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EXISTENCE OF SOLUTIONS FOR A FRACTIONAL ELLIPTIC
PROBLEM WITH CRITICAL SOBOLEV-HARDY
NONLINEARITIES IN RY

LINGYU JIN, SHAOMEI FANG

Communicated by Raffaella Servadei

ABSTRACT. In this article, we study the fractional elliptic equation with crit-
ical Sobolev-Hardy nonlinearity
| u‘2: —2

(—A)"u + a(z)u = L k(@)ul

|z|®
u € H*(RY),
where 2 < ¢ <2, 0 < a <1, N >4a, 0 < s < 2a, 25 = 2(N — s)/(N —
2cv) is the critical Sobolev-Hardy exponent, 2* = 2N/(N — 2q) is the critical
Sobolev exponent, a(z),k(z) € C(RY). Through a compactness analysis of
the functional associated, we obtain the existence of positive solutions under
certain assumptions on a(x), k(x).

1. INTRODUCTION
We consider the nonlinear elliptic equation

272
= Ju> "u + k(2)|u|?%u, xRN,
|| (1.1)

u € H*(RY),

(—A)%u + a(z)u

where 2 < ¢ <25, 0 < a < 1,0 < s < 20, N > 4a, 25 = 2(N — 5)/(N — 2a)
is the critical Sobolev-Hardy exponent, 2* = 2N/(N — 2«) is the critical Sobolev
exponent, a(z), k(z) € C(RV).

Recently the fractional Laplacian and more general nonlocal operators of elliptic
type have been widely studied, both for their interesting theoretical structure and
concrete applications in many fields such as optimization, finance, phase transitions,
stratified materials, anomalous diffusion and so on (see [4, 9, [13] 11, [8] 9L 20} 21]).
In particular, many results have been obtained for elliptic equations with critical
nonlinearity related to . Dipierro et al. [9] considered the critical problem with

2010 Mathematics Subject Classification. 35J10, 35J20, 35J60.

Key words and phrases. Fractional Laplacian; compactness; positive solution;
unbounded domain; Sobolev-Hardy nonlinearity.

(©2018 Texas State University.

Submitted April 8, 2017. Published January 10, 2018.

1



2 L. JIN, S. FANG EJDE-2018/12

Hardy-Leray potential
(—A)%u — 7# = |u|2*_2u, reRY,
(1.2)
u € H*(RY),

where H *(RM) is defined in (1.5]). They proved existence, certain qualitative prop-
erties and asymptotic behavior of positive solutions to (|1.2)). Ghoussoub and Shak-
erian in [I4] investigated the double critical problem in R™Y,

u lu|%~2u .
—A)%u — = +ul? 2u, zeRV,
=4) Ve |[® u (1.3)

u>0, uec H*RY),

with v > 0. There through the non-compactness analysis of the Palais-Smale se-
quence of , they obtained the existence of the solutions. Also Yang etc. in [27],
[25] consider a class of critical problems with a Hardy term for the fractional Lapla-
cian in a bounded domain. For the two gathered of the spectral fractional Laplacian
and of the regional fractional Laplacian, they obtained the existence of solutions re-
spectively. In addition, the authors in [I0] established a concentration-compactness
result for a fractional Schrédinger equation with the subcritical nonlinearity f(x, ).
Motivated by [9], [T4] 10} 27, 25] we consider the existence of positive solutions for
problem in RY. The main interest for this type of problems, in addition to
the nonlocal fractional Laplacian is the presence of the singular potential 1/|x|®
related to the fractional Sobolev-Hardy’s inequality. We recall the Sobolev-Hardy
inequality

([0 <o | (-aruwpan, voemo@), 1)

where c is a positive constant. The Sobolev embedding H*(RN) — L2 (|z|~*,RY)
is not compact, even locally, in any neighborhood of zero. As it is well known, the
loss of the compactness of the embeddings is one of the main difficulties for elliptic
problems with critical nonlinearities. Thus our problem has two factors, one is the
critical Sobolev-Hardy term, the other is the unbounded domain. In [9] and [I4], the
authors can consider the solutions of critical problems in the homogeneous fractional
Sobolev space H (RN ), while we must deal with in the nonhomogeneous
fractional Sobolev space H*(RY) given the presence of low sub-critical terms in
(1.1). This is why the methods in [9] and [I4] can not be used directly to (|1.1)).
As far as we know, the existence results for global problems for the fractional
Lapalacian with a mixture of critical Sobolev-Hardy terms and subcritical terms
are relatively new. To overcome the difficulties caused by the lack of compactness,
we carry out a non-compactness analysis which can distinctly express all the parts
which cause non-compactness. As a result, we are able to obtain the existence
of nontrival solutions of the elliptic problem with the critical nonlinear term on
an unbounded domain by getting rid of these noncompact factors. To be more
specific, for the Palais-Smale sequences of the variational functional corresponding
to we first establish a complete noncompact expression which includes all the
blowing up bubbles caused by the critical Sobolev-Hardy nonlinearity and by the
unbounded domain. Then we derive the existence of positive solutions for .
Our methods are based on some techniques of [5], [7, 10} [16], [17), 23] 24, 26, 28].
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Notation and assumptions. Denote ¢ and C' as arbitrary constants which may
change from line to line. Let B(x,r) denote a ball centered at x with radius r and
B(z,r)¢ =RN\ B(x,r).

Let N > 1, u € L?(R"), let the Fourier transform of u be

= 1 —i-x
ug) = W/RN e~y (x)da.

We define the operator (—A)*u by the Fourier transform
(—A)eu(€) = [EP*a(E), Vue O RY).

