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The limiting equation for Neumann Laplacians
on shrinking domains *

Yoshimi Saito

Abstract

Let {Q}o<e<1 be an indexed family of connected open sets in RZ
that shrinks to a tree I' as € approaches zero. Let Hn, be the Neumann
Laplacian and f. be the restriction of an L?(Q:) function to Q.. For
z € C\[0,00), set ue = (Ha, — 2)"'f.. Under the assumption that all
the edges of I' are line segments, and some additional conditions on €.,
we show that the limit function wp = lim.,0 u. satisfies a second-order
ordinary differential equation on I' with Kirchhoff boundary conditions on
each vertex of T

1 Introduction

Let ©Q be a connected open set in R2. Consider a family of the Neumann
Laplacians Hq_, 0 < € < 1, on the sub-domain . such that {Q.} shrinks to I"
in the sense that

D=020,D00, (1>e>e>0), (1.1)

lim¢_0 Q_e = Fa

where the bar over a set means the closure of the set. We continue here the study
started in [11] regarding the following question: In what sense does the operator
Hg, converges to an operator on I' as e — 07 That is, we try to find conditions
under which, given a thin domain and an operator on the domain, an operator
on an imbedded tree or network gives a good approximation of the operator on
the domain. This investigation is part of the general question on replacing the
study of a thin domain by the study of an imbedded tree or network, which has
been proposed in many branches of science such as physics and chemistry. For
references on this problem, see for example Ruedenberg-Scherr [9], Exner-Seba
[5], Kuchment [7], Schatzman [12], Rubinstein-Schatzman [10], and Kuchment-
Zeng [8]. In [12], a family of “fattened” domains {2, of a C? manifold M are
considered. It is shown that the k-th eigenvalue A (€) of the Neumann Laplacian
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Hgq, on € converges asymptotically to the k-th eigenvalue A of the Laplace-
Beltrami operator of M. In [10] the above results are extended to the case
where the manifold M is replaced by a graph Gj see for example [8], and for a
simplified proof [10].

In [11], we discussed the convergence of the resolvent (Hg, — 2)~" as € —
0. After introducing the Hilbert spaces La(T') and H'(T) on the tree I' and
defining the selfadjoint “Neumann Laplacian” operator Hr in L?(T') as in [4], we
presented a set of general conditions under which the the resolvent (Hg, —2) ! f.
converges as as € — 0, where f. is the restriction of a function f € L?*(Q) to
Q. ([11], Theorem 4.5). Also in [11], we studied the case where (2 is a bounded
convex set and the tree I' is a straight line segment (ridge).

Let © be a bounded convex set in R? and suppose that Q and ). are given
by

1

Q={z=(21,22) : —l_(11) < 22 < ly(x1), a < x1 < b},
Qe ={x=(z1,22) : —el_(21) < w2 < ely(x1), a < 1 < b}, (1.2)
I'={z=(21,0):a <z <b},

where —00 < a < b < 00, 0 < € < 1 and /4 (t) are positive C! functions on
[a,b]. Then we have, for f € H'(2) and z € C\|0, 00),

lim 5 [(Ho, —2)7}f] = (Hr —2)7 (0f), (1.3)

in a weighted Hilbert space Lgo (I"), where Hp is the “Neumann Laplacian” on
I defined in [4] (see §2), 7 is the trace operator on I'; and

LZD () = L?(T; ap(0)do), (1.4)
a0l0) = _(0) + £+ (0)

([11], Theorem 5.5).

In this work, we consider the case when I' is a tree such that all the edges
are line segments (Assumption 4.2, (i)). Suppose that the family {Q.} is given
by

Qe =A{(0,s): —el_(0) <s<eli(0), o €T}, (1.5)

where o is the arc length along the edges of I' and s is the arc length along the
curve C,, = 77 1(0), 7 being a map from Q into 2 NT which is Lipschitz contin-
uous almost everywhere in  (see §2). Then we assume that, for o belonging to
the edge e; of I, the curve C, is perpendicular to the edge near e; except its
vertices (Assumption 4.2, (ii)). Set

ue(r) = ue(o,s) = (Ha, — 2) 7" fe, (1.6)

where f € H'(Q)NC(2). Then there exists a subsequence {u., }3° , such that
{ue, (0,0)}, the restriction of ue, on the tree I', converges to ug weakly in L2 (T
as k — oo, and ug satisfies the equation

_1, ., d

—ag (9) 7= (ao(0)u') = zu = f(o,0) (1.7)
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on each edge with the Kirchhoff boundary condition at each vertex (Theorems
4.5 and 4.8), where ag is given by (1.4) and v’ means the derivative of ug with
respect to the arc length o along the edge.

In §2, after introducing the tree I' imbedded in the open connected set 2, we
discuss the change of variables z = (x1,22) — (0,$). In §3 some estimates of
ue(0,0) are given. These estimates will be used to guarantee the weak conver-
gence of {uc, }72. §4 is devoted to showing the above convergence of {uc, }7° ,
to a solution wug of the equation (1.6) (Theorems 4.5 and 4.8). The main tools
are Lemmas 4.1 and 4.4 whose proof will be given in §6. We shall discuss the
continuity of the limiting function ug at each vertex in §5.

2 Preliminaries

In this section we are going to introduce a domain Q in R?, a tree I' contained
in Q and a family {Q.}o<e<1 of sub-domains of Q.

Let 2 be a domain (i.e., a connected open set) in R2. Let ' C € be a tree,
that is, a connected graph without loops or cycles, where T is the closure of T'.
Its edges e;, j € J, are non-degenerate open curve such that the closure €; is
a smooth curve, where J is an index set. The endpoints €;\e; are the vertices.
Here we should note that we allow these edges to be smooth curves, not just line
segments. We shall assume that I' has, at most, a countably infinite number of
edges, and hence the index set J is a subset of the natural numbers N. We also
assume that each vertex of I is of finite degree, that is, only a finite number of
edges emanate from each vertex, and that only one edge emanates from a vertex
¢ if ¢ belongs to the boundary 9Q of Q). For every x,y € I' there is a unique
path in I' joining x and y. Thus, by introducing the distance between x and y
by the length of a unique path connecting x and y, I" becomes a metric space.
Also, if T' is endowed with the natural one-dimensional Lebesgue measure, it is
a o-finite measure space. The tree I' is rooted at an arbitrary fixed point a € I'.
We define t =, z (or equivalently x <, t) to mean that x lies on the path from
a to t.

