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CONVERGENCE OF EIGENFUNCTION EXPANSIONS
CORRESPONDING TO NONLINEAR STURM-LIOUVILLE
OPERATORS

ALEXANDER S. MAKIN, H. BEVAN THOMPSON

ABSTRACT. It is well known that the classical linear Sturm-Liouville eigenvalue
problem is self-adjoint and possesses a family of eigenfunctions which form an
orthonormal basis for the space Ls. A natural question is to ask if a similar
result holds for nonlinear problems. In the present paper, we examine the basis
property for eigenfunctions of nonlinear Sturm-Liouville equations subject to
general linear, separated boundary conditions.

1. INTRODUCTION

We consider the nonlinear eigenvalue problem

u —q(z,u, Nu+Au=0, z€]l0,1], (1.1)
a1u(0) 4+ f1u’'(0) =0, agu(l) + B2u/(1) =0, (1.2)

where |a;| + |B;| > 0, for i = 1,2. Here z and A are real variables and ¢ is a
real-valued function defined on € = [0,1] x R?. By an eigenfunction of (L.1)-(L.2)
corresponding to an eigenvalue A we mean a twice continuously differentiable, real-
valued function u(x), (u(x) # 0), satisfying on [0,1] and (L.2).

The main result is as follows.

Theorem 1.1. Assume that

(1) gq(z,u, A) is continuous on the set Q

(2) There exist constants Mo and M such that |q(x,u,\)| < M on the set
Qo ={0<2z<1,|ul <My,—00 << oo}

(3) For any A\, —oo < A< o0, and any xz, 0 <z <1, a%q(x,o,)\) =0.

Then there exists a system {u,(z)} (n = 0,1,...) of eigenfunctions of problem

(1.1)-(1.2) which forms a Riesz basis for the space L(0,1).

Note that when the function ¢(x, u, \) does not depend on A, conditions (2) and
(3) of Theorem can be omitted.

Before proving Theorem [1.1| we would like to compare it with existing results
in the literature. Since g(x,0,\) = go(x) we see that problem — can be
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written in the operator equation form
Lu+ N(u,\) +Au=0

where L is the linear operator generated by the differential expression Lu = u” —
¢o(z)u and boundary conditions and N(u, \) = (go(x)—q(x, u, \))u. Obviously
L is a self-adjoint operator with discrete spectrum and an orthonormal system
of eigenfunctions which is complete in Ls(0,1). Moreover all the eigenvalues are
simple. Thus in order to construct an eigenfunction system for the above spectral
problem which forms a basis for L(0, 1) one could invoke the Crandall-Rabinowitz
approach, [4], and the method by Brown [2]. However to apply this approach
requires strong assumptions on the nonlinear operator N, namely that q(z,u, \) €
C'. Here we weaken this smoothness assumption on the function q(x,u,\). In
addition any eigenfunction system {u,(z)} constructed by that method lies in the
neighborhood of zero, that is, limy, .o ||n ()] £,(0,1) = 0. Thus the system {u,, ()}
may be an unconditional basis but it cannot be a Riesz basis since in this context
a Riesz basis is an almost normalized system of functions.

Nonlinear eigenvalue problems have a long history; we refer the reader to [9] and
its reference list for more information.

