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THROUGHOUT POSITIVE SOLUTIONS OF SECOND-ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

ZHENGUO ZHANG, CHUNJIAO WANG, QIAOLUAN LI, FANG LI

ABSTRACT. In this paper, we consider the second-order nonlinear and the
nonlinear neutral functional differential equations
(a(t)z' (1)) + f(t,z(g(t)) =0, t>to
(a(t)(@(t) — p(t)z(t — 7)) + f(t,2(g(t)) =0, t>to.
Using the Banach contraction mapping principle, we obtain the existence of
throughout positive solutions for the above equations.

1. INTRODUCTION

Recently, there has been an increasing interest in the study of the oscillation
and nonoscillation of solutions of second-order ordinary and delay neutral differ-
ential and difference equations. Also eventually positive solutions and asymptotic
behavior of nonoscillatory solutions have been investigated widely. Delay differen-
tial equations play a very important role in many practical problems. The papers
[8, 4, [7, [8 [T, 12} [15] discuss the oscillation of second order differential and differ-
ence equations. The papers [I], [5] discuss the oscillation and non-oscillation criteria
for second order differential equations. Of course there is also the discussion of
the existence of eventually positive solutions, such as [10, [6l 13, [14]. But there are
relatively few which guarantee the existence of throughout positive solutions. The
paper [9] studies the positive solutions of the following second order non-neutral
ordinary differential equation

y'(t) + Ftyt) =0, t>a

where F' : [a,00) x R — R is continuous and nonnegative. We have studied fur-
ther and extended the results of Erik Wahlén [9] to the self-conjugate and neutral
functional differential equations. We obtain the existence of throughout positive
solutions by introducing a weighted norm (see [2, [@]) and using the Banach con-
traction mapping principle (see [2]).
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In this paper, we are concerned with existence of throughout positive solutions
for the following self-conjugate nonlinear differential equations

(a(O)2' () + f(t,2(g(1)) =0, t=to (1.1)
(a@®)(x(t) = pt)x(t — 7)) + f(t,2(g(t)) =0, t=to (1.2)

where a(t) > 0 is continuous; f(¢,z) is continuous and satisfies f(¢,x)z > 0 for
x # 0; g(t) is continuous, increasing and satisfies g(t) < ¢, limy_, o, g(t) = oo.

1.1. Definitions. A solution of differential equation is said to be oscillatory if it
has arbitrarily large zeros; otherwise it is said to be non-oscillatory.

A solution of differential equation is said to be eventually positive solution if
there exists some T > tg such that x(t) > 0 for all ¢t > T

A solution of differential equation is said to be throughout positive solution if
x(t) > 0 for all t > ¢.

Related Lemmas. To obtain our main results, we need the following lemma.
Lemma 1.1. Assume x(t) is bounded, lim; o p(t) = p, p # +1,

2(t) = 2(t) ~ p(t)alt —7),  lim =(t) =1,
then limy_, o x(t) exists and lim;_, xz(t) =1/(1 — p).

Proof. (1) p € (—o0, —1). Since z(t) is bounded, we get that limsup, , . z(t) =
M and liminf; . xz(t) = m exist. Then there exists a sequence {t,} such that
lim, o (t, — 7) = M and

I =limsup z(t,) = limsup(z(t,) — p(tn)x(t, — 7)) > m —pM .

n—oo n—oo

Similarly there exists a sequence {¢/,} such that lim, . (¢, — 7) = m and

[ =liminf 2(¢,) = liminf(z(t),) — p(t,)x(t, — 7)) < M — pm.
n—oo n—oo

n

So we have M —pm > m —pM, that is, (14+p)M > (1+p)m. In view of 14+ p < 0,
we get M < m. Hence M = m and lim;_ ., z(t) exists. By the assumption, we
obtain lim;_, ., z(t) = 1/(1 — p).
(2) p € (—1,0). Similarly, there exists a sequence {t,} such that lim, . z(t,) =
M. Then there exists a sequence {t/,} such that lim, . z(t},) = m and

I =limsup z(t,) = limsup(z(t,) — p(tn)x(t, — 7)) > M — pm,

n—oo

Ja(t, — 7)) < m —pM.

