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Some remarks on the Melnikov function *

Flaviano Battelli & Michal Feckan

Abstract

We study the Melnikov function associated with a periodic pertur-
bation of a differential equation having a homoclinic orbit. Our main
interest is the characterization of perturbations that give rise to vanish-
ing or non-vanishing of the Melnikov function. For this purpose we show
that, in some cases, the Fourier coefficients of the Melkinov function can
be evaluated by means of the calculus of residues. We apply this result,
among other things, to the construction of a second-order equation whose
Melnikov function vanishes identically for any C*, 2m-periodic perturba-
tion. Then we study the second order Melnikov function of the perturbed
equation, and prove it is non-vanishing for a large class of perturbations.

1 Introduction

Melnikov’s method has shown to be an easy and effective method to detect
chaotic dynamics in differential equations. The starting point is an autonomous
system & = f(x), where x belongs to an open subset Q@ C R™, having a hyper-
bolic fixed point z¢ and a non-degenerate homoclinic orbit ¢(t), that is a non
constant solution ¢(t) such that tliinoo #(t) = xo and ¢(t) spans the space of

bounded solutions of the variational system

&= f'(o(t))z. (1.1)

Actually some extensions to the case where the variational system (1.1) has
a higher dimensional space of bounded solutions have also been given in the
literature, see for example [2, 3, 5], however we are not interested in such gen-
eralizations here. Then, associated to a given time periodic sufficiently smooth
perturbation eh(t, x, €), with ¢ sufficiently small, there is the so called Melnikov

function:
—+oo
M(a) := Y (E)h(t + «, ¢(t),0)dt
— 00
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with 1 (t) being the unique (up to a multiplicative constant) bounded solution
of the variational system

i = —f'(6(t))"x.

Note that M(«) is a periodic function having the same period as h(t,z,¢).
The basic result states that M («) gives a kind of O(e)-measure of the distance
between the stable and unstable manifolds of the (unique) hyperbolic periodic
solution (¢, ) of the perturbed system

= f(x)+eh(t+a,ze) (1.2)

which is at a O(e)-distance from zo (see [7]). Thus if M(«) has a simple zero
at some points, the implicit function theorem implies that these two manifolds
intersect transversally along a solution ¢(¢,e) of (1.2) which is homoclinic to
xo(t,€). This transversality implies, by the classical Smale horseshoe construc-
tion (see [10]), that a suitable iterate of the Poincaré map of the perturbed
system exhibits chaotic behavior (for a more analytical proof of this fact see
8)).

In this paper, we will mainly consider the case where h(t,z,0) = ¢(t) is a
T-periodic perturbation independent of x, although in the next Section some
results are derived for the more general case. We also assume that g(t) is C*.
Our first remark is that the Melnikov function is a bounded linear map from
the space of T-periodic functions into itself, as it can be easily checked using
the fact that |¢(¢)] < Ce=°ll for some positive real number . Moreover the
average of M(«) is:

+oo
M = P*(t)dt - q.
— 00
Now, in many interesting cases, for example when one deals with a second order
conservative equation on R, one has

“+o0
P*(t)dt =0

— 00

so that M = 0. In this case the Melnikov function can either be zero or there
are a1 and «ap such that M(a1) < 0 < M(as). This means that the Brouwer
degree of M(«) in the interval whose end points are o; and s is different from
zero. This, in turns, implies a kind of chaotic behavior of some iterate of the
Poincaré map (see [1]). This seems to be a good reason to study the kernel of

the Melnikov map:
—+oo

q(t) — P*(t)q(t + a)dt.
—00
This is the purpose of this paper whose content we now briefly explain. In
Section 2 we give a method to evaluate the Melnikov function when ¢(t) = ®(et)
for some rational function ®(u), v € C. The method states that the Melnikov
function can be evaluated by means of the calculus of residues. Even if the use
of the calculus of residues for the study of the splitting of separatrices seems to
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be a quite standard tool [4], our Theorem 2.1 does not seem to follow directly
from previous results. Section 3 is devoted to the study of M («) for a second
order equation on R with a T-periodic perturbation e¢(t). Finally, in Section
4 the results of Section 3 are used to construct some second order equations
whose Melnikov map has an infinite dimensional kernel, possibly vanishing on
the whole space of (C') 27-periodic perturbations. For this class of equation
we also study the second order Melnikov function My («), that is the coefficient
of £€2/2 in the Taylor expansion of the bifurcation function. We prove that
for a large class of perturbations, My(«) is not identically zero and changes
sign provided a certain simmetry condition is satisfied. This fact is important
because when the first Melnikov function is identically zero, it is Ms(«) that
determines the chaotic behaviour of the system.

2 Melnikov Function and Calculus of Residues

Given the system & = f(z)+eh(t,z,e), x € Q CR™, |g| < 2¢9, t € R, such that
4 = f(z) has a non—degenerate homoclinic orbit ¢(¢) whose closure is contained
in Q and h(t,r,¢) is a C'-function, bounded together with its derivatives on
R x Q x [—eg, &0}, the Melnikov function of the system is given by

+oo
M(a) = P (E)h(t + o, (1), 0)dt
where 1(t) is the unique, up to a multiplicative constant, bounded solution of the
variational system y = — f'(é(¢))*y(¢t). When h(t,z,e) = h(t + T, x,¢), T > 0,
the existence of a simple zero of M («) implies the existence of a transversal
homoclinic orbit for the Poincaré (period T') map of the system & = f(z) +
eh(t, x,e) with the induced chaotic behavior.
Here we assume that

(a) ¢(t) = ®(e'), where ®(u) is a rational function on C such that ®(u) — 0,
and ®(1/u) — 0 as u — 0;

(b) ¥(t) = e'W¥(e'), where ¥(u)u — 0 as |u| — 400, and ¥(u) is a rational
function on C.
From h(t,z,e) = h(t + T,z,¢) we deduce that M () is T-periodic. Set w = 2%
and Mo(a) = M(a)x|—7/2,1/2/(@), ho(t,x) = h(t,2,0)X[—7/2,7/2] and, for any
n € Z, consider:

A L T
MQ(’I’L) = = 1 MQ( ) _”'wo‘da
T/2 _
-1 / P OR(E + a, (1), 0)e= M dtda
T/2

T/2

= | w t)= L / h(t 4 o, ¢(t),0)e” " dadt

—T/2
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—+o0
- / 10 (MY h(n, B(et))emtdt

— 00

7 — l oo —inwt _ l e —inwt
h(n,z) := ho(t, a)e™ !t = — ht,,0)e"mtdt  (2.1)

—00 —-T/2

is the n-th Fourier coefficient of hg(¢,z). We assume that

(c) For any n € Z the function h(n, ®(x)) extends to a meromorphic function

h(n,®(u)) on C having the same poles as ®(u).
Thus

F(n,u) := U*(u)h(n, ®(u))
is meromorphic in C, for any fixed n € Z, and its poles are either those of ¥(u)
or those of ®(u). Let us make some comments about the function F'(n,u). As
U(u) and ®(u) take real values when u € R, Schwartz reflection principle gives:

U(a) =¥(u), and P(a)=P(u). (2.2)

Second, we notice that, being h(n,z) = h(—n, z) for any x € Q C R" we obtain
h(n, ® (@) = h(—n, ®(u))
because of the uniqueness of the analytical extension and hence
F(n,u) = F(—n,u). (2.3)

From (2.2) it follows that ¥(u) and ®(u) have complex conjugate poles and
hence the same holds for F'(n,u). Let w; = uj £iv;, j = 1,...,r be the poles of
F(n,u) (independent of n € Z). Note that the w; do not belong to an angular
sector around the positive real half-line, otherwise ¥(e?) will have singularities
on the real line. Thus the poles of F'(n, e*) are z = Log w; := log |w;| +¢ Argw;
where Arg(w) € (8,27 — () for some § > 0 and Log w; is the logarithm principal
value. We remark that Arg(w;) = 2m — Arg(w;). Finally, for any u € C\ {0}
such that 0 < Arg(u) < 27, we set

wen = elnwLogu.

