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NON-HOMOGENEOUS PROBLEM FOR FRACTIONAL
LAPLACIAN INVOLVING CRITICAL SOBOLEV EXPONENT
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ABSTRACT. In this article, we study the existence of positive solutions for the
nonhomogeneous fractional equation involving critical Sobolev exponent

(=AYu+ A u=uP 4+ pf(z), uw>0 in§,
=0, inRV\Q,

where Q C RY is a smooth bounded domain, N > 1, 0 < 2s < min{N, 2}, A
and p > 0 are two parameters, p = %f%z and f € C%*(Q), where a € (0,1).
f>0and f # 0in Q. For some A and N, by the barrier method and mountain
pass lemma, we prove that there exists 0 < f := fi(s,u, N) < +oo such that
there are exactly two positive solutions if u € (0, ) and no positive solutions
for p > fi. Moreover, if u = fi, there is a unique solution (f;ug), which means
that (&; uz) is a turning point for the above problem. Furthermore, in case
A > 0and N > 6sif Qis aball in RV and f satisfies some additional conditions,
then a uniqueness existence result is obtained for g > 0 small enough.

1. INTRODUCTION AND MAIN RESULTS

In this article, we focus our attention on the non-homogeneous fractional prob-
lems. To be more precise, we consider the existence of multiple positive solutions
for the following nonlinear elliptic equations involving the fractional Laplacian

(=AY u+du=uP +puf(z), w>0 inQ,

1.1
u=0 in RVM\Q, (L.1)

where s € (0,1) is fixed, @ C R" is a smooth bounded domain, A\ and p > 0 are

two parameters, p = 2} — 1 where 2} = Nzi\gs is the fractional critical Sobolev
exponent. Moreover, f(z) is a non-homogeneous perturbation satisfying following

assumption:
(A1) f € C%¥(Q), where a € (0,1). f >0 and f #0 in .

The fractional Laplacian (—A)® is a classical linear integro-differential operator
of order 2s which gives the standard Laplacian when s = 1.
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A range of powers of particular interest is s € (0, 1) and we can write the operator
as
; u(z) — u(y) N N
—A)? =CpnP.V. —————2dy, e RY, e S(RY), 1.2
(-ayu@) = . [ gy, s ueS®RY), (1)
where P.V. is the principal value, Cy s is a normalization constant and S(RY) is
the Schwartz space of rapidly decaying C> functions in RY. For an elementary
introduction to the fractional Laplacian and fractional Sobolev spaces we refer the
readers to [I5] 20].
The motivation to study problem (I.1)) comes from the nonlinear fractional
Schrodinger equation

(=Au+V(z)u= f(z,u), =RV, (1.3)

Solutions of (1.3)) are standing wave solutions of the fractional Schrodinger equation
of the form
o

IS = (CAPU V(@)Y — (o), RN, (149

that is solutions of the form 9 (z,t) = e~ *Fu(x), where E is a constant, u(z) is a
solution of . The fractional Schréodinger equation is a fundamental equation
in fractional quantum mechanics. It was discovered by Laskin ([I8 [19]) as a re-
sult of extending the Feynman path integral, from the Brownian-like to Lévy-like
quantum mechanical paths, where the Feynman path integral leads to the classical
Schrédinger equation, and the path integral Lévy trajectories leads to the frac-
tional Schrdinger equation. Different to the classical Laplacian operator, the usual
analysis tools for elliptic PDEs can not be directly applied to since (—A)*®
is a nonlocal operator. In the remarkable work of Caffarelli-Silvestre [7], the au-
thors expressed the nonlocal operator (—A)® as a Dirichlet-Neumann map for a
certain elliptic boundary value problem with local differential operators defined on
the upper half space.

Since then, problems with the fractional Laplacian have been extensively studied,
especially on the existence and nonexistence of positive solutions, multiple solutions,
ground states and regularity, see for example, [Il [l [6] [7, [0} 12} 22} 26] 27, 28, 29,
30, 32, B6] and the references therein. In particular, by using definition , the
Brézis-Nirenberg type problem was discussed in [I, 28]. On the other hand, by
adapting the s-harmonic extension introduced by Caffarelli and Silvestre [7], Cabré
and Tan [5] and Tan [32] investigated the Brézis-Nirenberg type problem for the
special case s = 1. For the general case 0 < s < 1, Colorado et al. in [1] studied the
concave-convex elliptic problem involving the fractional Laplacian. For the related
results about the nonhomogeneous fractional Laplacian equations, for example, we
refer to [25] 24] [35] [34] and the references therein.

In the local case that s =1, reduce to the equation

—Au+ u=u> "+ puf(zr), u>0 inQ,

1.5
u=0 on 90f. (15)

By using variational methods, the existence of multiple positive solutions and
nonexistence results for classical non-homogeneous elliptic equation like have
been studied, see [8, 9], 14, 2T] and the references therein. Naito and Sato [2I] con-
sidered the problem on the bounded domains. By using variational methods
and Pohozaev identity, the authors investigate the multiplicity of positive solutions
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to the problem and find the phenomenon depending on the space dimension N.
Precisely, they showed that the situation is drastically different between the cases
N =3,4,5and N >6if u > 0.

It is nature to ask whether we can find multiple positive solutions of if we
replace the Laplacian operator —A by the fractional Laplacian operator (—A)*?
As far as we know such a problem was not considered before. Firstly, Since (1.1))
has no trivial solutions, it presents specific mathematical difficulties. Secondly,
as we mention above, the fractional Laplacian operator (—A)?® is nonlocal, and
this brings some essential difference with the elliptic equations with the classical
Laplacian operator, such as regularity, maximum principle, Pohozaev identity and
SO on.

