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EXISTENCE AND UNIQUENESS OF THE GENERALIZED
POISEUILLE SOLUTION FOR NONSTATIONARY MICROPOLAR
FLOW IN AN INFINITE CYLINDER
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ABSTRACT. We consider the nonstationary motion of a viscous incompressible
micropolar fluid having a prescribed flux in an infinite cylinder. The global
existence and uniqueness result for the generalized time-dependent Poiseuille
solution is provided by means of semidiscretization in time and by passing to
the limit from discrete approximations.

1. INTRODUCTION

It is well known that the Navier-Stokes model has a serious limitation because
it does not take into account the microstructure of the fluid. Among various non-
Newtonian models aiming to overcome this issue, micropolar fluids (proposed by
Eringen [5]) seems to be the most appropriate. The mathematical model of microp-
olar fluid is based on the introduction of a new vector field, the angular velocity
field of rotation of particles, taking into account the microrotation of the fluid par-
ticles. Consequently, one new vector equation is added to the Navier-Stokes system
resulting from the conservation of the angular momentum. The coupled nonlinear
system of PDEs obtained in such way is suitable for describing the behavior of nu-
merous real fluids (e.g. liquid crystals, muddy fluids, polymeric suspensions, animal
blood etc.) that cannot be represented by classical Navier-Stokes equations. For
that reason, micropolar fluid flows have been extensively studied and one can find
many results throughout the mathematical literature. Let us just mention that a
comprehensive survey of the mathematical theory underlying the micropolar fluid
model can be found in the monograph by Lukaszewicz [I1].

In this article, we study a nonstationary flow of a micropolar fluid through an
infinite cylinder with a prescribed flux. Our research has been inspired by the
results on classical Newtonian flow provided by Pileckas [16]. More precisely, the
existence of the standard nonstationary Poiseuille solution in an infinite cylinder
II={z=(2,23) € R3: 23 € R, 2’ = (z1,22) € o} has been brought in [I3] in
Hélder spaces (see also [14] investigating the asymptotic behavior of the Poiseuille
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solution as ¢ — o0). In [15], Pileckas has considered a generalized time-dependent
Poiseuille flow in II by assuming that the solution (u,p) has the form

u(z,t) = (ug (2, ), uz (2, t), uz(a’, 1)),
p(df, t) = ﬁ(xlv t) - Q(t)xB —|—p0(t),

where po(t) is an arbitrary function of time. The solvability of such problem in
Sobolev spaces has been established by constructing the Galerkin approximations of
the solution. Our goal here is to generalize this result for a micropolar setting, i.e. to
prove the global existence and uniqueness result for a generalized nonstationary
micropolar Poiseuille solution. In view of that, the paper is organized as follows. In
the rest of this section we introduce the micropolar equations and suppose that the
solution is of general micropolar Poiseuille form. We then decompose the problem,
obtaining a classical 2D micropolar problem and a micropolar inverse problem.
The existence of the 2D micropolar problem is addressed in Section 2, following
[12]. In Section 3, we prove the existence of the micropolar inverse problem by
semidiscretization in time, proving the existence of the discrete problem, deriving
a-priori estimates for the discrete approximations, using the compactness method
and treating the case for T = oco. In Section 4, we address the existence and
uniqueness of the solution to the original coupled problem for T' € (0, co]. Finally,
in the Appendix, for the sake of reader’s convenience, we discuss the solvability of
parabolic systems in Hilbert spaces.

To conclude the introduction part, let us provide few more bibliographic remarks.
In [T9], the author has proved the existence of weak solutions to the initial boundary
value problem for incompressible micropolar fluids, in the absence of body forces
and moments and with homogeneous Dirichlet boundary conditions. In [20], the
existence and uniqueness of a global solution for micropolar fluid equations has
been established with periodic boundary conditions and with external forces and
moments independent of the longitudinal coordinate x3. Quite recently, local-in-
time existence and uniqueness of strong solutions for the incompressible micropolar
fluid equations in bounded or unbounded domains of R? has been shown in [4]. The
micropolar Poiseuille solution has been employed in [I8] for the purpose of studying
the stationary micropolar Leray problem. Most recently, the asymptotic behavior
of the (standard) nonstationary micropolar Poiseuille solution in a thin pipe has
been investigated in [3] by the authors of this paper. Using the two-scale expansion
method with respect to the pipe’s thickness, the effective flow has been found and
rigorously justified.

1.1. Micropolar equations. We consider an infinite cylinder Il = {z € R?: 23 €
R, 2’ = (x1,22) € o}, where o is a bounded open set of class C? in R2. We denote
the Cartesian coordinates © = ((21,x2), z3) = (2/,z3), with z3 being the direction
coinciding with the axis of the cylinder. We consider the initial boundary value
problem for the nonstationary micropolar fluid flow in an infinite cylinder II:

opu— (v+v)Au+ (u-V)u+ Vp =2u,.rotw + £,
diva =0,
Ow — (cq + cqg)Aw + (u- V)W — (co + cqg — cq)Vdivw + dv,w
=2v,.rot u+g,

(1.1)



EJDE-2018/148 GENERALIZED TIME-DEPENDENT MICROPOLAR POISEUILLE FLOW 3

with the boundary and initial conditions

ulpsn =0, wlpm =0 (1.2)
and
u(z,0) = uo(z), Wiz, 0) = wo(z) (13)
along with the flux condition with the given flow rate F'(t),
/ us(' £)dr’ = F(1). (1.4)
Here u(z’,z3,t) = (u1(2,z3,t), us(a’, x3,t), us(z’, 23,t)) stands for the velocity

field, w(z', z3,t) = (w1 (2’, z3,1t), wa(2’, x3,t), ws(a’,x3,t)) is the angular velocity
of rotation of the fluid particles (the microrotation field), while p(a’, x3,t) is the
pressure. The positive constants are the Newtonian viscosity v, the microrotation
viscosity v,., while cg, ¢, and ¢4 are coefficients of angular viscosities. The external
sources of linear and angular momentum are given with functions f = (f1, fo, f3)
and g = (¢1,92,93), respectively. Throughout the paper, we assume that the
nonstationary solution of the problem 7 has the generalized Poiseuille

form
(.’L‘/, t)’ UQ(xla t)’ u3(mla t))a
w(x, t) = (wy(z',t), wa (2, ), w3 (2, t)),
(

where po(t) is an arbitrary function in ¢. We also assume that

uo(z) = (uo1(2'), uo2(2"), o3 (2")),
wo(2) = (wo1 ("), woz (2"), wos (2”)),
f(z,t) = (fi(2',1), fo(@', 1), f3(a', 1)),
g(@,t) = (g1(2',1), g2(2', 1), g3 (', 1))

are independent of x3 and that it holds the necessary compatibility condition

/UO3(.’L‘/)dZ‘/ = F(0).