Nwz

Then we integrate the meromorphic function e*F(n, e?)e on the boundary
of the rectangle {—p < Rz < p,0 < Jz < 27}. For p sufficiently large Cauchy
theorem implies:

) 4 )
2mi Z Res(e*F'(n, e*)e"*, Log w;) = / e'F(n,et)e™ dt
- —p
; | o .
—/ etF(n, et)em“te_%"‘”dt —|—/ ePe’VF(n,efe™¥)e'"Pe” " Yidy
0

4
—/ e PeF(n,e PeV)e P Y dy.
0
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Now, the last two integrals in the right tend to zero as p — 400 uniformly with
respect to n. Hence, for any n # 0 we get

+oo ) 2T
/ e'F(n,et)e™dt = 721:{65 e*F(n,e*)e"*, Log w;)

1 — e~ 2mnw
n u)uznw
= 2m Z Res | ————F%—,w; | .
—Qan

Thus we have proved the following.

— 00

Theorem 2.1 Under the conditions (1)-(3) the Fourier coefficients of the Mel-
nikov function M («) are given by:

= omi Z Res ( _);fmw ,wj> (2.4)

for n #£ 0, while
R 1 T/2 —+oo R
Mo(0) = % My(a)da = P (t)ho(0, ¢(t))dt
—-T/2 —00
where ho(n, ) has been defined in (2.1).

Using (2.3) we obtain:

400 400 ,
My (n) = / etF(n’ et)einwtdt _ / etF(n, et)e—znwtdt

—0 —0o0

+oo
= / e'F(—n,e)e ™t dt = My(—n).

Finally note that, since h(t,z) is T-periodic in t and C! we have
My(n) = 0 for any n € Z if and only if My(a) = 0.

We conclude this Section giving a first example of application of the above
result. Consider the Duffing-like equation:

i+o(T—1) =cla®r+ga(t)d (2.5)

where k > 0 and ¢y (t), ¢2(t) are 2m-periodic, C! functions. Setting 2; = x and
r9 = & we obtain the equivalent system

T1 = T

T =1 (1 - %) +elqi(t)z1 + ga(t)z2].
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6kx
(z+1)2
is given by ¢(t) = ®(e!) where

o0 = ()

Let ®g(z) = . Then the homoclinic solution of the unperturbed system

Moreover: @) — Bo(a)
\Il(:m,xz) = ( (I)f)(xl) >
and
h(t,x1,xa,€) = ( 0 )
q1(t)z1 + qa(t)w2
Thus:

F(n,u) = g;®o(u) @) (u) + ¢2udp(u)?

where ¢} and ¢2 are the Fourier coefficients of q1 (t) and ga(t) respectively. From
Theorem 2.1 we obtain then:

My(n) = 6Lqp + 62¢2

where 9

5t = l_e%m Res & (u)®’ (u)u'™, —1)
and o

02 = — " Res(® (u))2u"t!, —1)

n 1— e—27rn

(note that —1 is the unique pole of ®¢(u)). Hence, using the fact that Arg(z) €
(0,27), we obtain the following expressions of 6}, 62 for n # 0:

1 a:272/ 2 T
§, = —3in“k"(n° + l)sinhmr
and 6
2 _ D2 12002 L \(n2 — 1 T
on 5nk (n"+1)(n )sinhmr

N +oo N
Thus My(0) = g3 [ p(t)?dt and My(n) =0, for n # 0, is equivalent to

— 00

! 52 2i(n? — 1
B = 2D (26)
4G O 5n
Note that, obviously, a_, = @, and then taking, for any integer n # 0, ¢} =
anq?, g3 € R, we get the following

Corollary 2.2 Given any 2n-periodic function qo(t) € H3(R) with zero mean
value, there exists a unique 2w-periodic function with zero mean value, q1(t) €
H?%(R) Cc CY(R) such that the Melnikov function of the equation (2.5) vanishes
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identically on R. Actually, for n # 0, the Fourier coefficients of q1(t) and go(t)
satisfy the relation (2.6). The map q2(t) — q1(t) is linear, bounded and its
kernel is the space span{cost,sint}. That is, if g2(t) € span{l,cost,sint}, the
Melnikov map of equation (2.5) does not vanish identically for any non constant
perturbation eqy (t)x.

For example if g(t) = cos 2t then 1 (t) = —2 sin2¢

3 The case of the second order equation

In this Section we consider the Melnikov function for the second order equation

i = f() +eq(t)

where z belongs to an open interval I C R, f € C1(I,R), ¢(t) is a C', T-periodic
function, and & = f(z) is assumed to have the hyperbolic fixed point z =0 € I
and an associated homoclinic orbit p(t) € I. In this case we have

¢"(t) = (p(t) p(), ¢*(t) =(=p(t) p), h*(tx)=(0 q))

and hence ¥*(t)h(t,z) = p(t)q(t). As in the previous section we assume p(t) =
®o(e?). Then p(t) = e!®)(e?), and

o0 = (o) ¥ = ("500"™)

Note that we have F(n,u) = R*(u)h(n, ®(u)) = ®}(u)j, where §, is the n-th
Fourier coefficient of the periodic function ¢(¢). Thus in order that the analysis
of the previous Section is valid we see that we only need that assumption (2)
is satisfied, that is ®{(u) is rational (we do not need that ®q(u) satisfies this
condition), and lim,_,oc ®)(u)u = 0. Anyway, for simplicity, we also assume
that ®¢(u) is rational with the same poles as ®f(u). Next:

+o0
Amm=[ p(t)dt - do =0

because p(t) is homoclinic, and, from (2.4) we obtain for n € Z, n # 0:
A uanJ R
= 2 Z Res 1 — e_zmw Jw; ) = 0ndn

where ¢, is the n-th Fourier coefficient of the periodic function ¢(t), w; are the
poles of ®g(u) and

2mi inw

w;
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Now, let «y; be a circle around w; such that no other pole w;, i # j, is inside ;.
We have, integrating by parts:

2mi Res(®p (w)u™  w;) z/ Oy (u)u™ du = —inw/ o (u)u™tdu (3.2)
Vi i
and then )
W
(Sn 1—e PR w ZRGS (I)o mw 1, j). (33)
11/‘7

Next, assume that w; is a pole of ®g(u) of multiplicity k. We have:

1 dk—l
(k — 1)l dub—1 [

k—1 k—m—1
(& = 1)! mz::() (kn_z 1) {h [(u = w;)" @o(w)] -
)

(inw — m)um“’*m’l}

Res(®o(u)u™ 1, w;) = — w; )P (u)uim 1]

U=w;

nw—1)...