Before presenting our main results, we first give some notation. Let A; be the first
eigenvalue of the non-local operator (—A)® with homogeneous Dirichlet condition
on Q (see [28]). We denote by H®(RY) the usual fractional Sobolev space endowed
with the so-called Gagliardo norm

l9(z) — g(y)[? 1/2
ol = Nl + ([ S E asan) ", (16)
and X§(Q) is the function space defined as
X3Q) ={ue H'RY):u=0 ae. in RN\Q}. (1.7)

We refer to [28, [29] for a general definition of X§(€2) and its properties and to [15]
for an account of the properties of H*(RY). In X§(£2) we can consider the norm

[v(z) —v(y)[* 12
HU”Xg(Q) = (/RNX]RN o — gV 2s dxdy) .

The pair (X§(€2), || xs()) yields a Hilbert space (see for instance [15]) with scalar
product

(1,0) x5y = (/RNXRN (u(z) —u(y)(v(z) o)) , dy)l/? (1.8)

|1. _ y|N+25

We also consider another norm in X§(2),

u(z) — u(y)|? / 2, \"/?
= ) 2T dady + A dz) . 1.9
= ([, B dedy i [ s (19)
IfA> =Aq, || |lx is equivalent with || - || x5 (), see [I5] for more details.
Observe that by [I5], if u,v € X§(£2), then
/ v(—=A)udr = / (—A)*Pu(=A)*Pode = (u,v) x30)- (1.10)
Q RN

This leads us to define the solutions to our problem (|1.1) in a variational framework.
In this paper, we also suppose that f € (X§(Q))’, where (X5(€))" denote the dual
space of X ().

Definition 1.1. We say that u € X§(€) is a positive solution of (L.1) if u > 0 a.e.
in Q such that

(u(a) — u(9) (p(2) ~ o(y)
I e IR (1.1)

:/upgodx—l—,u/fcpdx
Q Q
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for every ¢ € X§(2).
Definition 1.2. For any fixed p > 0, we say that u,, is a positive minimal solution
of (L.1)) if u, satisfies 0 < u,, < wuy, in 2 for any positive solution u,, of (L.1).

In our context, the fractional Sobolev constant is given by

N,s) = inf s , 1.12
SWV.s) = ok Qua(v) >0 (112)

where [o(z)—v(y)|?
’ (Jrn [v()[?3d)?/2
is the associated Rayleigh quotient. The constant S(N,s) is well defined and in-

dependent of the domain (see for instance [I]). By [13], S(N,s) is attained by a
family of functions

v e H*(RY)

E(N—2$)/2
ue() = (J|? + 2)(N=29)/27 £>0, (1.13)
that is
oo 12 |ue(2) — uc(y)? 2
1=2)"2ue [ ey = /RNW T gy = SN, 8)uellza).
(1.14)

The main goal of this paper is to exhibit the existence and nonexistence results
for (|1.1)) with more general nonlinear term f under some weaker assumptions. Our
main results are as follows:

Theorem 1.3. Let (A1) hold and A > —A1. Then, there exists i € (0,+00) such
that
(i) 40 < p < fi, the problem has a positive minimal solution u, € X(£2).
Furthermore, w,, is increasing in y for p € (0, 1), and u, — 0 in X§(Q) as
pw—0;
(ii) of p = @, the problem (1.1)) has a unique positive solution in X§(2);
(iii) of p > i, the problem has no positive solution in X§(2).
Remark 1.4. There is no positive solution of if A < —Aq. In fact, assume
to the contrary that there exists a positive solution u of with A < —)\q. Let
1 be the eigenfunction corresponding to the first eigenvalue A\; with ¢ > 0 in Q.
Then, we have

L

O:/ (fA)S/Qu(fA)S/%oldxf)\l/ugoldx
RN Q

2/ (—A)S/Qu(—A)S/chldm—l—)\/ucpldx
RN Q

= /(upwl + pfer)dz > 0.
Q

This is a contradiction.

Theorem indicates that equation has a minimal solution u, € X7(€2)
for 0 < u < 1, unique positive solution for p = fi, and has no solution for p > f.
A natural questions is whether there are more solutions for some 0 < p < [, or
analogous to Theorem [I.3] the uniqueness result hold for some special . Our main
results in this direction can be stated as follows.
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Theorem 1.5. Assume (Al) holds. Then
(i) if0 < p<f, has a second positive solution u, € Xg§(2) satisfies
uy > w, in Q for A € (=A1,0] and N > 2s; or A >0 and 2s < N < 6s.
Moreover, (fi;ug) is a bifurcation point for problem ;
(i) there exists p* = p*(N\) € (0,fn) such that has a second positive so-
lution u,, € X§(2) satisfies u, > w, for every p* < p < g if X > 0,
N > 6s.

Theorem 1.6. Assume (A1) holds, A > 0, and N > 6s. Q= {x € RY : |z| < R}
with some R > 0, and let f = f(|z|) be radially symmetric about the origin and
f(r) is decreasing in v € [0, R]. Then, there exists u. € (0, u*) such that has
a unique positive solution w,, for pi € (0, fu.].

By Theorems[I.5]and[1.6] it is obviously that the existence of the second solution
depend on A and the space dimension N. To prove Theorems and we
consider the auxiliary equation

(AYv+ o= (4w, —u, nQ ve X)Q) (1.15)

Uy,
by classical Mountain-Pass Lemma and variational methods.

