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MULTIPLE SOLUTIONS FOR PERTURBED KIRCHHOFF-TYPE
NON-HOMOGENEOUS NEUMANN PROBLEMS THROUGH
ORLICZ-SOBOLEV SPACES

SHAPOUR HEIDARKHANI, MASSIMILIANO FERRARA, GIUSEPPE CARISTI

Communicated by Goong Chen

ABSTRACT. We establish the existence of three distinct weak solutions for
perturbed Kirchhoff-type non-homogeneous Neumann problems, under suit-
able assumptions on the nonlinear terms. Our approach is based on recent
variational methods for smooth functionals defined on Orlicz-Sobolev spaces.

1. INTRODUCTION

Let 2 be a bounded domain in RY (N > 3) with smooth boundary 992, v be the
outer unit normal to 99, K : [0, +00) — R be a nondecreasing continuous function
such that there exist two positive numbers m and M, with m < K(t) < M for all
t >0, and «: (0,00) — R be such that the mapping ¢ : R — R defined by

a([t))t, fort#0,
t) =
o) {0, for t = 0

is an odd, strictly increasing homeomorphism from R onto R. For the function ¢
above, let us define

¢
D(t) = / p(s)ds forallteRR,
0

on which will be imposed some suitable assumptions later.
Consider the perturbed Kirchhoff-type non-homogeneous Neumann problem

K ( /Q[q>(|Vu|) + @ (uD)de ) ( = div(a(IVu])Vu) + a(ul)u)

ou
W 0 on 09

where f,g: Q x R — R are two L'-Carathéodory functions, A > 0 and px > 0 are
two parameters.
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It should be mentioned that if p(t) = p|t|P~2t, then problem (1.1]) becomes the
well-known p-Kirchhoff-type Neumann problem

K(/Q(|Vu\p + |ul?) dm) ( - Apu+ |u|p_2u) = Af(z,u) + pg(z,u) in Q,

9 (1.2)
5o =0 ondQ.
Problem (|1.2) is related to the stationary problem
0%u po  E [F ou, \O0*u
Z (B0, = —?dz)— =0 1.3
v~ (3 +ar ) oz 2) gz =0 (13)

for 0 < ¢ < L, t > 0, where u = u(x,t) is the lateral displacement at the space
coordinate x and the time ¢, ' the Young modulus, p the mass density, h the cross-
section area, L the length and pg the initial axial tension, proposed by Kirchhoff
[35] as an extension of the classical D’Alembert’s wave equation for free vibrations
of elastic strings. The Kirchhoff’s model takes into account the length changes
of the string produced by transverse vibrations. Some interesting results can be
found, for example in [I9]. On the other hand, Kirchhoff-type boundary value
problems model several physical and biological systems where u describes a process
which depend on the average of itself, as for example, the population density. We
refer the reader to [5l 311 [48] for some related works. Molica Bisci and Radulescu
[44], applying mountain pass results, studied the existence of solutions to nonlocal
equations involving the p-Laplacian. More precisely, they proved the existence of at
least one nontrivial weak solution, and under additional assumptions, the existence
of infinitely many weak solutions. The existence and multiplicity of stationary
higher order problems of Kirchhoff type (in n-dimensional domains, n > 1) were also
treated in some recent papers, via variational methods like the symmetric mountain
pass theorem in [23] and via a three critical point theorem in [§]. Moreover, in |7, []
some evolutionary higher order Kirchhoff problems were treated, mainly focusing
on the qualitative properties of the solutions.

In recent years, multiplicity results for Kirchhoff-type elliptic partial differential
equations involving the p-Laplacian have been investigated, for instance see [24].
In this paper we consider more general problems, which involve non-homogeneous
differential operators. Problems of this type have been intensively studied in
the last few years, due to numerous and relevant applications in many fields of
mathematics, such as approximation theory, mathematical physics (electrorheolog-
ical fluids), calculus of variations, nonlinear potential theory, the theory of quasi-
conformalmappings, differential geometry, geometric function theory, probability
theory and image processing (for instance see [18] 27, 34], [38] [49] 52]). The study
of nonlinear elliptic equations involving quasilinear homogeneous type operators
is based on the theory of Sobolev spaces W™P(Q) in order to find weak solu-
tions. In the case of non-homogeneous differential operators, the natural setting
for this approach is the use of Orlicz-Sobolev spaces. These spaces consists of
functions that have weak derivatives and satisfy certain integrability conditions.
Many properties of Orlicz-Sobolev spaces come in [l 26, 28, 29]. Due to these,
many researchers have studied the existence of solutions for the eigenvalue prob-
lems involving non-homogeneous operators in the divergence form through Orlicz-
Sobolev spaces by means of variational methods and critical point theory, mono-
tone operator methods, fixed point theory and degree theory (for instance, see
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2,13, @, [13], 4], (15 (17, 20, 21, 22] 130, 33, 36, 40, 41, 2] 50]). For example, Clément
et al. [21I] discussed the existence of weak solutions in an Orlicz-Sobolev space to
the Dirichlet problem
—div(a(|Vu(z)|)Vu(z)) = g(z,u(x)) in Q,
Ju (1.4)

520 on(?Q

where Q is a bounded domain in RY, g € C(Q x R,R), and the function p(s) =
sa(]s|) is an increasing homeomorphism from R onto R. Under appropriate con-
ditions on ¢, g and the Orlicz-Sobolev conjugate ®* of ®(s) = fos o(t)dt, they
investigated the existence of non-trivial solutions of mountain pass type. More-
over Clément et al. in [22] employed Orlicz-Sobolev spaces theory and a variant
of the Mountain Pass Lemma of Ambrosetti-Rabinowitz to obtain the existence of
a (positive) solution to a semi-linear system of elliptic equations. In addition, by
an interpolation theorem of Boyd they found an elliptic regularity result in Orlicz-
Sobolev spaces. Halidias and Le in [33] by Brezis-Nirenberg’s local linking theorem,
investigated the existence of multiple solutions for problem . Mihailescu and
Rédulescu in [40] by adequate variational methods in Orlicz-Sobolev spaces studied
the boundary value problem