Let H “(RY) be the homogeneous fractional Sobolev space as the completion of
Cs°(RY) under the norm

ull o ey = NIE1°Ul L2 Ry, (1.5)
and denote by H*(RY) the usual nonhomogeneous fractional Sobolev space with
the norm

lull e @y = ull L2y + €178 L2 @) (1.6)
For 0 < o < 1, a direct calculation (see e.g. [8, Proposition 4.4], or [9, Proposition
1.2], gives

[u(z) — u(y)? / 9
drdy = —A)*/ 24z = |ju?
/IRN /RN o —y|Nt2e ?J\NH v RN (=) u(x)[*dz HUHHQ(RN)’

N+2s
2s—1,_— I'( )

where ¢y s = 2 T2
Nss T(=s) S)I

Let ut = max{u,0}, v~ = u™ — u. From the proof of (2.14)) in [12], it follows
lu g < Mlull o (L.7)

We call u # 0 in RY if the measure of the set {z € R¥|u(x) # 0} is positive.
Recall the definition of Morrey space. A measurable function v : RY — R
belongs to the Morrey space with p € [1,00) and v € (0, N], if and only if

[y = sup N [ oo <o
r>0,z€RN B(z,r)
By Holder inequality, we can verify (refer to [8])
L (RY) — LPY(RYN), for1<p< 2%, (1.8)
and . )
P ST RNY o L S RY) for 1< py < p < 2°. (1.9)

Moreover, we have LPV(RY) — Ll’E(RN).
Next we give the definition of the Palais-Smale sequence. Let X be a Banach
space, ® € C1(X,R), c € R, we call {u, } C X is a Palais-Smale sequence of ® if
b (u,) — ¢, ®(u,) =0 asn — oc. (1.10)
In this article we assume that:
(H1) a(z) € C(RY), k(z) € C(RV);
(H2)
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In this article, we assume that a(z), k(z) always satisfy (H1) and (H2). The energy
functional associated with (1.1)) is for all uw € H*(R"),

Iw) = / (12 2u@) 2 + a(@)u(@)]?) da
_i M x—l 2 (uT () dx
5 | e =2 [ k@)t @),

Finally we present some problems associated to (|1.1)) as follows.

The limit equation of (|1.1)) involving subcritical terms is
(—A)*u + au = klu|? 2u,

N (1.11)

u e H*(RY),

and its corresponding variational functional is

) = / (12w + alut) P )dr

- é E(u™(x))%dz, ue H*RN).
RN

The limit equation of ([I.1]) involving the Sobolev-Hardy critical nonlinear term is

(—A)%u = [uf* %
|z (1.12)
u e H*(RY),

and the corresponding variational functional is

Is(u):%/RNK_A)amu(w)‘de_i Md

2% Jry o |

z, ue H*RY).

In [5] Chen and Yang proved that all the positive solutions of (1.12)) are of the
form

Us(z) i=e 2 Uz/e), (1.13)
and U (z) satisfies
Ch Cy
—_ < < .
R O = (1.14)

where Cy > C7 > 0 are constants. These solutions are also minimizers for the
quotient

P Y
Bor = tron (o) PE g\ 27%E
weH=ENO} ([ da)?*

|

which is associated with the fractional Sobolev-Hardy inequality (|1.4). Define

1 1 |U(2)|* 20— 5 N==
= Z(—=A)/2 2 _ — 20—s
Dy /RN(2|( AP PU@ - 5 )dx g (1)

N = {ue H*®Y)\ {0} : / (12 2u@) 2 + alu()?
. k(u+(x))Q) dz = 0},
J% = inf I°°(u). (1.17)

uEN

(1.16)
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It is known that A # () since problem ([1.11)) has at least one positive solution if
N > 2« (see [18]) for 1 < ¢ < 2*.
The main result of our paper is as follows.

Theorem 1.1. Suppose a(z), k(z) satisfy (H1) and (H2), 2 <¢<2*, 0<a <1,
N > 4da, 0 < s < 2a. Assume that {u,} is a positive Palais-Smale sequence of
I at level d > 0, then there exist two sequences {R{} C RTY (1 < i < 1;) and
{yi} c RV (1 <j <), ue H¥RY), and u; € H*(RN) (1 < j <ly),(l1,l2 € N)
such that up to a subsequence:
l2
d=1I(u)+ LD+ > I®(u);

j=1
15 . lo )
||un7ufZUR 7ZUj(Z'7y%)|‘HQ(RN) =o0(l) asn— oo (1.18)
i=1 j=1

where u and u; (1 < j <o) satisfy
I'(u) =0, I°(u;) =0,
R;—>O(1§i§ll), |y%|—>oo(1§j§lz) as n — oo.

In particular, if u 2 0, then u is a weakly solution of (1.1). Note that the corre-
sponding sum in (1.18]) will be treated as zero if I; =0 (i = 1,2).

Remark 1.2. (1) Similar to [23, Corollary 3.3], one can show that any Palais-Smale
sequence for I at a level which is not of the form my Do +maJ®°, my1, me € N|J{0},
gives rise to a non-trivial weak solution of equation .

(2) In our non-compactness analysis, we prove that the blowing up positive
Palais-Smale sequences can bear exactly two kinds of bubbles. Up to harmless
constants, they are either of the form

UR'VL(I’)’ |R,| — 0 asn— oo,
or
u(z —yp) € H*RY),  |yn| — 00, asn — oo,

where u is the solution of (1.11)). For any Palais-Smale sequence w,, for I, ruling
out the above two bubbles yields the existence of a non-trivial weak solution of

equation .