(1.5)
(1.6)
(1.7)

To formulate the resulting problem in a more compact form, we introduce the

following notation:

ﬁ(x/’t) = (ul(w/’t)7u2($/7t>)’ ﬁ()(xl) = <u01($/>7u02(xl>)’

f(xl’t) = (fl(xlat)’fQ(x/’t))a w(xlvt) = wg(itl,t), wo(m’) = w03(x/)a

v(z',t) = ug(2’,t), wo(w
!

w(z' t) = (wi(2',t), we ('t

Further, from now on, we denote

O0pa  O¢1 0p1 . 0o

oty = ———, divpg¢p=—-—"—+— qub:(

Oxy  Oxs’ dry Oz’
2 2
N 0°¢  0°¢ d¢ 09

), Wo(z) = (wor(2),

@*@7WW%E£

)

=up3(2’), [f(2',1) = f3(2',1),

woz(z')),

g(w/7t = (gl(w/7t)ag2(x/7t))v g($/7t) = g3(xl,t).

9¢

85027

0¢
(91‘1

)

for any sufficiently smooth scalar function ¢ and a vector function ¢ = (¢1, ¢2).
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Taking the generalized Poiseuille solution (|1.5)—(1.7), plugging it into the sys-
tem (|1.1)—(1.4) and decomposing the obtained system of equations we obtain the
following two problems set on the cross-section o:

%;‘ — (W4 ) Apa+ (0 Vo )i+ Vep = 20, Viw + 1,
Ve -u=0,
ow . . (1.8)
T (Ca + ca)Apw+ (0 Vy)w + 4vpw = 2v, oty U+ g,
@' t)|ss =0, w(@,t)]os =0,
a(2',0) = tp(z"), w(@’,0) = wy(z)
and
ov R .
5 (v+v)Apv+ (0 Vv —q(t) = 2v,toty W+ f,
%
a—vtv — (Ca + ca)ApW + (01 Vg )W
— (co + cq — ¢4)Vyr divy W + 4, W (1.9)
=2, Viv+g,

v|80 = 07 W|80 = 07
v(z',0) = vo(2'), Ww(z’,0) = wo(z').

The system (1.9) is completed with the flux condition
/v(:c’,t)daz’ — P (1.10)

1.2. Basic notation and function spaces. Vectors and vector functions are de-
noted by boldface letters. Unless specified otherwise, we use Einstein’s summation
convention for indices running from 1 to 2. Throughout the paper, we will always
use positive constants C, ¢, ¢1, ¢, ..., which are not specified and may differ from
line to line. Moreover, we suppose that r, s, 7’ € [1, oo], where 7’ denotes the conju-
gate exponent to r > 1, 1/r +1/r' = 1. Let us introduce some functions spaces for
functions defined on o or o x (0,7), 0 < T < co. L"(c) denotes the usual Lebesgue
space equipped with the norm |- ||z and Wk (), k > 0 (k need not to be an in-
teger, see [7]), denotes the usual Sobolev-Slobodecki space with the norm ||-[|yy . (o) -
Recall that W7 (o) := L"(0). Let E be the Banach space. By L"(0,T; E) we de-
note the Bochner space (see [I]). Further, C([0,T]; E) represents the space of con-
tinuous functions on the internal [0, 7], with values in the Banach space E, with the
usual norm. Moreover, let V := {p € C5°(0)% ¢ = (¢1,02), diver =0 in o}.
Let the linear space V and H, respectively, be closures of V in the norm of W12 (0)?

and L?(0)2.
To simplify mathematical formulations we introduce the following notation:

0¢; OY;
= dz’ 1.11
a(d)?t/)) - amj 8ZJ .’L‘, ( )

o,
Wt 0) 1= [ 655 i (1.12)

o €5

0
d(@, 1, p) :=/¢j%wdz’, (1.13)
o J
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((,)) = [ éwida (1.14)

(v.0) = [ vt (115)
In (L.11)—(1.15)) all functions ¢, ¥, ¢, ¥ and ¢ are regular enough, such that all

integrals on the right-hand sides make sense.

2. SOLVABILITY OF PROBLEM (1.8

In this section we recall some well-known results concerning the existence, regu-
larity and uniqueness for micropolar incompressible fluid flows in two-dimensional
bounded domains. First, we introduce notions of weak solutions to the prob-

lem .
Definition 2.1. (i) Let T € (0, 00) and suppose that
fe L?(0,T;H), geL*0,T;L*0)), tyeH, wyelL*0).
By a weak solution of the problem on (0,7) we mean a pair [@1,w] such that
ae L*0,T;V)nC([0,T); H),
w € L(0,T; Wy () N C((0, T}; L2(0))

and the system

d . R . N
G (90 9))+ 0 0r)al). )+ 6800, 500 ) o)
= 2, ((Vyw(t), ) + (£(1), %))
and
G00)+ (ea+ ) (Ve(t). V) + 60, 0(0). ) + 4 wl0hp)

=2v, (rOtr’ ﬁ(t)v 90) + (g(t)’ SD)

holds for every [, ¢] € V x W, ?(0) in the sense of scalar distributions on (0,7)
and

u(z',0) =0p(z') in o, (2.3)
w(z’,0) =wo(2') in 0. (2.4)

(ii) Let T = +o0 and suppose that f € L2(0,00; H), g € L?(0,00; L?(0)), g € H
and wy € L%(0). By a weak solution of the problem on (0,400) we mean
a pair [i,w] such that @ € L2(0,00; V) N C([0,00); H) w € L2(0,00; Wy *(c)) N
C([0,00); L%(0)), t(a’,0) = p(z'), w(z’,0) = wo(z’) in o and the system (2.1
holds for every [¢,¢] € V x WO1 ’2(0) in the sense of scalar distributions on
(0, 400).

Theorem 2.2 ([12,[19]). There ezists a unique solution of the problem (1.8)) in the
sense of Definition [2.1]

Theorem 2.3 ([2I]). Let T € (0,400] and [G,w] be the solution of the problem
[@.8) in the sense of Definition |2.1, In addition, let Gg € V and wy € Wy (0).
Then

o e L*(0,T; H), ac L*0,T;W?%(0)*)NL>(0,T;V), (2.5)
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dw € L*(0,T; L*(0)), w e L2(0,T;W22(a)) N L=(0,T; Wy*(0)). (2.6)

Proof. Let [, w] be the weak solution of the problem (1.8)). Then for the right hand
side of (2.1) we have

(2, Viw, )+ ((£,-) € L*(0,T; H).

