Electronic Journal of Differential Equations, Vol. 2006(2006), No. 103, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

ON A MIXED NONLOCAL PROBLEM FOR A WAVE
EQUATION

SERGEI A. BEILIN

ABSTRACT. A nonlocal problem for a wave equation with integral condition is
studied in a cylinder. The uniqueness and existence of a generalized solution
is proved with the help of an a priori estimate and the Galerkin procedure,
respectively.

1. INTRODUCTION

Certain problems of modern physics and technology can be effectively described
in terms of nonlocal problems for partial differential equations. The history of
nonlocal problems with integral conditions for partial differential equations goes
back to [3]. Cannon studied a problem for a heat equation, and in most papers,
devoted to nonlocal problems, parabolic and elliptic equations were studied. Mixed
problems with nonlocal integral conditions for one-dimensional hyperbolic equations
were considered in [7} 2], [, [T1, 8 ©].

Nonlocal problem for a hyperbolic equation with n space variables with a differ-
ent integral condition was considered in [5]

In this paper we consider an n-dimensional wave equation with weighted integral
nonlocal condition. Consider a wave equation

utr — Au+ c(z, t)u = f(x,t) (1.1)

in a cylinder @ = Q x (0,7), where Q € R" is a bounded domain with a smooth
boundary, with Cauchy conditions

U(LL‘,O) = (b(.%‘), ut(x70) = ¢($)7 (1.2)

and an integral nonlocal condition

t
%b +/O /QK(m,r)u(w)dng =0, z€09, (1.3)

where ¢(z), ¥ (x), K(z,£,7) are given functions.
Denote W3 (Q) = {v(z,t) : v € W(Q),v(z,T) = 0}. Let u(x,t) be a solution
of the problem. Multiply the equation (1.1)) by the function v(z,t) € W4 (Q) and
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integrate it over the cylinder ). After integrating by parts, we obtain

T
/ / (VuVv — wvy + cuv) de dt

/ /fvdxdt+/ /BQ —vdsdt—{—/ﬂw(x)v(m,O)dm.

After substituting the condition (L.3)), we have:

T
/ / (VuVo — upvr + cuv) de dt
o Ja

+/0T/89v(9c,t) /Ot/QK(:C,g,T)u(f,T)ddedsdt (1.4)
:/OT/vadxdt—F/Qw(x)v(x 0)dx

Definition 1.1. A function u(x,t) € Wi (Q) is called a generalized solution of
(T.1)-(1.2)-(T.3), if it satisfies (1.4) for every v € W3 (Q) and u(x,0) = ¢(z).

The main result of this paper can be formulated as the following theorem.

Theorem 1.2. If ¢(z) € WH(Q), w(x) € L2(Q), f(z,t) € Ly(Q), K(z,&,t) €

C(Q2xQx(0,T)), there exist ‘g—?, i=1...n and

max |K| < Ky, max| } <K,
Q Q
then there exists a unique generalized solution to the problem (1.1)-(1.2)-(L.3).

The following two sections provide the proof of the above theorem.

2. UNIQUENESS

Let w3 # ug be solutions of (1.1])-(1.2)-(1.3); then u = w3 — us is a solution of
the same problem with f = ¢ = ¢ = 0; so, u(x,t) satisfies

T
/ / (VuVv — wpvy + cuwv) dx dt

e . (2.1)
+/ / v(sc,t)/ / K(x,& m)u(&, 7)dédrds dt = 0.
o Joo 0o Ja
Consider the function
)d 0<t<
oz, t) = ft (@,mydn, O<tsT, (2.2)
0, T<t<T.

Note, that v(z,t) € /V[721 (Q), and v¢(x,t) = —u(x,t) Vt € [0, 7]. Integration by parts

in ([2.1)) will give us:

T T T
/ /Vqudmdt:—/ /Vuthd;vdt:/ /VvVvtdxdt—/ Vo 2|5 da,
0o Ja 0o Jo 0o Ja Q
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T
/ /Vqudxdt:fl/ |Vv(x,0)|2dx;
0o Ja 2 Ja
T T T
/ /utvtdxdt:—/ /utudxdt:/ /uutdxdt—/u2|6dx,
0 Ja 0o Jo 0 Ja o)

hence,
T 1
/ /utvtd:c dt = 7/ u?(z, 7)dz.
o Ja 2 Jo
Thus, (2.1)) will take the form:

1 2, 2
5/9 (IVo(z,0)> + u*(z, 7)) d dt

:/OT/OQv(x,t) /Ot/ﬂK(ac,g,T)u({,T)ddedsdt.