[ =liminf 2(¢)) = liminf(x(t,) — p(t,
Therefore, M — pm < m —pM, that is, (1+p)M < (1 +p)m. In view of 1 +p > 0,
we get M < m. Hence M = m and lim;_ ., 2(t) exists. By the assumption, we
obtain lim;_,o, z(t) = 1/(1 — p).
(3) p € [0,1). Similarly, there exists a sequence {t,} such that lim,,_.. z(t,) = M.
Then there exists a sequence {¢/,} such that lim, . z(t/,) = m and

I = Tim sup #(tn) = limsup(a(t) — p(t)e(tn — 7)) > M(1 — p),

! = liminf 2(t}) = liminf(x(#,) — p(t,)a(t} 7)) < m(1~ p).

Therefore, M (1—p) < m(1—p). In view of 1 —p > 0 we get M < m. Hence M =m
and lim;_, o, z(t) exists. By the assumption, we obtain lim;_, ., z(t) = 1/(1 — p).
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(4) p € (1,400). Similarly, there exists a sequence {t,} such that lim, . (¢, —
7) = M. Then there exists a sequence {¢/,} such that lim, . (¢, — 7) = m and

! =limsup z(t,) = limsup(z(t,) — p(tn)z(tn — 7)) < M(1—p),

= liminf 2(t,) = lim inf(x(t}) — p(th)a(t, — 7)) > m(1 - p).

Therefore, M(1 —p) > m(1 —p). In view of 1 —p < 0 we get M < m. Hence
M = m and lim;_, o, z(t) exists. By the assumption, lim;_,~, z(t) = 1/(1 — p) which
completes the proof. O

2. MAIN RESULTS

In this section we give existence theorems of throughout positive solutions for
equations (1.1]) and (1.2]). First of all we need the following conditions:
Assume that the nonlinearity f satisfies a Lipschitz condition

|f(t,u) — f(t,v)] <k(t)|u—v|, for0<wu, v<C andt>t, (2.1)

where the constant C' will be specified in the theorems below, and k(t) > 0 is a
continuous function satisfying

/t0 %k(s)ds < 00, (2.2)

where a(s) = min{a(f) : min{tg — 7, g(to)} < 0 < s}.
Theorem 2.1. For equation (1.1)), we define the set
X = {u € Ctyg,00), 0 < u(t) < M, fort>to;u(t) =ulty), for g(te) <t <to}.

Assume that for every u € X,

/to e / F(0,u(g(6)))do < M. (2.3)

Let conditions (2.1) and (2.2) hold for 0 < u,v < M. Assume further that there

exists a positive integer N > 1 such that 0 < & < 1, where [(N) = max{ Gég(tg)),

t > to}, G(t) = exp(N [ =25k(s)ds). Then equation (LI) has a throughout

a(s)

positive solution x(t) on [tg, 00) satisfying lim;_, z(t) = M.

Proof. Define a mapping 7 on X as follows

m)(t):{w ><foj ooy J1GalaON 0t =k (2.4)
v glte) <t < to.

From we have 0 < (Tx)(t) < M, so TX C X. From the assumption G(t) =
exp Nf* a(s k(s)ds), we introduce the norm [ - || on X, [|z|| = sup,>, |z(t)|/G(t).
Note that X is closed with respect to this norm, and therefore we have a complete
metric space.
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We now show that 7 is a contraction mapping on X. For any x1,22 € X, in
view of the assumptions we have

\(T:m)(t)G (t)(nz)(t)l . Gtt) /t - aC(Z; / 0. 21(9(0))) — F(0,32(9(6)))]d0

L ds [ Glo(0)k(O)]ri(9(6)) — wa(g(0))
<zi) ] © Gl9(6) “

ﬁnxl nl [ / G0 S a
< gl -l | (wf())’“”d

e R > sG(s)k(s) .
Samim el Tae

l < 1

:@”Ilfl'QH \ (*N)G (s)ds
Gy )