The rest of this article is organized as follows. In Section [2| we first present
variational framework to deal with problem , Then we show the existence of
positive minimal solutions to and prove Theorem In Section by studying
the auxiliary equation , we give the proof of Theorem At last, in Section
[ we prove Theorem [I.6

2. EXISTENCE AND PROPERTIES OF MINIMAL SOLUTIONS

In this section, we show the existence of positive minimal solutions to (|1.1)) and
present some properties of the solutions which will be used in the sequel. Now we
give a Maximum Principle which will be used frequently in our text.

Proposition 2.1 (Maximum principle). If (A1) holds, u > 0 is a solution of (L.1)),
then either w =0 in Q or u is strictly positive in €.

Proof. Let k(x,u) = —Autu? 14 pf, then there exists C' > 0 which is independent
with u such that |k(z,u)| < C(1 + [u*~1]). Then by [I, Proposition 2.2], we have
u € L*™(). Moreover, similar as the proof of [30, Proposition 2.1.9], we deduce
that u € C%7(Q) for any 0 < v < 2s5if 25 < 1, or u € CH7(Q) for any 0 < v < 2s—1
if 25 > 1.
We will discuss this problem into following two cases.

Case 1: —A; < A < 0. In this case, we will get (—A)*u > 0. Then by [30,
Proposition 2.1.7], we have u > 0.

Case 2: A\ > 0. Since u > 0 is a solution of (1.1f), for any ¢ > 0 and ¢ € X§(£),

we have
(u(z) —u(y))(e(@) — ¢(y))
Loer ot drdy e [ ue

:/ 2:*1g0d:z:+u/fg0dx20.
Q Q

Then w is a super-solution of

(=A*u=—-du+u*" 4 puf inQ




6 K. CHENG, L. WANG EJDE-2017/304

u € X;5(9).
Thus by [23, Theorem 1.2], we conclude that u > 0 in €. O
Taking into account that we are looking for positive solutions for problem (|1.1)),
we will consider the Dirichlet problem
(—A)’u~+ du= (uy)? + pf(z) in Q,
N (2.1)
u=0 in RY\Q,

where u; := max{u,0}. The crucial observation here is that, by Proposition
if u is a solution of (2.1) then w is strictly positive in 2 and, therefore, it is also a

solution of (1.1).
The energy functional related to the problem (2.1)) is given by

]. — 2 )\ 1
Iy u(u) = */ M dx dy + 7/ wlde — —— [ (uy)PTda
7 2 Jry gy |r —y|NE2S 2 Jq p+1Jg

— M/qudx.

The functional I ,, is well-defined for every u € X§(2) and belongs to C! (X§(2), R).
Moreover, for any u, p € X§(£2), we have

(I (), ) = / (u(z) — u(y)) (¢(z) — ¢(y))

RN xRN |z — y|N+2s

dx dy

+ A | wedxr — / (ug)Podr — ,u/ fodz.
Q Q Q
Clearly, critical points of I , are the weak solutions for the problem (L.1)).

Lemma 2.2. Assume that (Al) holds. There exists pg > 0 such that, for p €
(0, po], the has a positive solution u, € X§(Q2) satisfying |uullxz@ — 0 as
w — 0. Furthermore, has a unique positive solution u, in a neighborhood of
the origin in X§() for u > 0 small enough.

Proof. Define @ : [0, +00) x X§(2) — (X§(2))" by

Dty u) = (~A)ut du— (us)? — uf. (2.3)
Then @ is a continuous operator, and for w € X§(2), we have
®(py u)w = (—A)*w + Aw — pluy )P w. (2.4)

In particular, ®,(0,0)w = (—=A)w + Aw. It is clear that ®,(0,0) : X§(2) —
(X§(Q)) is invertible for A > —A;. Then, by the implicit function theorem, there
exists a function u, € X§(€) for u € (0, o] with some py > 0 such that ®(p,u,) =
0 and [u,llxs@) — 0as u — 0. Furthermore, there is no other solution of ®(u, u) =
0 in a neighborhood of the origin in X§(£2) for u > 0 sufficiently small. Then, u,
solves the problem

(=A)°u+ = (up)?P +pf inQ
for each p € (0, o] and the local uniqueness of the solution holds. By Proposition

we obtain u, > 0 in Q. Thus, (L.1) has a unique positive solution w, in a
neighborhood of the origin in X§(€?) for p > 0 sufficiently small. |
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Lemma 2.3. Assume that there exists a positive function 4 € X§(Q) satisfying
(=AY a4+t >aP +4of inQ (2.5)
for some i > 0. Then, for any u € (0, fi], there exists a positive solution u € X§(Q)

of (1.1) satisfying 0 < w(z) < a(x) for x € Q. Furthermore, for any positive
solution @ € X§(Q) of (1.1)), the solution u satisfies u(x) < u(x) for x € .

Proof. Let u € (0, i], and put ug = 0. Inductively, we can define {u,, }, by a solution
of the problem

(_A)Sun + Ay, = (un—l)p +uf, un€ XS(Q)
for n =1,2,.... Furthermore, {u, } satisfies
0<ui(z) <ug(z) <---<ifx), forze. (2.6)

In fact, it is clear that u; € X§(2) and 0 < uy < @ in by Proposition Then,
it follows that u? € L®TV(Q) ¢ (X§(Q))’, where (p + 1)) = 2N /(N + 2s) is the
conjugate exponent of p+1 = 2N /(N —2s). By induction, we obtain u, € X§(£2)
and up_1 < u, < 4 in Q for each n =1,2,.... Thus, holds.

