,) dzx

BF

€ L (€2\1/2
<2 aa(2)")
<2 o) oS

€9 €2\ 91/2
< = — < €s.
=27 ( 2) =2
Moreover, by (4.14)) and (4.15)), we see that

4TL
D) = » 2 < gl ——
M(zo,p) = p %B; |Dpul dz < 'O(G(l) %Bjﬁ G(|Dpul|) dx + 1) < 0.
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Therefore, in view of (4.8]), we obtain

- 0"e .
C(wo,0"p) < 329%, M (x0,60%p) <

0™ 6,
3n

for k=0,1,2,.... (4.16)

Step 4: Morrey-Campanato estimates. We first consider any two sets

an
B, (x5) € B}, (21) with C(e1,p1) < 5 and Zﬁ € [6,1]. (4.17)
1
Then
L+ [(Dott) gt )| ) ][ |Dnu—(Dnu)B;1<m)ld o
< X
L+ [(Dntt) gt ol ~ JBty@n) L+ 1(Datt) g2 )|

- xlvpl)

< +1 (4.18)
P2 1+ |(Dnu)3;r2 (z2)|
< AT +1,
201+ (D) gy o))
which yields
L+ [(Dnt) gy (o)l < 201+ [(Dnt) gt (0)])- (4.19)

Then, for B,(zo) with p € (0,], since 0*15 < p < 0%p for some k, we see that

(A-17) holds for x1 = x5 = x¢, p1 = 0¥p and py = p. Hence using ([#.19) and (4.16)),

we have

C(.’Eo,p)
SJ[ [\Du— (Dypu)gr 5 ®2€n|2 G(|Du — (Dnu)9k5®en|)} p
B} (1 + [(Dnu)pl) G(1+[(Dnu)pl)
g — _ 2 — o ~
< 272 [|Du (Dnu)ekp ® znl G(|Du (Dnu)ekp ® enl)} d (4.20)
o Jpy b (L4 [(Dnu)grs]) G(1+ |[(Dnu)ors))
292 B
< 5 Clz0.0%p)
< 2*(92+")62_
In addition, we also have from (4.16) that
M (zg,p) = 07" M (x0,0%5) < 37"6;. (4.21)

Now we derive Campanato-Morrey type estimates. without loss of generality, we
suppose that zo = 0. Define po := p/6. We then consider balls B, (y) with y = (y)
which satisfy one of following:

(i) y € Top, and 0 < 7 < 4pg.
(ii) y € By, and B, (y) C By, .

Case (i): Since B (y) C Birpo(y) C B, (2r0)/(6po) = 1/3 and C(0,6p9) <
€2 < 3~(»+1) using the same argument as in , we see that

L+ [(Dnt)y,200| < 2(1+ [(Dnt)oepol) »
which by the same way as in (4.20]) yields
C(y,2po) < 3%7C(0,6p0) < eo.
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Moreover, we have
Therefore, in view of Step 2, we have

/ |Du|? dx < %(/ | Dul? dx—|—1)r>‘
B (y) Po NJBF, (v)

. (4.22)
< —/\(/ | Dul? dx—l—l)r’\.
Po Bgrro
Moreover, by (4.8), (4.20) and (4.21)), we also have for all p € (0,4p] that
C(y,p) < 29207 "C(y,0%(4py)) < 2920 ey, (4.23)
M(y,p) <67 "M(y,0"(4po)) < 07"61, (4.24)

where k is a nonnegative integer satisfying 081 (4pg) < p < 6% (4py).