2. PROOF OF THEOREM [L.1]

The proof divides naturally into the following parts.
(a) We use a standard method to show that, without loss of generality, we may
make certain assumptions about the function g(z, u, A).
(b) We prove a simple technical lemma giving estimates for solutions of the initial
value problem for equation (L.I)).
(¢) We employ a polar coordinates technique to establish the existence of eigenvalues
of problem —. Alternative methods such as fixed point theorems could have
been used here. However we prefer the classical Priifer transformation since it gives
the eigenfunctions in more explicit form. In particular, we obtain the eigenfunctions
with prescribed initial data and this is important later in the proof. Note that since
the function g(x,u, A) is merely continuous it follows that solutions of initial value
problems for equation may not be unique. To overcome this obstacle we apply
the generalized Kneser’s theorem in the form given by Pugh in [I2]. This application
requires the right hand side of our system of equations to have compact support. We
use cut-off functions to produce a new system of equations with compact support
and show there is a solution of our new system satisfying the boundary conditions
which is a solution of problem —. Then we use the Sturm comparison
theorem to obtain a two-side estimate for the eigenvalues of problem (|1.1)-(1.2).
(d) We prove that the constructed eigenfunction system of problem (1.1})-(1.2) di-
vided by a suitable number p is quadratically close to a complete orthonormal
eigenfunction system of the self-adjoint eigenvalue problem for the linearized equa-
tion subject to the same boundary conditions. In this part of the proof we use
well known asymptotic formulae for eigenvalues of the linear Sturm-Liouville op-
erator, an integral representation for solutions of the initial-value problem, and
A-independent relations between the L., and Lo-norms of eigenfunctions and their
derivatives [13].
(e) We apply well known theorems of functional analysis to establish the basis
property for the constructed eigenfunction system.
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One can see that the arguments in steps a), b) and e) are short and simple, while
those in steps ¢) and d) are more complicated.

(a) Let us consider the following eigenvalue problem for the linearized equation
v —qo(x)u+Au=0 (2.1)

with boundary conditions . From [§], all eigenvalues of problem - are
real and, moreover, there exists a smallest eigenvalue, )\00 . Weset \* =2M +1—
A0 and Gz, u, A) = q(z,u, A — A*) + A*. Clearly the function §(z,u, \) satisfies all
the conditions of the theorem with the inequality in condition (2) replaced by the
inequality M—)\E)O)—i—l < q(z,u,A) < 3M—)\éo)+1. We denote My = 3M+|)\(()0)\+1.
Since

" ~

ﬂn - Q(Iaﬂna 5\n)&n + 5\n&n = ﬂ'g - q(xaﬁvn 5\n - )‘*)ﬂn + (S‘n - )‘*)’an
it follows that an eigenfunction @, (z) of the problem

" — Gz, 4, \) i+ i = 0,
01111(0) + ﬂlﬂ/(O) =0, 01212(1) + ﬁg’a/(l) =0
corresponding to an eigenvalue )\, is an eigenfunction of problem (1.1)-(1.2) corre-

sponding to the eigenvalue A\, = \,, — A*. Thus without loss of generality we may
assume that the function g(x,u, A) satisfies the inequalities

lq(z,u, ) — qo(z)| < 2M, lq(z,u, )| < My (2.2)

on the set €y and that the smallest eigenvalue of problem ([2.1f), (1.2)), )\(()0), is
2M + 1. Also without loss of generality we may assume that |a;| + |31] < 1. We
will assume later that A > 0 and set = v/\.

(b) Let n(t) € C*°(R) be a cut off function
o={o
and 0 < 7(t) < 1. Consider the initial-value problem
v —q(z,u, )n(uw)u+ =0, x€]0,1], 2.3
u(0) = bf, u'(0) = —bay,

where b is an arbitrary number; if $; = 0 then we set u(0) = 0 and «'(0) = bu.

Lemma 2.1. If A > 1 and b be given, then any solution u(x) of problem (2.3 on
[0,1] satisfies

Ju(z)| < [ble™.
Proof. It follows from [I] that a solution u(z) of problem (2.3)) exists on [0, 1]. By
[3, Ch. 3, Sec. 6, Th. 6.4], any solution of (2.3)) satisfies the integral equation

sin px

u(z) = u(0) cos pz+u'(0) + 1 /Ox sin p(x —t)q(t, w(t), Nn(u(t))u(t)dt. (2.4)

nooop
From inequality (2.2) it follows that

lg(t, u(t), N)|n(ut)) < My V(t,u,X) € Q.
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From this it follows that
My [*
)] < 1R+ =2 [ ol

where R(x) is the sum of two first terms on the right-hand side of (2.4)). From the
last inequality and Gronwall’s lemma, [I], we see that

u(z T My me%(w%)
lu(z)| < [R(z)| + . /O |R(t)[dt. (2.5)

Since |R(x)| < b it follows from ({2.5) that
u(z)] < [ble.
Let
0 < |b] < b (2.6)

where by = min (1, 22\4—&1) It follows from Lcmma that |u(z)| < 2.