Throughout this work we assume the following: (I) Assumptions on Q and
I

(1-i) © be a domain (i.e., a connected open set) in R? and I' C Q be a connected
tree which has at most countable number of edges e;, j € J, where Q is
the closure of Q2. Each edge e; is an open curve with finite length such
that the closure €; is a C? curve. The endpoints €;\e; are called the
vertices. When any two edges are connected, they are connected only at
their vertices. Also they are not tangential at the vertex from which the
two edges emanate.

(1-ii) We have E(T") C Q, where E(I") is the set of all edges of I".

(1-iii) For v € V/(I') N 092, only one edge emanates from v, where V(T') is the
set of all vertices of I, and 0f is the boundary of (2.
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(IT) Assumptions on 7. There exists a map 7 from €2 into Q@ NI which satisfies
the following:

(2-1) The subset 771 (V(I")) is a (2-dimensional) null set. For each e; € E(T),
set Q; = 771(e;). Then ; is an open set and 7 is locally Lipschitz
continuous on §2;, that is, for each x € ; there exists a neighborhood
V(z) C Q; of z and a positive constant (z) such that for all y € V(z)

dr(r(x), 7(y)) <(2)lz —yl, (2.1)

where dr denotes the metric on I" and | - | the Euclidean metric (for defi-
niteness) on R2.

(2-ii) Let C(t) = 77 1(¢) for t € E(T'). Then C(t) is a rectifiable curve. Further,
Ct)NT = {t} and C(¢t)\{t} has two components, Cy(t) say. Also we
assume that C(t) is not tangential to I" at t. Let C(¢) and C_(¢) be
parameterized by arc length s which is measured from ¢ with 0 < s < £, ()
on C4(t) and —0_(t) < s <0on C_(t). Let 7(x) = (11(x), 72(z)) € T for
x € Q. Then, for t € E(T"), there exists a null set e(t) C C(t) with respect
to ds, the measure induced by the arc length parameter s on C(t), such
that 7 and 7 are differentiable at z € C(¢t)\e(t).

(2-ifi) Let |V7(x)| = [|[V7i(x)? + |V72(x)]?]*/2. For t € E(T) fixed, define
[V7(s)| on C(t) by [V7(s)| = [V7(z)| with z € C(t) and do)(t,z) =
s, where dc t)(t,x) is the distance between ¢ and z along C(t). Then
V7 (s), |VT(5>’)|_1 € LY(C(t), ds).

(2-iv) For any vertex v € Q the functions ¢4 are bounded below from 0 around
v, L.e., for a vertex v € , there exists a neighborhood U(v) C T of v such
that

infiep (o) fo} £-(t) > 0, (2.2)
infycy o)\ {o} £+(t) > 0.

Some examples of the triples (2, T, 7) are given in [2, 3, 4, 11] including horn-
shaped domains, room and passages domains and fractal domains.

For j € J let the edge e; have the vertices a; and b; such that b; =, a;,
where the tree I is rooted at a. Then we parameterize e; by o;(t) = dist(a;,t),
where dist(a;,t) is the arc length from a; to ¢ € e; along e;. From now on we
may drop the subscript j in o; if there is no danger of misunderstanding. If
z = (z1,22) € Q; =77 1(e;) C Q is such that 7(z) = t(0) and dist(t(c),z) = s,
where dist(t(o),z) is the distance between x and t(c) along the curve Cyyy,
then a co-ordinate system on €2; is defined by

T = .'13(0’, 8)7 T(x) = t(g)v s € (_6* (0)7 £+(O—))7 (23)

where ¢4 (o) = ¢4 (t(0)). A family {Qc}o<e<1 of sub-domains of Q is defined as
follows:
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Definition For je Jand 0 <e <1 let
Ol ={z=2(0,5) / o €ej, —el_(0) <5 <ely(0)} (2.4)

and -
Q. = [UjEJ Qg-e)]o, (25)

where A° is the interior of A. By definition we have 2 = Q5.

Definition For each 0 < € <1 let Hg, be the Neumann Laplacian on €.
It is known ((2.4) in [4]) that

8(1171,{172) o 1
oo s) V(oS (2:6)

Let I € e;. Then we have, for f € L*(r71(1)),

€5+(‘7)
/ x)dx = / dcr/ (0,8)|VT(0,s)| " ds. (2.7)
7'_1(1) el_ (o’)

). Of

Note that we have again simplified the notation by writing (o, s) for z(o, s
particular importance is the case when f = F o7 in (2.7) with F € L'(I):

/_1(I)FoT(x)dx = /F( )da/emg) |Vr(o,s)tds  (2.8)

—el_(o)
/F o)ae(o) do,
where
o= [ (29)
ac(o) = ———ds. 2.9
—el_ (o) |VT(075)|

If I =e; in (2.7) and (2.8), then 77*(I) should be replaced by Q;e).

3 Evaluation of u. = (Hg, —2)'f on T

We shall start with an additional assumption on the tree I' and the family
{Q}o<e<1. Then we shall show some evaluation for the restriction of

= uc(f,2)) = (Ha, —2)"' fe (3.1)

on I', where z € C\[0,00) and f. is the restriction of f € L*(Q) on Q..
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Assumption 3.1. (i) For each j € J {4 (o) are positive C' function on e; and

~— —

are continuously extended on €;. Also /4 (o) satisfy
sup,, (¢-(0) + £4(0)) = L; < o, (3.2)
sup,, (|t~ (0)| + [ (0)]) = R;j < o0,

where ¢/, (o) = d%éi(a).
(ii) For j € J there exists €; € (0,1] such that |V7(o,s)| is continuous on

(e3)
Q)

0 < m; = inf s(os)en | VT(o,s)| < sup r(os)yeal” 0 |VT(0,8)| = M; < o¢3.3)

aw(a s)

su ()| |_K<OO

w(a 8)€EQ;

Now we introduce a positive function on each e; which will play an important
role.