(3) Because of the lower order terms a(z)u and k(z)[u|?"2u in (L.I)), we must
deal with u € H*(RY) to ensure that the functional I(u) is well defined. In
fact, if u € H*(RY), by the Sobolev inequality, u € L*(RY) and u € LI(RY) for
2 < ¢ < 2*. Noting that |lu||;2 and ||u|| £« only satisfy the translation invariance and
fRN %dm only satisfies the scaling invariance, then there exists a new limit
equation which causes some new structures for the Palais-Smale sequence of

(D).

Using the compactness results and the Mountain Pass Theorem [3] we prove the
following existence result.

Theorem 1.3. Assume that 2 < ¢ < 2", 0 < a < 1,0 < s < 2a, N > 4a. If
a(x), k(x) satisfy (H1), (H2) and

a>a(r), k(z)>k>0, k(z)#k (1.19)
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Then (1.1)) has a nontrivial solution u € H*(RN) which satisfies

I(u) < mm{i)saz"s s J°°}

This paper is organized as follows. In Section 2, we prove Theorem by
carefully analyzing the features of a positive Palais-Smale sequence for I. Theorem
[[-3)is proved in Section 3 by applying Theorem[I.I]and the Mountain Pass Theorem.

Finally we put some preliminaries in the last section as an appendix.

2. NON-COMPACTNESS ANALYSIS

In this section, we prove Theorem by using the Concentration-Compactness
Principle and a delicate analysis of the Palais-Smale sequences of I. Firstly we give
the following Lemmas.

Lemma 2.1. Let 0 < o < N/2,0 < s < 2a, r > 0, {un,} € H*(RN) be a bounded
sequence such that

ut(2))®
inf Mdm >c>0. (2.1)
neN B(0,r) |1'|
Then, up to subsequence, there exist two sequences {r,} C R* and {z,,} C B(0,2r)

such that

Gn — w20 in HYRY), (2:2)
where
i (rnz) when x,/r, is bounded
Tn Un(Tn niin ’
Up(x) = N—2a (2.3)

Un (Tn® + &) when |, /ry| — 0.

Proof. Let 0 < n(x) < 1, n(z) € C(RYN),n(x) = 1 on B(0,r), n(z) = 0 on
B(0,2r)¢. From [8, Lemma 5.3], it follows that

l7runl gra vy < Cllunllgra@)- (2.4)
By [B, Theorem 1.2],

25 1/2*
n(x)u, (z
([ e 00N ™ < oy [0y (2
- ( (RN)?

|[*

where max ]\]fv_f:, 2]\?‘:;} <6 < 1. From (2.4) and ({2.5)), it follows

(uf (@)% \1/2 @ un(@% | N1
CS(me o) <(/." ) (2:6)

0
<C||un|| Q(RN)HTIU’TL”LZN 2Q(RN)

Then there exists a constant ¢ > 0 such that

ey = s B[ p@u@Pdezeso. (@)
ZERN, RERt (z,R)

From (2.7), we may find r,, > 0 and x,, € B(0,2r) such that for n large enough,

C
[ @ ey s — o 220 @9
B(xn,n) "
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Denote

N2«

2 hen %= is bounded
i (1) = ™ Up (T 2) when 2 is bounded, (2.9)
Tn 2 Up(rpz +2x,) when [£2| — oo.

Tn

Since {u,} is bounded in H*(RY), from the scaling and translation invariance of
H*(RN), we have {1, } is bounded in H*(R™); therefore, up to a subsequence (still
denoted by 1),

i, —win H*(RY), and @, — win L _(RY), asn — ooc.

If z,, /r, is bounded, there exist a R > 1 such that B(=,1) € B(0, R), then

¢/2 < / i (@) () Pl < / i ()P — () [2da.
B(%2,1) B(0,R) B(0,R)
(2.10)

Zn

If |2

— 00, then

¢/2 < / i ()11 + )2 < / 1 () 2
B(0,1) B

05 (2.11)
= [ s
B(0,R)

where R > 1. Obviously we have w # 0. From (2.10) and (2.11)), Lemma is
[l

complete.

Lemma 2.2. Assume N > 40,0 < s < 20,2 < ¢ < 2,0 < o < 1. Let {v,} C
H*RN) be a Palais-Smale sequence of I at level dy and v, — 0 in H*(RN) as
n — oo. If there exists a sequence {r,} C RY, with r, — 0 as n — oo such that

N—2« .
U(2) = 10 2 vn(rnx) converges weakly in H*(RY) and almost everywhere to
some vg € H¥(RYN) as n — oo with vg # 0, then vy solves (1.12) and the sequence

2
zn(2) 1= vn(z) —vo(;5)rn * is a Palais-Smale sequence of I at level di — Is(vo).

Proof. First, we prove that vy solves (1.12)) and I(z,) = I(vy,) — Is(vo). Fix a ball
B(0,r) and a test function ¢ € C3°(B(0,7)). Since

Ty, — vy in H¥(RY), (2.12)
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applying Lemma @ it implies
(o, I «(v0)) +0(1) = (¢, I{(@n»

Un () — Un(y))(9(z) — d(y))
_CNS/]RN /RN dx dy

z — y|NT2a
251
[ e,
RN |z[®

Il
o
2
w
%\»
z
%\»
z
—
[N ]
* 3
| —
— 8
S~—
\
<
3
<
S~—
S~—
—
=
8
S~—
<
—
s
ISH
&
QU
Ny

RN |z|® RN (2.13)
N_N—2a

Y / k(rnmm(x)@x(x»q-ldx+o<1>
B 0n(@) ~ v () (0n() ~ 60 (y))
B /]RN /RN | — y|N+2e do dy
f/ (v (@)% " ¢n( )dx+/ a(x) ¢ (x) vy, (z)dz
RN RN

ks

- [ Ha)ou @) (ot (@) o+ o)

=o0(l) asn— oo,

where ¢, =1, 2 : ¢(-=). The last equality in (2.13)) holds since

/RN (P (2)|Pda = 1r2* /RN 16(2)2dz = o(1),

61 zra®ny = 190l gro@yy = Onllma@y) +0(1), asn — oo.