—~

U=W;

—1 . .
1 o (M + 1) ... (nw +mi) .
% Res ((u _ wj)m(bo(u)’ wj) i wm+1 einw Log wj .
0 J

S

3
Il

(3.4)
Now, Res((u—w;)"®¢(u),w;) = 0 for m > k because (v — w;)"Po(u) is
holomorphic in a neighborhood of w; when m > k. Thus, denoting by r the
maximum of the multiplicities of the poles w;, we can extend the above sum up
to 7 — 1 obtaining:

571 (1 _ e—27rnw EN:
2mnw —

(nw + ) (nw + 2i) ... (nw + mi)

r—1
ﬁReS (u —wj)"Po(u), w;)i™

m=0

—nw Arg w;

e .
einw log |w; |

w;nJrl

(3.5)
w1, ..., wn being the poles of ®o(u). Let By = min{Arg(w;) : j =1...N} €
(0, 7] and 1o be the greatest multiplicity of the poles of ®y(u) that belong to
the half line Arg( ) = Bo. Multiplying both sides of equation (3.5) by €™ we

see that 5——e"“P0§, (1 — e=2™) is asymptotic, as n — +00, to

Z Res(®o (u)u™ =1 w;)e™ .
Arg(w;)=Po
Now, again from equation (3.4) we see that for any pole w; such that Arg(w;) =
Bo, and multiplicity less than rq the quantity n'~" Res <I>0(u)um“’__1, w;)enwho
tends to zero as n — oo. Thus the leading term in Z Res(®q(u)u™ 1 w;) is:

wj

Z Res(®q(u)u™ ™t w;)

Arg(w;)=Bo
mult(w;)=rg
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mult(w;) being the multiplicity of w;. As a consequence, using also §_,, = &,
we obtain the following:

Proposition 3.1 Let fy = min{Arg(w;) : j = 1...N} € (0,7] and ro =
max{mult(w;) : Arg(w;) = Bo}. Then, if
enwBo

lim inf
n—oo N'o -1

> Res(@o(u)u™ ™ wy)| # 0, (3.6)

Arg(wj)=Bo
mult(w;)=rq

there exists i such that for any n € Z such that |n| > 1 we have §, # 0.
As a consequence the space of periodic functions q(t) such that the associated
Melnikov function is identically zero is finite-dimensional.

Condition (3.6) can be simplified a bit looking at equation (3.4). In fact
setting 7o in the place of k in that equation and multiplying by ef0"n!="0 we
see that only the term with m = rg — 1 survives. Thus we obtain the following

Proposition 3.2 Let 5y, ro be as in Proposition 3.1 Then, if

1 - '
lim inf E —Res((u—w;)" ' ®g(u), w;)e™ loglwil| £, (3.7)
n—oo .
Arg(w;)=B0 J
mult(wj):7‘0
there exists i such that for any n € Z such that |n| > 7 we have &, # 0.
As a consequence the space of periodic functions q(t) such that the associated

Melnikov function is identically zero is finite-dimensional.

Proof. As we have already observed, for any pole w; such that Arg(w;) =
and mult(w;) = r the quantity:

em"ﬁ R (@ ( ) inw—1 ) o Z.r_l ﬁ + @
=1 es(Polu)u , Wj 7( — 1)' 11 w "

1 r— 1nw log |w;
XWReS((u—wj) Ldg(u), w;)e log |w;|
J

tends to zero as n tends to infinity, and then the result follows from:

st o S o2

The proof is finished.

Remark. If ®y(u) has only one pole on the line Arg(u) = By with maximum
multiplicity rg, condition (3.7) of Proposition 3.2 is certainly satisfied. In fact
in this case the left hand side of (3.7) reads:

1 . ro

= lim (u—w;)" P (u)

w] U—w;
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and cannot be zero because w; is a pole of multiplicity ro of ®q(u).

Equation (3.5) has an interesting consequence when ®(u) has only the simple
poles w and @ (we do not exclude that w = w). In fact in this case we have the
following result:

Theorem 3.3 Assume that ®o(u) satisfies the assumption of the previous sec-
tion and, moreover, that it has only the simple poles w and @ (including the
case that ®g(u) has only one simple pole w = w). Then 6, # 0 for any n € Z,
n # 0. Thus, for any 2m-periodic, nonconstant function, the associated Melnikov
function is not identically zero.

Proof. Let us consider, first the case where ®o(u) has only the simple pole
w=w < 0. We have

1— —2Tnw 1 4
Q;nw O0n = w Res(fbo(u),w)e_””welnw log |w]|
— o TW ginw log |w| ]irq(z — 1)(1)0(211)) £0
z—

because w is a simple pole of ®g(u). Now consider the case where w # @ and
assume, without loss of generality, that 0 < Arg(w) < . We have:

% Res(®o (u), w) = %1}% @ () (u — w) = lim Po(zw) (= — 1)
1 1 o )
= Res(Po(u),w) = — lim @p(u)(u — o) = ;1_)1111 Dp(zw)(z — 1).

Since the above two limits exist we can evaluate them changing z with x € R.
We get:

% Res(®o(u), w) = Cl1_>mI Oy (zw)(x—1) = il—>m1 Op(zw)(x —1) = %Res(@o(u), w).

Setting A = w™! Res(®o(u),w) we obtain, from the above equation, and (3.5):
1 —e?me 5 = \w'™ + ot
2mnw '

Thus, when n # 0, §,, = 0 if and only if

% - (@)m. (3.8)

w
Now .
(E)znw — efn(ArgﬁzfArgw)w — 672n(7r7Argw)w — ai > 0.
w
Thus A = —a2 ) and then A = —a2\. So A = @\ and hence a2 = 1, because

A # 0. But this means that w is real and negative and this contradicts w # w.
The proof is finished.
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We now give a closer look at the case where ®((u) has two poles of multi-
plicity 7o on the half-line Arg(u) = f3y. Since

1
To
J

Res((u — w;) 1@ (u), w;) = lirri(z — 1) ®g(w,2),

we see that we have to study the equation:
)\1|w1|m“’ + >\2|w2|m“ =0 (39)

where \j = lim,_,1(z — 1) ®¢(w;2). Now, equation (3.9) has a solution n € N
if and only if

w1 inew )\2
w,

Thus we have the following cases:

(i) [A2] # |A1]- In this case liminf, oo [A1]wi]™ + Aofwa| ™| 5 0;

(i) [A2| = [A1] and log(|{t]) is a rational multiple of 7' = 21 In this case

equation (3.9) either has a (least) solution ng € N, and hence it has
infinite solutions of the type: n = ng + kq, k € Z, and ¢ € 7Z such that
% 1og(| %)) € Z, or liminf,, oo |Arwr "™ + Agfws|™| # 0;

(iii) [A2] = [A1] and log(|52|) is not a rational multiple of 7. In this case
liminf,, o ’/\1|w1|inw + )\Q‘U}Q‘inw‘ = 0.