With the help of elementary inequalities we obtain the following estimates:

hence,

1 2 .2
5/9(|V’U(33,0)| + u®(z, 7)) da dt

< [ ol [ it agiras i

< K, /T/m |v(x,t)/t/ (e, 7)|dedrds dt (2.3)
<K0/ /m< (.t +T|Q\// (€,7) d5d7>dsdt

:KO/O /mv?(x,t)dsdt+K0T2|Q\|aﬂ|/0 /QuQ(gc,t)dwdt.

Using the inequality

’1)21' S 6'02 CE'U2 s
/m (2, )d g/ﬂuvw() ) d

and denoting L = T?|Q||0€], we obtain

/ (IVo(z,0)]* + u?(z, 7)) de dt < KO/ / (| Vv]* + e(e)v® + Lu?) da dt.
Q 0o Jo

It’s trivial that
T 2 T
v? = (/ U(x,n)dn) < T/ u?(z,m)dn,
t 0

T e [ [ ([ ez [ [

Using this result and denoting Cy = Komax{e,c(e), L}, we obtain the following
inequality:

/ (|Vo(z,0)]* + u?(z, 7)) dedt < Co /T/ (IVo(z, t)]* + u?(z,t)) dedt. (2.4)
Q 0 Jo
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Consider the function ,
w(z,t) = / u(z,n)dn.
Then v(x,t) = w(z,7) — w(x,t), Vv(z,O)O: Vw(z,T), and also
|Vl = Vwx, ) — Vuw(z,t)|* < 2|Vw(z, 7)]* + 2|Vw(z, t)|?,

so we have

/ /|VU\2dacdt§27'/|Vw(a:,7')|2da?+2/ /|Vw|2dxdt.
0o Ja Q 0o Jo

Thus, the inequality (2.4) takes the form

/ (\Vw(x,7‘)|2 + uZ(a:,T)) dx

“ ; (2.5)

< QCOT/ |Vw(x,7)|2dx+200/ / (IVw|® + v?) dz dt.
Q 0o Ja

Because of arbitrariness of 7, let 7 satisfy 2Cy7 < 1. Then it follows from ([2.5)):

(1—2007)/Q(|Vw(x,7')|2—|—u2(x,7')) dx <20 /OT/Q(|Vw|2—|—u2) dx dt. (2.6)

Applying the Gronwall inequality, we conclude that

/ ([Vw(z, 7)> + v (2, 7)) dz <0 V€0, L],
Q 200

whence it follows that

1
u(z,7) =0 Vrelo, ﬁ]

Obtaining the same inequality for the “slices” 7 € [%, ﬁ] to cover the [0, 7],
we ensure that

u(z,7) =0 Vrel0,T].
Thus, the uniqueness is proved.

3. EXISTENCE

To prove the existence, we will apply the Galerkin method. Let wg(x) be a
fundamental system in Wy () such that (wg,w;) 1, () = Ok,i-
We will try to find approximate solutions in the form

k=1
where coefficients d(t) are to be determined, from

/ (ugyw; + VuVw, + cu™wy;) dx
Q

-|-/6le($) AtAK(x,ﬁ,T)um(§7T)d§d7ds :/qu/ldx.

di(0) = ay,  dj(0) = B, (3.3)
where ay, are coefficients of sums ¢™(z) = >_," | ajwy, approximating the function
¢(x) as m — oo with respect to the norm of W3 (), and 8, = (¢, wi) 1,(0)-

(3.2)
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Substituting (3.1) into (3.2)), we obtain

/ rwpw; + dp Vw, Vw, + cdywiw,) do
Q=1

+ /a w / /Q K(z.67) gdm)wk@dwds = (1),

where fi(t) = (f,wi)r,(). Changing the order of summation and integration, we
have

Z d” wk,wl L, T+ dk( )(Vwk,le)L2 —l—dk(t)(cwk,wl),;z))
k=1

+k§_:1/0 (dk(T) /8Q wz(x)/QK(x,g,T)wk(g)dgds) dr = fi(¢t).