From this and the definition of the cut off function 7(t) it follows that if condition
(2.6) is satisfied, then any solution of problem ([2.3) is a solution of initial-value
problem

v —q(z,u, )u+Iu=0, ze€l0,1],
w(0) = bfBy,u'(0) = —bay;
if 81 = 0 then u(0) = 0 and v/(0) = bp. O

2.7)

(c) Now we consider two linear eigenvalue problems
u' + Q1(z, N\, d)u =0,
a1u(0) + B1u’(0) = 0, (2.8)
asu(l) + Bou/(1) =0
and
' + Qa2(z, N\, d)u = 0,
aru(0) + B (0) = 0, (2.9)
asu(1) + fou/(1) =0
where Ql(‘r?)‘7d) = _q(xa()?/\) —d+ )‘7 QQ(*/L")Vd) = _Q(x70a )‘) +d+ )‘7 and
d is an arbitrary positive number. Let 61 (z, A, d) be a solution of the equation
0) = cos?6; + Qi(x, \,d) sin? @;, moreover, 0;(0,\,d) = arctan(—%) if 81 £ 0
and 6;(0,\,d) =0 (¢ = 1,2) if f; = 0. By the oscillation theorem, [6], problem
(2.8) has eigenvalues A(()l)(d) < /\gl)(d) < ..., and problem ([2.9) has eigenvalues
AD(a) < AP (a) < ... Clearly, it follows that A} (d) = A2 (d)+2d, AP (2M) = 1.
From [@] it also follows that
0,\D(d),1,d) = arctan(—%) + 7, (2.10)
2

where n = 0,1,.... Here and throughout the remaining part of the paper we
assume that arctan(—32) = m if 2 = 0.

Lemma 2.2. For each b # 0 satisfying condition (2.6) and n (n =0,1,...) there
exists an eigenvalue A, (b) of problem (L.1)-(1.2)) satisfying

AP (2M) < A (b) < A (2M). (2.11)
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Moreover, the corresponding eigenfunction u,(x, A, (b)) is a solution of initial-value

problem (12.7)).

Proof. Let u(x, ) be a solution of problem ([2.3]). Using the classical Priifer trans-
formation [6],

u(z) = r(z)sing(z), o'(z)=r(x)cosp(x)
it follows that for any A problem ({2.3) is equivalent the system of equations
@' = cos® o + [A — q(z,7sin @, A)n(rsin )] sin®

!

1
r=gr [1 — A+ q(z,rsine, A)n(rsin )] sin 2¢ (2.12)
AN =0
with initial conditions
©(0) =g, 7(0) =19, A(0)=2A (2.13)
where g = arctan(—G4) and ro = [b[y/af + 07 if f1 # 0 while gy = 0 and ro = [b|
if 51 =0.
Let us consider also the system of equations

/

o = [C082 0+ (A = q(z,7sin p, A)n(rsin @) sin® <p] (e, r, A)
(

1
== [r(1 — A+ q(z,rsinp, A)n(rsin ) sin 2¢] (¢, r, A) (2.14)

2
AN =0

subject to the same initial conditions (2.13)), where 7j(¢, 7, A) = no(¢)10(r)10(A) and
where the cut off function no(t) = 1if |t| < H, no(t) = 0if [t| > H+1,0 < no(t) < 1,
no(t) € C*(R), H is an arbitrary number such that H > pe!** M 4 7.
It is easy to see that right hand side of system has compact support. From
inequality if follows that for any =,
lg(z, 7 sin p, A)|n(rsine) < M. (2.15)

From ([2.15)) and the first of equations (2.14)) it follows that |¢’| < 1+ X+ M;. Since
|p(0)| < m we have |p(z)]| <14+ 7+ A+ M; for 0 <z < 1.
From the second of equations (2.14)) it follows that

1 x
r(z) = r(0)exp (5/ h(t)dt)7
0
where
h(t) = [1 = A+ q(t, r(t) sinp(t), A)n(r(t) sinp(t)) sin 2p(8)] (0 (t), r(t), A)dt.
Evaluating right-hand part of the last equation we obtain
r(xz) < r(0)6%(1+)‘+M1) < |b|ue%(1+)‘+M1).