As a consequence, Proposition 3.2 applies if either [As] # [A1], or log(|31]) is a

rational multiple of T" and ff\‘—f is not one of the (finite) values of

| wy |7an

w2
Remarks. (i) In this section we have assumed that ®¢(u) and ®((u) are both
rational functions on C with the same poles. However it may well happen that
the poles of ®((u) correspond to essential singularities of ®(u). Nonetheless,
the argument of this Section hold even in this case, we simply do not have
to integrate by parts as in (3.2) and use (3.1) instead of (3.3). For example
equation (3.5) reads:

N r—1

5”(1 — 6727”“4)) 1 ma/ ‘m_inw log |w;|
— om E E mReS((U*U’j) o (u), w;)i™e ’
j=1 m=0
! e~ W Argwj
nw(nw +4)(nw + 2i) ... (nw + (m — 1)i) —————
w”

J

with r being the multiplicity of the pole w; of ®{ (). Thus Proposition 3.1 and
3.2 hold with the following changes:

ro is the maximum of the multiplicities of the poles of ®((u) and in equations
(3.6), (3.7), ®o(u) and u™~! have to be changed with ®{(u), and u'"™* re-
spectively. Moreover, Theorem 3.3 holds as is (with ®f(u) instead of ®g(u) of
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course). The proof goes almost in the same way, apart that equation (3.8) has

to be written as: )
Aw /lD mw
Aw w
The rest of the proof is the same with A\w instead of A.

Note that the function ®g(u) = tan—! (%) is an example of such a sit-
141w
1—iu

uation. In fact 2itan=!(u) = log( ) has, at the points u = =i, essential

singularities and is defined, for example, outside the set {z = iy | |[y| > 1}. In
the next Section we will give a method to construct a second order differential
equation satisfied by p(t) := ®g(e’). Following this method we see that p(t)

satisfies:
. 19— 41tan?p

9 (tan?p + 1)2 anp
(ii) From the previous Section we know that d,, is also given by:

+oo )

5p = / p(t)e™ dt.

Now, the function:

400 )

5O = [ e

tends to zero as || — oo and the same holds for i£5(€) and (i€)25(€) because
p(t), p(t) tend to zero exponentially fast as |t| — oo (and hence belong to

L?(R)), and p(t) satisfies the equation p = f(p). In fact we have, for example,
integrating by parts:

+oo +oo
wer(©) = [ petar= [ stutoneca

— 00 — 00

and
+oo

(iw€)?5(€) = / P (p)p(t)e S dt.

— 00

As a consequence £§(€) — 0, £25(€) — 0 as |¢| — oo and then 6, € LY(Z) N
L?(Z). Thus the series:
Z 5neinwt

nez
is totally convergent to a continuous, T-periodic function A(t) whose n-th
Fourier coefficient is precisely ¢,,. Note that, being §_,, = J,, we have:
“+oo
A(t) =g +2 Z(Reén) cosnt — (Imd,,) sin nt.

n=0

Now, let ¢1(t) and ¢a(t) be two T-periodic functions on R. For ¢t € R, we set:

T/2
¢)1 * ¢2(t) = ;/T/2 ¢1(t — S)¢2(8)d8.
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Then ¢ * ¢o(t) is T-periodic and its n-th Fourier coefficient is:

T/2 T2 _
/ B1(t — 8)po(s)dse™ " dt
—r/2J)-1)2

T/2 T/2 ] ) () ()
- 7 / WL e e ety s —

—T/2

¢§"> being the n-th Fourier coefficient of ¢;(¢). As a consequence 8,4, is the
Fourier coefficient of both M («) and A * g(«) that is

1 T2 T/2
M(a):A*q(a):T/T/QA(a—s :—/T/2 g(a — s)ds.

Finally, we note that the function A(a) can be expressed by means of p(t) as
follows. We have:

+o0 (2k+1)T/2
M) = [ = et =Y /( B(s — a)a(s)ds

wez ! (2k—1)T/2

T/2
/ Zps+kT a)q(s)ds.

Now, the function , ., p(kT — t) is T-periodic and continuous (actually ana-
lytic, since so is p(t)). Thus:

=Ty pkT —t).

kEZ

4 Some examples

In this Section we apply the result of the previous Section to construct a second
order equation in R whose Melnikov function vanishes identically on an infinite
number of (independent) 27-periodic functions, or on any 2w-periodic function
q(t) (actually, we will give an example of case (ii) of the previous Section).
To do this we will first prove a result allowing us to construct second order
equations satisfied by prescribed homoclinic solutions. For completeness we will
also give an example showing that this procedure can also produce non rational
differential equations. To start with we make some remarks on the properties
of the function p(t) and the associated ®q(x). Since p(t) — 0 as |t| — oo, there
exists to such that p(tg) = 0. Without loss of generality we can assume that
to = 0. Thus p(t) = p(—t) because both satisfy the Cauchy problem:

Possibly changing f(x) with —f(—x), we can also assume that py := p(0) > 0.
Thus tp(t) < 0 for any ¢t # 0. In fact if p(7) = 0 for some 7 > 0 then p(¢) would
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be 27-periodic contradicting the fact that p(t) — 0 as || — co. Now, let $p(x)
be as in the previous section. Since we want that the equality ®¢(z) = p(log x)
holds for any x > 0, we see that we have to assume that:

Bo(z) = Bo(1/x) (4.1)

for any = > 0 and then ®¢(u) = ®o(1/u) because of uniqueness of the analyt-
ical extension. Thus, besides the pole w;, ®o(u) has also the pole w;l whose
argument is 2m — Arg(w;) (here we assume that 0 < Arg(w;) < m). Then,
the function ®g(z) is increasing in [0,1] and decreasing in [1,00), moreover
®o(1) = po. Thus there exist two functions x4 (p) defined on (0, pg] such that

(i) z4+(p) is decreasing on (0, po] and x4 (pg) = 1,
(ii) x_(p) is increasing on [0, pg] and x_(pg) =1, 2_(0) =0

and satisfy:
Po(z+(p)) = p. (4.2)
Note that, because of (4.1), we obtain:

for any p € (0, po], moreover, being ®((1) = 0 we get: lim z’_(py) = Foo. Now,
P—Dpo
p(t) satisfies the equation:
#(t) = F(e")

where F(z) = 22®{(z)+x®{(z) is a rational function defined on a neighborhood
of x > 0. Thus the point is to see whether F(e!) = f(p(t)) for some C!-function
f(p). We note the following:

F(1/2) = 504 (1/2) + @ (1/2)

and, using (4.1), we get:

— S B(10) = y(a), SB(1/a) + B (1) = Bi(o)