By the definition of u,, it follows that

/RN(—A)sﬂun(—A)sﬂwdx—l—)\/Qunwdx:/Quﬁ_lwdx—&—u/gfwdx (2.7)

for any ¢ € X§(Q). Putting ¢ = u,, we obtain

/ |(—A)S/2un|2dx+)\/uidx:/uﬁflundx—i—u/fundm
RN Q Q Q
S/ﬂp+1dx+u/fﬁdx
Q Q

Thus, {u,} is bounded in X§(€2). Hence, there exist a subsequence, denoted again
{un}, and v € X3(Q) satisfying, as n — 00, u, — u in X3(Q) weakly, u,, — u in
L?(2) strongly, and u,, — u a.e. in . By the monotone convergence theorem, we
have

/uﬁ71¢dx — / uPpdr  as n — oo.
Q Q
Then, letting n — oo in (2.7]), we obtain

/RN(—A)S/%(—A)S/QWHA/Quzpdm:/Qu%dwru/gfwdx (2.8)

for any ¢ € X§(€). This implies that u € X§(Q) is a solution to (L.1)). From (2.6),
we have 0 < u < @ in Q.

Let @ € X§() be a positive solution of (L.I)). Then, @ > ug = 0, and @ > u,,
for each n =1,2,..., by induction. Thus, we obtain @ > u in Q. O

For each p > 0, define the solution set S, by
S, = {u e X§() : uis a positive solution of (L.I))}.
Lemma 2.2 implies that S,, # () for sufficient small 4 > 0.

Lemma 2.4. Let (Al) hold.

(i) Assume that S, # 0 for some po > 0. Then, S, # 0 for all p € (0, po).
(ii) If Sy # 0, then there exists a minimal solution w, € S,,.
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(ili) Assume that u, € S, and uy € Sy are minimal solutions with 0 < p < fi.
Then, u, < ug in .

(iv) Let u, be the solution of (1.1) obtained in Lemma and let u, € S, be
the minimal solution. Then, u, = w, for u >0 sufficiently small.

Proof. (i) Let p € (0, o) and ug € S,,,. Applying Lemma and Lemmanvvlth
@ = up and i = pg, we obtain a positive solution v € X§(€2) of . This implies
that S, # 0 for all p € (0, p10)-

(ii) Assume that u € S,. Applying Lemma with & = v and & = p, there
exists u,, € 5, such that u, < wu in (2. By the latter part of Lemma u,, is the
minimal solution of S,.

(iii) Applying Lemma 3| with @ = wug, we deduce that u,
z = u; —u, > 0. Then, zsatlsﬁes(—A)z+)\z2( w)f >
Proposition we obtain z > 0 in 2, that is, u; > u, in €.

(iv) Since u,, € S, is the minimal solution, we have u,, < u, in 2. Note that the

solution of (L.1)) satisfies (2.8) for any ¢ € X5(€2). Putting u = ¢ = u, in ,

we have

< u, in Q. Put
0, # 0 in Q. By

1% = o 55 + o | Fude < luulbih +p | fupde.
Q Q
By the Sobolev inequality, we obtain
1
|13 < OHUH”Z))(_E(Q) + ol fll g el xs )

with some constant C' > 0. Since || - || is equivalent with [ - ||xz (), Lemma
implies that [u,||xs) — 0 as g — 0. By the local uniqueness of the solution
u,, in a neighborhood of the origin in X§(£2), we obtain v, = u,, for p sufficiently
small. g

Next, let us consider the eigenvalue problem
(=A)°¢ + Ao = Ka(z)o, ¢ € X5(), (2.9)

where A € R, a(z) € LV/?5(Q), and a(x) > 0 in Q. We assume that A > —\;, where
A1 is the first eigenvalue of (—A)® with zero Dirichlet boundary condition on Q. In
order to find the first eigenvalue of (2.9, we consider the following minimization
problem

. Jan 1(= 3/2¢|2dx+)\f P2 da
K1 = inf 5
$EXF()\{0} Jo a(@)P?dx
Lemma 2.5. Let (A1) hold. The infimum k1 in (2.10) is positive and achieved by

some ¢1 € X3(Q) with ¢1 > 0 in Q. In particular, (k1,$1) is the first eigenvalue
and the first eigenfunction to the problem (2.9)).

Proof. Let {t¢,} C X§(92) be a minimizing sequence of (2.10) satisfying

/ a(z)2dr =1, / (=AY 24, |2da + )\/ Y2dr — k1 as n — oo.
Q RN Q

Since {1y, } is bounded in X§ (), there exists a subsequence, still denoted by {¢},
and a function ¢; € X§(2) such that, as n — oo, ¥, — ¢1 weakly in X§(£),
tp — ¢ strongly in L?(Q), ¥, — ¢1 a.e. in Q. Then, it follows that

k1 = liminf |(—A)S/2wn\2dx+/\/¢idxz/ |(—A)S/2¢1|2dx+x/¢§dx.
Q RN Q

n—oo  JpN

(2.10)
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Since a(x) € LN/?5(Q), {12} is bounded in LY/(N=25)(Q), we obtain

/ a(x)Y2de — / a(x)p?dr =1 asn — oo.
Q )