Now, assuming Gy € V, (2.5) follows from [2I, Theorem 3.10, Chapter 3]. Finally,
(2.6) can be proved by similar arguments. O

3. SOLVABILITY OF PROBLEM (|1.9)—(1.10)
Definition 3.1. Let T € (0, o0] and suppose that

ae L20,T;W22(0)*) N L>(0,T; V), (3.1)
g € L*(0,T;L*(0)?), f € L*(0,T; L*(0)), F € W"2((0,T)), (3.2)
Wo € leQ( )2, vo € Wy(0). (3.3)

The weak solution of problem (1.9)—(L.10) is a triplet [v, W, g] such that
v e L0, T W& H(0)) NWH(0,T5 L%(0)),

W € L=(0,T; Wy % (0)*) nWH2(0, T3 L2 (0)?), 3.
g € L*((0,7)),
v(z',0) = vo(x'), Ww(z',0) = wo(z')
and the following equalities hold:
GO0+ 0+ 2 (Tort). Vo) +d@O00.0)

=q(t)(1, ) + 2v,(rot W(t), ) + (f(t),¢)
for all ¢ € W, %(0),

%«vv(w,w)) + (ca + ca)a(W(t), 1) + b(a(t), w(t), v)
+ (o + cq — cq)(div wi(t), divep) + dv, ((W(t), ) (3.6)
= 20, ((VEo(), %)) + ((&(1), %))

for all ¢ € W, %(0)? and for almost every ¢ € (0,T), and
/ v(2',t)dz’ = F(t) for almost every t € (0,7). (3.7)
Theorem 3.2. There exists a solution of problem (1.9)—(1.10) in the sense of
Definition|3. 1.
The detailed proof of Theorem is split into several steps.

Approximations on (0,7), T € (0,40c0). Let T € (0,400), fix n € N and let
h:=T/n be a time step. Further, let us consider

X 1 ih
f’fz(‘r/) = h/(\ f(.'l?l,S)dS, izlv"'7n7

i—1)h

] 1 ih
gl (z) = 7/ g(z',s)ds, i=1,...,n,
h Ji—1yn
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a.e. in 0.
First, note that, in view of (3.1]), we have

n
11; S W2’2(0)2 and hz ||uiz||12/V2=2(U)2 < C, (38)
i=1
where C'is independent of n (cf. [I7, page 206, (8.28) and Lemma 8.7]) and by the
Sobolev embedding we can write

I llzs oy < eallulllyaagoye < co (3.9)

with ¢; and ¢ independent of ¢ and n. Further, by the Sobolev embedding and
(3.8) we also have

u’ € L*(0)* and hz ||uil||2L(x,(o)2 <C, (3.10)
i=1
where C' is independent of n.

Now we are ready to approximate the evolution problem by an implicit time
discretization scheme. Then we define, in each time step, [v,, w!,, ¢ ] as a solution of
the following recurrence steady problem: for a given couple [v/~1, wi=1] € W, (0) x
Wy2(0)? x R find a triple [v,, W', ¢] € Wy (o) x Wy*(0)> xR, i = 1,...,m, such
that )

& (v = vt o) + () (Veroy, Vare)) +d(ag,, v, 9)
= 4 (1,0) + 207 (0t Wi, 0) + (fr, )
for all ¢ € W, %(0),
1 ‘ i— i i i
7 (W —wi, L)) + (ca + ca)a(wy, ) + b(u,, wy,, )
+ (co + e — ¢a) (diver W, dives ) + v, (w},,9)) (3.12)

=2, (VEv, ) + (gl )
for all @ € W(}’Q(U)Q and

(3.11)

/U; da’ = F.. (3.13)

Theorem 3.3. Let [vi !, wi~'] € Wy (0) x Wy (0)? and ui, € V be given. Then
there exists the triple [vl, w',q.] € Wy?(0) x Wy*(0)? x R, the solution to the
discrete problem (3.11))—(3.13]).
Proof. Denote U = (v,w) and V = (¢, %) and define
BU, V)= w4+ v.)((Vev, V) — 2v,.(rot w, @)
+ (Ca + Cd)a(w7 d") + (CO +cCd— Ca)(diva:’ w, div, ¢)
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+ v (w, ) = 20, (Vv ).
In [I8] it is shown that
BU,V) < c|Ullwr2@)z |V lwr2(o)s
and
U 3120070 < BWU,U) (3.14)
for all U,V € W12(5)3. Now, it is easy to show that the form A, defined by
1 : 1 )
AUV) = BU.V) + 5-(v,9) + d(uy, v,9) + (W, ) + by, w,9p), - (3.15)

is continuous. Moreover, applying the interpolation and Young’s inequality we have

| / ”U v d:L‘ | < CHunHL4(0)2HU”W1 2(U)HU”L4 (3 ]_6)
< CE) 2402 1011720y + ellvlfrr oy
‘ / W WdCL‘ | < c||un||L4 ||W||W1,2(U)2||W||L4(U)2 (3 17)

< CEugll 2oy Wl T2z + ellW e (e

Taking V = U in (3.15), using (3.9), (3.14), (3.16) and (3.17) and taking h and e

small enough we can write

A(U,U) = B(U,U) + ||UHL2(J) + ||W||L2

—}/(u; vvdm|—|/ V)W - wda'|

= B(U,U) + IIUHL2(U)+ ||W||L2 )2 (3.18)

= CENL sy llvl 20y — ellvleo)
- C(€)||uiz||%4(a)2||W||%2(<7)2 - 5HWH%VL2(U)2
> cl|U[fy1.2(0s-
Hence, there exists hy > 0 (small enough) such that for all b < hg, the form A,

defined by the equation (3.15]), is continuous and coercive. By the Lax-Milgram
theorem, there exists (vg, wg) such that

L 0r @) + (v + 1) (Varvm, Varp)) + d(wt, v, ) — 20, (r0tr Wi, )
h

= W L)+ (fo9)
for all p € W, *(0) and
() (ca + ca)a(wr ) + (o + cq — ) (diver wh, diva )
+b(u),, Wr, ) + 4, (W, ¥)) — 20, ((Viivr, )

_ %((w;—l,w» +((ghv))
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1,2 - o~ o~
for all ¢ € W,"(0)?. Similarly, there exists (0F, Wr) such that

1 ~ P~ ~
E(UFa @)+ (v + ) (Vo Ur, Vo)) + d(uy,, Ur, @) = 203 (rote Wi, @)

= (L)
for all p € W, *(0) and

(3.19)

() + ot e Sra) + (o0 ea = o) (v v d)
+ b(uwaVF,#’) + 41/7‘((«7F71/1)) - 2Vr((vi_/5Fv¢)) =0

for all ¢ € I/Vol’2 (0)2. Using ¢ = 0 and ¥ = W in (3.19) and (3.20)), respectively,
we verify (in view of coercivity of A)

/ﬂF d.T/ 7'5 0.

Cr :z/ﬁp dr’ and Cpg ::/vR dz’.