By the definitions of H and n(p,r, A), any solution of the Cauchy problem ([2.14))-

(2.13)) is a solution of the Cauchy problem ([2.12)-(2.13).
Let (¢(x),7(x), A) be an arbitrary solution of Cauchy problem (2.14)-(2.13]) for

an arbitrary A, 1 <\ < A(2M), where H = \/ AL (@MY @M)+FMy 4 1 and

b satisfies condition (2.6)). Since any solution of Cauchy problem (2.14)-(2.13) is a
solution of Cauchy problem ([2.12)-(2.13) we have

@ =cos® 3+ (A — q(z,7sin @, \)n(7sin @)) sin® .
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Moreover, the function @(x) = 7(x)sin @(z) is a solution of problem ([2.3)). Then
by Lemma |a(z)| < 2; therefore, n(i(z)) = 1. By virtue of (2.2) we have
inequality

Q1(x, A\, 2M) < —q(z,a(z), )n(ti(z)) + A < Qa2(z, A, 2M).
From the last inequality and the comparison theorem, [6] it follows that
O1(x, A\, 2M) < p(x, \) < Oa(x, \,2M).

From this and (2.10)) it follows that

(1,22 (2M)) < arctan(—%) +mn < @1, AP (2M)). (2.16)

2
Further we consider Cauchy problem (2.14])-(2.13]). It is clear that the set of initial
conditions
P = {Oa ¥o,To, A}

where )\512) 2M) <A < )\g)(2M) is a connected compact set in R*. Hence by the
generalised Kneser’s theorem, [I2], the set K1(P) = U,cp K1(p) where Ki(p) is
the funnel section at the point = 1 of the set of solutions of system (2.14)) subject
to the initial conditions p = (0, g, ro, A) is a nonempty connected compact set in
R3. From (2.16)) it follows that the set K;(P) contains points above and below the
plane ¢ = arctan(—32) + mn, therefore the set K1(P) has a point of intersection

with this plane. Therefore, for some A = A, (b) satisfying (2.11)), there exists a
solution (¢n (2, A), mn (2, A), An (b)) to the Cauchy problem (2.14))-(2.13]) such that
(0%))

on(1, A (D)) = arctan(——Q) + . (2.17)

Now solutions of problem (2.14])-(2.13]) are solutions of problem (2.12))-(2.13), prob-

lem (2.12))-(2.13]) is equivalent problem (2.3]), and any solution of problem ([2.3) is
a solution of problem ([2.7). Hence for any b satisfying condition (2.6)) there is a

function A, (b) satisfying inequality (2.11]) and a corresponding solution
Un (2, A (D)) = (2, An (b)) sin gy, (2, A (D))

of problem (2.7). From (2.17) it follows that the function wu,(z, A, (b)) satisfies
boundary conditions (1.2)); that is, the function wu, (x, A, (b)) is an eigenfunction of
problem ([1.1])-(1.2)) corresponding to the eigenvalue A, (b). O

(d) Let {,(z)} be a complete orthonormal system of eigenfunctions in Lo (0,1)
of the linear self-adjoint problem (2.1))-(1.2)), )\510) be the corresponding eigenvalues,
and MSLO) = /\5?)7 for n =0,1,.... Above it was shown that )\510) > 2M + 1. From

/
[13] it follows that maxo<g<1 [un (z)] < Co, maxo<z<1 u, (z)] < ,usz)C'o; therefore,

o O/
un(o) = 61'771 and un(o) = CHM%O)y where 0 < |ﬁ1’7n‘7 |Cn| < Cp and |51'7n|+‘€n| > 0.
If 81 # 0 it follows from boundary condition (1.2)) that ¢, = =% and therefore

fir,
Yn # 0. If 81 = 0 then (, # 0. By [6] for any d > 0
AP (d) < AD < AP (a). (2.18)