Definition 3.2. For each j € J, set

l_(0) +L4(0)

aP _
o (7) = |V7(o,0)]

(o €e). (3.4)

Note that a(()j ) is a bounded positive function on e;. From now on we may
drop the superscript j in aéj ) if there is no risk of misunderstanding, i.e. ag(o) =

aéj)(a). Also note that

ao(0) = lim e (o) (o € ej), (3.5)

e—0

where a is given by (2.9).
For a subset Q' of Q, || f||o denotes the L? norm of f on €. Also we set

1612, a, = f,, (o) Pas(o) do, (3.6)
I, = [, l(o)[2 do,

Lemma 3.3. We have

M; _
[u(-0)[12, 0o <2 (g;){eL?KfHVUIIé;ﬁe 1|\U|\§l§_e>}, (3.7)
and
IIUIIQ<> <26( ){GLQKQIIVUH <>+HU( 012, 00 } (3-8)

foru e Hl(Qj6 )N Cl(Q§e)), where || ||a, A C R?, is the norm of L?(A).
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Proof. (I) Let I be a closed subset of e;. Since I C e; C Qg-e), ue(0,0) and
ul(0,0) are bounded on I. Then we have
ety (o)
a0, = [0 / (o 0) ds do
I —el_(o)
644—(‘7)
< e_lmfl// —u(o, s)|* dsdo
el_ (a)
e€+(cr)
2e¢” mfl// u(a, s)|? ds do (3.9)
el_ (a)
= 26_ (Il + IQ
Using the second inequality of (3.3), wee see that
Ou
|55] < KilVul, (3.10)
which is combined with (2.7) to give
6Z+
L < //e ) \/ ‘a (o,m)| dn|* ds do
( )
ely(o ely (o)
< // / |aucr77|d77) dsdo
el_(o) —el_ (o) ds
ely (o)
< Le/([ez |gZas|ds) do (3.11)
64+(U)
< (Lje) // aucrs|alsala
eli(o ds d
< (Lje) K2M // |Vuas)|278 7
el_(o) |VT(078)|
< (LRI | Vul,
where we have used the fact that 7=1(I) C Qg-e). As for I, we have
€4+<"> ds do
I, < M; $)[P == < Mjul? ). 3.12
L N N R [ VIR
Thus we have from (3.11) and (3.12)
Lol < 2Ly (2w “Hul|? 3.13
[u(; 0)17 0, < (m){ FEG el Vull? o + e Hullo - (3.13)
J J J

Since I C e; is arbitrary, (3.7) follows from (3.13).
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(IT) As in (I), we have

6Z+
HuHQ() < //e o —u(0,0)}|V7(0,s)| "' dsdo
€5+(‘7)
—|—2/ / u(0,0)]?|V71(0,s)| ! dsdo (3.14)
el_ (o’)
= 2(J1 + J2).

Then we can proceed as in evaluation I to obtain

M,
Jio< (LK Vuld (3.15)
m; J
M,
Jo < (=H)ellul, 02, (3.16)
m;
which completes the proof. o

Proposition 3.4. Suppose that Assumptions 2.1 and 3.1 hold. Let f € H*(Q).
Set
Ue = uc(fe,2) = (Ha, — 2) "  fe, (3.17)

where z € C\[0,00) and f. is the restriction of f on Q§6). Suppose that

hmsupz { LIKZ|V£2
e—0 keJ

r FIFCOIE, a0} < (3.18)

where f(0,0) on each edge e; is given by the trace of f on ej, Then, for suffi-
ciently small ¢ € (0,1] and j € J,

M. B
a0, 4 < 4212 [L3KS (3.19)

J

M,
el (LR KRV £

keJ

B G020}

Remark 3.5 It has been known (see,e.g., Gilbarg-Trudinger [6], Theorem
8.10) that the condition f € H'(Q) implies ue € H3(Q)oc, since u. € HY(Q).
Then, by the Sobolev imbedding theorem (see, e.g. Adams [1], Theorem 5.4),
we have u. € C1(Q).

Proof of Proposition 3.4. (I) It is easy to see that

<|z_

IIUeH (3.20)

V|2

ol =
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(IT) It follows from (3.20) and (3.7) with u replaced by u. that
(-, O)IIZ; a0 < (—]){2€L2K2|Z| I © +e 2 AR (321
] J

The inequality (3.19) is obtained from (3.21) and (3.8) with u replaced by f. ¢

4 The limiting equation

Let ue = (Ho, —2) ' f be as in (3.17). Since [|uc(+,0)|le,,q, is uniformly bounded
for € € (0, 1] by Proposition 3.4 if f € H'(Q) satisfies (3.18), ue converges weakly
along some subsequence {e,, }>°_; with the limiting function ug. In this section
we shall prove that ug is a solution of a second-order ordinary differential equa-
tion on I" with the Kirchhoff boundary condition on each vertex (Theorems 4.5
and 4.8). The equation is independent from choice of the subsequence {e,,}2°_;.
First we shall state two lemmas (Lemmas 4.1 and 4.4) which will play crucial
roles in this section. These lemmas will be shown in §6. In order to prove
Lemma 4.4, we need another important assumption (Assumption 4.2). Let I’
be a measurable subset of the tree I and let a be a positive measurable function
defined on I'yNUjc ye;. Then the Hilbert space L?(Tg, a) is a weighted L? space
with inner product

(F, G)ro,a = F(0)G(0) a(o)do (4.1)
: jEZJ/FoﬂeJ

and norm ||F||r, = [(F, F)r,.q)"/?. We denote L?(Ty,1) by L?(Ty).

Lemma 4.1. Suppose that Assumptions 2.1 and 3.1 are satisfied. Let j € J
and let {ue}o<e<1 be a family of functions such that

ue € HY(Q) N @) (0<e<). (4.2)
Let F € L*(ej,a0), i-e., ||[Flle; a0 < 00. Set v(z) = F(7(x)). Then there exists

C; =C;(M;,m;,L;, K;), a positive constant depending only on M;,m;,L;, K;,
such that

‘_/ﬂ() Ue )dx_/e Ue(U}O)WCEQ(U)dO" (4.3)

J

9oy [ IF@PbeloPan(o) do] ),

where

ely (o)
V(o) = — / (1Vr(0, )| ~* — [Vr(e,0)[~1) ds. (4.4)

€ap (0) —el_(o)

Here we need another assumption.
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Assumption 4.2. (i) All the edges e; of the tree I are finite (non-degenerate)
line segments. (ii) Let j € J. Let E be a closed subset of the (open) edge e;.
Then there exists a positive number ¢;(E) € (0, 1], depending only on j and E,

such that, for any ¢ € E, the portion of the curve C; N Qg-ej () is a line segment
which is perpendicular to e;.