Further, by the same arguments (Lax-Milgram) we have [vp, wg], the solution to
the problem

Now, let

1 )
—(vr, @) + (v + 1) (Vervr, Varp)) + d(ug,, vr, ) — 20, (10t Wi, @)

I
_F-Ca, e
= 5}7‘ y P
for all ¢ € Wol’z(cf) and
%((WF, )+ (ot ca)a(wr, ) + (o + ca = ca)(dvwr, divg) o))

+ b(uim wr, ’lp) + 4VT((WF7 Q/))) - 2VT((VL’UF7 ,l»b)) =0
for all ¢ € W, *(0)?. Now, comparing (3.19)(3.20) and (3.21)(8.22) we can write

_ F-C . F-C
UF:UFHA,iR and WF:WFnA,iR.
CF CF
Finally, let us set
. . . Fi - C
v =vp+vR, W, =Wp+wg,q, ="
Cr

It is easy to see that v%, ¢), and w’, solve (3.11)) and (3.12) and v¢ has the correct
net flux which can be verified as

/v; dx’:/vp—i—vR dx’

Fi—
:7n~CR/’5Fd$/+CR
Crp o
Fi — Cq ~ 4
:n~7RCF+CR=F;.
F

The proof of Theorem [3.3]is complete. O
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a test function in (3.11)) we obtain

= (v, — v ) /h as
i i—1
Up —Un 2 (v+u) Q2 (v+v) i—1)2
”T”LQ(U) T”Vm’vn”m(g)? T”Vx’vn (2202
Vv,
+ QHVM Vx/v ||L2(<7)2
) (3.23)
< Tr(rotx/ whovl — o) — hd(un,vn,vn vt

C Fz Fz 1 1—1
+elgnl® + Z[=———

vh — b [
| + el 5 1720y + g||fﬁ|\2m(a)-
For the second term on the right-hand side in (3.23]) we can write, using (3-10),
1 . 1. . )
h\d(u Vs U = 0 D) < 05 [l Lagoy2 [lor, —

n)» “nrvn

v llwz oy llog, — vl

i i—1 (3.24)
i i—1 Up — Un
+ [Jug, [ oo ()2 |07, HWLQ(J)”T”LQ(U)
For the first term on the right-hand side in (3.24) we have
1

EHUZHL%)?HU% — oy w2 llvn, = on e
Chi i i i—13/2 i i—11/2
< sy lof, = o 5 ) o = 03150,

(3.25)
€ i Ce), i _
< o, = o ey + 5 05 a2 10, = o5 720y
For the second term on the right-hand side in (3.24) we have
i il
i i— Up — Up
[y | oo (o) 1o Hlwsz (o 2
o (3.26)
Up — Uy i i—
<el n ||2L2(g) + C(€)||un||2Loo(U)2HUn 1||%/v1>2(g)-
Now, combining ([3.24)), (3.25)) and (3.26]) together with we obtain
o — it wem) o
(1—29) W %20y + T||Vm/vn||2m(a)2
+ v, v+v i
Iy G oy + C I V0~ Vi oy
2u, -
< oty wh, vl — vt 4 EH’U; T le,z(o) (3.27)
Ce) . i i —12 o o B - F!
0y, = o ey + el ? 4+ € F2
+ g”fm%?(a) +Cl(e )||unHLoo(a)2||” Ml 2(g)"
Likewise, using 1 = (w?, — w:~1)/h in (3.12) we arrive at
wi —wil
TR

gLty iy = ot (it v
+ 7(%22%) a(w! —wi=1
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(co+¢cqg — ca)
2h

Co+Cqd—C . ; . i

+ MH div, w;, — div, w, 1”%2(0)

2h

] i (co+ca—ca)y ;. i
|| div Wn||2Lz(U) - TH divy w, ! ||%2(0')

4, 4, 4v, i
+ QhT ||wn||L2(o)2 - 2hr w3, ||L2(o)2 + QhTHW W, 1H%2(0)2
2ur i w,, — Wi

(Vo wh = wir D) e TR

11

. 1 . . . .
+ gk 2oy — b0 who Wi = i), (3.28)

Adding first terms on the right hand sides in and ( - we deduce

v,

S oty wh, vl = vl ) 4+ S (Ve wh — wi 1)

n

v, 2v,

= S (W, Varop)) = 2wy Vo) (3.29)

2 (i, — Wi T (o, — i),
By Young’s inequality we have

2v, i i—1 oL i—1
T((W'n_w 7vx’(vn_vn )))

21/r v,

11V (v = v ) 220y + S I = Wi e oy

For the last term on the right-hand side in (3.28)) we can write

—_

Fb(uy, Wi, Wi, —wi )

>

(3.30)

< s o2 W = Wi w2 (Wi, = Wi s o2 (3.31)

_ - wi — wi—l
+ [y, [ Los ()2 | W, 1||W1v2(0)2||%”L2(0)2

For the first term on the right-hand side in (3.31)) we have

a2 Wi — Wi Hlwrz @z |wh, — Wil a2
h

i—1113/2 i
1||m£1,2(g)2HWn - W
€ i wi— C(e) i i—

< E‘Iwn 1HW1 2(0)? + h ||un||%4(a)2|‘wn — W, 1”%,2(0)2'

c . . i—111/2
< Tz Wi - Iz

For the second term on the right-hand side in (3.31)) we have
. - A
Il oy Wi w2 (o2 | ===l L2 (02

wi —wi~l ; i
< 5”%”%2(0)2 + C(E)[ug 1 2o (o) Wi i1 202

L2(0)2 (332)

(3.33)
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Now, summing ([3.27) together with (3.28]) and using (3.29)—(3.33|) we arrive at

(1= 20| = 2 + (1 = 20) T
+— (V+ r) IVarvnllZeoy — MHV PR
+ %a(wfnwi) - (Cazitlcd)a(wiflawifl)
b e = Vot gy + D g, —wi i, — wi)
P LOTE ) i 24, — O iy i
+ WII diver wy, — diver w |7z o) (3.34)
+ S W B oys — o W ey
< %o} - L D oy, — o
= lIw = Wi e + ce )Hunﬂwo)?”w Wi [0y
i—1
el + 5!%| + i)
+ OO oz 07 20y + CENU Lo 2 1Wr 1202
2u,

c 72 2v, Vr i i i—1 1 1 1
+ g”gnHL2(o—)2 + T((Wna Varvy)) — T(( Vv )

Summing (3.34) for i =1,2,...,k we obtain

k i i—1 k i il

Up — Up Wn —Wp
R S e ) N

=1 i=1

(v+uvr) +V) i
+ N Varvllli2 (o) + 57 o ZHV 0y, = Vv 72 ()2

k
+ 7(%2—;%) a(wk, wk) + (eatca) z:a(wf1 —wittwl —with

=1

4v,.