Case (ii): Observe that B.(y) C By, (y) = B, (y) C B3, (y), where y =
(Y1, -y Yn—1,Yn) and ¥ = (y1,...,Yn-1,0). Then since C(y',2y,) < 2920 "¢y, in
the same manner as in Case (i), we have

Then we have from (4.23)) and (4.24)) that
Cint (y7 yn)

L | Du — (Du)y,yn|2 G(|Du — (Du)yy,|) "
'_]{syn@) [(1 +[(Du)y,y,1)? " G(L+[(Du)yy, ) }d

< 27l+92 f [‘DU — (Dnu)y/anUn ® en‘Q G(|DU - (Dnu)y’ﬁyn ® €n|) d.’ﬂ
B By, (v) (1+ ‘(Dnu)y’,Qyn )2 G(1+ |(Dnu)y’,2yn )

< 2”+92C(y/, 2yn) < 2n+2g29—n€2)

Mint (y7 yn)

= yn][ | Du|? dz
By, (v)

< 2yn(][ |Du — (Dntt)y 2y, © en|2 dx Jr][
By () Bay, (y")

<o (rrc ) (1 DaPds)+f  |Dufs)
Bay, (y) Bay, (')

< 2" C(y, 2yn) (1 + M (Y, 2yn)) + M (Y, 2yn)
< 2n+22929—n62 + 6770

|Dnu\2dz)

Therefore, by applying the results of interior partial regularity in [48], see [48]
p.752-753], we have

/ |Du|2dx§%(/ |Du‘2dl‘+1>r)\§%(/
B (y) Y By, (v) Yo NJBF

|Du|? dx + 1)7“)‘.
n 2yn (y")
Here, we choose sufficiently small e; and 1, so that the argument in there still
holds even we replace the assumption in [48, Eq. (4.32)] with the above estimates

related to Ciny and M.
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Moreover, since 2y,, < 4pg and |y'| < 2pg, by applying (4.22)) we obtain

/ |Du|? dx < %(%(/ |Du|2dx+1) (2yn))‘+1)7)‘
B (y) Yn 2P0 N B,

S%(/ |Du\2d:v+l>r’\.
+
pO BGTO

Therefore by Morrey-Campanato type embedding, see for instance [29, Theorem2.3]
along with (4.22)) and (4.25)), we have proved the theorem O

(4.25)

Now we prove our main result.

Proof of Theorem[1.1} Fix & € 9Q. Since 9Q € C*', there exists a C! function
v :R*"! — R such that, in the coordinate system with the origin at & and vz = e,
B.NQ={z=(2',2,) € B, : &, > y(z')}. Here, r > 0 is sufficiently small and will
be determined later. We next define a map T : R™ — R” by y = T'(¢/, z, — y(2'))
and its inverse by T=(y) = (v',yn + v(v')). Note that by choosing sufficiently
small r > 0, we have | DT||p~ = |[DT~||r~ < /2, and for any p < v/2r,

+ +
B! 5 <T(QNB,) < By, .

Now we set
i(y) =uw(T ' (y) — 9(T"' (),
a(y, ¢, &) =a(T (), ¢+ g(T~ (y)), DT~ (y)]¢ + Dg(T~ ().

Then we see that

and

‘é(yvchg) - é(y7427£)| S E,U,(|§1 - <2|2)G1(1 + |§|)a

(0. ¢.60) 030y C.2)| < Ln( 13 e )Gl + e,

where L and 7 depend on L, v, g1, go and 1Dyl L=,

lim V(p) := lim ( sup sup][ V(y, B (7)) dy)
p—0 =0 No<i<pgernJ B ()

< of m V(o) + tim (u(c7?) + 7(cp)) | =0,

where
f/(y, U) = sup sup |a(y=C7§) — (a('747§))U| < 2£’
CERN RPN G1(1 + [€])
and 7(-) is the both modulus of the continuities of Dg and DT~!. Moreover, @ is
a weak solution to the system
diva(y,a, D) =0 in B,

u=0 onlT,.
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Finally,

][Bfr |Du — (Dnu)B: ®en|dy < c]{gir D — (Dpu)p,, zne @ en| dy

2][ |Du — (Dnu)BNﬁmQ ® en|dx
B., 5N

G(|Dnul) dy < c][ G(|Dou]) da.

+
B Br«/\/imn

Therefore, if & € 0N satisfies

lim inf |Du — (Dpu)p.na ® en|dz =0,
=0 /B .o

limsup][ G(|Dpul) dz < o0,
B.NQ

r—0

then by Theorem [{.1] we see that 0 € Tj, which implies & € 9Q,. O
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