—div(log(1 + |Vu|?)|Vu[P~2Vu) = f(u) in Q,
u=0 on 09,

where Q is a bounded domain in RY with smooth boundary. They distinguished
the cases where either f(u) = —Alu[P=2u + |u|""2u or f(u) = Mul[P~2u — |u|"~2u,
with p, ¢ > 1, p+ ¢ < min{N,r}, and r < (Np— N + p)/(N — p). In the first
case they showed the existence of infinitely many weak solutions for any A > 0 and
in the second case they proved the existence of a non-trivial weak solution if A is
sufficiently large. Kristély et al. in [36] by using a recent variational principle of
Ricceri, ensured the existence of at least two non-trivial solutions for problem
in the case K(t) = 1 for all t > 0 and p = 0, in the Orlicz-Sobolev space W' L4 (),
while Mihailescu and Repovs in [42] by combining Orlicz-Sobolev spaces theory with
adequate variational methods and a variant of Mountain Pass Lemma established
the existence of at least two non-negative and non-trivial weak solutions for the
problem

—div(a(|Vu(z)|)Vu(z)) = Af(z,u(z)) in Q,
u=0 on Jf

where « is the same with in problem , f QxR — R is a Carathéodory
function and X is a positive parameter. In [I5] Bonanno et al. based on variational
methods discussed the existence of infinitely many solutions that converge to zero
in the Orlicz-Sobolev space W'Lg(Q2) for problem in the case K(t) = 1 for
all t > 0 and p = 0, and in [I4] they also established a multiplicity result for .
They exploited a recent critical points result for differentiable functionals in or-
der to prove the existence of a determined open interval of positive eigenvalues for
which the same problem admits at least three weak solutions in the Orlicz-Sobolev
space W!Lg(Q), while in [I3] using variational methods, under an appropriate os-
cillating behavior of the nonlinear term, proved the existence of a determined open
interval of positive parameters for which the same problem admits infinitely many



4 S. HEIDARKHANI, M. FERRARA, G. CARISTI EJDE-2018/43

weak solutions that strongly converges to zero, in the same Orlicz-Sobolev space.
In [20] the author using a three critical points theorem due to Ricceri obtained a
multiplicity result for a class of Kirchhoff-type Dirichlet problems in Orlicz-Sobolev
spaces. In [3] employing variational methods and critical point theory, in an appro-
priate Orlicz-Sobolev setting, the existence of infinitely many solutions for Steklov
problems associated to non-homogeneous differential operators was established.
Mihailescu and Radulescu [39] considered the boundary value problem

—div ((a1(|Vu]) + a2 (|Vu|)Vu) = AMu|?™® 24 in Q,

1.5
u=0 on 9dfN (15)

where ) is a bounded domain in RY (N > 3) with smooth boundary, \ is a positive
real number, ¢ is a continuous function and a;, as are two mappings such that
a1(|t])t, az(|t])t are increasing homeomorphisms from R to R. They established
the existence of two positive constants Ag and A\; with Ay < A; such that any
A € [A1,00) is an eigenvalue, while any A € (0, A1) is not an eigenvalue of problem
[3).

Molica Bisci and Rédulescu [43], by using an abstract linking theorem for smooth
functionals, established a multiplicity result on the existence of weak solutions
for a nonlocal Neumann problem driven by a nonhomogeneous elliptic differential
operator. We also refer the reader to [45] [46] [47] in which nonlinear problems with
variable exponents were studied.

Motivated by the above facts, in the present paper, employing two kinds of
three critical points theorems obtained in [9, [I2] which we recall in the next section
(Theorems and [2.2)), we ensure the existence of at least three weak solutions
for problem (|1.1)); see Theorems and We also list some corollaries in which
K(t) =1 for all t > 1. We point out that our results extend in several directions
previous works by relaxing some hypotheses and sharpening the conclusions (see
10, 11}, [14]).

To the best of our knowledge, there are just a few contributions to the study of
Kirchhoff Neumann problems in Orlicz-Sobolev spaces.

This article is arranged as follows. In Section 2 we present some preliminary
knowledge on the Orlicz-Sobolev spaces, while Section 3 is devoted to the existence
of multiple weak solutions for problem .

2. PRELIMINARIES

Our main tools are the following three critical point theorems. In the first one
the coercivity of the functional ® — AWV is required, in the second one a suitable sign
hypothesis is assumed.

Theorem 2.1 ([I2, Theorem 2.6]). Let X be a reflexive real Banach space, J : X —
R be a coercive continuously Gateaux differentiable and sequentially weakly lower
semicontinuous functional whose Gateaux derivative admits a continuous inverse on
X*, I: X — R be a continuously Gateauz differentiable functional whose Gateaux
derivative is compact such that J(0) = I(0) = 0. Assume that there exist v > 0 and
v € X, with r < J(U) such that

SUP j-1(—co,r] I(U) I(E)

" < 7@)’ (2.1)
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_1J/@) r
f07' each A € A, := :| I(@) ’ SUD 7 -1 (oo, ](U) {

the functional ® — AV is coercive.

(2.2)

Then, for each A € A, the functional J— Al has at least three distinct critical points
mn X.