(co+ca—ca)
+ o ||WnHL2(U)2 o

2h

| divar w720

(CO +cq — ca) b di i di i—112
 on Z | diver wi, — divar wy, ||L2(a)

i=1

k k

1‘—1 2 C(e) i14 i i—112
Z HW1’2(O') + h Z ||un||L4(U)2||vn —Up ||L2(U)
i1 i=1

k
Wi C(e) i i i—
+ - Z [wy, = wi, 20y + 5 D 1L oyz W = Wi 720y
i=1

b\m
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k k ; 1 k
. c F'—F~"2 ¢ .
72 n n 712
+e E |Qn| + = E | ’ + = E an||L2(U)
; € 4 h € 4
i=1 i=1 i=1

k k
) D lIE e o2 08 20y + CE) D Il e oy Wi H Iy 202
i=1 i=1

k
C 7 2Vr 21/’!‘
53 gkl oz + S (wh Thok)) = S (wh, Tibe)
¢4
2v, v+ Cq +C
U 2+ a8 B+ D ), w)
Cco+cqg—Cq .
+ %n dive w922 () (3.35)
Again, applying Young’s inequality we can write
21/7. 21/7 21/7
T((Wﬁvivﬁ)) < = 7l1Ve 0f 2 (oy2 + 5 ||Wn||L2 )2 (3.36)
By the Friedrichs inequality we have
k k
€ i i— € i
h Z v, — vy, 1||%/V1f2(0) < Cﬁ Z Vv, = Vv, ||L2(o)2 (3.37)
i=1 i=1
and
. . ’ -
22w = Wi e < O Z a(wy, —wi L w, —wih) o (3.38)

and finally, in view of (3.9)), we have

C(e) i i i v, — vt
5 D Il s oy2llvh = vi M7y < heCle) D = 17200y (3:39)
i=1 i=1
and
C(E) a i|4 i z 1 !
- D s o2 llwi, — 172 (0)2 < heCle Z [ =" [|72(py2- (3.40)

i=1

Hence, using -7 the inequality - can be further simplified as

(1 —2e — heC(e) ZH ”_ HLQ(U—) + 2h||V:1;’Un||L2‘
1 v k . .
+3(5-¢e) Z} Vot = Varoy ™ 2202
ko owi— wi—l (ca + cq)

a(wy, wy,)

+ (1 —2e — heCle)) Z ||%”%2(0)2 +

=1
(2520

<Y WP O DL o (105 2oy + 1w s20y2)
i=1 i=1

2h

a(w “Lowl —with

Mw

i=1

=
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k
c F — F - ’
PP Z 17 + Z A
QVT 2u, (v —&-yr)
= 2 (w0, VD) + WS B oys + a [V B
(ca +cd) (co+ca—ca)y ;.
+ Ta(wg,wg) + T|| dive Wi 172 (0)- (3.41)

What remains is to handle the first term on the right hand side in (3.41]). Here
we follow the ideas used in [I6]. Let Vj be the solution of the following Dirichlet
problem for the Poisson equation:

—(v+uv)ApVo=1 ino, (3.42)
Vo =0 on do. (3.43)
Using ¢ = 1} as a test function in (3.11)) we obtain

(0 = 0l Vo) (4 ) (Vo Ve Vo) + (v, Vo) (3.44)

= qiL(:l? %) + 21/7“(r0t$/ Wiu ‘/0) + (f;u VO)
From (3.42)—(3.43)) and (3.13]) we have

(V4 v) (Vv Vo Vo)) = / vl da’ = F. (3.45)

Hence, combining (3.44]) with (3.45) we obtain

1
h(v fvz 1 VO)JrF +d(un, n,VO)

' . . (3.46)
= q;/ Vo da’ + 2v,.(voty wh, Vo) + (5, Vo).
Furthermore, we have
d(a},, vh, Vo) < cllul, |l a2 lvp w2 (o) Vol Lao)-
From ([3.46)) we deduce
G4 [ Vo da'? < e BT ol g+ )
+C||un||L4 2 [0 32 oy Vol oy (3.47)

+c(2vr)? || vote Wi 122 (o) 1 Voll72 o)
+ell £l o) Vol 2 (o)-
Using Friedrichs’ inequality

/ Vol da’ < C/ |V Vo|? da’
and (3.42)—(3.43)) we obtain

C Ck
/ ‘VO|2 dz’ < C/ |V$/V0|2 dz' = W/% dz’ = (I/TZ)’ (348)

where kg = fa Vo da’. Moreover, by the Sobolev embedding theorem [7] we have

Clio
(v+uv)

IVollZs(oy < exllVollfrag) < C/ Vo Vol? da’ = (3.49)
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Now, combining (3.47) with (3.48)—(3.49) we deduce

; c|F,[? ¢ v, =t e )2
4 |* < 75 (|| S | VTS ol AN [ PYPEY (08 [ ST
(50)2 " Ko(v +vr) heo T PR IWERe g 50)
(2002l x0ter Wh 3y + 22 )
Note that
[roter WilI22 (o) < Cllwliys2():-
Combining (3.41)) with (3.50)) we arrive at the estimate
k
C A
(1 _QE_hCC(g)_EKO(V—W);”h|L2(”)
v 1 v k
+ ﬁ”vx’vﬁ”%%g)z + E(§ — Ce) Z Va0, = Vg HL2(J)2
i=1
! (Ca + Cd) k12 ../
+(1—2£—th Z” ||L2 2+T/|vz/wn| dx

+ %(CG ;— o Ce) Z/o |Vow! — Vowit2da’

k
roi ) o (a2 98 ) + CorZIwilnscor)
z:l
k

&) D Il e oy (10 2o + Wi 2o )
=1

k

k . .
ec . c Fi— i1 o
F 2 = n n
c C b e
L (|12 |12
+ (g + Em) Z 1 fallz2e) + z z_: 1871172 ()2

2v, 21/T (v+u) + Z/T)

7 (WS, Vi) +

(Ca + ca) (co + cq a) )
+ “on ; |Vz/w2|2 dz’ + TH divg W2||2L2(a)

oWl o2 + 5 IVarvnllZagoye

Finally, taking € > 0 small enough such that

v Cq +C
(5-Ce) >0, (5=

—Ce) >0
and then taking hg > 0 small enough such that (for all i < hy)

(1—25—th(5)—25 >>0 and (1 —2e—hcC(e)) >0,

ko(v + vp)
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we arrive at: for k =1,2,...,n,

||Uk||12/V12 +||w§||3vu(a>2
-1

+hZH "7 IIL%) +hZII 720

(3.51)
< Cl+c2hZHunHL°°(a)2 (H’U ||W1 2(0) + HW ”Wl 2(0)2)
i=1
k . .
+ Csh Y (onllivrzgo) + [Walli2go2) -
i=1