NG{D)

<*l 21 — 22l
T Ta|l.
S ylir 2

Since 0 < % < 1, 7T is a contraction mapping on X. Finally we use the Banach
fixed point theorem to deduce the existence of a unique fixed point in X,

o) = (T)(0) =M - [ N ”(l) / " 1(0.2(9(0)))d0

From (2.3) we know that x(t) > 0 for t > ¢y. Clearly x(t) satisfies
(at)2'(t))" + f(t,2(g())) =0,

thus x(t) is a throughout positive solution of (1.1)) and lim; . 2(t) = M. The
proof is complete. U

Now we discuss the equation (|1.2)).

Theorem 2.2. Assume that lim; oo p(t) = p, where p € [0,1) and 0 < p(t) < p.
Define

X ={u€C'ty,00), 0 <u(t) <M, fort>to; ut) = ulto),
for min{g(to),to — 7} <t <to}.

Let condition (2.1) and (2.2)) hold for 0 < u,v < M, and we replace (2.3)) by
o ds
f (0,u(g(9)))dd < M(1 — p). (2.5)

Assume further there exists a positive integer N > 1 such that 0 < (p + )l <

1, where I(N) = max{ Gt;), ég((tt))),t > to}, G(t) = exp (N [ wtayk(s)ds).

Then equation ) has a throughout positive solution x(t) on [tg,00) satisfying
lim; 00 z(t) = M.
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Proof. Define a mapping 7 on X as follows
(Tw)(t) = {M(l_p”p“)x(t‘ﬂ s [ f(0,2(g(0)))d0 >t

(Tx)(to) min{tg — 7,9(to)} <t <tp.
For t > tp, from (2.5)) and p(¢) < p, we have 0 < (Tz)(t) < M(1 —p) +pM = M,
so 7X C X. We introduce the norm || - || on X, |z]| = sup,>, |z(t)|/G(t). Now
we show that 7 is a contraction mapping on X. For any z1,z2 € X, in view of the
assumptions we have

[(T1)(t) = (T2)(1)]

G(t)

< p(r) = T)Gu;@ (t—7)|

s | s [ 1) - 0o
< p(t) G(Ct;(_t;) 72 (¢ _szt—_ x:)(t —7)|

o / ) ‘f) / 150, 01(9(0)) — FO.72(9(0)) a0
<plllor-aal b o [0 [ Irm(( 90) 22O
<pl o= + tt Jax - @H/“ ds / G0 S
<pl oy — ol + it ||z1_$2||/ a((?g(s (s=G()k(s) |
<pl s — o) + ét |21 — x2||/ 802215(8 n
— ol lor—aall + gl —aall [ (56
<(p+ %) I @1 — 22|

1
<+ ) 1l =zl

Since 0 < (p+ )l < 1, T is a contraction mapping on X. Finally we use the
Banach fixed point theorem to deduce the existence of a unique fixed point in X

2(t) = (Tz)(t) = M(1 - p) + p(t)(t — ) — / h ‘f) / 10, 2(9(0)))d0

From the condition (2.5) and p(t)x(t — 7) > 0 we know that z(¢) > 0 for t > .
Clearly z(t) satisfies

(a(®)(x(t) = p(O)a(t — 7)) + f(t, 2(9(2))) =0,

thus z(t) is a throughout positive solution of (1.2]) and
Tim (a(t) = plt)a(t 7)) = M(1—p).

In view of the Lemma limy_, oo (t) = M which completes the proof. O
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Theorem 2.3. Assume that lim;_. p(t) = p where p € (—1,0) and p < p(t) <0
and define
Y ={ ue Clty,00), 0 <u(t) < M(1—p), fort > to; u(t) = ulty),
for min{g(to),to — 7} <t < to}.