Thus vy is a nontrival critical point of I,. By Lemma (1.14) and the fact
N > 4a, it follows

1
Pdx < ————dr < Vp > 2 2.14
/]RN |’U0(.’17)‘ ‘/L.—c‘/]RN (1+|I|N72a)p T X6 p =4 ( )
which implies that vy € L2(RY). Let
2a—N
Zn(x) = vp(z) — 1 2 vo(i) € H*(RN).

Tn
Obviously z, — 0 in H¥(RY) as n — co. Now we prove that {z,} is a Palais-Smale
sequence of I at level di — Is(vg). From (2.14), vg € LP(RY) for all p € [2,2%).
Then it follows that
2a—N
/ |U()(£)Tﬁ|pd$ =P
RN T

n

(N;2u> o
”vOHLp(]RN) -0 (2.15)

asn — oo for all 2 < p < 2*. By the Brézis-Lieb Lemma and the weak convergence,
similar to Lemma, we can prove that

I(zn) = I(Un) - IS(UO)7
(I'(zn), ) = o(1)

as n — 0o. This completes the proof. (I
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Proof of Theorem|[I.1 By Lemma [4.4] in the appendix, we can assume that {u,}
is bounded. Up to a subsequence, let n — oo, and assume that

Uy —u  in H*(RY), (2.16)
u, —u in LY (RYN) for 2 < p < 2%, (2.17)
Up —u  ae. in RY, (2.18)

Denote vy, () = un(x) — u(z), then {v,} is a Palais-Smale sequence of I and

v, — 0 in H*(RY), (2.19)
v, =0 in L (RY) for 2 < p < 2%, (2.20)
vy, — 0  ae. in RY. (2.21)
Then by Lemma [£.7] we know that
I(v,) = I(uy) — I(u) + o(1), as n — oo, (2.22)
I'(v,) = 0(1), as n — oo, (2.23)
[onll o @y = llunll o @y) = lull ge@y) + o(1), as n — oo. (2.24)

Without loss of generality, we assume that
||fv’n||%-[a(]RN) —1>0 asn — oo.

In fact if [ = 0, Theorem [I.1] is proved for I; = 0,1 = 0.

Step 1. Getting rid of the blowing up bubbles caused by the Sobolev-Hardy term.
Suppose there exists 0 < § < oo such that

(v5 (@)*
ixelfN/ ~"— dr>4§>0, forsome0< R < oo. (2.25)
n |z|<R

It follows from Lemma[2.1]that there exist two sequences {r,} C R* and {z,} C
B(0,2R), such that

U () = v Z0 in H*(RY), (2.26)
where
— hen Z is bounded
() = r,}lv_m U (rne) when = is bounded, (2.27)

Un(rn@ + )  when [$2] — oco.

Now we claim that r,, — 0 as n — oo. In fact there exists a R; > 0 such that

/ [vo(z)[Pdz =61 >0, for2<p<2". (2.28)
B(0,R1)

From the Sobolev compact embedding, (2.17), (2.26) and (2.28)), we have that for
all r > 0,

v, — 0 in LP(B(0,7)) for all 2 < p < 27,
Up — vo in LP(B(0,r)) for all 2 < p < 2%,
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0 # l[vollZ2(50,R1)) + 0(1)

— [ P

B(0,R1) (2.29)
_ ry2e fB(O,'r'an) [vn(2)[?dz, if = is bounded,

Tr?%t fB(a:n,rnRﬂ |’Un($)|2dx if |%:| — 0.

If r, — rg > 0, then

T;2Q/B 0,rn R ‘Un(x”?dx < CT()_2Q||U"||%2(B(070R1)) - O;
(O R) (2.30)
7,;204/ vn(2)[?dz < erg *||vnllT2(B(0.cry +ar)) — O-
B(xn,mnR1)
If Tn — 00, then
r;m/ [on (@) 2 dz < 732 0n|Fa @y — O,
B(0,r, R1) (231)

r / [on(@)Pdz < 2 |on e gy — 0
B(zn,rnR1)

A contradiction to (2.29). Thus we have r,, — 0.
Next we claim that ,,/r, is bounded. Indeed, if on the contrary, || — oo, fix
a ball B(0,r) and a test function ¢ € C°(B(0,7)), then

[ D [ e,
RN B(0,r)

|.’E+%ZS ‘x_i_lns

Tn

(2.32)

IN

c ~+ 27 -1 dr —
= /B o EE)E )

ol
similar to (2.13)), it follows that
(-A)*u=0, zecRY (2.33)

which implies that [|vo[|agyy = 0. By the Sobolev inequality and the Holder
inequality it follows

lvollze(so,r1)) < cllvollLz (Bo,r,)) < cllvollzzr@myy < Cllvollgoeny =0 (2.34)

for 2 < p < 2*. This contradicts (2.28]). So we can deduce that x,/r, is bounded

and U, (x) =rn 2 v (rax).
2

Define z,,(z) = vn(z) — vo(:£)rm =, then z, — 0 in H*(RY). It follows from
Lemma that {z,} is a Palais-Smale sequence of I satisfying