Remark 4.3. (i) Roughly speaking, (ii) of the above assumption claims that
the curve C; is perpendicular to e; near e; except the vertices. (ii) Assumption
4.2, (ii) also implies

|Vr(o,s)|=1 ((o,8) e HE)N Q§€j(E))),
|VT(U’ 0)| =1 (0' c 6]‘)7 (45)
ao(0) = £-(0) +L1(0) (o €ej).

Lemma 4.4. Suppose that Assumptions 2,1, 3.1 and 4.2 hold. Let j € J and
let {ueto<e<1 be a family of functions such that

ue € HY(Q) N @) (0<e<). (4.6)

Let F € C?(ej) with F' € C§(ej), where F' is the derivative of F with respect
to o. Let eg = €j(supp F'). Then, by setting v(z) = F(r(z)), the inequality

1 = Oue ——
|€ o Vue - Vudx — /ej 9 (0,0)F'(0)ao(o) do“

< VeO(Ly, Bj) (1 lles a0 + 1 lles a0) I Vel g (4.7)

holds for € € (0,¢€p), where C(Lj, R;) is a positive constant depending only on
LJ‘ and R]‘,

Theorem 4.5. Suppose that Assumptions 2,1,3.1 and 4.2 hold. Let f € H*(Q)
which satisfies (3.17). Let f. be the restriction of f on Q;e) for e € (0,1]. Let
ue = (Hq, —2) "1 f. be as in (3.16). Let j € J. Let {e,}5°_; C (0,1] be a decreas-
ing sequence such that {e, }o0_, converges to 0 and the sequence {ue,, (-,0)}o0_;
converges weakly in L?(e;, ap). Then the limit function ug satisfies

/’ uo(0){ — (ao(0)F'(0))" — 2F(0)ag(c) — f(0,0)F(0)ag(c)} do =0 (4.8)

for any F € C&(e;), i.e., ug is a weak solution of the equation

—a—lo(aou’)' —z2u = f(-,0) (4.9)

on e;.
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Remark 4.6. (i) The sequence {€,, }7°_; which satisfies the conditions in the
above theorem does exist since ||uc(-,0)||e,,q, is uniformly bounded for € € (0, 1]
by Proposition 3.4. (ii) Thus, the limit function wg is, not only a weak solution
of (4.9), but also a strong solution with ug € C?(e;).

Proof of Theorem 4.5. (I) Let v(z) = F(7v(z)). We extend F on I' by
setting F' = 0 outside e;. Then we have v € H*(Q¢) and v = 0 outside Qg-e). Let
€0 be as in Lemma 4.1. Note that ¢.(c) = 0 on e; for € € (0, €], where (o)
is given by (4.4). Therefore, replacing u. by zu. in Lemma 4.1 and using the
second inequality in (3.20), we obtain

|—/Q()zue (@ )dm—/ 2ue(0,0)F(0)ao(0) do|

€j

< CjlzlVel[Vue

'\60 (4.10)

j,a0
for € € (0, 60], which 1mphes that
%/ﬂ(e) zue(x)v(z) de = /e 2ue(0,0)F(0)ag(0) do + O(ve) (e —0), (4.11)
when F € C3(e;) is fixed. Next we set ue = fe in Lemma 4.1 to obtain
E fe(z)v(z) de = / f(0,0)F(0)ag(c)do + O(é) (e —0), (4.12)

l®

(IT) Similarly we have from Lemma 4.4

: o V@) Vo(z) de = | %(a, 0)F'(0)ao(0) do + O(v/e) (e — 0),
J ] (4.13)
(III) It follows from (4.11), (4.12) and (4.13) that
1
” ){Vue Vv — 2uD fev} dx
= [ {2 0 0 Fao(e) el OF @aole)  (414)

~f(0,0)F(0)ao(0)} do + O(Ve).

Noting that the domain of integration in the left-hand side of (4.13) can be
extended to Q. and that v € H'(£2,), by the definition of the Neumann Laplacian
Hq

€

0 — 1/ {Vuc- Vo - zud — fo} dx

= / {8Ue (0,0)F'(0)ao (o) — zu(o,0)F(0)ag(o) (4.15)
—£(0,0)F(0)ag(0) } do + O(V/e).
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Thus, by using partial integration, we have

0= [ wo){ ~ (a0 F@) - F@an(e) - £(o. 00 F@ao(e)} do + O(/2).

(4.16)
Set € = €, in (4.15) and let m — co. Then we have (4.7), where we should note
that, since ag is positive and bounded below from zero on any closed subset of,
ue,, (+,0) converges to ug weakly in L%(I) as well as in L?(I, ag) with any closed
subset I of e;. This completes the proof. &

Corollary 4.7. Let ug be as in Theorem 4.5. Then following limits exist

li ! li / .
Jdim ao(o)up(e),  lim ao(o)up(o)

Proof. The proof is obvious. With o, 0¢ € e; we have

ao(0)ug(o) = — /a (2ue(n,0) = f(n,0)) dn + ao(o0)ug(o0) (4.17)

[

¢ Noting that I" consists of at most countably
infinite edges, we may assume that there exists a sequence {€y, }5°_; such that
there exists ug € L%(T, ag)1oc such that

em — 0  (m — 00), (4.18)
Ue,, (4 0) = uo in L¥(e;) (5 € J),

Theorem 4.8. Suppose that Assumptions 2,1, 3.1 and 4.2 hold. Let u,, =
(Hq, —2)71f.,, be as in (4.18), where f is as in Theorem 4.5. Let ¢ be a vertex
of I' and set

J)={jeJ:a;=corb; =c}, (4.19)

where a; and b; are the endpoints of e; with b; =, a;. Then it follows that
> n(d)ao(e)ug(c) =0, (4.20)
jed(e)
i.e., The Kirchhoff boundary condition is satisfied at each vertex of T, where
N 1 Zf Cc = bj,
an={ 1, deZw (4.21)

and o) )
/ o lima%bj,o'eej aglo)uglo i nj — 17
(C) - { limo.*}aj’o-eej ao(g)u6(0—) lf n(]) = 1. (422)
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Proof. (I) Let F' be a function defined on I' such that

supp F' C (Ujes(eej) U{ch,
F =1 in a neighborhood of ¢, (4.23)
F is C? on each e; with j € J(c).