Hence, ¢ # 0 achieves the infimum x; > 0. Clearly, |¢1]| also achieves k1, since

+ _ 4+ o — = 2
”QSngfS(Q) _ /RNXRN |(¢7 () — ¢/ (i/)z y|1(v¢132£x) o1 (v))] dx dy
S IR C B ECHE R
= |||¢1|||§<g(9)-

Then, we assume that ¢; > 0 a.e. in . Note that ¢; satisfies
(—A)°d1 + A1 = Kia(x)pr  in Q.
Thus, ¢1 > 0 in © by Proposition [2.1 O

Define gy by the unique solution of the problem
(=A)°go + Ago = f in Omega, go € X;(Q). (2.11)
By Proposition 2.1} we find that gg > 01in Q. Let us consider the eigenvalue problem
(~A)"6+ A = K(go) ¢ in Q, 6 € X3(Q). (2.12)

since go € X§(Q) € L2N/N=25(Q), we have (go)?~! € LV/?5(Q). By Lemma
there exist the first eigenvalue k1 > 0 and the corresponding eigenfunction ¢; > 0
in Q.

Proof of Theorem[1.3 (i) and (iii). Put fi = sup{u > 0: S, # 0}. By Lemma [2.2]
implies that g > 0. Now we show that i < co. Let x> 0 such that S, # 0, and
let w € S,. Put v = u — pugo, where gg is the solution of . then, v satisfies
(=A)*v + Av = uP > 0 in Q. By Proposition we have v > 0 in €, and hence,
u > p1go. Then, it follows that

(=A)*u+ Au > P~ go)? 'u in Q. (2.13)

Let ¢1 > 0 be the eigenfunction corresponding to the first eigenvalue k1 to the

problem ; that is,
(=A)°¢1 + Ap1 = k1 (go)’ o1 in Q. (2.14)

Multiply (2.13) by ¢1 and (2.14) by u, respectively, and integrating them on 0, we
have

p—1 p—1 CANS/2,( ANS/2
W /Q(go) uprdr < /RN( A2y (—A) ¢1d$+)\/9u¢1dm
Zlﬂ/Q(go)p_lu¢1dl‘.

Then p < ni/pﬂ if S, # 0, and hence i < /f}/ZF1 < 400.
By the definition of f, (1.1]) has no positive solution for p > fi, so (iii) of Theorem
holds. From Lemma we obtain (i) of Theorem [1.3 O
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For p € (0, 1), let u,, be the minimal solution of (L.1)) obtained in Theorem |1.3
We consider the following linearized eigenvalue problem
(—A)°¢+ Ao = rp(w, )’ "¢ inQ, ¢ X5(Q). (2.15)
Since u,, € X§(2) C L2N/N=25(Q)), we have (w, )P~ ' e LN/25(Q). By Lemma
there exists the first eigenvalue %1 () > 0 of the problem (2.15)), and it holds

/ (A 2gPdr+ A [ 2de > ri () / plu,)’" e (2.16)
RN Q Q

for any ¢ € X§(Q2).
To show the existence and uniqueness of solution for (1.1) with u = f, we need
the following lemmas.

Lemma 2.6. If i € (0,), then £1(p) > 1.

Proof. For 0 < p < fi < f, let u,, and u; be the minimal solution of S, and Sg,
respectively. Put z = u; —u,. We find that z > 0 from Lemma iii), and that
z satisfies

(=AY z+ Az > p(g#)pflz in €. (2.17)
Let ¢1 > 0 be the eigenfunction corresponding to the first eigenvalue x1 (1) to the

problem ([2.15)), that is,
(=A)°¢1 + Ap1 = k1 (w)p(w, )P~ '¢1 in Q. (2.18)

Multiplying (2.17) and (2.18]) by ¢; and z, respectively, and integrating them on
Q, we obtain

1) [ ol orde = [ (A)on (- e+ A [ rado
>/Qp(gu)p’1¢>1zd:n.

This implies that 1 (p) > 1. O

Lemma 2.7. For pi € (0,f1), let w, be the minimal solution of (L.1)) obtained in
Theorem [1.3.  Then, there exists a constant M > 0 independent of p such that

||Qu||X5(Q) < M fO’f’ all ne (Oaia)
Proof. Put v, = u, — pgo, where go is the solution of problem . Then,
v, € X§(Q) and satisfies (—A)*v, + Av, = (v, + pgo)? in Q; that is,
/ (—A)s/2vu(—A)s/2wdm + )\/ vpdr = /(Uu + pgo)Pypdx
RN Q Q

for any ¢ € X§(2). Putting ¢ = v, we have

a2 = /Q (0 + go)Pv,d.

Since || - [|x is equivalent with || - ||xs(q), it suffices to show that there exists a
constant M’ > 0 independent of y such that |lv,|[x < M’ for p € (0, i1).
For any € > 0, there exists a constant C' = C(¢) > 0 such that

(t+s)P < (1+e)(t+s)P't+Cs? fort, s>0.
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Then, we have
ol < (1 +2) [ (P tedo+ Cur [ (go)Pvade
Q Q
From (2.16) and Lemma [2.6] it follows that
_ 1
[ oidn < o,

Q p

By using Hoélder and Sobolev inequalities, we obtain
/Q(go)”vudx < llgollppssllvpllzesr < Cligoll 7o vl xge) < C”llgollgpss llvpllx

with some constant C', C’ > 0. Then, it follows that
(1+4¢)

lvulli < lvul3 + AC g0l o1 1ol x-
This implies that [|v,[|x is bounded for p € (0, ), and hence ||lv,[|xs(q) is bounded
for € (0, ). O

Lemma 2.8. For yi = fi, the problem (1.1 has a positive minimal solution u, €

X5(€2), and there hold u,, < u in Q for p < i and u, — u; a.e. inQ as p 1 fi.