From the latter estimate we can write
k k
(1= hCo) (ki) + Il 202 )

< C1 + Cohjub 3w (oys (1001 20y + W12
k—1
03 (ol e o + Ca) (I B0y + 1908 By1200)2)-

i=1

Now, assuming hy > 0 small enough so that hy < 1/C5, we can write (for all
h < ho)

k—1

k k ) i
b Bz oy + 0 Braoye < e+ c2h > Ai (1o Bynaey + W 3oy )
=1

where
Aj = Collu™ 7 ()2 + Cs.
Note that, in view of (3.10]), we have

k—1
h Z A < C,
i=1
where C' is independent of h. Now, we can use directly the discrete version of the
Gronwall inequality (see [I'7, Theorem 1.46]). In such a way, we obtain
[okllfe0y < C, k=1,2,...,m, (3.52)
W12 <C k=1,2,...,m, (3.53)
and from (3.51]) we obtain also the estimates

i

hZH”_ ||L2 <C, k=12,...,n, (3.54)

—1
hZH 2|32 <C k=1,2,...,n. (3.55)
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Temporal interpolants and uniform estimates. For each fixed time step h,
we define the piecewise constant interpolants

Pn(t) = 90:-1
for t € ((¢ — 1)h,ih] and, in addition, we extend @, for ¢ < 0 by @,(t) = ¢o

for t € (—h,0]. Furthermore, we define the piecewise linear time interpolants
(i=1,2,...,n) with

. t—(@G—-Dh ., .
for t € ((i — 1)h,ih]. As a consequence of the estimates (3.52)—(3.55) we have
100 () [fy1.2() < C forall ¢ € [0, 7], (3.56)
[Wn ()][f1.2(092 < C for all ¢ € [0,T), (3.57)
T
| 10001yt < €, (3.59)
0
T
| 100w, @) oot < (3.59)
0
Finally, in view of (3.50)), we also have
T
/ |Gn(8)? dt < C. (3.60)
0

Passage to the limit. By (3.11))—(3.13]), the time interpolants
b, € L0, T; Wo2(0)), W, € L®(0,T; W, (0)?),
vn € WHA0,T; L% (0)),  wn € WH2(0,T;L%(0)?),  Gn € L((0,7)),

and satisfy the equations

%(vn(t),w) + W+ 1) (Varon(t), Var ) + d(@n(t), 0a(t), ¢)
= qn(t)(1, ) + 2vp(roter Wi (t), ) + (f @), ¢)

forallgoEWO *(0),

(( n(t), ) + (ca + ca)a(Wn(t), ¥) + b(an(t), Wn(t), %)
+ (co + ca — o) (divy Wp(£), dive: ) + 4v,(Wa (1), ) (3.62)
=20, (Vo (1), %)) + (8 (1), ¥))
for all 9 € W, *(0)? and for almost every ¢ € (0,T) and the flux condition

(3.61)

/ Bu(t) da’ = Fy(t) for all £ € (0,T). (3.63)

The a priori estimates (3.56)—(3.60) allow us to conclude that there exist v €
L2(0,T; W, %(0)), w € L*(0,T; W, *(0)?) and ¢ € L*((0,T)) such that, letting
n — +oo (along a selected subsequence),

o, = v weakly* in L>=(0,T; W, %(0)), (3.64)
W, =W weakly* in L>=(0,T; W, *(0)?), (3.65)
v, — O weakly in L?(0,T; L*(0)), (3.66)
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0w, — Oyw  weakly in L?(0,T; L?(0)?), (3.67)
Gn — q weakly in L2((0,7)). (3.68)
The above established convergences (3.64)(3.68) are sufficient for taking the limit

n — oo in (3.61)), (3.62) and (3.63]) (along a selected subsequence) to get the

weak solution of the system ([1.9)—(1.10|) in the sense of Definition on (0,7),
T € (0,+00).

Solvability of problem (1.9)—(1.10) on (0,+00). Using ¢ = v as a test function

in equation (3.5), ¥» = W as a test function in equation (3.6) and integrating from
0 to s we obtain, in particular,

1 2 ° 2 S

S + 0+ 20) / IV ar0(t) 22 gyod + / d(a(t), v(t), v(t)) dt
1 5 S S R

=§||’UOHL2(U)+/O q(t)F(t)dt+2ur/O (roty W(t),v(t)) dt (3.69)
+ / (1), o(t)) dt

and

%HW(S)”%Z(U)Z + (ca +ca) /OS a(w(t),w(t))dt + /OS b(a(t), w(t), w(t)) dt

+(co+cdfca)/ | dives %(6) 220, dt+4ur/ ¥ (1) 12 (3.70)
0 0

1. s ) PR
= 50l o+ 20, [ (Vo)) + [ (@0, wlo) i

Recall that ) .
/ ((roty W(t),v(t)))dt =/ ((Vj,v(t)wil(t)))dt (3.71)
0 0

and that
S R 1 S S .
|| (o w@ni < 7 [ 190 rpit+ [ 5O appdr. (372)

Furthermore, we have
|| dtao, o000y
< C/o a0z llv@)lwr2(o) [[0(E) || L4 (o) dt (3.73)

SC(a)/O IO s (o2 IO Z2 ) dt+5/o ()31 2(o) dt
a.

nd
|/Osb(ﬁ(t)vw(t),w(t))dt|
- c/s ||f1(t)||L4(g)2||W<t)||W1,2(U)2||W<t)||L4(U)2dt (374)
0

<C(e) / [0 [y 15 (8 [2 ol + 2 / TG a—
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Combining (3.69)—(3.74) we obtain
1 1, .
5””(3)“%2(5) + §||W(S)H%2(a)2
F ) [ TavO e de+ (o tea) [ alsile), (o) de
0 S 0 S
+@Mwwwa/n&wwwm%mu4w/HMM@MMt
0 0
1 1, .
< 2ol + 3 Wol3a(os
+w/$mem@mmu4w/uwwﬁ%yﬁ
0 0
+sé|w@m%mwﬂr+q@yé|mum;wpwawéwyﬁ
+;Anwum%mwpﬁ+wxo[;w@w;@mwum;wpﬁ
+5/\awﬁﬁ+@@y/|FmFﬁ
0 0
e[ 1w OBt + [ o0yt
( | 12(0)? | 12(0) )
S R 2 S 2
ei@( [ 18Ot + [ 15O )

where £ is an “arbitrarily small” positive real number. Applying the Friedrichs
inequality, the latter estimate can be further simplified as

o (o) + 15 o+ [ 100 ooyt + [ IOy
< c1(©) (vl o) + IWoll32 ()
+ea(@) [ IO o (IO o) + IO ) (3.75)
) 2d SFt 2dt
+¢ [ P+ [ 1P
i@ [ 1B dt+ [ 1701 ).