Let conditions (2.1) and (2.2) hold for 0 < u,v < M(1—p). Assume that for every
ueyY,

/to o) / £(0,u(g(60)))d0 < M(1 — p?). (2.6)

Assume further that there exists a positive integer N > 1 such that 0 < (% —

p)l < 1, where [(N) = max{%, Gég((tg)),t > to}, G(t) = exp(N [,° =5y k(s)ds).
Then equation (1.2) has a throughout positive solution x(t) on [tg,00) satisfying
lim; oo z(t) = M.

Proof. Define a mapping 7 on Y as follows

M(L=p)+pt)a(t —7) = [7° 85 [ f0,2(9(0)d0  t >t
(Tx)(to) min{ty — 7,9(t0)} <t <tg.

(Ta)(t) = {

Since p(t) < 0, we easily know that 0 < (7z)(t) < M(1—p). So TX C X. We
introduce the norm | - || on Y, ||z = sup;s,, [#(t)|/G(t). We now show that 7 is a
contraction mapping on Y. Similar to the proof of Theorem 2.2} for any 1,22 € Y,
in view of the assumptions we have

(Ta1)(t) — (Tx2)(1)] Gt —7) |zi(t —7) — 22(t — 7)|
0 S ey Gt—r)

1 ® ds [
+@/t @/ |£(0,21(9(0))) — f(0,22(9(6)))|dO

l
<Ipl l|zy — 22| + NHfUl — 29|
1

= (5 =) L llo1 — 2.

Since 0 < (- — p)l < 1, 7 is a contraction mapping on Y. Finally we use the

Banach fixed point theorem to deduce the existence of a unique fixed point in Y,
() = (T2)(0) = M1 =) +p(0att =)~ [ L5 [ p0.ato0))0.
t s

Since x € Y and p < p(t) < 0, we have p(t)x(t — 7) > pM(1 — p). From the
inequality and the condition (2.6)), we obtain

z(t) > M(1—p)+pM(1—p)— M(1—-p*) =0.

Hence z(t) > 0 for ¢ > ty. Substituting x(¢) into (1.2)), we know that z(¢) is a
throughout positive solution of equation (|1.2]) and

Jim (a(t) — plt)a(t — 7)) = M(1 - p).

In view of the Lemma limy_, oo (t) = M which completes the proof. O
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Theorem 2.4. Assume that lim;_. p(t) = p where p € (—oo, —1) and p(t) < p.
Define

M(1 + |p])

Z={ueCty,0), 0 < u(t) < 7]

, fort > to; u(t) = u(ty),
for g(ty) <t < to}

where M is a positive constant. Let conditions (2.1) and (2.2)) hold for 0 < u,v <
M(1+|p|)

I Assume that for every u € Z,
*® ds [ M(p? —1)
— 0 0)))do < ———=. .
Lo [ oo < FH (27)

Assume further there exists a positive integer N > 1 such that 0 < > |(1 + % )

where [(N) = max{ Gég((tt))),t > to}, G(t) =exp (N [;° =5 k(s)ds). Then equatwn
(1.2) has a throughout positive solution z(t) on [ty, 00) satisfying lim; . xz(t) = M.

Proof. Define a mapping 7 on Z as follows

[ Sa MQ—p) —at+1) — [, 20 [T F0.2(9(0))db) t > t
T2)e) = {(T(xf()) e g(t0)<t<t00

From (2.7), we have 0 < (Tz)(¢t) < W. So 7Z C Z. We introduce the norm

-]l on Z, [|z]| = sup;>y, [#(t)]/G(t). We now show that 7 is a contraction mapping
on Z. For any x1,x2 € Z, in view of the assumptions we have

(Tan)(t) - (Tan))
0

< 1t

T Gt+T)plt+ 1)

s [ s [ ) - 0.0

t4r als

L ds [ GleO)kO) e (9(9)) — valg(0))]
o Lo ) Glg(0)) “

|z1(t+7) — xo(t + 1)