I(z,) = I(vy) — Is(vo) +0(1), asmn — oc. (2.35)

Since vy satisfies (I.12), from Lemmal[4.6] (L.13) and (1.15)) there exists 1 > 0 such

that
2a-N T
1]0(33) =&1 2 U(;l), Is(’Uo) = Do. (236)

Let R} = r,eq, from (2.36)), it follows
2a—N x 2a—N

ra T vo(-) = (B) T Ulgr) = UM (@), (2.37)

Tn

n
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with RL — 0. Then from (2.22) it follows that
Z(@) = v () — U (2) = un () — u(z) — U (2),

(2.38)
I(zy) = I(v,) — Do+ o(1) = I(uy,) — I(u) — Dy + o(1)
with Rl — 0. From Lemma | letting a = vy, b = UFBn, it follows
/ ( / . dx
|z|<R B(0,R) |$|
)% — (U ()%
EE dxr
BO.R) - (2.39)

/ . - dx—-C
B(0,R) \9€|

(U+(l‘)>2 .
= /|x|<R I ¢

|z]*

where B(0, R) = {x|z,(z) > 0} N B(0, R).
If still there exists a § > 0 such that
9

+ s
/ de >5>0,
|z|<R |$‘

then we repeat the previous argument. From ([2.39) and the fact

/ (v (2))
|z|<R |$‘S

we deduce that the iteration must stop after finite times. That is to see, there
exist a positive constant /; and a new Palais-Smale sequence of I, (without loss of
generality) denoted by {v,}, such that as n — oo,

<c

d=I(vy) + I(u) + 1Dy, vn(@) = un(w) — u(z) — > U (), (2.40)
with RY, — 0,
FIPENY
/ M dx =o0(1) forany 0 < R < o0, (2.41)
|z|<R |‘T|S
v, =0 in H*(RY). (2.42)

Step 2. Getting rid of the blowing up bubbles caused by unbounded domains.
Suppose there exists 0 < § < oo such that

2/q
(/ (v,t(x))qu) >85>0, for2<gq<?2". (2.43)
RN
By the interpolation inequality, it follows that

lonllze < llonllzzlloall 22, for 2 <q<2*
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where 0 < A < 1. Thus there exist 4 > 0 such that
onll?2 > 6 > 0.

By Lemma there exists a subsequence still denoted by {v,}, such that one of
the following two gathered occurs.
(i) Vanish occurs: for all 0 < R < oo,

sup / |v,, (2)|?dz — 0 as n — oc.
yERN JB(y,R)

By Lemma (4.10) and Sobolev inequality, it follows

/(vi(x))qd:cﬁo asn — oo, V2 < q < 2%,
RN

which contradicts (2.43)).

(ii) Nonvanish occurs: there exist 3 >0, 0 < R < oo, {y,} C R¥, such that

liminf/ v, (x)|*dz > 3 > 0. (2.44)
yn+Bp

n—o0

We claim that |y,| — 0o as n — co. Otherwise, if there exists a constant M > 0
such that |y,| < M, then we can choose a Ry > 0 large enough such that

/ o (z)]2dx < ||UnH%2(B(o,R2)) — 0 asn — oo. (2.45)
Yn+Bg

which contradicts (2.44]).

To proceed, we first construct the Palais-Smale sequences of I*°. Denote v, (z) =
Un (T + yn). Since [|Un | go@y) = [[vnllga@yy < ¢, without loss of generality, we
assume that as n — oo,

Tp — vy in H¥(RY),

N (2.46)
Uy — vy in Li (RY), for any 1 < p < 2*.
By (2.41)), we have that for all ¢ € C5°(RY) as n — oo,
[ Bk,
RN |z + ynl®
+ ()25 -1
[ e,
R = (2.47)
+(p))25 -1 .
|z|>r |.I‘|
1 « 5 1/q1
< 2 q
< ([ @B a) T ([ ea@man) ™ o),

where ¢, = ¢(x — y,,) and ¢1 = ﬁﬁ Obviously

[on@mis= [ pwmase [ jnefaese @)
RN RN RN
Let 7 — o0, from (2.47)) and ([2.48)), we have

(@)% o)
/RN =) . (2.49)



EJDE-2018/12 A FRACTIONAL ELLIPTIC PROBLEM 13

Similarly we have

7(17;*;(30))2* T =0 asn — 0o
/RN EEwE dx = o(1) . (2.50)

Since v, — 0 in H*(RY) and lim,, oo a(z + y,) = @, we have as n — oo,
o)) = [ ata)on(w)én(o)da
= [ avn(@ota) o+ [ o+ ) i @)ola) da

RN
and

| /RN laz + yn) — )5 (@)6(x) da| < c(/RN 0z + ) — 626(x) ) = o(1);

that is,

/ avy, (z)d(x) de = o(1) = / a(x)vp(z)pp(z) dz  as n — oo. (2.51)
RN RN

Similarly we have

| @i @) @ de = [ k@) s d=ot)  (252)
RN

]RN
as n — oo. Recall that v, is a Palais-Smale sequence of I, by (2.46) and (2.49)-
(2.52)) we have
o(1) = (I'(vyp), dn) = (I (D), @) + o(1) = (I (vg), ¢) + o(1), (2.53)

as n — oo. This shows that vy is a weak solution of ([L.11)).
We claim that vg # 0. From ([2.43)), we may assume that there exists a sequence

{yn} satisfying (2.44) and
/ (v (2))%dz =b+o0(1) >0, asn — oo, (2.54)
B(yn,R)
where b > 0 is a constant. If vg = 0, we have
/ (v} (2))%dz = / (v (z))%dz = o(1) as n — oo for 0 < R < o0
B(0,R) B(yn,R)

which contradicts (2.54)).