Theorem 2.2 ([9, Theorem 3.3]). Let X be a reflexive real Banach space, J :
X — R be a convex, coercive and continuously Gateaux differentiable functional
whose derivative admits a continuous inverse on X*, I : X — R be a continuously
Gateauz differentiable functional whose derivative is compact, such that

(2) for each A > 0 and for every ui,us € X which are local minima for the

functional J — NI and such that I(uy) > 0 and I(uz) > 0, one has
inf I(su; + (1—s)ug)>0.
s€0,1]

Assume that there are two positive constants r1,r2 and v € X, with 2r; < J(0) <

%, such that

SUD e 7—1(— oo (U 21w
Pucs (en) ()<3J((1;)); (2.3)
1
SupuGJfl(foo,rg) I(u) 1 I(ﬁ)
r2 <37@ (2.4)

Then, for each \ in the interval

39 ]

-, Imin y 3

2 I(U) SupuEJ_l(foo,rl) I(u) SupueJ_l(foo,rz) I(u)

the functional J — NI has at least three critical points which lie in J~1(—o00,73).
Theorems [2.1] and 2.2 have been successfully employed to establish the existence

of at least three solutions for some boundary value problems in papers [25] 32].
To go further we introduce the functional space setting where problem ([1.1)) will

be studied. In this context we note that the operator in the divergence form is not

homogeneous and thus, we introduce an Orlicz-Sobolev space setting for problems

of this type.
Let ¢ and ® be as introduced at the beginning of the paper. Set

t
O*(t) = / ¢ '(s)ds, foralltecR.
0
We observe that ® is a Young function, that is, ®(0) = 0, ® is convex, and
tlim D(t) = +o0.
Furthermore, since ®(¢) = 0 if and only if ¢ = 0,
D(t)

lim@:O and lim —= = +o0,

t—0 t t—oo

then @ is called an N-function. The function ®* is called the complementary
function of ® and it satisfies

O*(t) = sup{st — ®(s); s >0}, forallt>0.
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We observe that ®* is also an N-function and the following Young’s inequality
holds true:

st < ®(s) + ®*(¢), forall s,£>0.
Assume that ® satisfies the following structural hypotheses

L tp(t) to(t)
1 < liminf <p’ i=sup —= < o0; 2.5
e a() P TR () (25)
to(t log(®(t
N < po = inf ) i ing 28(20) (2.6)

®(t)  tooe log(t)

The Orlicz space Lg(2) defined by the N-function ® (see for instance [I] and
[37]) is the space of measurable functions u : Q@ — R such that

lullre :== sup{/ﬂu(:z:)v(x) dzx : /Q‘b*(|v(x)|)dx < 1} < 00.

Then (Lg(Q), |- |lz,) is a Banach space whose norm is equivalent to the Luxemburg

norm
|lu||@ := inf k>0:/4> — | dx <1;.
{r>0: [ o(57) <1
We denote by W!Lg () the corresponding Orlicz-Sobolev space for problem
(1.1), defined by

ou
1 _ . | —
WiLe(Q) = {u € La(Q) s 5~ € La(9), i 1,...,N}.

This is a Banach space with respect to the norm

[ullie = [[[Vullle + [lulle,

see [11 21].

As mentioned in [I3] [I5], Assumption is equivalent with the fact that ®
and ®* both satisfy the Ay condition (at infinity), see [I, p. 232]. In particular,
(?,9Q) and (P*,Q) are A—regular, see [1 p. 232]. Consequently, the spaces Lq ()
and WLy (Q) are separable, reflexive Banach spaces, see [T, p. 241 and p. 247 |.

These spaces generalize the usual spaces LP(Q2) and WP(Q), in which the role
played by the convex mapping t — |t|’/p is assumed by a more general convex
function ®(t). We recall the following useful properties regarding the norms on
Orlicz-Sobolev spaces.

Lemma 2.3 ([36, Lemma 2.2]). On W'Lg(Q) the three norms

[ulle = IVullle + [[ulle,

[ull2,e = max{[[[Vull|s, |u},

[l :inf{,u >0: /Q [(D(W(;”) —|—<I>(m’u(x)|)]dx < 1},

are equivalent. More precisely, for every u € W'Lg(2) we have

[[ull < 2[ju

2.0 < 2[ull1.e < 4flull.

The following lemma will be useful in what follows.
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Lemma 2.4. Let u € WLy (). Then the following conditions hold
/Q[‘b(IU(a?)I) + &(|Vu(@)ldz > Jul”, i Jul <1,
/Q[‘P(IU(OC)I) + O(|Vu(a))ldz = [lul”, o [Jul| > 1,
/Q[q)(IU(w)I) + (|Vu(z)]dz < [[ul[™, if [lull <1,
/Q[q)(IU(I)I) + &(|Vu(@)lde < Jul™, i Jul > 1.

Proof. The proof of the first two estimates can be carried out as in [36, Lemma 2.3].
Next, arguing as in [39, Lemma 1], assuming that ||u|| < 1 we may take 8 € (|lul,1)
and find that for any such 8 by [22] Lemma C.4-ii] respectively the definition of
the Luxemburg-norm that

/ [([u(2)]) + B(|Vua))dz < 57 /
Q

Q

The third estimate in the lemma follows letting 3 \, ||u||. For the last estimate in
the lemma, for u € W!Lg () with ||ul| > 1, since

@(Jt) < a_po

o) = , Vi>0ando>1 (2.7)

(see [41] (2.3)]), using the definition of the Luxemburg-norm we deduce
/Q[@(\U(w)l)Jrq)(lV(U(w)l)] da
= [ () + o
u V(u
<tot” [ [ +o(Fp)] e

< ul”’.

We also recall the following lemma which will be used in the proofs.