1
< lle — x| +
Ipl

T s [ G9(0))
< il — 2l =+ gl ==l f 2 ] comO G
1 - l . © (s—t—1)G(s)k(s) <
<l — ezl G e = 2l ) a
1, [ SOk,
< il — ezl <>| aop L, T
= Do — w4 o=zl [ (-2 (s)ds
\p| G(t)|p| tvr N
i Git+71)—1 o
<7l <1“ NG )'1 d
< L+ Lo -l

Ip| N
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Since 0 < ﬁ(l + 4) < 1, T is a contraction mapping on Z. Finally we use the
Banach fixed point theorem to deduce the existence of a unique fixed point in Z,

z(t) = (Tx)(t)
_ M1-p)—z(t+71)— / ds / f(0,2(9(0)))do

—p(t +7)
Since x € Z, we have z(t + 7) < M(Hlp D From the inequality and the condition
(2.7), we obtain
1 M1+ |p M@p? -1
z(t) > ——[M(1-p) - (1+pl) _ M( )]zo.
—p(t +7) Pl Pl

Hence x(t) > 0 for t > tg. Substituting x(¢) into (1.2)), we know that x(t) is a
throughout positive solution of (1.2 and

lim (a(t) — p(t)e(t - 7)) = M(1 - p).

t—oo

In view of Lemma we have lim;_, . #(t) = M. The proof is complete. (Il

Theorem 2.5. Assume that lim; .o, p(t) = p where p € (1,400) and p(t) > p.
Define

M1 +p)

Q= {ueC'ty,00), 0 <uft) < , fort > to; u(t) = u(to),

for g(to) <t <to}

where M is a positive constant. Let conditions (2.1) and (2.2) hold for 0 < u,v <
M(1+p)

PR We assume that for every u € Q)

[O ac(lz) /Oo FO,u(g(0))do < 2= ar. (2.8)

p

Assume further that there exists a positive integer N > 1 such that 0 < + ( + )

1, where I(N) = max{Géggt))),t > to}, G(t) = exp(N [~ =ty k(s)ds). Then

has a throughout positive solution x(t) on [ty,00) satisfying lim;_.. xz(t) = M.

Proof. Define a mapping 7 on € as follows

(Tz)(t) = ﬁ[M(p_ ) +a(t+7) +ft+7’ a(s) [ 10, 2(9(0)))d0] > to
(7)) 9lto) <t <to.

From ({2.8)), we have 0 < (7 x)(¢) < pT'flM. So T C Q. We introduce the norm || - ||
on €, ||z[| = sup;s,, [#(t)[/G(t). We now show that 7 is a contraction mapping
on ). Similar to the proof of Theorem for any x1,z2 € €, in view of the
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assumptions we have
[(T21)(t) — (T2)(t)]
G(t)
«_ Y
~ G+ T)pt+T1)
_|_

1 * ds o
[ Ll F(0.21(9(0))) — F(60,22(9(6)))|d6

|z (t 4+ 7) — 2ot + 7)|

Gt)pt+71) Jiyr als
1 l
< 13(1 + e — 22l

Since 0 < %(1 + %) < 1, T is a contraction mapping on . Finally we use the
Banach fixed point theorem to deduce the existence of a unique fixed point in €,
z(t) = (Tx)(t)
- +aten + [ 00w
= — T — , .
p(t + T) t+7 CL(S) s

Because p > 1, that is M(p — 1) > 0, and all the other terms which are in the
expression of z(t) are nonnegative, we easily know that x(t) > 0 for ¢ > tg. Sub-
stituting z(¢) into (L.2)), we know that x(¢) is a throughout positive solution of

equation (1.2 and

lim (z(t) — p(t)x(t — 7)) = M(1 —p).