Denote z,(x) = v, (x) — vo(x — yy). Since

I(Un) = %/RN (‘(_A)a/zvn(x)P + a(x)|vn(x)|2)d$
_i M x—l ) (v () dx
5 [ q/RNk( (v} (2))7d
1

=3 /RN (‘(‘A)“/Qﬁn(xﬂz +a(z + yn)lﬂn(x)|2)dx

1
- — n dx — — k(x + yn) (0, (2))? dz
5 | e [ ke e)
1 Wa o
=5 [ (80, @P + alo, @) ) do
RN

1 k(v (x))dx + o
= [ K@)+ o),
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where the last equality is a result of (2.50]), therefore, as n — oo,
1znll e @yy = [Onll e @y = llvoll ey + o(1), (2.55)
I(zy) = I°(0,) — I (vg) + 0(1) = I(vy) — I (vg) + o(1). (2.56)
Hence 2z, — 0 in H(RY) as n — oo, and z, is a Palais-Smale sequence of I. From

(4.10) in Lemma it follows ||vg ||g= = 0, that is vg > 0 a.e. in RY. Then by
Brezis-Lieb Lemma and (4.10]), there exists a constant ¢ > 0 such that

/RN(Z;(x))qu = /RN (v (2))%dx — /RN (v (x))9dx + o(1)
< /RN (vf (2))9dz — ¢

where the last inequality follows from the fact vo #Z 0. If ||z, powny — 2 > 0 as
n — oo, from and the boundedness of ||v,||Lq, then one can repeat Step 2 for
finite times (l2 times). Thus from and Step 2, we obtain a new Palais-Smale
sequence of I, without loss of generality still denoted by v,,, such that

(2.57)

l2
d=1I(u)+I(vy)+1Do+ > I°(u;) +o(1), (2.58)
5

i 2 . .
Un(2) = up(x) —u(x) — Z Ufin(z) — Z uj(z —vyl), with R, =0, (2.59)
v (z :

o4 [l Loy — O, / (Tlis))dx -0 (2.60)
RN ||

as n — 0o. Then from the fact < I'(v,), v, >= o(1), it follows that
lvnll7e vy < C/RN(|( = D), (@) + a(x) v (2)[*) do

+()) 2
- C(/ k() (v (2))"da + / (o (@)™
RN . ‘:1;‘|3
as n — 0o. From and , it gives
[(on) = olD) (2.62)

From (2.58))-(2.62)), the proof is complete. |

3. PROOF OF THEOREM [L.3]

(2.61)
dx) — 0

To this end we use the mountain pass theorem [3] and Theorem [1.1

Proof of Theorem[I.3. From

t2

I(tu) = — [/ |(—A)2u(z) dx —|—/ a(x)|u(x)|? dx}
2 RN RN
27 + 27 q
_ 1 / W @)™ 4 ﬂ/ k() (ut (2))? da,
25 Jen o |af? q Jrwy

we deduce that for a fixed u # 0 in H*(RY), I(tu) — —oo if t — co. Since

2;
Ho (]RN) )

2
Lt @) e < Clultyany, s [ CE dn <
RN RN

|z[*
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we have

.
1) > a3 ey — Ol o oy + 1l 2 vy

Hence, there exists ro > 0 small such that I(u) oB(0r0) > p >0 for g, 2% > 2.
0B(0,ro
As a consequence, I(u) satisfies the geometry structure of Mountain-Pass The-

orem. Now, we define

¢ =:inf sup I(y(¥)),
7€l te0,1] ()

where T' = {y € C([0, 1], H*(RY)) : 4(0) = 0,7(1) = 1o € H*(RN)} with I(t)g) <
0 for all ¢t > 1.

To complete the proof of Theorem we need to verify that I(u) satisfies the
local Palais-Smale conditions. According to By we only need to verify that

200 — N—s
¢t < min{ﬁ&ii{s LY. (3.1)
Set
U.(z
ve(@) = U (mf\) 2
(f]RN de) / s
We claim that
I(tv.) 20075 oo (3.2)
g \te < 2(N —5)" " ’

In fact, from ([1.14) it is easy to calculate the following estimates

||U5Hi[a(RN) = Sa,s; (33)
1
/RN (U5($))2dl’ < C€2a7N /RN Wdl’ < O(€2a), for N > 404, (34)

/RN (v () 7z = O(e 7). (3.5)
Since 2* > g > 2, we have
0(5204) — 0(5 (Qa_zL)quN). (36)

Denote by t. the attaining point of max;sq I (tve), similar to the proof of [6, Lemma
3.5] we can prove that ¢. is uniformly bounded. In fact, we consider the function

h(t) = I (tv.)
= SR P ey + [ o)) do)

ve ()% 4q .
I = OO (37)

|z[® q Jr~

2
-5

S

Ct%

ct? 2% Ctl
2 5 lvellfra@ry = Tz””a”;}a(m)

q
p [lve | a(RN)
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Since limy—, 400 h(t) = —oo and h(t) > 0 when ¢ is closed to 0, it follows that
max;o h(t) is attained for ¢ > 0. From the fact [y (”EI(;‘)S)ZS dr = 1, we have

() = =80 agany + [ ale)(we(e)) do)