Proof. Let {u,} be sequence such that p,, < pp41 and p, — i as n — oo. Since u,
L <u in . Lemma

is increasing in p € (0, i) by Lemma (iii), we have u,, —

implies that {u, } is bounded in X§(2). Then, there exists a positive function
u € X§(Q) such that, as n — oo, u, — u weakly in X§(Q), u, — u strongly in
L?(2). and u,, — U a.e. in Q. We note here that u, satisfies

fin

/RN(—A)s/zgun(fA)s/2¢dx+)\/Qgﬂnwdx:/Qgﬁndzd:z:+pn/ﬂfwdx (2.19)

for any ¢ € X§(€2), and that u satisfies

[ ide < fall o < .
Q

Letting n — oo in (2.19)), by the monotone convergence theorem, we obtain
/ (=AY 2a(=A)*2pdx + X\ | wpde = / aPrpdr + i | fipde
RN Q Q Q

Thus, @ € X{(2) is a positive solution of (L.1)); i.e., @ € Sz. From Lemma
(ii), there exists a minimal solution u; € S; Then, u; < u. We will verify that
u; = 4. In fact, from Lemma (iii), we have u,, <u;inQforn=12....
It follows that @ < w, and hence u; = u. Since y, is increasing in p € (0, 1), we

have u, <wuy, in Qfor p <pand u, — uy ae inQaspl p. O

Denote by k1(f2), the first eigenvalue of the linearized problem (2.15) with p = f.
By Lemma the first eigenvalue k1 (f1) is given by

o Jan G824 A f e
YEXG()\{0} Joplug)P~1¢%dx '
Since u,, < u; by Lemma we have k1(u) > k1(i) for p € (0, ).

k(i) = (2.20)
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Lemma 2.9. Assume that the problem (2.9) has the first eigenvalue k1 > 1. Then,
for any f € (X§(2))', the problem

(=AY ’u+ du=alx)u+ f, inQ. (2.21)
has a unique solution in X§(Q).

Proof. Define I¢(u), for v € X§(Q), by

1 1
If(u) = 3 /]RN [(—A)*2u)?dx + %/Qqux - 5~/9a(x)u2dx - /qudx.

From ([2.10)), it follows that

/ \(—A)‘9/2w|2dx+)\/ Vidr > Hl/ a(x)y?dr (2.22)
RN Q Q
for any ¢ € X§(€2). Then, we have
11 )
Iy(u) = (5 - %)HUHA — I fllexz @y lullxs 9
Since || - |5 is equivalent with || - [|xs(q), we obtain Iy(u) — oo as [Julx — oo.

Thus, Iy is coercive and bounded from below in X§(£2). Since Iy is weakly lower
semicontinuous on X§(£2), there exists u € X§(£2) which attains the infimum, and
hence has a solution in X§(€2). To show the uniqueness of the solution of
, it suffices to show that has only trivial solution when f = 0. Assume
to the contrary that there exists a non-trivial solution u € X§(€). Then, from

(2.21)) we have

/a(z)qum:/ |(—A)S/2u|2da:—|—)\/u2dx2m/a(m)qux.
o RN Q Q

This contradicts 1 > 1. Thus, (2.21)) has a unique solution in X§ (). O
Lemma 2.10. We have k1(p) — k1(i) as p 1T and k1 () = 1.
Proof. First, we will show that r1(1) — k1(fi) as p T fi. By Lemma [2.5] we find
that
—A)2Y2dx + A [, v%d
k1(p) = inf oo I id e Jov7de
YEX5(V\{0} pr Jp-l2d
_ Jen [(=8)20 Pda + fQ ¢2da:
fﬂp P1p2dx ’

where ¢ is the eigenfunction corresponding to the first eigenvalue k1 (). Let {pn}

be a sequence such that p, < ppy1 and g, — & as n — oco. By the monotone
convergence theorem, we have

[ 7 otdn = [ gt

as n — oo. Then, for any € > 0, there exists § > 0 such that, if 0 < it — p <  then

I]RN |(*A)S/2¢1|2d;€ + A fQ ¢%d£€ fRN - S/2¢1|2d93 + A fQ ¢2dl‘ >0
fﬂp(y#)p*1¢%dx pr )Plotda
Put
Jaw [(=8)*"2¢1dw + A [ gtz

~(M) fgp 7# p 1(b%dﬂ;‘
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It follows from the above inequality that 0 < &(u) — k1(j1) < €. Since k(i) <
k1(p) < R(u), we have
0 < rr(p) —ma(p) <R(p) —ri(p) <e f0<p—p<é.