Thus it is easy to see that F'(x) = F(1/x) and then F(z_(p)) = F(z1(p)). Note
that we also get 2 F'(z) = —F’(1/x). This last equation implies F'(1) = 0 (note
that a similar conclusion holds for ®((1)). We set

f(p) = F(z—(p)) (= F(x1(p)); p € [0,po]-

Note that we choose z_(p) so that f(p) is continuous up to p = 0; moreover
from (4.2) we see that either z_(p(t)) = €' or x4 (p(t)) = €!, but then, in any
case f(p(t)) = F(e') = p(t). Thus we want to show that f(p) can be extended
in a C! way in a neighborhood of [0, pg]. To this end we simply have to show
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that the limits: lim,_,, %F(x,(p)) and lim, o dipF(x,(p)) exist in R. We
have:

d F/ _ F/ F// F// 1
lim —F(z_(p)) = lim M = lim /(I) = lim N(I) = //( )
p—po dp p—po ®4(z_(p)) =2—1®p(z) -1 PF(x)  PF(1)
Note that we have to assume that ®{(1) # 0 because otherwise f(pg) = 0
and then p(t) = pp will be another solution of the Cauchy problem p = f(p),
p(0) = po, p(0) = 0. Hence f(p) cannot even be Lipschitz continuous in any
neighborhood of pg. Next we prove that the limit
F'(x)
I
20 B()

eR.

exists in R. To this end we observe that, ®q(x) being analytic, z = 0 has to be
a zero of finite multiplicity, say k > 1, of ®¢(x), that is ®¢(z) = 2*G (), with
G(0) # 0. Then F(z) = k2®¢(x) + O(z**1) and

Fla) _ . B+ 06 o

I =
7m0 B (x) @m0 o) (z)

Let us briefly recall what we have seen so far. Let ®(z) be a non negative
rational function on [0, +00) such that ®g(x) = Po(1/x) and Py(x) is strictly
increasing from 0 to ®o(1) on [0, 1] (and of course strictly decreasing from ®(1)
to 0 on [1,00)) and ®f(1) # 0. Then p(t) := Pg(e?) is a homoclinic solution
of a Cl-equation p = f(p). We now want to show that this equation can have
further smoothness properties, for example t112at can be C?. To do this we show
that the limits hm %F( —_(p)) and hm b a2 F(x_(p)) exist in R. As for the
first we will see that the result holds w1thout any further assumption on ®q(z),
but the same does not hold in general for the second. We have:

P P ()@ (1) — P (p) ()
gt ) = @@ (p))?

and hence we are led to evaluate the two limits:

F'(2)®(x) — F'(2) g (2)

i e (4.3)
and F,, (b/ F/ (I)N
1 () O(?{)(—z)?’ ()@ (2) (4.4)

Let us consider, first, the limit in (4.3). Since F'(1) = ®3(1) = 0 we apply
L’Hopital rule and get:

f E@)®(@) - F@®f@) 1 F"(@) %) - F'(2)® (@)
wl () 30 (1) a1 4 ()’
1 PO @)@ () + F(2)8G (@) — F"(2)0f(2) — F/(2) 2" (x)

m

T 6Og (12 ()
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provided the last limit exists. Now, from ®¢(1/z) = Pp(x) we get:
—0)(1/x) = 250 (x) + 62°®{ (z) + 62 D) (z)

and then ®'(1) = —3®((1). Similarly F"’(1) = —3F"(1). Thus we can apply
again L’Hopital rule and obtain:

o P @)®(@) = F'(@)®(x) _ FO(1)P5(1) — F(1)@5 (1)

R.
o ) (1) 307(1) <

Now we consider lim,_.o f”(p) that is the limit in (4.4). Recall that we set
o (z) = 2*G(x), with G(0) # 0 and note that also F'(z) has x = 0 as a zero of
multiplicity k. Thus the numerator of (4.4) has x = 0 as a zero of multiplicity
(at least) 2k — 3 while the denominator has = 0 as a zero of multiplicity
3(k —1). Now a simple computation shows that = 0 is actually a zero of the
numerator of multiplicity at least 2(k — 1), but in general this is the maximum
we can expect. In fact one has:

F"(2)®)(2)—F'(2)®) (x) = k(k+1)(2k+1)2>* DG (2) G (2)+0(x*~1). (4.5)

Of course this is not enough to prove that f(p) is C? up to p = 0, unless k = 1.
So we assume that k£ € N, & > 1, and the following holds:

g (x) = 2" Go(a")

where Go(0) # 0. In this case in fact the left hand side of equation (4.5) vanishes
at x = 0 (since G'(0) = 0) and we actually have:

F''(2)®)(x) — F'(x)®) () = 6k>Go(2*)Gh(zF)z*=Y 4 O(2F—3)
and then
i L (@) @) — F'(2)®G(z) _ 6k>Gy(0)
z—1 Py (x)? — Go(0)?

Let us rewrite what we have done as a theorem:

eR.

Theorem 4.1 Let ®o(u) = u*G(u), k > 1, be a rational function such that
G(0) # 0 and the following hold:

(i) ®o(u) = ®o(1/u) (that is G(1/u) = u**G(u)),
(i) ®o(x) > 0 when x is real and x > 0,

(i) ®((x) =0 on x > 0 is equivalent to x =1,
(i) ®G(1) # 0.

Then lim,, o, u®)(u) = 0 and there exists a C*—function f(p) in a neighborhood
of [0,P0(1)] such that p(t) = ®o(e') is the solution of the equation p = f(p).
Moreover, if G(u) = Go(u¥) for some rational function Go(u), Go(0) # 0, the
function f(p) is C? in a neighborhood of [0, ®o(1)].
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Proof . We only have to prove that lim, ., u®{(z) = 0. To this end we note
that G(1/u) = u**G(u) implies G'(1/u) = —2ku?**1G(u) — u?**+2G’'(u) and
then
. . 9p(1/u) . EG(1/u)  G'(1/u)
/ _ 0 _
B -~ R T

u
= lim —uF{uG’ (u) + kG(u)} = 0.

Finally note that condition ®f (1) # 0 can be also stated in terms of G(u) since
condition (i) implies G'(1) = —kG(1) and then ®{(1) = G"(1) — k(k + 1)G(1).
The proof is finished.

One might wonder what kind of system one obtains starting with functions
Oy (z) as in Theorem 4.1. Actually, since ®g(z) is a rational function one might
expect that the function F(x_(p)) is a rational function of p. However this is
not generally true because x4 (p) are in general far from being rational. To show
this we start with the function

z(z? +1)
Do (z) == PP

There is no particular reason for the coefficient 4. It only has to be different
from 2, otherwise the expression of ®y(x) can be simplified. It is easy to see
that all the conditions of Theorem 3.3 are satisfied. In particular we have

1

T

1 1

<1>0<x>=<1>o( ); Do) = 3 @) =0 BO) =1 H(1) =

Moreover we obtain the following expression for F(x) = 22®{ (z) + 2®{(z):

(2?2 +1)(2® — 162° + 182* — 1622 + 1)
(2% + 422 +1)3
28 — 1625 + 18z* — 1622 + 1)
(x4 + 422 4+ 1)2

F(x) =

= ‘I’o(f)(

In order to apply the above described procedure we have to solve the equation:
z(2? +1) = (z* + 422 + 1)p (4.6)

for « as a function of p. Since ®g(x) = Po(1/x) we can solve (4.6) multiplying
it by 72 and setting z = z + 2. We obtain:

p22—242p=0

which has the solution

1+ +4/1—8p?