Denote, for short,

Y (t) = (Vwy, Vwy) + (cwy, wy); (3.4)
ra(7) = /8 @) /Q K (x, €, 7)wn(€)de ds. (3.5)

and obtain
Zd (t)k1 + di (£) v (t) +/O di (T) kg (7)dT = fi(1). (3.6)

The resulting system of integro—differential equations can be reduced to a system
of differential equations of the third order by differentiating (3.6)) with respect to ¢,

> dl ()0 + di () vk (8) + di(8) (ki (1) + 71 (1)) = £ (2)- (3.7)
k=1
Together with the initial conditions
dg(0) = ag, di,(0) = Bx, d;(0) = fi(0) — arvx(0), (3.8)

we have a Cauchy problem for the system of linear differential equations with
smooth coefficients, that is uniquely solvable.

Thus, for every m there exists a unique u™(z,t), that satisfies , in other
words, the sequence {u™} is defined. We shall investigate it’s convergence. Multiply
by dj(t), sum by ! from 1 to m and, finally, integrate by ¢ from 0 to 7,

/ / (upui® + VuVui* + cu™uy") dx dt
o Jo

* / || t | K smuneonde dndsai
:/OT/qu;”dxdt.

Integration by parts on the left will give us

/ /u?gu;"dxdt:—/ /ut uttdxdt—i—/ (u)? |5 de, (3.9
0o Ja 0 Q
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hence,

2

/ /uttugndxdt /( ¢ (x, ))zdx—l/(um(%o))zdﬂ
Q

/ /VumVu;”d:rdt / /VumVu;”dxdt—ﬁ—/ (Vu™ ) odx,

0 Jo Q

hence,

/ /VumVu;”dxdtzl/ (Vum(x,T))Qdac—l/ (Vu™(z,0))” da;
0 Ja 2 Ja 2 Ja

/ /cumu?dxdt:—/ /cut mdxdt—/ /ct )2dx dt

0 Ja 0 Jo

—|—/Qc(um(:v,t)) odx;

hence,

/m/o ui (@) / /Kxfn ™ (&, n)d€ dn dt ds
BQ/O o “/Kfﬂftu (€,m)d€ dt ds
+/, (“m“ / | K@gmume n)dﬁdn)’ ds
/Q/o o “/Kfﬂft) (&, m)dE dt ds
+/dQ (2,7 /0 /QK:c,fmu (6.m)dE diy ds

Finally, we obtain

QD

1

5 | (@) + 90 (@) + el ) (0 0.7)7) da

=5 | (@00 + 1V @0 + (2.0 (0"(2.0))°) d
/ /ct U dmdt—l—/ /fulndxdt (3.10)
+/0 /mu x,t/QKx,g,tu (€, t)deds dt

_/E)Qum(x,T)/OT/QK(HC7§,n)um(§7n)d§dnds.
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Consider the right-most integral in ). Applying the Cauchy inequality, we have

//m ”/Kfﬂﬁt (€,t)d¢ ds dt
L[ wrenrmasd [ ([ Kee o o) s

next, using an inequality in [0, p.77],

/ Uz(x,t)dsg/ (e|Vv]* + c(e)v?) da (3.11)
09 Q

%/ (e|Vu™ (.t |2—|—c() *)da dt

L L {fownsicon)

+c(e)< QK(x,g,t)um(g,t)d£>2)da: dt.

Thus,
/0 /6 (et [ Kl a6 dedsds
< %/T/ (e|Vu™(z,t)]* + c(e)u®) da dt

0 Q

3| ol [ WK e acdsa

/ [ cternsl [ (e i) deoar

%/ / e|Vu™(x,t)|> + c(e)u )d:cdt+;/OT/QE|Q|K1/Q(um(g,t))ngdxdt
m 2
3| ceris [ i) e

and, finally,

/OT/aQum(x,t)/QK(:zz,f,t)um(f’t)dgdsdt

! (3.12)
1 m|2 2 9
< 5/0 /Q (e Vu™* + (c(e) + €| Q2 Ky + c(€)|Q* Kp)) da dt.