This implies that 1 (u) — 1 (@) as p T @ Since k1(u) > 1 for p € (0, i) by Lemma
we have x1(f1) > 1. Finally, we will show k(i) = 1. Assume to the contrary
that r1(f1) > 1. Define @ : (0,00) x X§(€) — (X§5(Q))" by [2.3). For u € X§(),
we have , and, in particular,

Oy (f1, up)w = (—A)*w + Mw — plug )’ w.
By Lemma for every f € (X3(£2))’, there exists a unique solution w € X§(€2)
of (i, uyz)w = f; that is, @, : X5(Q) — (X5(2))" is invertible at (i, u;). Then,
by the implicit function theorem, there exist € > 0 such that ®(u,u) = 0 has a
solution w, € X§(Q) for p € (i — e, a+¢€). From Lemma we obtain a positive

solution w, of (L.1) for p € (& — ¢, + ¢€). This contradicts the definition of f.
Thus, we obtain x1 (1) = 1. O

Proof of Theorem (ii). Let u; € Sp be the minimal solution obtained in Lemma
we will show the uniqueness of u; € Sy. Assume u € S, and put 2z = u — ;.
Since u- is the minimal solution, z satisfies z > 0 and

m

(=A)'z+ Az =uP — (u)P in Q. (2.23)

Let ¢1 € X§5(€) be the first eigenfunction of the linearized problem of (2.15)) with
p = fi. Since k1(f) = 1 from Lemma we have

(—A)°¢1 + Ad1 = p(uy)P g1 in Q. (2.24)

Multiplying (2.23) and (2.24) by ¢1 and z, respectively, and integrating them on
Q, we have

[ —ayordo = [ (-8)201(-8)"xdo 42 [ Grss
Q RN Q
:p/g(ﬂﬁ)pfl(u—u )1

Hence, it follows that
/ F(u,ug)prdr =0
Q

where F(o,7) = o? — 77 — pr?~Y(0 — 7). We note here that, for ¢ > 7 > 0,
F(o,7) > 0 and F(o,7) = 0 holds if and only if 0 = 7. Then, from ¢; > 0, we

conclude that F'(u,u,) = 0 a.e. in Q, and hence u = u,, a.e. in Q. Thus, Theorem

1.3((ii) is obtained. O

3. EXISTENCE OF THE SECOND SOLUTION: PROOF OF THEOREM

Let w, be the minimal solution of (L) for x € (0, ) obtained in Theorem [I.3] -
To find a second solution of | .7 we introduce the problem

(—A)'v+ = (v+u,) —ub inQ, ve X;(Q). (3.1)

Assume that (3.1) has a positive solution v, and put @, = v + u,. Then,
u, € X5(Q) solves (L.1) and satisfies @, > u, in Q. We will show the existence
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of solutions of (3.1) by using Mountain-Pass Lemma. To this end, we define the
corresponding variational functional of (3.1) by

Iy, (v) = 1/ [(=A)* 20| dx + i/ v2dx f/ G(v,u,)dz, (3.2)
’ 2 Jry 2 Jao Q !
for v € X§(Q2), where
1
- p+1 _ p+1 _ . p
G(o,7) : +1(U+—&-7') p+17' TPo,. (3.3)

Obviously, Iy, : X5(Q) — R is CY; If v € X§(Q) is a critical point, then v satisfies

5/2 5/2
/]RN( A) (0 +/ Av) — / )dr =0 (3.4)
for any ¢ € X§(€2), where

g(o,7) = (o +7)P — 7P, (3.5)

By Proposition we have v > 0, and hence v is a positive solution to (3.1)).

The following lemma gives the properties of the functions G(o, 1), g(o, 7) defined
in (3.3)) and (3.5)). For a proof we refer the reader to [2I, Appendix B.1], so we omit
it here.

Lemma 3.1. (i) There exists a constant C = C(p) > 0 such that
glo,7) < C(o? + 7P a) foro, 7 >0.
(ii) For o,7 >0,

—_

ot < G(o,7) < =g(o,7)0.

[\

p+1
(ili) For any e > 0, there is a constant C = C(e) > 0 such that

G(o, 1) — ng_102 <erP lo? + CoP™ for o, > 0.
(iv) Put ¢, = min{l,p —1}. Then,
g(o, 7)o — (24 ¢p)G(o,T) > —%TPAUZ for o,7 > 0.
(v) If N > 6s, that is 1 < p < 2, then
p(p—1) p—1_2

(p+1)G(o,7) —g(o, 7)o < — 5 To foro,m>0.
To use Mountain-Pass Lemma to find critical point of I u, we first define
1
H(o,7) 1= Glo,7) = = (o) and h(o,) = g(o) = (92", (3:6)

and the following two lemmas show the properties of H (o, 7) and h(o, 7), the reader
can refer |21, Appendix B.2] for the proof.

Lemma 3.2. (i) There exists a constant C > 0 such that, for s,t >0,
H(o,7) < C(oP7 + 7P0),
h(o, 7)o < C(oP1 + 7P0).
(i1) For og > 0 and 79 > 0, there is a constant C = C(0g,79) > 0 such that
H(o,7) > Co? foro >0y, 7210
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(i4i) Let N > 6s, that is 1 <p < 2. Fore >0,
1_
%T”*l(ﬁ + ZT;:UPH foro,m>0.

Lemma 3.3. Let {v,} be a sequence which is bounded in X§(2). Assume that
Uy, — U a.e. in ) asn — oo for some v € X§(Q2). Then, as n — oo, we have

/an, Nd:c—>/H (3.7)

/ h(vn, w, )vndz — / vdz, (3.8)
and, for any ¢ € X§(Q),

/Q (0,10, oz — / . (3.9)

Now, we can verify that the functional I, exhibits the Mountain-Pass Geome-
try.