Lemma 2.5 ([14, Lemma 2.2]). Let u € W'Lg(2) and assume that

/Q[@(IU(UU)I) + O(|Vu(z)])]de <,

for some 0 < r < 1. Then |ull < 1.
The following lemma which will be used in the proof of Theorem [3.2]

Lemma 2.6. Let u € W1Lg(Q) and assume that ||ul| = 1. Then

/Q[fb(IU(x)l) + O(|Vu(z)]))de = 1.



8 S. HEIDARKHANI, M. FERRARA, G. CARISTI EJDE-2018/43

Proof. Arguing as in [16, Remark 2.1], in our hypothesis, there exists a sequence
{un} C WlLg(Q2) such that u, — u in W'Lg(Q) and |lu,|| > 1 for every n € N.
Using the second and the last estimates in Lemma [2.4] we have

[[un[P® < /Q[‘P(\Un(fﬂ)\) + &(|Vun (@) )]dz < |,

Then
lim [D(|un(2)]) + 2(|Vun(2)|)]dx = 1.

n—oo Q
Therefore, since the map u — [, [®(Ju(z)]) + ®(|Vu(z)|)]dz is continuous, we have
Jim [ [@([un(2)]) + S(|Vun(2)])]de = / [@(Ju(2)]) + @(|Vu(z)|)]de = 1,
Q Q

and the conclusion is achieved. O

Now from hypothesis (2.6), by [2I, Lemma D.2] it follows that W'Lg(€2) is
continuously embedded in W1Po(Q). On the other hand, since we assume py > N
we deduce that WP (Q) is compactly embedded in C°(Q). Thus, one has that
W1Lg(Q) is compactly embedded in C°(Q) and there exists a constant ¢ > 0 such
that

1.¢, forallue W'Lg(9), (2.8)

where ||u| o 1= sup, g |u(x)|. A concrete estimation of a concrete upper bound for
the constant ¢ rergains an open question.
A function u :  — R is a weak solution for problem ([1.1f) if

i ( /2 [@(IVu(@)]) + (|u(x)])]dz)
X /Q (a(|Vu(x)|)Vu(x) Vo(z) + a(\u(x)|)u(x)v(x))da:

A [ @) de = [ gl u@)ole) de =0,

for every v € WL ().
We need the following proposition in the proof of our main results.

Proposition 2.7. Let T : WLy () — (W1Lg(Q))* be the operator defined by
T(u)(v) = K ( /Q [@(IVu(@)]) + @(Ju(z) )]dz)

[ulloe < ¢llu

X/Q(a(|Vu(x)|)Vu(x)~Vv(z)+a(|u(m)|)u(x)v(z)>dx

for every u,v € (WLg(Q))*. Then, T admits a continuous inverse on the space
(W1Le(Q))*, where (W'Lg(Q))* denotes the dual of WL (Q).

Proof. We will use [51, Theorem 26.A(d)]; namely, it is sufficient to verify that T
is coercive, hemicontinuous and strictly convex in the sense of monotone operators.

Since ()
'
< — Vt>0
Po = (I)(t)7 >0,

by Lemma [2.4]it is clear that for any v € X with [ju|| > 1 we have

T(u)(v) _ K(/Q[fb(lw(w)l) +<I>(|u(:b)|)]dx)

[l
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x /Q (a(IVu(@)) [ Vu(@) + a(fu(@))u(@)?) /||
> K ( /Q [®(IVu(@)]) + @(Ju(z) )]dz)
< [ @(Vala)) + @(uta)lds/ ]

m||ul|*P _
> = mul/?o~".
Thus,
oy L)
lull—co |Jul| ’

i.e. T is coercive. The fact that T is hemicontinuous can be showed using standard
arguments. Using the same arguments as given in the proof of [20, Theorem 2.2]
we have that T is strictly convex, and that T is strictly monotone. Thus, by [51]
Theorem 26.A(d)], there exists 77! : X* — X. By a similar method as given in
[20], one has that 7! is continuous. O

Corresponding to f, g and K we introduce the functions F' : QxR — R,
G:QxR—-Rand K : [0,4+00) — R, respectively, as follows

F(z,t) := /tf(x,ﬁ)d§ V(z,t) € A xR,
0

G(z,t) = /tg(x,é)dﬁ V(z,t) € AR,
0

t
&) :/ K(s)ds Vi >0.
0

Moreover, we set GY := Jo maxy <o G(z,t)dt for every 6 > 0 and G, := infﬁx[o,n] G
for every n > 0. If ¢ is sign-changing, then G’ > 0 and G, <0.
3. MAIN RESULTS
To introduce our first result, fixing two positive constants # and 7 such that
K(®(n) meas(Q)) - mor’
Jo F (2, n)dzx (2¢)"° [, supyy<q F'(2,t)dz’

and taking
NeA, = ] K(<I>(17) meas()) mor’ [
' Jo Fz,mydz 7 (2¢)P° [, sup), <o F(x,t)dz "
set ) )
. (mBP = (2¢)P° X [ supyy <p F(x,t)dx
g min { (2c)p° ao ’
B (3.1)
K(®(n) meas(Q)) — X\ [, F(z,n dx}
Gy meas(Q)
and

05,9 := min {6>\,g7 s 1 } } (3.2)

. su G(z,t
max {O, ( lim supy sztS;O (1)
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where we read p/0 = 400, so that, for instance, §) , = +0o when

sup, g G(w,t)

<0,
tPo -

lim sup

|t] — o0
and G, = G? = 0. Now, we formulate our first main result.