. (4.7)
2p

Now, z_(p) and 24 (p) = z_(p)~! are both solutions of the equation z + 2~ =

24(p), and not = + 2~ = z_(p), because, for p = pg = Pg(1) = 1/3 we have

21(po) =2, 2—(po) = 1 and x4 (pg) = x_(po) = 1. Now, we want to construct

z+(p) =
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f(p) = F(x_(p)) where z_(p) is the unique solution of ®y(x) = p such that
0 < z_(p) <1. We have ®g(z_(p)) =p for any 0 < p < 3, and z_(Po(2)) ==
for any 0 < x < 1. So:

f(p) = pfo(z_(p))

where

28 — 1625 + 182% — 1622 + 1 zt — 1622 + 18 — 16z~ 2 + 24

folw) = (e + 422 4 1)2 - (@2 +4+a2)?

Since x_(p) +z_(p)~! = 24 (p) we have
2% (p) +x_(p) 2 =23 (p) — 2,
and

So . )
24 (p) — 2027 (p) + 52

(2% (p) +2)?

Plugging (4.7) in the above equation we obtain, after some algebra:

folz—(p)) =7—6y/1 - 8p> — 48p”.

Thus we have seen that the second order equation
i =x(7— 611 — 822 — 4827) (4.8)

t( 2t

1

m. Note that the equation (4.8)
is defined on the interval (—ﬁ, ﬁ) that contains [0, 1].

fo(z—(p)) =

has the homoclinic solution p(t) =

We now give an example of equations whose associated Melnikov function
vanishes on an infinite dimensional space of C!, 2m-periodic functions. Take
a €R, a®#0,1 and set:

la* — 1|22
(22 4+ a2?)(a222 + 1)

Po(z) =

Note that ®g(x) > 0, for z # 0, and changing a with a~!, we obtain the same
function, so we assume a? > 1. Moreover ®(x) satisfies all the assumptions of
Theorem 4.1 including ®¢(u) = u*Gy(u*) with k = 2. For example one has:

a2(1 — a2

which is different from zero when a? # 0,1. Now, the (simple) poles of ®g(u)
are
wi =1ta, Wi = —ta, wWo:=1a , Wy = —ia
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and we have

A1 = lim, (2 — 1)®@g(wr2) = —1/2
5\1 == ling,l(z - 1)@0(1]}12) == —1/2
AQ = limz_,l(z - 1)(1)0(11)22’) = 1/2
Ao = lim, (2 — 1)®g(w92) = 1/2.

Thus equation (3.5) gives, after some algebra:

__min__ sin(n log a)
" sinh(nZ) &

and we obtain the following:

(a) taking a = ¢™™, m € N, we can construct a family of second order equa-
tion whose Melnikov function is identically zero, no matter what the (27-
periodic) perturbation is;

(b) taking a = e™ /2 m € N, we can construct a family of second order
equation whose Melnikov function is identically zero on an infinite number
of independent 2m-periodic perturbations but not for all.

To obtain an analytical expression of such systems, we proceed as in the previous
example. The equation ®¢(z) = p reads:

1
pa2($2+ﬁ)—a4+p+pa4+120

and again can be solved by setting z = x + 1. We obtain:

a’?+1—p(a®-1)
pa®

2?2 =(a® - 1)

which has the solutions

Vplat =1 —p(a® — 1)
ap

ze(p) ==+

It is not necessary to solve the equations z+z~! = 2. We only have to note that
both z_(p) and x4 (p) = x_(p)~! are solutions of the equation x+z~! = 2, (p),
and not z + 27! = 2_(p), because 2, (py) = 2, z_(po) = —2 and x_(py) =
24 (po) = 1. Next we compute F(z) = 22®((z) +2®)(z). Since F(z) = F(1/z)
we expect that F(z) can be expressed in terms of z = 2 + 2. An annoying
computation shows that, in fact, F(z) = G(x + 2~ 1), where:

a?z* — (a* + 4a? +1)2% + 2(a? — 1)?
(@222 1 (a2 — 1)2)3 :

G(z) = 4a*(a* = 1)

Thus f(p,a) = F(z_(p)) = G(24+(p)). After some algebra, we get:
at+1
a*—1

f(p,a) =4p (2p2 -3 P+ 1) = 4p[2p?® — 3pcoth(2loga) +1].  (4.9)
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Thus, in this case, p(t) = ®g(e?) is the solution of an analytic second order
equation & = f(x,a) such that, when a = e™" (or a = €™™/?), m € N, its
Melnikov function vanishes identically on any 27-periodic functions (or it is
identically zero for infinitely many independent 2m-periodic functions but not
for all). The geometrical meaning of this is that, in spite of the fact that the
perturbation of the equation is of the order O(e), the distance between the
stable and unstable manifolds of the perturbed equation, along a transverse
direction, is of the order (at least) O(¢?). This means that in order to study
the intersection of the stable and the unstable manifolds, we have to look at the
second order Melnikov function. For a C?-equation like # + f(z) = q(t) this
second order Melnikov function is given by:

+oo
My(a) = / B (p(1))02 (1)t

where v, (t) is any fixed bounded solution of the equation
i = f'(p(t)z +q(t + ). (4.10)

This solution exists thanks to the fact that M(a) = 0. Note that any two
of these bounded solutions differ for a multiple of p(¢), and hence varor(t) =
Vo (t) + Ap(t), for some A € R. On the other hand M;(«) does not depend on
the particular solution v, (t) we choose. This fact easily follows from the fact
that p(t) is a bounded solution of the non homogeneous system

&= f'(p(t)z + [ (p(t)p(t)?

and v, (t) is a bounded solution of

&= f'(pt)x + f"(p(®)pt)va + d(t + ).
Hence:
+oo
/_ p(t)f" (p(1))p(t)*dt = 0

and

+oo +oo
/ B I (p(£)5 (v (t)dt = — / Bt +a) = M(a) = 0.

— 00 — 00

Thus Ms(«) is 2m-periodic. This fact, however, also follows from the more
general fact that the bifurcation function itself is 2m-periodic. We now prove
the following result.

Theorem 4.2 For any m € N and ¢ # 0, the second order Melnikov function
My () associated to the equation

& = 4x(22* — 3z coth(2mm) + 1) 4 ¢ (g + qodd(t)) (4.11)
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does mot vanish identically on a dense subset S of the space C;dd,% of all C'-
smooth, 2w—periodic and odd functions qoqq(t). Actually, S is the complement
of a codimension one closed linear subspace of C,,, . Moreover if a positive
integer k € N exists such that qeqa(t + T) = —Goaq(t), Ma(c) changes sign in
the interval [0, T].

Proof. We emphasize the fact that many of the arguments of this proof can
be used even for more general equations than (4.11) having a homoclinic orbit.
For this reason we will write f(z) instead of 4z(2x2 — 3z coth(2mn) + 1), ()
instead of § + goaa(t) and p(t) for the orbit homoclinic to the hyperbolic fixed
point z = 0, in the first part of the proof. Note that the hyperbolicity of x = 0
implies that f/(0) > 0.