Moreover, in view of [I6, Theorem 2.7, eq. (2.74)], we have
||5tU||2L2(o,s;L2(a)) + HU||%°°(O,S;W1’2(0)) + ”fUHQLQ(O,s;le(o)) + ||QH%2((0,5))
< C(H rot, VAVH%?(O,S;Lz(o‘)) + H(ﬁ : VI/)UH%?(O,S;Lz(a')) + Hf||2L2(0,s;L2(a')) (376)
+ IF sz 0,69 + N0 lBraco) )

where ¢ does not depend on s.
Using the Sobolev embedding and the interpolation inequality [7, [I0] we have

1/2 1/2
ollwra(o) < erllvlwsrey < callvlli s o IVl
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Furthermore, we can write
[[(a- VI’)'U”%Q(O,s;LZ(U))

< er(o) |0 a0 ot
. (3.77)
< 01(0)/0 1a(t)]1Z1 (o) (02(5)||U(t)||%4/1=2(g) + 5||v(t)||%/V2=2(a'))dt
< Cl(U)||ﬁ||2Loo(0,s;L4(a)2) (62(5)H’UH%Z(O,S;WI’Z(O')) + 5\|U||i2(o,s;w2,2(a))>-
Note that
10| Z 00 (0,5 24(012) < N (0, 5m1.2(0)2) < €l (0, 0012 (0y2) < C

where C' is independent of s. Therefore, using (3.77) in (3.76) and taking ¢ small
enough we deduce

||CIH%2((0,S)) < C(||VAV||2L2(0,5;W112(0)2) + ||UH%2(0,5;W1»2(0)) (3.78)
1 B 0zon + IFPnagouy + lolas))- |
Now, substituting into and taking £ “small” enough we obtain
()22 () + 1% ()22 (02 + 1011220501 2(0)) + IW 220 5w12(0)2)
< 1 (0320 + 0llfy1.2(a) + W03z )

. 3.79
tes (111 0mzon + 1813002200 + 1200 (379

ten [ 1RO (1O () + 150 ey ).
Note that holds for all s > 0. Further, introducing the notation
Cr = 1 (I0l13(o) + I00lrr.aco) + W0l 2002 ),
X(s) = CQ(”fH%Z(O,s;LQ(o)) + ||g||2L2(O,s;L2(a)2) + ||F\|%/V112((o,s)))7
Coy = C1 + x(+00),

the inequality can be simplified as

||U(5)||%2(a) + \\W(S)||%2(a)2

s
<ot [ @laOlso (10O i) + 9O o)

Applying the Gronwall inequality we arrive at
S
()12 + 1% ()1 Z2()2 < Co eXp/O csl[a(t) |74 ()2t (3.80)

Recall that we assume @ € L%(0,00; W22(0)?) N L*°(0,00; V), see (3.1). Raising
and integrating the interpolation inequality [I, Theorem 5.8]

N ~ 1/2 A 1/2
16(0) sy < el 2RO 1Y, .
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from 0 to s we obtain

s . 1/4 s ) R ) 1/4
(] 1800l opat) ™ < e [ 100120 180 Frnsioct)

~nl/2 ~nl/2
< el 50 w222y 1812 0 w2

~nl/2 ~Anl/2
< el vz 18122 0 w2012y

(3.81)

where ¢ = c¢(0). Now, letting s — oo we obtain @ € L*(0, 00; L*(¢)?) and from
(3-80) we have

||U(5)H%2(a) + ||W(S)||%2(g)2 <c
for all s and ¢ does not depend on s. Hence, from we further deduce

0112200, 5m1.2(0)) T Wl E2(0,6m1.2(0)2) < Ca + C/o ||ﬁ(t)Hi4(a)2dt
and, finally, letting s — 400,

2 ~ 112
120.00W2(0)) T W22 (0 sowp 20y < € (3.82)

Now, in view of (2.5) (with T'= 400) and (3.82)) we have
2w, (voty W, -) + (f,-) — d(@,v,-) € L*(0, 00; L*(0)).
Moreover, using [16l Theorem 2.7, eq. (2.74)], we deduce

o]

||5tU||2L2(o,oo;L2(a)) + ||U||2Lm(07w;wg,2(o)) + HQ(T)HZLZ((O,OO))
< (11 £ 000122y + 170t Wl1E2 0 00:22(a)

10,0, ) B sz + I Bnaqomey + 0102 )-
On the other hand, with v € L2(0,00; W, *(0)) and w € L2(0, 00; Wy*(0)?) in
hand, we rewrite (3.6)) as

d,, . . . .
2 (W(0),9)) + (ca + ca)a(Ww(t), ¥) + (co + ca — ca)(divar W(t), diver )
= 2v,((Vo(t), ) + ((§(1): %)) — 4vn(W(t), ) — b(a(t), w(t), )
for all 9 € W,*(0)? and for almost every ¢ € (0,T) and w(z’,0) = wo(z').
In view of (2.5)), (3.2]) and (3.82) we have
20, ((Vv, ) + (8, ) — 4w (W, ) = b(@, W, -) € L*(0, 003 L*(0)?).
Note that the bilinear form ~(-,-), defined by the equation
V(@ ) = (ca + ca)a(@, ) + (co + ca — ¢a)(divar @, diver )
for all ¢, € W, *(0)?, is symmetric and positive definite. Hence, we have
Ow € L2(0,00; L*(0)?), W € L=(0,00; Wy2(0)?),
such that
||atw||%2(0,oo;L2(a)2) + ||WH2M(O,OO;W&’2(O')2)
< (V013 2(0.00522(ry2) + 19132 0,022
. - 2 112 A2
+16(a(t), W(t), )IZ2(0,00:22(0)2) + 1811 Z2(0,00:L2(0)2) + ||W0||W01,2(U)2)
<,
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see Theorem The proof of Theorem [3.2]is thus complete.

4. EXISTENCE AND UNIQUENESS FOR THE COUPLED PROBLEM *
Theorem 4.1. Let T € (0,00] and suppose that
feL0,T;H), geL*0,T;L*0)),
W eV, wye W, (o),
g€ L*0,T;L%(0)%), feL*(0,T;L%(0)), FeW"((0,7)),
wo € Wi2(0)?, vy € Wy2(0).
Then there exist a pair [(,w], such that
ac Le0,T;V)nWh2(0,T; H), (4.1)
w e L0, T;Wy?(0)) N WH2(0,T; L*(0)) (4.2)
and a triplet [v,w,q|, such that
v € L=(0,T; Wy* (o)) N WH2(0, T; L2 (o)),
W € L>(0,T; Wy *(0)?) N WH2(0,T; L*(0)?),
q € L*((0,7)),

satisfying (2.1)—(2.4) and (3.4)—(3.7), respectively, for almost every ¢t € (0,T).
The solution to the coupled problem (1.8)—(1.10)) is also globally unique.