Theorem 3.1. Assume that there exist two positive constants 6 and n with

- ‘ L0
0 < 2emin {1, (HEO R Ty
m
such that
Jo supjyj<p F(z,t)dx _m Jo F(z,n)dx (3.3)
or° (2¢)?" K (®(n) meas(12))’ '
S Fla,t
lim sup w <0 (3.4)
|t/ —-+o0 tho

Then, for each X € Ay and for every L'-Carathéodory function g : Q& x R — R
satisfying the condition

sup, g G(z,t)

lim sup o

[t|—o0

there exists 05 4 > 0 given by ([3.2) such that, for each p € [0,0y 4[, problem (L.1)
possesses at least three distinct weak solutions in W' Lg(€2).

Proof. To apply Theorem to our problem, we take X = W!Lgs(Q) and we
introduce the functionals J, I : X — R for each u € X, as follows

70 = K( [ @qTu(@)) + #(ju(z))dz).

I(u) = /Q (F(,u(e) + 5 Gl u()))da.

Let us prove that the functionals J and I satisfy the required conditions. It is well
known that I is a differentiable functional whose differential at the point u € X is

r@) = [ (Feu@) + Falwu)oe)ds,

for every v € X. Moreover, I' : X — X* is a compact operator. Indeed, it is
enough to show that I’ is strongly continuous on X. For this end, for fixed u € X,
let u, — u weakly in X as n — oo, then u, converges uniformly to u on Q as
n — oo; see [51]. Since f,g are L'-Carathéodory functions, f,g are continuous in
R for every z € §, so

< 400,

Fa,un) + Sgleun) = f@,u) + Lo, u),

as n — oo. Hence I'(u,) — I'(u) as n — oco. Thus we proved that I’ is strongly
continuous on X, which implies that I’ is a compact operator by [51, Proposition
26.2]. Moreover, J is continuously differentiable whose differential at the point
u € X is

T)(w) = K ( [ [@(Va@) + ®(ju(e)do)
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></Q(a(|Vu(x)|)Vu(x)~Vv(1:)+oz(\u(x)|)u(x)v(x)>da:

for every v € X. Since m < K(t) < M for all t > 0, we have

m/Q[CP(IVU(x)I)+‘1>(\U(l‘)|)}dx < J(u) < M/Q[‘P(IVU(I)I)+¢’(IU(x)|)]dx- (3.5)

From the left inequality in and Lemma we deduce that for any u € X with
lul > 1 we have J(u) > m/||u|/”* which follows lim|,|— 1o J(u) = 400, namely J
is coercive. Moreover, J is sequentially weakly lower semicontinuous. Indeed, let
{un} C X be a sequence such that u, — u weakly in X. By [39, Lemma 4.3], the
the map u — [, [®(|u(x)]) + @(|Vu(z)|)]dz is weakly lower semicontinuous, i.e.

[ 1@(Vu(@)) + @(u(@))do < timint [ (@(Vun(@)) + B(fun(2)))dr. (3.6)
Q Q

From ([3.6) and since K is continuous and monotone, we have

n—oo n—oo

liminf J(u,) = lim ian'(/Q(fI)(Wun(x)D + <I>(|un(x)|))dx)

> K(lim inf [ ((|Vun(z)]) + <I>(|un(x)|))dx)
n—oo Q
> K( [ @OVt + o(ju(e)dr)
= J(u),
namely, J is sequentially weakly lower semicontinuous. Furthermore, Proposition

0
gives that J’ admits a continuous inverse on X*. Put r =m (%)p and w(x) :=

2
7 for all z € Q. Clearly w € X. Hence

J(w) = & ( /Q (@(Vu(@)) + Bl (2)])) d) an

- f((/ﬂ@(n) dx) — K(®() meas(1)).

_ 1/ 0
Since 0 < 20(M> 3 , one has r < J(w). For all u € X, by (2.8) and

m

Lemma [2.3] we have
[u(@)| < [lulloo < cllullie < 2¢]lull, Uz € Q.
Hence, since 6 < 2¢, taking Lemmas [2.4] and into account one has

0
JH(~o00,7] C{u € X;|lul| < Q} CH{ue X;lu(z)] <6 forall x € O},
and it follows that
sup  I(u) < / sup F(x,t) + %G(x,t) dx.
] Q

u€J 1 (—o0,r [t]<6
Therefore, one has

sup  I(u) = sup /Q[F(z,u(:r)) + %G(m,u(x))]dz

ueJ 1 (—o0,r] u€J 1 (—o0,r|

§/ sup F(ac,t)da:—i—ﬁGo.
Q<6 A
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On the other hand, we have

Itw) = [ Fleo) + 56 d.
Q A
So, we have

SUPyeJ-1(—o0,r] I(U) _ SUPye.J-1(—o0,r| fQ[F(;v,u(x)) + %G(‘%‘? ’LL((E))]d(E

r r

- Jo supjy <o F(x,t)dx + LGY (3.8)
m(5)" |
and
I(w) N Jo Fz,n)dz + & [ Gz, w(z))ds - Jo Fz,n)dz + £G, (3.9)
J(w) ~ K(®(n) meas(Q)) ~ K(®(n) meas()) ’
Since p < 03,4, one has
mo?’ — (2¢)P° A Jo supjy <o F (2, t)dx
m< (20)7°GP )
this means
Jo supjy<o F(x, t)de + £G° 1
m(4)" o
Furthermore, ~
K(®(n) meas(Q)) — X [, F(z,n)dx
o G, meas(Q2) ’
this means
Jo F(z,n)dz + meas(Q) LG, . 1
R () meas(2)) X
Then
Jo supjy<p Fz, t)dz + I § 1 _ Jo F(x,n)dx + meas(Q)5G,, (3.10
K (®(n) meas((2)) A K(®(n)meas()) 1