Applying the modified Cauchy inequality to the second integral in (3.10)), we have

/an “//wa, ™ (&, m)dE dipds

<5 [ wrenrase g [ ([0 Kegmanendean) as



8 S. A. BEILIN EJDE-2006/103

Using again the inequality (3.11)),
1 T 9
%/@Q (’U,m(l'yT))Q ds + %/8\9 <‘/0 AK($,€7n)um(£’n)d§dn) ds
< %/ (| Vu™(z, ) + () (u"(z,7))?) dz
Q
! i m 2
wo [ (il [ [ 19K e dear

wreio] [ [ (KGeg)? nen)? s dn) o

Choose € and p so that ep < 1, ec(u) < ¢1. Inequalities (3.12) and (3.13), give us:

[ () + (= )9 @) + (e - ec)a™ (2,7)?) do
< [ (o
/ /fzdxdt—i—/ /03 dmdt+/ /ut )2dx dt

" / / (6|vum|2 + h(f)(um)z) dz dt

+ KT\QF// V2da dt + = |Q|2/ / )2dx dt.

Thus, denoting

(3.13)

+ |Vu™(2,0)]* + co(u™(,0))?) dx

m =min{1,1 — eu,c; —ec(p)},
M = max{c3 + h(e) + %K17'|Q|2 c(f) 7|0}

we obtain the inequality
m / (. 7))? + [V (@, )2+ (w2, 7))?) de
Q
<

[ (@02 + [V @ 0 + (0 (2,0))) da

+M// () + |Vu™* + (u )Q)dxdt—k/oT/Qﬁ(x,t)dxdt.

Applying the Gronwall inequality and integrating on 7 from 0 to 7, we finally obtain

v w2,y < C(T)(HfHLz(Q) + 1ellwao) + H"/)”Lz(ﬂ)) (3.14)

Since || flz,(@), I¢llwz s 1¥]lL,(0) are bounded, the sequence {u™} is bounded in
W3 (Q): [u™lwi@) < D(T); therefore, there exists a weakly converging subse-
quence (we will denote it u" again for simplicity); now we shall show, that its limit
u € W5 (Q) is a desired solution.

To prove this, we multiply by the function h,(t) € W3(0,T), h(T)

= 0’
sum by ! from 1 to m, and integrate on ¢ from 0 to T; denoting n™(x,t) =
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Sy wi(z)hy(t), we obtain

T
/ / (—ui*n* + Vu™Vn™ + cu™n™) dz dt
0o Ja

+/OT /mnm /ot/QK(:C,g,T)um(g,T)dngdsdt

T
:/u?(x,O)nm(m,O)dﬂr;—l—/ /fnmdxdt.
Q 0o Jo

It is no a problem to go to the limit at m — oo in the latter expression but the one

addend . ,
/0 /6977 /O/QK(QL',Q“,T)U (&, 7)dedrds dt. (3.15)

Consider the integral

/oT /69 " /Ot /Q K(z,¢,7) (“m(fv 7) — u(§, 7))d§d7d8 dt.

With the help of the Cauchy-Bunyakovski inequality, we have for the “internal”
integral

/Ot/QK(:c,&T)(um(g,T) _ u(f»T))dde
< (/OT/QKZ(J:,f,T)dEdT>1/2</OT /gz (W™ (¢, 7) _“(faT))Qdde)l/Q

= 1K@ lle™ = ullLa@)-

However, || K||1,q) < |Q|Ko, and [[u™ — u||z,q) — 0 (?!), therefore, we can go to
the limit in (3.15). Hence, the limit function u satisfies (3.2) for every n™(z,t) =
2=y wi(w)hu(t).

Denote N, a set of the functions of the form n™ (z,t) = >, wi(z)hy(t), hi(t) €
W3(0,T),hy(T) = 0. While |J;~_, Ny, is dense in W(Q), then (3.2) holds true for
every function from W (Q). This proves that u(z,t) is a generalized solution of
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