t—o0

In view of the Lemma [1.1| we have lim;_., z(¢) = M. The proof is complete. [

3. EXAMPLES

Example 3.1. Consider the second order self-conjugate differential equation

4(t —1)°
! Ty 3(t — = t>tg =6. 1
(t(E (t)) + tﬁ(t— 2)3 x (t 1) 07 = b0 (3 )
, _ At-1° 4
In our notation, a(t) =t, a(s) =5, g(t) =t —1, f(t,u) = BE—2)7 u”. We choose
M =1, k(t) 12(t_l)GN 3. We know that f 0<uwv<l
= = — = J. an u,v
) () e know that for any 0 < wu,v <1,
4t-1)°5 o 4 12(t —1)8
— = _— — < _ — .
|f(t7u) f(t,U)| ‘ t6(t—2)3 (u v )| = tﬁ(t—Q) |’LL U‘

For any u,v € X

© ds [ _[T4 (0 —1)%u® - 1))°
/ — f(9,u(g(0)))d9—/6 - ds/s 70— 2)° de
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to 6 6 6
s 12(s—1) s12(s—1)
I = (N 701): (3/ 77d)<3.
P /to_l to—1s0(s—2p ) =P 56— 235"

Thus the conditions in Theorem are satisfied. So (3.1) has a throughout positive
solution z(t) on [tg, 00) and lim;_, z(¢) = 1. In fact, :r( ) 1—% is such a solution.

Example 3.2. Consider the second-order neutral differential equation
1 2(t—1)3 — 3
t)— —a(t—1)"+ a3 (t = 1) =0, t>ty=13. 2
2(t —1)% — 3Ju?
(t—1)°(t—2)°

N = 4. It is easy to show that for any

. We

Here a(t) = 1, a(s) = 1, p(t) = %, g(t) =t—1, f(t,u) =
3[2(t —1)3 —#3]

choose M = 1, k(t) = m7

0<u,v<1,
|f(tu) = f(t,v)] =

For any u,v € X

Ooi S 005—2(371)3 ’ S (0.0}
f, wtr= [ e e >3d< ’

/Oo ds / £(0,ulg d0—/13 /OO 2(6 gj (u(6 — 1))3d0ds

= Mu oy
_/13 (6 — “(9-1) (9_2)((0 1))3d6

> 26
< — do
—/13 0—2)

24 < 1
121 27
11 13 3[2(s — 1)% — 57
l= - 4 ————= ds) < 1.
= G e (4] ST a)
Thus the conditions in Theorem are satisfied. So (3.2)) has a throughout positive
solution z(t) on [ty, 00) and lim¢_. #(t) = 1. In fact, z(t) = 1—1 is such a solution.

20t —1)% — ¢
(t—=1)3(t—-2)3

3[2(t —1)3 —#3]

(= < G T —ap

lu — v|.

Example 3.3. Consider the second-order self-conjugate neutral differential equa-
tion

3(4_ , _1)3
[4((]525_(;3413215;3)(3?(75) +22(t-1))] + M 2t—-1)=0, t>15=9. (3.3)
3(t —
I our notation, p(t) = 2, (0) = 11,7 = 1) = 1D als) = 58
_ (=1 _ I
flt,u) = B 2P u3. We choose that M = 1, k(t) = WE—2)p N = 3. Here

we define Z = {u € C'[tg,00) : 0 < u(t) < 2, t > to}. It is easy to show that for
any 0 <wu,v < %,

27(t —1)3

7)\u—v|
= A3 (t — 2)3 '

Ft0) = F(t0)] = |y
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For any u,v € Z,

o g 1367 [ 27(s — 1)}
_° k(s)ds = d
/to () (o) ds 896/9 152(s —2p =%

/°° ds/ 70, u(g(60)))d0

A(to — 1)% + 263) (u(0 —1))*
= (;3150—1 / / 939 ¥

Sto—l/ /

28
1 ! P49 -2)2 +2(9—-1)%) 27(s — 1)°
S (14 [1 (3 _d )} 1.
PN Tt 3eXp /8 T O-1p0-2) 4ds2(s—2p ©) T
Thus the conditions in Theorem are satisfied. So (3.3) has a throughout positive
solution z(t) on [tg, 00) and limy .o x(t) = 1. In fact, () = 1— 75 is such a solution.
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