Proof. The existence of [, w] satisfying and follows directly from The-
orem and Theorem [2.3] With [@,w] in hand, the existence of [v, W, ¢| follows
from Theorem [3.21

Note that the uniqueness result for the two-dimensional system of Navier-Stokes
equations is a classical result, see e.g. [2I]. The uniqueness of the weak solution
[@,w] to the problem can be found in [I2]. Now, suppose that there are two
solutions [v1, W1, ¢1] and [vg, Wa, ¢2] of the problem 7 on (0,400). Denote
V12 = U] — V2, Wi = W1 — Wy and g2 = ¢1 — g2. Then it holds v12(2’,0) = 0 and
wia(z’,0) = 0, with vi5, W12 and g2 satisfying the equations

L 01a(t), ) + (0 + 1) (Varvra(t), Vari)) + d(a(t), v1a(t), )

dt (4.3)
= qu2(t)(1, ) + 2vp (0t Wia(t), ¢)
for all ¢ € W, %(0),
%((Wu(t), ¥)) + (ca + ca)a(Wia(t), ) + b(a(t), Wia(t), )
+ (co + 4 — ca)(dive: Wia(t), dive ¥) + vy (Wi2(t), 1)) (4.4)

= 2, (Vo (), 9))

for all 1 € Wy ?(0)? and for a.e. t € (0, +00); as well as the flux condition

/vlz(x’7t) dr’ =0 on (0,+00).
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Hence substituting ¢ = vi13 and 1 = Wig in relations (4.3)—(4.4) and integrating
from 0 to s, we obtain

1 S
IOl + @+ ) [ V02O
S

4 / d((t), v12(t), v1a(8)) dt

0

1 y 4.5
= SO + [ aalt) [ re o’ )

0 o

———
=0

B
+ 2%«/ (roty Wia(t), v12(t)) dt
0

and
1 A 2 1 ~ 2 * ~ 2 /
S IW12(O)llz2(0)2 = 5 IW12(0)Iz2(6)2 + (a + ca) |Varwio|” dz’ di
0 o

+ / b(fl(t), ng(t), V/V12(t)) dt + (Co +Cq — Ca) / || divm/ WlQ(t)||%2(g)2 dt
o 0 (4.6)
vy [ na(0) o e
0

:QVT/ (Vavi2(t), Wia(2))) dt.

0

Now, combining (4.5 and (4.6) and using (3.18)) we obtain
oo + [ Iora(®lpa,
+ [ W12()]| 72 (o) +/0 1912 (8) [y e

< C (02 (0)320) + W12 12,2

on (0,+00). Now the uniqueness follows from v12(0) = 0 and Wi2(0) = 0. The
proof is thus complete. ([l

5. APPENDIX: SOLVABILITY OF PARABOLIC SYSTEMS IN HILBERT SPACES

In this appendix, we recall, for the convenience of the reader, the well-known
result concerning the solvability and L2-regularity of parabolic problems.

Theorem 5.1. Let Q be a bounded domain in R?, Q € C%', T € (0,+00]. Let
f € L2(0,T; L*(Q)?) and vo € Wy *(Q)%. Let a be a continuous, coercive and
symmetric bilinear form on Wy *(Q)2. Let the form ((-,-)) be defined by (T.14).
Then there exists the unique v € L(0,T; Wy*(2)%) N WH2(0,T; L2(Q)?) such
that

(V'(t), %)) + a(v(t),¥) = ((£(t),%)) (5.1)
for every 1 € W&’z(Q)2 and for almost every t € (0,T) and

v(0) = vo. (5.2)
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Moreover,

||V||L00(07T;W01'2(Q)2) + ||V/||L2(O7T;L2(Q)2)
(5.3)
< e(Ifll20.rz2002) + IVollwg 22 )

where ¢ is independent of T'.
Proof. We follow |21 Chapter 3], see also [2] Section 3, Proof of Theorem 3.4]. It
can be shown as in [2I), Chapter I, 2.6] that there exist functions ¢y, g, ..., @, ... €

Wy2(2)2 ¢ L2(Q)? and real positive numbers A, Ag, ... Ag,... — oo for k — oo,
such that

a (¢k» d’) = Ak(((ﬁka ¢))
for every 1 € Wy2(Q)2. ¢y, s, ... is a system which is complete in both L2(2)?
and W,"*(Q)2, orthonormal in L?(Q2)? and orthogonal in W, *(Q)2.
Since f € L2(0,T; L*(2)?) and vy € W, *(Q)2, we have

f= Zak(t)¢ka Vo = Zak¢kv
k=1 k=1
where
0o T oo
Z/ ak(t)zdt+2a%<oo.
k=170 k=1

Let yx be a solution of the ordinary differential equation

Yi(t) + Aryr(t) = ar(t) (5.4)
(which holds for almost every ¢ € (0,7")) with the initial condition
Yie(0) = ay (5.5)

for k=1,2,.... Then it holds
t
yp(t) = / eAk(s*t)ak(s)ds + age Mk
0

for every t € (0,7). Hence y, € W2((0,t)). Multiplying (5.4) by 2y, and inte-
grating over (0,t) we obtain

t t
9 / U 2(5)ds + M2 () = Mew(0) + 2 / o (3)' (5)ds
0 0

¢ ¢
< A2 (0) +/ yk'2(s)ds +/ oi(s)ds
0 0

for k=1,2,... and for every t € (0,T); therefore
t

/0 Ui (s)ds + M (1) < Ay2(0) + / 02 (s)ds. (5.6)

0
Thus (5.6) yields
0 t 0 00 T 0o
2 2
S [ s+ Y Mt <30 [ is)ds+ Y Mo
k=170 k=1 k=170

k=1

oo oo T
< QZAkyi(O) —l—QZ/ oz (s)ds
k=1 k=170
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for every t € (0,T) and therefore we have
v=> y(t)py € L0, T; Wy *(Q)%), v/ € L*(0,T; L*(Q2)?)
k=1
and v, the solution of (5.1)), satisfies the estimate (5.3)).
Finally, suppose that v; and vy are solutions of this problem for given data f
and vg. Denote vis = vi — vo. Then

(viz(t), %)) + a (via(t),4) =0 (5.7)
for every ¥ € W;%(Q)2 and for almost every ¢ € (0,T) and
V12(O) =0.

Using 1 = vi2(¢) in (5.7) and integrating over (0,7") we obtain

T
aa@lEsp + [ avaa(t)vaa(t) dt =0,
0
Therefore vio = 0 and consequently vi = vo. This completes the proof. [
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