Lemma 2.3. There exist p # 0 and an eigensystem {u,(x, \p,p)}, n=0,1,... for
problem (1.1))-(1.2)) satisfying initial conditions u, (0, An, p) = pynBi, uh, (0, A, p) =
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—pynaq if B1 # 0 and initial conditions u, (0, Ap,p) = 0, ul, (0, A, p) = Pl A if
B1 = 0 such that

n=0

2

<L
L2(0,1)

un(x,/\n,p) o
ST (x
» ()

Proof. Let p be an arbitrary number satisfying

boS|
Co
Denote p, = py, if 51 # 0 and p, = p(, if §; = 0. It is easy to see that in both
cases 0 < |pn| < bg. Notice that |p,| < ‘%ﬂp\ if 81 # 0 and |p,| < Colp| if 51 = 0.
For every n =0,1,..., let A, (p,) be an eigenvalue of problem — satisfy-
ing inequality and let u, (x, An(py)) be a corresponding eigenfunction satis-
fying the initial conditions wu, (0, A\n,(pn)) = pnbB1, (0, A\n(pn)) = —ppay if 81 #0
and satisfying the initial conditions wu, (0, An(pn)) = 0, ul, (0, An(Pn)) = Pu/An(Pn)
if 3y = 0. From inequalities — it follows that |An(pn)—A$L0)| < 4M. From
the last inequality and the asymptotic formulae M%o) =mn+O0(n 1) if 31 #0,8, #0
or f1 = B2 =0 and ;A?) =7(n+1/2)+O0(n™1)if 1 = 0,82 # 0 given in [§] it
follows that there exists Ny > 0 such that for all n > Ny
4M 5M
_ <
Mn(pn) +M£z0) on

where j1,(pn) = \/An(pn) and pl = 1/A2. Thus there exists Ny > Ny such that
for all n > Ny

0<|p| <

b
if 31 £0 and 0< |p| < C—O if B, = 0. (2.19)
0

|t (pn) — )] < (2.20)

n n
u%o) > 5 o (Pr) > 3 (2.21)
Let ¢(x, A), ¥ (x, A) be the fundamental system of solutions of equation (2.1)) satis-
fying ¢(0,A) =0, ¢..(0,\) = p, (0, A) = 1, ¥ (0,\) = 0. Now

d(x, ) = sinpz + O(i), ¥(xz, \) = cos px + O(%) (2.22)
uniformly in z, 0 < 2 < 1; see [9]. Therefore,
|¢(I7)‘)| < Clv |1/)(1‘7>‘)| <G
1 1
1 1
[h(@, A2) — (@, A1)| < [p2 — pa| + O(—) + O(—).
M1 H2

uniformly in 2, 0 < 2 < 1. From [I1] it follows that the functions ¢(z, A) and
¥ (z, A) are continuous with partial derivatives in (x,\) and hence

6(2, A2) — b2, A1) < Co(N) A2 — il
W (x, Aa) — (@, A1)| < Ca(N)| A2 — Adl.

for 0 <z <1,1< A, < :\\, for any X > 1 where C’g(X) depends on N, Let
W (z, A) be the Wronskian for functions ¢(z, A) and ¢(x, A). We denote

"/}(‘T7 >‘)¢(t’ )‘) — ¢($7 A)¢(t’ )‘)
W(t,\) '

(2.24)

K(z,t,\) =
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An easy calculation gives W(0,\) = —pu. From this and Liouville’s formula it
follows that for any z, W(xz, A\) = —u. From the last equality and estimates (2.23))
it follows that

K (2,t,\)] < =L (2.25)

It is easy to see that

i () = Brymp(z, An) + Cub(, An). (2.26)
By [3} Ch. 3, Sec. 6, Th. 6.4] solutions u,(z, A\, (p,)) of the initial value problem
(2.7) satisfy
Un (T, An(pn))
= p[Brynt(z, An(Pn)) + Cud(2, An(pn))]