As a first step we simplify the expression of Ms(«) in the following way. Let
va(t) be a bounded solution of the equation & = f/(p(t))z + q(t + «), whose
existence is guaranteed by the fact that M («) = 0, and u(t) be the unique 27-
periodic solution of the equation & = f/(0)x+q(t). Then 74, (t) := v, () —u(t+«)
is a bounded solution of

&= f'(p(t)z+ [f'(p(t) = f(O)]ult + o).

As a consequence 74(t) — 0 exponentially together with its first and second
derivative (uniformly with respect to o) and v, (t) = 74(t) + u(t + ). Then

+oo
Ma(a) = / 1 ple) — 1O ()de

o dE
— -2 [ 1) - £ OO0
o
B [ ([i}a(t) — q(t + )]va(t) — f’(O)va(t)ba(t))dt.
Now we observe that
2 lim_ ()0 ()t = Jim {[fa(mr) +a(nr + a))?

—nm

—[Fa(—nm) + @(—nm + a)]Q} =0

because 7 (t) — 0 as |t| — +oo and u(t) is 2w-periodic. Similarly, using the
fact that r,(t) — 0 as |t| — o0, we get:

nm

2 lim va(t)ia(t)dt = lim {[Ta(mr) +u(nm + o))

—[ro(—nm) + u(—nm + 04)]2} =0.

As a consequence

nm

My() =2 lim ba(t)q(t + a)dt (4.12)
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nm —+oo

Note that lim in equation (4.12) cannot be replaced by / because

n—-+o0o
the convergence of ‘:flris integral is not guaranteed. Now, in order gf) compute
v (t), we first look for a fundamental matrix of the homogeneous equation
&= f'(p(t))x. We already know that p(t) is a solution of the previous equation
that satisfies also p(0) = 0, and $(0) # 0. So we look for a solution y(t) such

that y(0)p(0) = 1 and ¢(0) = 0. If y(¢) is such a solution, Liouville Theorem
implies that
y(t) P(ﬂ)
Xt)=1"= ..
=3 %

satisfies det X (t) = 1 that is p(t)y(t) — p(t)y(¢t) = —1. Integrating this equation
we obtain:

Note that, no matter the constant we add to the integral, ¢p(t) vanishes for ¢t = 0;
however the constant is uniquely determined by the condition ¢(0) = 0 (from
which the equality y(0)5(0) = 1 follows). Let u = 1/ f’(0). From p(t) = P(ett),
we obtain:

y(t) =Y (e") (4.13)
where ) ” J
Y(z) = ——aP’ 7 4.14
@ =57 [ oty 1
Specializing (4.14) to equation (4.11) where P(x) = Mijﬁgfﬂ, with g = 2,

we obtain Y (z) = Yy(z) + Ys(x) + Yy (z) where

3a%(a® +3a* +1) z(z?—1)logx

Yo(z) = 2
o) 2 a*—1 (x + a?)?(a’z 4 1)2
> 1
3at+1  a'%+52a2 +72a® —4a* —1  a'?+29a® +29¢* + 1
Yo(z) =

T dat—1 16a2(a* — 1)2(z + a?) + 16(a* — 1)(x + a?)?
a'® +4a'? — 72a® — 52a* — 1 n a? +29a® + 29a* + 1
16a*(a* — 1)%(a2x + 1) 16a*(a* — 1)(a?x + 1)2

Note that Yy(z) 4+ Y(z) is bounded on [0, +00) while Y,(x) is unbounded near
x = 0 and infinity. Now, the variation of constants formula gives, for any
solution of equation (4.10):

va(t) = c1y(t) + cap(t) +/0 B(t)y(s) — p(s)y(t)lg(s + a)ds

{cl - /Ot p(s)q(s + oz)ds}y(t) +p(t) [02 + /t y(s)q(s + a)ds]|.

0
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Then, from the boundedness of ¢(t), the fact that y(t) is of the order e*l*l at 400
and p(t) is of the order e #*l at +o0, we see that the second term is bounded
on R. Hence v,(t) will be bounded on R if and only if a constant ¢; exists such
that

{cl — /Otp(s)q(s + a)ds} y(t)

is bounded on R, and this can happen (if and) only if

“+o0o 0
o= [ peats s = [ tslats + ayis.
0

—0o0

This choice of ¢; is made possible by the fact that M (a) = 0 and gives:

)= u(0) [ elats+ s +50) [+ [ y(s)as + s

Note that v, (t) is bounded on R for any value of c;. However we can make it
unique by adding the condition 9,(0) = 0. Since ¢(0) = 0 we see that this is
equivalent to choosing co = 0. That is

valt) = (1) / " p()als + a)ds + p(t) / y(s)a(s + a)ds. (4.15)

It is worth of mentioning that equation (4.15) gives a bounded solution of equa-~
tion (4.10) provided p(t) is a homoclinic solution of & = f(x), and y(t) is defined
as in (4.13) and (4.14).

Now, we write ¢(t) = Geven(t) + Goad(t) where Geyen(—t) = Geven(t) and
Godd(—t) = —Goda(t). Then the solution v(t) of the equation & = f(p(t))x + q(t)
satisfies v(t) = Vepen (t) +Vodd (t) where veyen (t) is the (unique) bounded solution
of

&= f'(p(t)T + even(t), 2(0) =0

while v,q4(t) is the (unique) bounded solution of

&= f'(p(t)z + oaalt), #(0) =0.

From p(t) = p(—t), and the uniqueness of the solutions we get veyen(t) =
Veven (—t) and voq4(t) = —voq4a(—t) and then

nm

M2 (0) =2 lim ’beven(t)qodd(t) + rbodd(t)qeven (t)dt

—
n— 400 e

Now, we consider the situation where geyen(t) = § # 0 is constant and different
from zero. We obtain immediately:

/ i)odd(t)ckven(t)dt =cC Uodd(n’ﬂ').

—nm
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Next, let uqq4(t) be the unique bounded solution of & = f/(0) + gogq(t). From
the uniqueness we see that u,qq(t) is 2m-periodic and odd, moreover vyqq(t) —
Uodd(t) is a bounded solution of & = f/(0)x + [f'(p(t)) — f'(0)]voaa(t) and hence
tends to zero exponentially as |t| — +o00. As a consequence

lim vogq(nm) = lm  uegq(nm).

n—-—+oo n—-—+oo

On the other hand —uyqq(—n7m) = Uoga(nT) = Uoqqa(—nm) because of oddness
and periodicity. As a consequence u,qq(nm) = 0 and then

nm o0

Mg (0) =2 hm i}even(t)QOdd(t)dt = 2/ 'Oeven (t)qodd(t)dt
n—+0o0 —nm —

the last equality being justified by the fact that veyen () + Tc(o) tends to zero,

as [t| — +oo, together with its first derivative, being a bounded solution of

. / c / 4
= t - — t)) — .
= £ (0l0)2 = 775 (D) = 1/(0)
At this point we note that when geqa(t + 7) = —qoda(t) we have v,/ (t) =
Veven(t) — Voda(t) and hence it is easy to see that

nm c

My(r/k) =2 lim Un /i ()5 — doda(t)]dt
= -2 /_oo i]even(t)QOdd(t) - _MQ(O)

and the theorem follows provided we prove that M»(0) # 0.
Now, from equation (4.15) we obtain:

c

o) = 5 (300) [ (61 = p0010)) = Sut0

where v(t) is defined by the equality. We note that v(t) is the bounded solution of

Z = f'(p(t))z+1, with £(0) = 0 and that v(t)+ % tends to zero exponentially,

as |t| — +oo, together with its derivative. Moreover

[e'S) 2m
My (0) = c/ O(t)qoaa(t)dt = C/o 7(t)qoaa(t)dt

— 00

where

r(t) =Y ot + 2km) (4.16)

kEZ

is 2r—periodic and odd. From p(t) = P(ett) and y(t) = Y (e#') we see that
v(t) = V(e) where

V(z) = 2P (z) /1 ’ @da — P(2)Y ().
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Note that V() is linear in Y (). Applying the above considerations to equation
(4.11) (hence with p = 2) we obtain after some integrations:

Vi) + 1 3a?z(a* +1)(1 — 22?)logx
4 4(a?x + 1)2(z + a?)?
+x[(a12 +23a® +23a* + 1)(2% + 1) + 16a%(a® + 4a* + 1)z]

16a?(a’x + 1)%(z + a?)?