. (3.8)
— 2T e [ k(@) (ve(2))%da = 0.
RN
Since k(x) > 0, from (3.3]) and (3.4) for e sufficiently small, we have
& <= 0) e Ty + / _al(@)(ve(@))? da < 280 (3.9)
Then
=80 2oy + [ alo)(on(e))? da
RN
=72y tg—Q/ k(z)(ve(z))ldx (3.10)
RN

* —2
<74 (28,05 [ kla)(ve(a)) o
RN
Choosing ¢ > 0 small enough, by (3.3])-(3.5)), there exists a constant y > 0 such

that t. > p > 0. Combining this with (3.9)), it implies that t. is bounded for € > 0
small enough. Then, for £ > 0 small,

max I(tve) = I(teve)

<uapl [ o ora - 5 [0 )

: EE

(2a—

B O(E 2N)Q+N) + 0(820‘),

200 — 8

N-—s
< —-=55%"° (by (3.6)).
v g oy (BXS)
N-—s
This proves (3.2). By the definition of ¢*, we have ¢* < 2?1?‘[:‘:) Sals ®.
Next we verify that

< J™. (3.11)
Let {uo} be the minimizer of J*, I*°(ug) = J*° and

/RN (\(—A)O‘/zuo(xﬂ? + d|u0(m)\2)d:v - / k(ug () da.

RN
Let
o) = 1 (tuo)
=52 [ (a1 u@P + alu@)P)de = = [ Fi (@) da,

g0 =t [ (A P un@P + au@))de 1 [ ki ) de
Thus ¢'(t) > 0if t € (0,1); ¢’(t) <0if ¢ > 1. Then
g(1) = I*(ug) = mlaxloc(u), (3.12)

where [ = {tug,t > 0} for a fixed uo.
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Since there exists a tg > 0 such that sup,>q I(tug) = I(touo), from (3.12) and
the assumptions on a(z) and k(x), we have

J> = 1(ug) = I*(touo) > I(touo) = sup I (tuo).
>0

This proves (3.11)). By (3.2) and (3.11]) we have (3.1)). Then the proof is completed.
[

4. APPENDIX

In this section, we give some lemmas and detailed proofs for the convenience of
the reader.

Lemma 4.1 ([28, Lemma 2.1]). Let {pn}n>1 be a sequence in L' (RY) satisfying
pn >0 0onRY,  lim pn(x)dr =X >0, (4.1)
n—oo [pN
where A > 0 is fized. Then there exists a subsequence {py,} satisfying one of the
following two possibilities:
(1) (Vanishing):
lim sup / pn,(x)dx =0, for all R < +o0. (4.2)
B(y,R)

k—oo yERN

(ii) (Nonvanishing): there exist « >0, R < +0o and {yx} C RY such that

liminf/ P, (@)dz > > 0.
k=+o0 Jy,+Br

Lemma 4.2 ([12, Lemma 2.2]). If {u,} is bounded in H*(RY) and for some R > 0,
we have

sup / |t ()| dz — 0 as n — oo.
yeRN JB(y,R)

Then u, — 0 in LYRY), for 2 < g < 2.

Lemma 4.3. Suppose that 0 < s < 2a and N > 2a. Then there exists C > 0 such
that for any u € H*(RY),

u(x)|P 2/p
(] )™ <l o, (43)

i.e., H*(RN) «— L2 (RN, |z|~%) is continuous. In addition, the inclusion

H*(RY) — Lf, (RN, [2]7*),

loc

is compact if 2 < p < 2%.

Proof. The proof of (4.3)) is similar to that of [26, Lemma 3.1]. Now we prove the
compact impeding if 2 < p < 2%. Let {u,} be a bounded sequence in H*(RY),
then up to a subsequence (still denoted by {u,}),

Uy — u in H*(RN).
Denote v, () = u,(x) — u(z), then for any B(0,r),

v, = 0in H*RY), v, —0in LY(B(0,r)), 2<q<2* =
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Fixing 7 > 0, since (p — £)(522-) < 2%, it follows that

a/\2a—s

p
[ i,
B(0,r) |I|

s/
:/ |Un(x)| |’Un(1')‘pis/ad$
B(0,r)

(@), N i) -y
<([ )[R
By |z[* B(0,r)
L O o O N o ) I
B(0,r
Then we have
un, — u in LY (RN, |z]79),
which completes the proof. (I

Lemma 4.4. Let {u,} be a Palais-Smale sequence of I at level d € R. Then d > 0
and {u,} C HY(RYN) is bounded. Moreover, every Palais-Smale sequence for I at
a level zero converges strongly to zero.

Proof. Since a(x) > 0, a > 0 and inf, g~ a(z) = & > 0, we have
i By + | a@ln (@) > el ooy
and hence for ¢ < 2%,

d+1+ offunll) > T(un) - ga'(un),w

—1—1 A2y (2) 2 + a(z)|u, (2)|?)dx
~ G- [ 18", @)F + a@)luna) ) -
LI N A0

G

> Cllunl3a @y-

For 2% < ¢ < 27,
A 1t offunll) > Tun) — 5 (' (un), )

—l—i A2 (2)]2 + a(x)|u, (2)]? ) da
& 2§>/RN (1=2)*2un (@) + a(@)|un (2)[2) d »
(5~ ) | K@k @) da

> CllunllFa@ny-

It follows from (4.5) and (4.6) that {u,} is bounded in H*(RY) for 2 < ¢ < 2*.
Since

. 11 .
d= nhjgo (un) — max{g, N (I'(up), un) > Chrrbrlsolip ||un||§{a(RN),

we have d > 0. Suppose now that d = 0, we obtain from the above inequality that

lim ||unHH(x(RN) =0.
n—0oo
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Lemma 4.5. Let {u,} be a Palais-Smale sequence of I at level d € R and u;} =
max{u,,0}. Then {u}} is also a Palais-Smale sequence of I at level d.