+/ K (z,t, A (pn)) (q(t, wn(t, A (Pn))s An(Pn)) — qo(t))un(t, A (pn))dt.
0

(2.27)
Now, we establish an upper bound for u, (z, A, (py)). Clearly

|p(ﬂ1%¢($, An(pn)) + Cud(, An(pn)))] < 03‘p|' (2.28)

From Lemma [2.1] and estimates for the p,, it follows that for any p satisfying con-
dition | (2, A (pn))] < 0. Thus from (2:2) it follows that

lq(t, un (2, An (pn)) An(Pn)) — qo(t)] < 2M. (2.29)
Applying Gronwall’s lemma to using (2.25)), (2.28]), and (2.29)), we see that
Iun(w, An(pn)) < Calpl- (2.30)

From (2.20), (2.21)), (2.22), (2.23)), (2.29), and (2.30) it follows that for n > N

M_& x
tolz:X n ()]

< 1819l [, A (Pn) — D, An)| + Gl |6, An (D)) — (2, An)|

/ (£ M ()[4 0 (1 An (P)): A (Pr)) — €08t A (1))

C
S -
n
Clearly there exists a number Ny > Nj such that
Y <y
n?2 2
TL:NQ
From the last two inequalities and any p satisfying condition [2.19]it follows that
- n ;)\n n o 2 1
Z Un (2, Aa(Pn)) u(m)) < 5 (2.31)

n:NQ p

Consider the case 0 <n < Ny — 1. From ([2.11)) it follows that
An(pn) < AP (2M) < A()2M). (2.32)
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Let € be an arbitrary positive number. From condition 1) of Theorem [1.1]it follows
that there exists §, 0 < & < 1, such that for |u| <, 1 <A <A (2M), 0 <t <1,

lg(t,u, A) — qo(t)] <e. (2.33)
Let p satisfy the supplementary condition

0< < .
‘p| Cyi+1

Then from (2.30) we obtain |u,(x, A\, (pn))| < §. From the last inequality, (2.32)),
and ([2.33) it follows that

Ql(x7 )\n(pn)a 5) < 7‘](1"’ Un(xa )‘n(pn)); /\n(pn)) + An(pn) < QQ(JI, An(pn)a €)~
From this and the comparison theorem, [6], we obtain
01(15 /\n(pn)ae) < @n(la /\n(pn)) < 92(17>\n(pn)75)-

Moreover, we have the equality

61(1, )\7(11)(5)75) = pn(1, An(pn)) = 02(1, )\%2)(5),5) = arctan(—%) + .
2

From the last two relations it follows that

01(1, Ma(pn)s€) < O1(L, A0 (e), ),

02(1, A7 (e),€) < Oa(1, An(pn), )
From this and the monotonicity of the functions 6;(1, A, €), [6], it follows that

AD(€) < Anlpn) <AV (e).
From the last inequality and we obtain
An(pn) = AP < 2e. (2.34)

From (2.24), (2.25)), (2.30), ([2.33), and it follows that

Un(@ An(Pn)) _ o
| ; n(2)]

< |61'Yn‘|1/)(x7)‘n(pn)) - ¢($a;n)| + ‘Can’(xa An(Pn)) — qﬁ(x,)\n)|

w2 f "R @ A (o)t (8 M ) st (A (0 A () — o0l

SCSEa

where the constant Cs does not depend on e.
Choosing € = 1/(C5+/2N3) we obtain

Nap—1
n 7)\77, n o
Z ”U, (LL’ (p )) —un(x)|2 <
n=0 p
From the last inequality and (2.31) it follows that
oo

n=0

Un(.lf, /\n(pn)) _ ’an(l‘)

p

< L
L2(0,1)
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(e) Obviously, the system {u,, ()} forms an orthonormal basis for the space Ly (0, 1).
From the last inequality it follows that the eigenfunction systems {u, (z, An(pn))/p}
and {u,(x, \,(prn))} are a Bari basis and a Riesz basis, respectively [5] [7].
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