Hence from (3.8)-(3.10)), we observe that the condition (2.1) of Theorem is

satisfied. Finally, since p < 9y 4, we can fix { > 0 such that
SUP,cq G(z,t)

hgrisotip 20 <,
and pl < GGty Therefore, there exists a function h € LY(Q) such that
G(z,t) < 1tP° + h(x), (3.11)
for every x € Q and t € R. Now, for A > 0, fix € such that
l
0<ex< m K

cPomeas(Q)A A’
From (3.4)) there is a function h. € L'(2) such that
F(z,t) < et? + he(x), (3.12)

for every z € Q and t € R. From (3.11) and (3.12)), taking (2.8) into account, it
follows that, for each v € X with ||ul| > 1,

J(u) — M (u)
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= K(/Q[@(Wu(xm + <I>(|u(a:)|)]da:) - /\/Q[F(a;,u(x)) + gg(gj’ w(z))]da

> mlful]?* — Ae /Q ()| da — M[hell sy — pl /Q (@) dz — pllBll s
> (m — Aec? meas(Q2) — plc?® meas(Q))||ul|” — A||hell Loy — pllhll 1),

and thus
lim  (J(u) — M (u)) = 400,

[|u]|—+o0
which means the functional J — AI is coercive, and the condition (2.2)) of Theorem
is satisfied. From ([3.8)-(3.10|) one also has

J(w) r
A€ } I(w)’ sup j(,)<, I(u) [

Finally, since the weak solutions of problem (1.1} are exactly the solutions of the
equation J'(u) — AI'(u) = 0, Theorem [2.1] (with T = w) ensures the conclusion. O

Now, we present a variant of Theorem in which no asymptotic condition
on the nonlinear term ¢ is requested. In such a case f and ¢ are supposed to be
nonnegative.

For our goal, let us fix positive constants 67, 62 and 1 such that

3 K (2() meas(2))
2 fQ F(z,n)dz

0 (0]
m ) oy 05
< 5 mln{ , }
(2¢)P Josupjy<o, Fax,t)dx’ 2 [ sup, <o, F(z,t)dz

and taking A in the interval

0

Ao e ]§I~((<I)(77) meas(Q2)) m in{ oy
2 2 fQ F(x,n)dz  (2c)r° fQ Supjy|<o, F(z,t)dx’
0
. H
2 [o supjy<q, Fz,t)dz S L

We formulate our second main result as follows.

Theorem 3.2. Let f : Q x R — R satisfies the condition f(x,t) > 0 for every
(z,t) € Q x (RTU{0}). Assume that there exist three positive constants 01,02 and
n with

01 < 2cmin{1, (R(‘I’(U)zl;nneas(ﬁ))>1/po},

(2f( @(n)seasm»)w" _ % <1

such that

s { Josupjy<o, F(x,t)dz 2 [ supjy<p, F(amt)dx}
0 I 0
oy 03
m fQ F(‘T7 W)dfﬂ
(2¢)P° K (®(n) meas(Q))

(3.13)
<

W N
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Then for each A\ € As and for every nonnegative L'-Carathéodory function g :
Q xR — R, there exists 5;‘\79 > 0 given by

03 , min

0 0
{mﬁf = (20)P° A [ supyy <, F(z,t)dx
9

(2c)P" G ’
mego _ 2(20)p0)\f9 SUP|¢|<g, F(x, t)dac}
2(2¢)P° G2
such that, for each p € [0, 6/*\7g[, problem (1.1) possesses at least three distinct weak
solutions u; € WlLg(Q) fori=1,2,3, such that
0<u(z) <6y, VzxeQ, (i=1,23).

Proof. Without loss of generality, we can assume f(x,t) > 0 for every (x,t) €
Q x R. Fix A\, g and p as in the conclusion and take X, J and I as in the proof
of Theorem [3.I] We observe that the regularity assumptions of Theorem [2.2] on J
and I are satisfied. Then, our aim is to verify (2.3) and . To this end, choose

T = m(gc)po ry = m(gi) and w(x) := n for all z € Q. Since

r 1/ 0 r 1/ 0
R@l) mess@)) "y (R (@) meas(@) " _ 6
2m m 2c
from (3.7), we get 2r1 < J(w) < r2/2. Since p < 43 ; and G, = 0, and bearing in

mind that 6; < 2¢ and 0> < 2¢, one has

SUPye 1 (—oo,r) L(U)  SUPues—1( ooy JolF (@, u(@)) + §G(z, u(z))]dx

0, < 20(

T1 T1
Jo supjy <o, F(z, )derquh

m (%)

<l<2f F(z,n)dz + meas(Q) X Gn
A3 K(®(n) meas(Q))

< 2I(w)

~— 3J(w)’

and
2SUpuEJ*1(*OO,T2)I(u) . 2supu6J71(7oo,r2) fQ[F(x u(zx)) + G(w u(z))]da
T2 - 7,2
2 Jo sup|ij<p, F(z,t)de + 25 G
< o
m (22)

< = 2 fQ x,n)dz + meas(Q) LG,
)\ 3 K (®(n) meas(Q))

21w

~ 3 J(w)

Therefore, and of Theoremare fulfilled. Finally, we prove that J —AI
satisfies the assumption (2) of Theorem Let u; and us be two local minima
for J — AI. Then u; and us are critical points for J — AI, and so, they are weak
solutions for problem . We want to prove that they are nonnegative. Let
us be a non-trivial weak solution of problem . Arguing by a contradiction,
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assume that the set A = {x € Q; u.(x) < 0} is non-empty and of positive measure.
Put u; (z) = min{u.(z),0}. By [30, Remark 5] we deduce that u; € W!'Lg(Q).
Suppose that |lu.|| < 1. Using this fact that u. also is a weak solution of and
by choosing v = u, since