Let Fj be the restriction of F on €. Then F; € C*(T';) and F] € Cj(e;). Set
vj(z) = Fj(7(z)). Then, using Lemmas 4.1 and 4.4, and proceeding as in the
proof of Theorem 4.5, we have

1 E— _ _
- /Q(e) {Vu6 -V, — 2uv; — fevj} dx
j

€

= [ (G 0FGl0) - e OF@ale) (424

—f(o,0)F; (J)ao(a)} do + O(Ve).

By summing up both sides of (4.24) with respect to j € J(c), which is a finite
set since I is of finite degree, we obtain, as in (4.14),

3 {%t(U,O)WaO(J)—zue(a,O)mao(J) (4.25)

jeI(e)

= —f(O', O)F(U)CLO(O—)}dO——’_O(\/E)?

where, and in the sequel, we shall use F(¢) in place of Fj. Here, by partial
integration,

0

Qe 0)F (0)ao (o) do = — / w(0,0)(ao(0)FT(@)) do,  (4.26)

J

where we should note that F has a compact support in ej. Combine (4.25) and
(4.26) and let € — 0 along €, to give

0 = Z { = uo(0,0)(F'(0)ao(0)) — zuo(0,0)F(o)ag(o) (4.27)
j€JI(c)

—f (o, O)F(U)ao(a)} do + O(Ve).

(IT) Suppose that ¢ = a;j. Then, repeating partial integration, and noting
that F' = 1 near ¢, we obtain

- / wo (0, 0)(F(0)ao (o)) do

J

= /ug(U,O)F’(U)ao(U)da

J

bj
= lim ug(o)F' (0)ag(o) do (4.28)

o—aj;
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. / (ao(o )ity (0, 0)) FT(0) dor — ap(c)uy(c)

=~ | (aolo)ui(e, 0 FT@ dor + n(i)anc)u(c)

Similarly, we have, for ¢ = b;,

_ / wo (0, 0)(F(0)ao (o)) do (4.29)

J

=~ | (@lo)io(e,0) F) dor + n(ihas(c)uy(c)

where we should note that ug € C?(e;) ((ii) of Remark 4.6).
(I1I) It follows from (4.26), (4.27) and (2.28) that

0 = > [ {~(a(0)uy(s,0)) = zuo(c,0)ao(c,0) (4.30)

jeJ(c) © &

—f(0,0)a0(0,0)}F(a)do + > n(j)ao(c)up(c)

jed(e)

Since ug is now a strong solution of the equation (4.9), the first term of the left-
hand side of (4.30) is zero, and hence the Kirchhoff boundary condition (4.20)
follows from (4.30). &

5 Continuity of the limit function

Let ug be a limit function on I' given by (4.17). Since wug is a solution of the
differential equation on each e;, j € J, up is smooth on each e; (Remark 4.6,
(ii)). In this section, we shall show, under some additional conditions, that {u.}
converges to ug in stronger senses, and that ug is continuous at the vertices of
r.

The proof of the following proposition will be given in §6.

Proposition 5.1. Suppose that Assumptions 2,1, 3.1 and 4.2 hold. Let u. =
(Hq, — z)71f., where z € C\[0,00), f € HY(Q), and f. is the restriction
of f on Q.. Let f satisfy (3.18) Then there exists a positive constants C; =
Cj(Kj,KJ’-,Lj,Mj,mj,z), depending only on K, Lj, M;, m; and z, such that

[RACH [ (5.1)
M,
< Gilelue3 o+ (o) CLRERIVA G0 + 117G 02, 00
keJ

where || - ||2,q. is the norm of the second-order Sobolev space H?(§2) on Q..
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Theorem 5.2. Suppose that Assumptions 2,1, 3.1 and 4.2 hold. Suppose that

lim sup Ve||uel[2,0, < o0. (5.2)
e—0

Let f € HY(Q) which satisfies (3.18), and let ue = (Hq, — z)~*f., where z €
C\[0, 0], and f. is the restriction of f on Q;e). Let {€,}29_; such that €, — 0
as m — 0o and ue,, (-,0) converges weakly in each L*(ej,ap). Then the limit
function ug is continuous at any vertex ¢ of I such that ¢ € Q.

Example 5.3. Let

O ={zr=(x1,22) : —0_(21) < 2 < ly(x1), a < 1 < b},
Qe ={x=(z1,22) : —el_(z1) < 2 < ely(x1), a < 1 < b}, (5.3)
I'={z=(21,0):a <z <b},

where —0o < a < b < 00, 0 < € < 1 and £(t) are positive C* functions on
[a,b]. and the map T is given by

7(x1,22) = (21,0) ((21,22) € Q). (5.4)

Suppose that € is a bounded convex set. Note that each €2, is a convex set, too.
Then it has been known ([11]) that

[uellz0. < CE)fella. < C)lIflle (5.5)

where C(z) is a positive constant depending only on z. Thus the condition (5.2)
is satisfied in this case.