We set oo
Vis(a) = / () qoaalt + a)dt.

— 00

Then Ms () is 2m—periodic and My (0) = ¢M(0). Expanding Ma(«) into its
Fourier series we get:

M2 (a) = - Z in’yn(Ineina
neZ

gn being the n—th Fourier coefficient of g,q4(t) and
+oo 1. .
- / V() + Jle™ .

Note that iny_,/(27) are also the Fourier coefficients of the function r(t) defined
in (4.16). Since ¢oqq(t) is an odd real function we easily get g, = ic, where ¢,

are real numbers such that ¢,, = —c_,,. Thus
My(a)) = Z NYnCne'™. (4.17)
neZ

Being M («) a real valued function, we also get: %, = vy_,. Moreover, arguing
as in Section 2 of this paper we can evaluate the Fourier coefficients of Ms ()
by means of residues and get, for n # 0:

;SN

mie 211

Tn = (;RGS(W(u)uinlij) + T ;RGS(H(U)Uinl’wj))

sinh(nm)
where w; runs in the set {+ia, +i/a} and:
Wi(u) = Wo(u) + H(u)logu

3a%(a* + Du?(1 — u?)
2(a2u? + 1)2(u? + a2)2

H(u) =

u?((a'? + 23a® + 23a* + 1) (u* 4 1) + 16a*(a® + 4a* + 1)u?)
16a?(a?u? 4+ 1)2(u? + a?)?

Note that W(u) is the extension of V(2?) + 1 to the complex field. More-
over W(u) is a meromorphic function on C\ {z € R : > 0} that satisfies
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limy, 0o W(u) = 0 uniformly with respect to Arg(u) € (0,27). An annoying
computation shows that:

Res(H (u)u™1,ia) = Mn(cos(n log a) + isin(nloga))e ""/?
Res(H (u)u™ 1 i/a) = —%n(cos(nlog a) — isin(nloga))e ""/?
Res(H (u)u™~1, —ia) = %n(ws(n log a) + isin(nloga))e3""/?

Res(H (u)u™™~1, —i/a) = %n(cos(nlog a) — isin(nloga))e 3""/2.
Thus
ZRes u™ Tt w;) = % (e73n7/2 4 e7"/2) sin(nlog a)

which is zero for @ = €™". A similar computation gives:

yin—1 _in(e" +1)a' +9a® — 9a* — 1
ZRes Wo(u JWj) = — 30032 A=) cos(nloga)

3i(e"™ + 1) a* + 1
4e3nm/2 g4 — 1

3 "4+1)1 1
E Res(H (u)u"™ *logu, w;) = infe 1 3: /2) oga; + 1 cos(nloga)
e ™ —

sin(nloga)

3i(a* + 1)[2(e™™ 4+ 1) — nmw(e™™ + 3)]
8(a* — 1)e3n7/2

sin(n log a)

As a consequence, setting a = ™"

—1)nm
Yr = ésm)?(ngﬂ)b [cosh2(2m7r) — 6mm coth(2mm) + 2]
that is
nmng cn 1)nmn20
=c¢-Cp =2c-Cp, —
=c¢ Z sinh(n ) Z sinh(n%)
neZ\{0}

C), being a positive constant. So, for any non zero real number ¢, we have
Tn 76 0, for any n € Z \ {0} and then r(¢) # 0. Since M3(0) # 0 if and only

if f t)qoda(t)dt # 0, the thesis of the present theorem follows. For example

the space of 2r—periodic functions for which M»(0) # 0 is different from zero
contains functions like § + goqa(t), where ¢ # 0, and goq4(t) is a 2m—periodic,
odd function whose Fourier coefficients ic,, satisfy (—1)"™¢, > 0 (resp. < 0)
for n > 0. The proof is finished.
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We conclude this Section with a remark. Letting m — 400 in equation
i = 4x(22? — 3z coth(2mm) + 1) (4.18)

we obtain the equation
i = 4x(220® — 3z + 1) (4.19)

which has two heteroclinic connections to the equilibria = 0 and = = 1. Since
the Melnikov function of equation (4.18) is identically zero for any 27-periodic
perturbation of the equation, one might wonder whether this fact holds for the
Melnikov functions associated to the heteroclinic orbits of equation (4.19). The
answer to this question is negative as it can be easily seen by direct evaluation
of the Fourier coefficients of the Melnikov function. In fact let us consider, for
example the heteroclinic solution of (4.19) going from x = 0 to z = 1:

62t

_ t
g = Rl

Poo (t) =

where R(z) = Ig—il Applying the procedure described in this paper we see that
the Fourier coefficients of the Melnikov function are given by d,,¢,, where g = 1
and, for n # 0:

in+1 in+1
i)+ Res(u— nr

2nm )] =
w1 T 2sinh(n%)

Op = T [Res(u2 T

Geometrically, this strange behaviour depends on the fact that the homoclinic
solution of (4.18) gets orbitally closer and closer (as m — 00) to the heteroclinic
cycle and not to any of the heteroclinic orbits. As a matter of fact, setting

62t(64mﬂ' _ 1)

e2t + e?mﬂ)(62t+2m‘n’ + 1)’

pm(t) = (

the Melnikov function associated to a heteroclinic solution of (4.19) is the limit,
for m — oo of either:

+oo
/0 Pom (£)q(t + a)dt
or 0
[ Pom () q(t + a)dt

and these are not zero in general. To see this, consider, for example the hetero-
clinic solution of (4.19) peo(t). We have, for ¢t < 0:

1

P cosh?(mm — t)

0 < Poo(t +mm) — P (t) < 26 (4.20)

From Lebesgue’s theorem we get then:

0
lim /_ oo ( + M) — P (D]b(E)dlE = 0

m——+oo
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for any L*°-function b(t), and hence:

/oo Poo(t)q(t + a)dt = lim " Doo(t)q(t + a)dt =

— m— 400 — 0
0 0
tim [ peot o 2mm)a(t +a)dr = lim / Bom (D)t + ).

A similar argument shows that

oo 0
/ Doo(t + m)g(t + a)dt = lim Pom+1(t)q(t + a)dt.

—
— oo m——+00 — oo
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