Po < t(;f((tt) ) vt > Oa

using the first estimate of Lemma [2.4] and recalling our sign assumptions on the
data, we have

il s < [ 12090 (2)) + (. ()l
< m/ [e(IVu (@))[Vus(z)] + o(|us (2)])[us (@) []dz
A
< K([A@(wu*(xm + (| ()]
X / (| Vi (2)) [Vt ()] + ol () ]) | ()] dae
A
= /\/A [z, ue () us (z)de + u/Ag(x,u*(ac))u*(x)dx <0,

ie.,

0
HU*||€V1L¢(A) <0

which contradicts with this fact that u, is a non-trivial weak solution. Hence, the

set A is empty, and wu, is positive. The proof of the case ||u.| > 1 is similar to case

[us]| < 1 (use the second part of Lemma [2.4] instead). For the case [ju.|| = 1, we

may assume ||u.|[y11,4) = 1, and arguing as for the case [|u.|| < 1, using Lemma
we have

mpo |l wi Ly (a) = mpo/ [@(|Vus(2)]) + D(Jus(2)])]da

A
< m/ [o(IVus (@) )Vt ()| + (|t (2)]) [ () [Jdz < 0,
A

which also contradicts that u, is a non—jrivial weak solution. Therefore, we deduce
ui(x) > 0 and ug(x) > 0 for every = € ). Thus, it follows that su; + (1 — s)uz > 0
for all s € [0,1], and that
(Af 4+ ng)(x, sug + (1 — s)ug) > 0,
and consequently, J(su; + (1 — s)ug) > 0, for every s € [0,1]. By using Theorem
[2:2] for every X in the interval
} 3 J(w) { r1 ro/2 } {

- , min , ,

2 I(w) supuGJfl(—oo,rl) I(u) SupuGJfl(—oo,rg) I(u)
the functional J — A\ has at least three distinct critical points which are the weak
solutions of problem (|1.1)) and the desired conclusion is achieved. [l

Remark 3.3. If either f(z,0) # 0 for all x € Q or g(z,0) # 0 for all x € Q, or
both are true the solutions of problem (1.1]) are nontrivial.

Remark 3.4. A remarkable particular situation of problem is the case when
K(t)=a+10bt, a,b> 0 for all ¢ in a bounded subset of R* U {0}.
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Remark 3.5. If K(¢t) =1 for all ¢ > 0 and p = 0, Theorem [3.1] gives back to [I4,
Theorem 3.1]. In addition, if p(t) = [t[P=2t with p > 1, one has py = p° = p, and
the Orlicz-Sobolev space W!Lg(2) coincides with the Sobolev space WP (), so,
if p > N, with this case of ¢, Theorems and extend [I0, Theorem 2| by
giving the exact collections of the parameter .

Here we point out a consequence of Theorem in which K(t) =1 for all ¢t > 0.
Let us fix positive constants 61, 6> and 7 such that

3 () meas(2) 1 . 9}1’0 912”0
= < 5 mln{ , }
2 o F(xz,m)dz = (20)P Jasupjy<o, F(a,t)dz’ 2 [, supjy<q, F(z,t)dx
and taking
0
3 ®(n) meas(£2) 1 , oy
AE A= |-
€ s } 2 [ F(z,n)dz ™ (2c)?° mln{fQ supyy<g, F(z,t)dz’

6y’
2 il
2 [, supjy<q, F(z,t)dzx

Theorem 3.6. Let f : Q x R — R satisfies the condition f(z,t) > 0 for every
(x,t) € Q@ x (RTYU{0}). Assume that there exist three positive constants 61,6y and
n with

f1 < 2cmin {17 (IN{(‘I’(U) ;neas(Q))>1/p°}
)

— <1
2c

(2K () meas(2))) e

such that

fQ supyy<g, Fz,t)dz 2 fQ sup|y<g, F(2, t)d:ﬂ}
0 Y 0
o7 0
1 Jo F (2, n)da
2¢)?” meas(§2) o (n)
Then, for each A\ € A3 and for every nonnegative L'-Carathéodory function g :
QxR — R, there exists 63, > 0 given by

max {
(3.14)

L2
3(

(0] 0
in { oy — (2c)P° A Josupjy <o, Fx,t)dz 65 — 2(2¢)" Jo supy <o, Flz, t)dx}
(2c)P" GO ’ 2(2¢)P" G?2
such that, for each u € |0, 53\*,9[’ the problem

— div(a(|Vu])Vu) + alul)u = Af(z,u) + pg(z,u) in 9,
ou

520 on 0N

possesses at least three distinct weak solutions u; € WLy (Q) fori = 1,2,3, such
that

0<u(z) <6y, VzxeQ, (i=1,23).