Proof of Theorem 5.2. Let
J)={jeJ:a; =corb; =c}, (5.6)

For each j € J(c) let ¢; € e; and let ;" be all points on €; between ¢ and ¢; € ¢;
(including ¢ and ¢;). Set I'(c)’ = Uje j()€; - Since ag is bounded below from 0, it
follows from (3.19) and (5.2) that there exists eg € (0, 1] such that the sequences
{llue(-,0)[le; fo<e<eo and {[|ul(-,0)le, }o<e<e, are uniformly bounded, where the
norm || ||, is given in (3.6). Therefore there exist a sequence {€,,}, €m — 0
(m — o0), and c; € &', (j € J(c)), such that limy, 0 Ue,, (¢}, 0) exists for each
j € J(c). Then we see from

Ue,, (0,0) = fc; uL(n,0)dn + ue,, (c;-,O) (o0 €T, (5.7)
Ue,, (7,0) = uc, (07,0) = [7 ul(n,0)dn (o,0" €T}),

(3.19) and (5.1) that {u.,,} is uniformly bounded and equicontinuous on I'(c)’.
Therefore there exists a subsequence of {e,,}, which will be denoted again by
{€m}, such that {u., } converges to ug uniformly on I'(c)’, and hence ug is
continuous on I'(¢)’. This completes the proof. &
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Example 5.4 (Rooms and passages domain). Let {hy}, {dax}, £k = 1,2, -,
be infinite sequences of positive numbers such that

[e.e]
h
th =b<o0, 0<const. < % <1, 0< ok < hog1, (5.8)
k=1 k
and let Hy := Z?Zl hj,k =1,2,---. Then Q C R? is defined as the union of
the rooms Ry and passages Py.1 given by
Ry, = (Hy, — by, Hy) x (=%, 1), (5.9)
Piy1 = [Hi, Hy, + hpy] x (=252, 21y,
fork=1,3,5,.... In §6.1 of [2], this was analyzed as an example of a generalized

ridged domain with generalized ridge I' = [0,b] (b < 00) or I = [0, 00) (b = o0).
In order to make I' a tree, each point on I' which connects a room and the
adjacent passage can be called a vertex (Vp, Vi, Va, ... in Fig. 1)

s I I
L

I

Figure 1: A domain of Rooms and passages

A mapping 7 is defined as follows: (i) in a passage P: 7(x1,x2) = z1; (ii) in
the first half of the room R succeeding the passage P:

¢ h
27

IN

7(21, 22) = max(x1, |x2| — = 0< 2

5) (5.10)

where P is of width 6 and 0 < z1 < h in R after translation. Hence 7 is Lipschitz
and |[V7| = 1 almost everywhere in Q. It is easy to see that ag(z1) in this case is a
bounded continuous function on I', and hence the Kirchhoff boundary condition
will be imposed only at 21 = 0,b (b < 00) or 1 = 0 (b = 00). Since ag is positive
on I', the limit function ug is continuous on I', and the differential equation for
ug can be explicitly written using hy and dog.

Finally we are going to show, under some additional conditions. that u.(-,0)
converges as € — 0 without taking a subsequence. We are now in a position to
introduce another weighted L? spaces on the tree T.

Definition 5.5. Suppose that a tree I' satisfies (I) of Assumption 2.1. Let
a(o) and b(o) be positive functions defined on Ujc se; such that a(o) and b(o)
are bounded from 0 near each vertex v € 2. Then let H!(T',a,b) be a subspace
of L*(T, a) such that F € H'(T',a,b) satisfies the following conditions.
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Figure 2: C; for a domain of rooms and passages

(a) F is continuous on I' N Q.
(b) F is absolutely continuous on each e; N €.
(c) F satisfies
1P| aps = [ [F'(0))*blo)do +||F|}, < oo, (5.11)
e
where I’ denotes the derivative of F' with respect to o.

Note that it is assumed that I' N 9Q consists only of the vertices of the tree
I'. The next lemma guarantees that H'(T,a,b) is a Hilbert space with inner

product
(F, Orani =Y [ F0)T@ oo + (o (512)
jeJveCi
and norm
|F|Irapt = [(F, F)rapi]'/? (5.13)

Lemma 5.6. Suppose that H*(T, a,b) be as in Definition 5.5. Then H'(T, a,b)
is a Hilbert space with its norm and inner product given by (5.12) and (5.13).
The proof of this lemma will be given in §6. Set H'(T',ao) = H'(T, ag, ao).
Then, under Assumption 3.1, it follows from Lemma 5.6 that H!(T,a0) is a
Hilbert space.
Let Hr o be the selfadjoint operator in L?(T, ag) associated with the sesquilin-
ear form

(o[F, G| = /F F(0) G (@) ap(o)do (F.G € H'T,a0))  (5.14)
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Theorem 5.7. Suppose that Assumptions 2,1, 3.1, 4.2 hold. Suppose that

lim sup /€| te[|2,0, < 0. (5.15)
e—0

Suppose that the tree T' has a finite number of edges. Let f € H*(2), and let
ue = (Hq, — 2)~Lfe, where z € C\[0,00], and f. is the restriction of f on Q§6).
Then we have uc(-,0) € H'(T',a0) and

uc(-,0) — (Hro — 2) " f(-,0) (e —0) (5.16)

weakly in HY(T,ap).

Proof. (I) Let N be the number of the edges of I'. Then it follows from
Propositions 3.4 and 5.1 that

Z Hue ,0 e,,ao + Hu ( )He,,ao)
Jj=1

N
=1
=1

K2
s 7) (5.17)

< (X
+|z|*1{§N:

J

NM
D)3 G) CLAREITS g + 1O, )]

m
k=1 'k
N

N
M
ﬂZq[mmﬂ+Z ) (LEKEIV B0 + 17Ol )
. 2

m
Jj=1

which, together with the fact that u. € C*(), implies that u.(-,0) € H(T, ao)
for each 0 < € < 1. Also, by replacing ||Vf||ﬂgk> by ||V f|la in (5.15), we see
that [|ue(-, 0)||r,a0,1 is uniformly bounded for € € (0, 1].

(IT) Let {e,}521 C (0,1] be a sequence such that €, — 0 as n — 0o and u.,
converges weakly in H(T, ag). Let ug € H*(T', ap) be the limit function. Since
ue, is a bounded sequence in L?(T',ap) and H(T',ag) is dense in L*(T,aop),
up is also the weak limit of ., in each L%*(ej,ao) (j € J). Therefore from
Remark 4.6, (ii) and Theorem 4.7 we see that ug is a solution of the equation
—ao(0) Hag(o)u') — zu = f(0,0) with the Kirchhoff boundary condition at
each vertex of I'. Let F' € H'(T',ag). Then, by using partial integration and the
fact that ug satisfies the above equation with Kirchhoff boundary condition, we
have

lolug, F] = Z/'ug(a)mao(a)da

— _/F(ao(a)uo(a)’)’ﬁda (5.18)
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where £[ug, F] is the sesquilinear form used to define the operator Hr o ((5.15)).
Then, by the definition of Hr, up belongs to the domain of Hr ¢ and

uo = (Hr,o — 2) "' f(-,0). (5.19)
Since the limiting function ug is now independent of the subsequence u.,, we

can conclude that the sequence {u.(+,0)} itself converges to (Hr,o — 2)~1f(,0)
weakly in H*(T, ag). This completes the proof.