Proof. From the definition of I we have that as n — oo

ub(x))%
) =5 [ (8 2@ +a@un@)?) o - oo [ a0

1 z)(uf (x))?dx —
- [ K@ @)rde —

and

— un(®)(#(7) — (y)) dx dy + /RN a(x)un (x)p(x) dr (4.7)

I/ (un),
- /. /RN S
_/RN wt @)@ /RN k@) (ut (@) ¢ (a)da — 0,

|z[*

for all ¢ € H*(RY).
. = min{u,, 0}, from

Taking ¢ = —u,,
un () = uy () —uy (@), uy (@)uy, () =0, (4.8)
we have
L e o ey [ EEE )
AN<>H<><>d+4N e
+ [ k(@) (2))" () da
4.9
N RCCET -
Ry Jry T — |N+2°‘
Uy (2)uy (y) + uy (y)uy ()
R
+ /RN a(x)(u, (z))?dz — 0.
From (L.9), v} (z) > 0, u,, (z) > 0 and a(x) > 0, it follows that
[ty || e — 0, (4.10)
and
2ule) — G ) 0o

/ / n "
RN JRN lx —y|NF2e
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Then from (4.8)) and (4.10])-(4.11), we have
_ 2
my Jry o —y[VE2e

- / N (5 () = ()2 + (i (@) =y ()

R (4.12)
20t (2) = wf (1) (2) =, (1)) /o =y N2 da dy
(ug (2) — ut(y))®
= dxd 1).

That is

lunll o = llug | o +o(1). (4.13)
Therefore

lim I(u)) = lim I(u,)=d,

I'uy ¢) = I'(un, ¢) — 0
as n — 0o. This complete the proof. ([

Lemma 4.6. All nontrivial critical points of I are positive solutions of (1.12)).

Proof. Let u # 0 and u € H*(RY) be a nontrivial critical point of I,. First,

arguing as in the proof of Lemma (similar to (4.9) and (4.10])), we can obtain
that ||u™ ||« = 0 which gives that

u>0 ae inRY. (4.14)
Then for any zo € RV,
252
(—A)%u = |u76u >0, ae. in B(zg,1),
21 (4.15)

|u(z)]
/RN de S CHU||L2 S C.

From [22, Proposition 2.2.6], we have u is lower semicontinuous in B(xg,1). Com-
bining this with (£.14), it follows u(z¢) > 0. Then u(z) > 0 pointwise in RY.
Next we claim that v > 0 in RY. Otherwise there exist z; € RY such that
u(z1) = 0. Then w is lower semicontinuous in B(zy,1/2). From [22] Proposition
2.2.8], it follows u = 0 in RY. This contradicts the assumption v is nontrivial. [0

Let {u,} be a Palais-Smale sequence at level d. Up to a subsequence, we assume
that
u, —u in H*RY) as n — 0.
Obviously, we have I'(u) = 0. Let v,(z) = un(z) — u(z), from Lemma as

n — 0o,

v, =0 in H*(RY), (4.16)

v, — 0 in L (RN, |z[7*) for all 2 < p < 27, (4.17)
v, — 0 in LL (RY) for all 2 < ¢ < 2%, (4.18)
v, — 0, ae. in RY. (4.19)

As a consequence, we have the following Lemma.
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Lemma 4.7. {v,} is a Palais-Smale sequence for I at level dy = d — I(u).

Proof. For ¢(z) € C5°(RY), there exists a B(0,r) such that suppé C B(0,r). Then
as n — 0o,

[ i@y o <ol [ @)t ewds] = o1),  (120)
RN B(0,r)

and from Lemma

2" 1 ot (N1 h(
| Mdm} <| Mw
|z|<r ( +( ))2*._1 (4.21)
< C/.L|<7‘ ”|de =o(1).

By (4.16)), (4.20) and (4.21)), we have (¢, I'(v,)) = o(1) as n — oco. Then similar to

(4.10), we have

[on 1o = 0, [[u™ [ oo = 0. (4.22)
By Sobolev inequality, (4.10)) and (4.22) it follows that
lunllze = llug l|za + o(1), llvnllze = llvg e + o(1), [ullze = [u* | La-

Then by the Brézis-Lieb Lemma in [3] as n — oo, we have

[ wrytis = [ i@yde = [ @t@)deson @

RN
for all 2 < ¢ < 2¥. Similarly

(i@)” @) @@
/RN ) df/RN do /RN dr+o(l),  (4.24)

£ |[* |[*

/]RN /]RN |uTx— N+(2a)|2d dy
/RN /RN e +u|x)) |Js/+2(a)+U(y)>|2 dx dy

= / / vn () — v (y) [ + |u(z) — u(y)? (4.25)
RN JRN
+2(vn(:c)—vn(y))(u x) —uly )/|m_ |N+2ozdxdy

oa(2) — v0a (W) [ Ju(z) — um)[?
dx dy dx d 1).
-/ / \x— |N+2a T Jow S |x— |N+2a wdy +o(l)

Then from (4.23)-([4.25), it follows that I(v,) = I(u,) — I(u) + o(1) = d — I(u) +
o(1). O

Lemma 4.8. Assumet>b>0 and ¢ > 1, then t?7 — (t — b)9 > 9.
Proof. Let f(t) =t1— (t — b)?, it follows
fft)=q?—qt =071 >0 fort>b>0,q>1.
Then f(t) =t4— (t —b)? > f(b) = b7. O
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