From now let f : R — R be a nonnegative continuous function. Put F(t) :=
fg f(€)d¢ for each t € R. A special case of Theorem is the following theorem.
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Theorem 3.7. Assume that

F(t F(t
lim inf (0) = limsup ®) =
t—0t+ tP |t|—+o0 tpo

Then, for each A > inf,cp % where B := {n > 0; F(n) > 0}, and for every
nonnegative continuous function g : R — R such that

fot g(s)ds _

lim sup 0

|t] —+o0

+00, (3.15)

there exists * > 0 such that for each p € [0,6*[, the problem
— div(a(|Vu(z))Vu(z)) + a(lu(@))u(z) = Af (u(z)) + pg(u(z)) in Q,

% =0 on o
possesses at least three distinct nonnegative weak solutions in W*Lg(£2).
Proof. Fix A > inf,cp %. Then there exists 77 > 0 such that F(7) > 0 and
A> %. Recalling that
F(t
lim inf # =0,
£—0t+ tP

there is a sequence {6, } C]0, +oo[ such that lim, . 8, = 0 and
supmggn F(t)
m——— =

Indeed, one has

(0]
su F(t b
i 2P, PO Fllo) S,

p° p®  op°
n—oo 071 n—oo gen gn

where F(tg, ) = supy<g, F'(t). Hence, there exists 6 > 0 such that

sup|t‘S§F(t) < 1 min{F(n)' 1}
7’ (2¢)P° meas(Q2) D(n)” A’
_ . 1/p
f < 2cmin{1, (K(q)(n) meas(Q))) )
The conclusion follows from Theorem [3.1] O

Here we want to present two existence results as consequences of Theorems
and respectively, by choosing a particular case of ¢(t).
Let p > N + 1 and define

P if t #0
o(t) = { Tos(HT !
0 if t =0.
By [22] Example 3] one has

. log(9(t))
Po=p <p =p=imi log(t)

Thus, the conditions (2.5) and (2.6) are satisfied.
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Corollary 3.8. Assume that

Ft) = lim sup F() =0.

p—1

lim inf
t—ot tP |t|—+o0

Then, for each A > inf,cp % o ; where B := {n > 0;F(n) > 0} and ®(n) =

fo logtlﬂrm dt, and for every nonnegative continuous function g : R — R satisfying

the condition (3.15)), there exists 6" > 0 such that for each p € [0,0™[, the problem

caiv (T gu) P )+ gw) im0

log(1 + |Vul) log(1 + [ul) " 7 (3.16)
ou
W 0 on 99

possesses at least three distinct nonnegative weak solutions in W1 Leg ().

Corollary 3.9. Assume that there exist two positive constants 6 and n with

(ch(cp(n) meas(Q)))l/p < 2% <1,

where ®(n) is as given in Corollary . Suppose that
f(t)

t—0+ tP—1

FO)_ 1 F)

or 3(2¢)P meas(Q2) P(n)

:0’

Then, for every A € ]%%, m 70) [ and for every nonnegative continu-
ous function g : R — R there exists 6"* > 0 such that, for each p € [0,6”*[, problem
(3.16) possesses at least three distinct weak solutions u; € WL () fori=1,2,3,

such that
0<ui(x) <6, VxeQ, (i=1,23).

Proof. Since lim,; o+ t{,@ t(P )

= 0, one has lim;_,o+ 0. Then, there exists a

positive constant 6 < 2cmin{1, (K(@(n) meas(Q))) } such that

FG) _2 1 F@)

9’ 3 (2¢)P meas(2) ®(n)’
and F( 7 > 2F(0) Finally, a simple computation shows that all assumptions of
Theorem [3.6] are fulfilled, and it follows the conclusion. O

We illustrate Corollary [3.8| by presenting the following example.

Example 3.10. Let Q = {(z,y,2) € R%; 2?2 +y?+22 < 1},p>4andlet f:R—R
be the function defined by

0, t<0,

f)y=4qt?, 0<t<l,
=3 t>1
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and g(t) = e7t|t|P~! for all t € R. Thus f and g are nonnegative, and

0, t <0,
F(t) = ;ﬁﬂ“, 0<t<l,
1 4p—2 3
=t T ey > L
Therefore,
F(t F(t
lim inf L = lim sup L =0.
t—0+ tP |t|—+o00 p—1

Then, for each A > inf,cp % where B := {n > 0; F(n) > 0} and ®(n) :=

fon logilltf\ﬂ)dt’ there exists §’* > 0 such that for each p € [0,6™[, problem ([3.16]), in

this case possesses at least three distinct nonnegative weak solutions in W' Lg(Q).

Now let p > N. Choose ¢(t) = log(1+|t|?)[t|P~%t, t € R, v > 1. By [22, Example
2] one has pp = p and p° = p + v, and the conditions (2.5 and (2.6] are satisfied.
In this case, Corollaries 3.8 and become to the following forms, respectively.

Corollary 3.11. Assume that

F@) = lim sup ipt) =0.

Then, for each X\ > inf,cp % where B := {n > 0; F(n) >0} and

n
®(o) = [ log(1+ |e) e et
0

and for every nonnegative continuous function g : R — R satisfying the condition
7 —/
(3.15), there exists & © > 0 such that for each € [0,6 *[, the problem

— div (1og(1 + \Vu(m)\"’)\VuP_QVu) +log(1 + |u|")ulP2

= Af(u) + pg(u) inQ, (3.17)
ou

%:O on 0]

possesses at least three distinct nonnegative weak solutions in W1 Lg ().

Corollary 3.12. Assume that there exist two positive constants 0 and n with

1/(p+v) 0
) < <1
2c
where ®(n) is as given in Corollary . Suppose that

f(®)
ti%lJr tpty-1
FO) 1 F@)
Or+y 7 3(2¢)P+7 meas(Q2) ®(n)

(zfc(@(n) meas(12))

=0,

Then, for every

~

]§<I>(77 1 or [

AS 3 F@m) 2020 meas(@) F(0)
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and for every nonnegative continuous function g : R — R there exists 5" >0
such that, for each u € [O,SN*[, problem (3.17) possesses at least three distinct weak
solutions u; € WlLg(Q) fori=1,2,3, such that

(1
2]

(3]

[4]
(5]
(6]
7]
(8]
(9
[10]
(11]
(12]
13]

(14]

[15]
[16]
(17)
18]
(19]
20]
21]
22]
23]

24]

0<wui(z)<l, VreQ, (i=1,23).
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