Remark 5.8. Let (Q2,I,7) be as in Example 5.3. Then not only Theorem

5.7 can be applied to this case, but also it has been shown in [11], §5 that the
sequence {uc(-,0)} converges to (Hr o — z)~!f(-,0) strongly in L*(T, ao).

6 Proofs

Proof of Lemma 4.1. (I) By (2.6) and (2.7) we have

/(Q v(z)dx
Qj’ ue(z)

eti(o)
/ F(O‘)/ uc(0,8)|Vr(o,s)| ! dsdo

j —et_(o)
ely (o)
- / Flo){ we(0,0)| V7 (e, 0) " ds (6.1)
e —el_(o)
et4(0)
+ (ue(o, 8)|VT(0, )| — ue(0,0)|V7(0,0)| ") ds} do
—el_(o)

= e/ ue(0,0)F (0)ag(o) do + G1 + Ga,

where
Gi= [, Flo) S50 (0, 5) = ue(0,0))|Vr(0,5)[ ") dsdo,  (6.2)
Gy = [, uc(0,0)F (@) [T (IV7(0,9)| !~ [V7(0,0)| ") ds do.

(6.3)
(IT) Proceeding as in (3.11), we obtain
1 ely (o) ely (o 8U6 o,
|G| < / |F(o)] (/ |7n|dn)|VT(a s)| "' dsdo
€ —el_ (o) —el_ (o)
ety (o)
< —’/ |F(0)]ao(c / |M\ dsdo (6.4)
m;j —el_ (o’) 0s
M; ebi(o Oue(o, s 1/2
< —]/ |F(a)|a0(a)([/ |7| |VT(o, )" ds] /
mj Je; —el_ (o)
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ely (o)
[/ ' |V7(o, s)|ds} 1/2) do

—el_(o)
Using (3.3) and the first inequality of (3.2) we see that
ety (o)
[/ |2el9:5) 121G 5 o)1 ds] 2
—el_(0) Os

< K i) 2 -14 1/2
< K[ Vo) PV ds) '

and
([, V(o) ds] /? < \feL,0T;,
Vao(o) <4/ i—;,

and hence we have

1 M; . 3/2
NGl = (G PLEE [ P alo)
J e;
ety (o) 1/2
[/ |Vue(a, s)|*|V7 (0, s)| ds| " do
—el_(o)
< (&

3/2
()2 LK el Fll ey a0 | Vel o -
mj 3

(III) As for G2, we have
1
H6al < [ fulo,0lIF(0)lan o) (0) do
where (o) is given by (4.3). Thus, we obtain
1 2 2 1/2
—|G2l < e, 0)le; a0 [ | [F(0)*¥e(0) a0(o) do] ",

which, together with (6.5), completes the proof. &

20

(6.6)

(6.8)

Proof of Lemma 4.4. (I) Let a; and b; be the vertices of e; such that b; =,
a;. Since Vu, - Vv is invariant under the shift and rotation of the coordinate
system, we may assume that our coordinate system has the origin at a; and the
x1-axis in the direction of ;. According to the change of coordinates system, the
constant K in (3.3) in Assumption 3.1 may have to be replaced another (finite)
positive constant which will be denoted again by K;, while all other constants in
Assumption 3.1 do not need to be changed. Then, since v(z) = F(7(x)) = F(z1)
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in Qg-e), € € (0,€0), we have

S ou
Vue - Vvdzx —=
l® o Oz

et (o)
= / F’(U)/ Oue —(0,8)dsdo

’ —et_(o) 00

6Z+
/'F’(a)/ . )%1:(0 0) ds do (6.9)

= el+(o) Ou, Ou,
-l-/e] F'(o) /_d . (%(0, s) — 5 —(0,0)) dsdo
_ 88“6(0 0 F(0)ao(c) do + H.

- F'(z1) dx

Here we should note that we may assume, by (4.5), that |V7(0,s)| = 1 in the
change of variable formula (2.8).
(II) By noting that

4 e
e / (ue(o, 8) — ue(o,0)) ds

—el_ (o)

(@) gy ou
= (0,5 “(0,0)) ds 6.10
[ G- Greo) (6.10)

—l—eEg_(U)(ue(U, ely(0)) —uc(0,0)) + el (o) (uc(o, —el—(c)) — ue(o,0)),

we have

. ely (o)
H = / F/(O')%/ (ue(o, 8) — ue(o,0)) ds do

—el_ (o)
e / Fo)Y, (0) (e (0, b4 (o)) — uc(o,0)) do (6.11)
—e/ TV (0)(ue(0, el (0)) — ue(0,0)) do
= H2 — H3

Using partial integration and noting that F'(o) € C{(e;), we obtain

ely (o)
Hy—— / (o) / (ue(0, ) — (o, 0)) ds do, (6.12)
e —el_(o)

J

and hence, by proceeding as in (3.11),

|H | / |F" ()] » )‘/ ‘8u6 (o,m)| dn| ds do
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IN

} @) gy
e/ Ia (a)|a0(0)/ |9 (0, 5)| ds do (6.13)
ej —el_(o) s

63/2LJ|‘F/,||€j,ao HVU6H956) .

IA

As for the term Hs, we have

) ) (@) Gy,
) < [ IPEIE) 19 (0,5)| ds do
€ —el_(o) S
eli(a) 9
< SR, / ' (0)|v/ao(0) | / 12 (5, 6)]? ds] V2 dor (6.14)
ej —el_(0) 0s
< Ry Vel
Similarly,
|Hs| < 63/2Rj||F'||ej,ao||Vue||9;e>' (6.15)
The inequality (4.6) is obtained from (6.12), (6.13) and (6.14). &

Proof of Proposition 5.1. (I) As in the proof of Lemma 4.4, we may assume
that our coordinate system has the origin at a; and the z;-axis in the direction
of ej. Let I C e; be a closed interval and set
Oue —
= 8” (0,0)F' (o) ao (o) do (6.16)
I ag

for F € C(I), where we should note that u(c,0) € C{I), too, and hence T is
well-defined. Then, we have

ely (o)
T = l/F'(a)/ Oue ( 0) ds do
€Jr —el_(0) do

T

gy —CC R du,
= E/]F(O’)/ ){%(O’,O)— %(J,s)}dsda (617)

—el_(o
1/ /6£+(U) 8”6
+—- | F'(o — (0, 8)dsdo
/. (@) o) 55 (75)
= Th+1T
(6.18)
(IT) We have
1 E€+(U) S 82u
i < = [|F . dn|dsd
ms 1] L gl dsds
ely (o) 82'“5
< /I|F'(a)|a0(0)/ . )\8088(0,8)\dsda (6.19)
) ely (o) 82U6 9 1/2
< VeL; | |F'(0)]Vao(o)] ‘8 5 (U,s)| ds] "'~ do.
I —el_(o) 000S
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Since 0 = x1, we have from (3.3)

| Puc 2 0 (ueye ¢ pea( Tepe | Py
dcds'  10s Oy ox? 010z 7’

(6.20)

which is combined with (6.17) to give

Ta| < VeL; K/ M| F'|| 1,0, |l tcll2.. (6.21)
where we have used the change of variable formula (2.6) and Assumption 3.1,
(ii).
(III) As for T%, we can proceed as in (II) to obtain

1
T3 < ﬁKj\/Mj||F’||I,ao|\VueHﬂe7 (6.22)

which, together with the second inequality of (3.19), yield

1, _
|T2| < $|z| V2V2K /M| F'| (6.23)
(IV) It follows from (6.16), (6.19) and (6.21) that
8ue
\/ (0,0)F'(0)ao(0) do| < Cj(Velluell2,. + 7 ) (6.24)

Setting F'(0) = ue(0,0) in (6.22) and noting that I C e; is arbitrary, we obtain
1
\/E

As in the proof of Proposition 3.4, we can estimate || f|lq. by using (3.8) with u
replaced by f. Thus we have (5.1).

||u/€('70)||ej7a() < const. (\/_”ue

1£lle.)- (6.25)

Proof of Lemma 5.6. Since it is easy to see that H(T',a,b) is a pre-Hilbert
space, we have only to prove the completeness of H*(T,a,b). Let {F,}5°; be
a Cauchy sequence of H!(T', a,b). Let Ty be a connected compact set of I such
that T'o C T'NQ. Since I'y is closed and meets only a finite number of edges ([3],
Lemma 2.1), it follows that

inf a(o) >0, inf  b(o) >0 (6.26)
o€lo\V(T) o€l \V(T)

and hence {F,}52, is a Cauchy sequence with respect to the norm

T /{|—| +|F (o)} do. (6.27)

Since a connected compact set I'g C I'N €2 can be chosen arbitrarily, we see that
there is a function F' on I' such that

F — Fplllrgs = 0 (n — o0) (6.28)
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for any connected compact I'g C T'NQ2. We may assume by taking a subsequence
of {F,}52 if necessary that F,, (o) converges to F'(o) for almost all o in I' N Q2.
Then, by using the inequality

Falo) = Fnlo)] < | [ |Z20 - S ) 417 00) — P

dn

dFy(n)  dFn(n)
| dn - dn |dn+|Fn(UO)_Fm(UO)| =0

To

as n,m — oo for o € I'y, where {F,} converges at o = o¢, we see that {F,}
converges uniformly on I'g, and hence {F,,} converges to a continuous function
F on I'N Q. This proves that F is continuous on I' N . Let 0,0’ € e;. Then,
by letting n — oo in

dE,

Fu(o') = Fulo) = [ an,
P(o,0") dn
we have IF.
F(t')— F(t :/ — dn,
(t) —F() ooy N

F is locally absolute continuous on each e;. By noting that I'\['NQ =T'NJN is
a countable set, it is easy to see that {F,,} converges to F in the norm || |
which completes the proof.

T'ap,1s

Acknowledgments This work was started during the author’s visit to the
University of Heidelberg in the summer of 1999 under the support of SFB (Son-
derforschungsbereich) 359. I would like to express my gratitude to Professor
Willi Jager for his hospitality and useful suggestions.

References

[1] R. A. Adams, Sobolev Spaces, Academic Press, 1975.

[2] W. D. Evans and D. J. Harris, Sobolev embedding for generalized ridged
domains, Proc. Lond. Math. Soc. 54, (1987), 141-175.

[3] W. D. Evans and D. J. Harris Fractals, trees and the Neumann Laplacian,
Math. Ann. 296, (1993), 493-527.

[4] W. D. Evans and Y. Saito, Neumann Laplacians on domains and operators
on associated trees, to appear in Quart. J. Math. Oxford.

[5] P. Exner and P. Seba, Electrons in semiconductor microstructures: a chal-
lenge to operator theorists, Proceedings on Schrodinger Operators, Stan-
dard and Nonstandard (Dublin 1988), World Scientific, Singapore, 79-100,
1988.



EJDE-2000/31 Yoshimi Saito 25

(6]

[10]

[11]

[12]

D. Gilbarg and N. S. Trudinger, FEliptic Partial Differential Equations of
Second Order, Springer-Verlag, 1977.

P. Kuchment, The mathematics of photonic crystals, to appear in Math.
Modeling in Optical Science, STAM.

P. Kuchment and H. Zeng, Convergence of spectra of mesoscopic system
collapsing onto a graph, preprint, 1999.

K. Ruedenberg and C. W. Scherr, Free-electron network model for conju-
gated systems. I, Theory, J. Chem. Physics, 21 (1953), 1565-1581.

J. Rubinstein and M. Schatzman Variational problems on multiply con-
nected thin strips I: Basic estimates and convergence of the Laplacian spec-
trum, preprint, 1999.

Y. Saito, Convergence of the Neumann Laplacians on Shrinking domains,
preprint, 1999.

M. Schatzman, On the eigenvalues of the Laplace operator on a thin set with
Neumann boundary conditions, Applicable Analysis, 61, (1996), 293-306.

YOSHIMI SAITO

Department of mathematics
University of Alabama at Birmingham
Birmingham, AL 35294, USA.

e-mail: saito@math.uab.edu