12)7'” g2 — H(o,7) <

Lemma 3.4. Let pu € (0, /1), then the functional I\, ezhibits the Mountain-Pass
Geometry, i.e. the functional I, satisfies

(1) I)x,u(o) =0;
(ii) There exist some positive constant 6 = () > 0 and p = p(u) > 0, such
that Iy ,(u) > p >0 for all w € X§ () with lull x5 (@) = d;
(iii) For anyv € X§(Q) withv > 0, v # 0, we have I, ,(tv) — —oc ast — +00.
Proof. (i) That I, ,(0) = 0 is trivial.
(ii) For any u € X§(£2), we have

_ 1 A
Iu(u) = i/sz [(=A)% 2u|?dx + 5/Slu2da:f/QG(u,uu)dx

1 A D _
— (= A s/2,,12 7/ 2 _/ P p—1,2
(2/RN|( ) 2l dx—|—2 Qu dx 92(gp) udm)
p _
- /Q(G(uv u,) — §(ﬂu)p Y?)de = 1) — I.

From Lemma and the Sobolev inequality, we have, with xq(u) > 1,

1 1
L>>1-—)|u? and I ul? + C|lu|P
1= 2( /421(,[14))“ ||)\ 2 < p/fl( )H ||)\ || ||X S(Q)°

From Lemma [3.1] (ii7), for any € > 0, there is a constant C' = C(¢) > 0 such that
I, < s/ p(y#)p*1u2dx + C||u||’;§i1
Q

Thus, for € > 0 sufficiently small, we obtain

7 1 1
Lou(u) = Cillull} = Cllull¥s0) = Cillulli; @) = Clullis o)

with some constants C{,C > 0. This implies that there are positive constants §
and p such that I ,(u) > p holds for all for all u € X§(Q2) with [[ul|xs@) = 6.

(iii) By Lemma (i), we have G(tv,u,) > tP*'oP*! /(p + 1). Then, it follows
that

7 £ 2 P p+1
I u(tw) < §||UHX3(Q) T oF1 /QU dz.
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Thus, we obtain Iy ,(tv) — —o00 as t — +oo. O

As a consequence of Lemma [3.4] and Mountain-Pass Lemma, for the constant

= inf I t 0 3.10
¢ = inf max au((t) >0, (3.10)

where
I = {5 € C([0,1], X3(2)), 7(0) = 0, 7(1) £ 0 and Tr(+(1)) < 0}.
There exists a (PS). sequence {u,} in X§(£2) at the level ¢, that is,
Dou(un) — ¢, Iy ,(up) =0 asn— +oo. (3.11)
Lemma 3.5. The sequence {u,} in is bounded in X§().

Proof. Since {I ,(uy)} is bounded, for n big enough, we have
1
Sl = [ Glun )i < c1
Q

Take € > 0 arbitrarily, from I. ap(tn) — 0 as n — oo, for sufficiently large n, we
have

[ () Pun (A 2di + A / wnibde — / ot dz| < ]| xs )
RN Q Q

for any ¢ € X§(€2). Putting ¢ = u,, we obtain

ol > [ ol s = a0
Then we obtain
2+ ¢)(e+ 1) + ellunlZs o
> (24 ¢p) D pu(un) — Iy, (un)up

C
= Ll + [ [+ 2)gm 1,0 = Gl )] d

where ¢, = min{1, p — 1}. From Lemma[3.1] (iv) and Lemma it follows that

C _
2+ e)(e+1) = 2 (flunll} - / P, )" ud ) = ellunl ks 0

c 1
>P21 - —— unZ—sun2s ,
> G )l = el

with #1(p) > 1. Since the norm ||| is equivalent with || - || xz (), We see that {u,}
is bounded in X§ (). O

Recall that S(N, s) denotes the best Sobolev constant of the embedding X§ () —

LPTH(Q), see Section (1.12)-(1.14). Let us now introduce a cut-off function
¢o(t) € C°(R,), which is non-increasing and satisfies

1 ifo<t< i
t) = - %
%o(?) {0 it > 1.

Assume without loss of generality that 0 € . For some fixed r > 0 small enough
such that B, C , set ¢(z) = ¢.(z) = qbo(l%‘) and consider the family of nonnega-
tive truncated functions

pue(z)

ne(x) = Tou @) res (3.12)



EJDE-2017/304 NON-HOMOGENEOUS PROBLEM FOR FRACTIONAL LAPLACIAN 17

The following lemma, proved in [2§], is important in proving Lemma
Lemma 3.6. For € > 0 small enough, we obtain
1721550y = SV, 5) + OV 72%),

O(e*), if N > 4s,
Inelei0) = § O ne]), if N =ds,
O(EN=2%),  if N < 4s,

2:71d12 _ O(€(N72s)/2), / ‘775|d1' _ O(E(N72s)/2)'
Q

/ |7
Q

The next lemma plays an important role in the proof of Theorem below.

Lemma 3.7. Assume that either A € (=X1,0] and N > 2s; or A > 0 and
2s < N < 6s in Theorem[1.5 holds. Let p € (0, i), then for e > 0 small

0 < sup I (tn.) < %S(N, 5)N/28 (3.13)
t>0

where ne id defined in (3.12)), I, is defined in (3.2).
Proof. We consider now
_ t2
Tonttne) = 5 (I g + Ml = | Gt

Clearly, limy,—, o Iy 4 (t€) = —00, Then sup,~q Iy . (tn:) is attained at some value
t. > 0. This implies

d -
—Ixu (tne) i

i =1 ,,(tn:)[n:]

© (3.14)
= ta[”’k”%{g(ﬂ) + )‘HWEH%Q(Q)] - /Qg(tsns,yu)ﬁsdfﬂ =0.

Combining this equality and Lemmas [3.1] and [3.6] we can easily conclude that for
€ > 0 small enough, it holds that

A <te < Ay (3.15)
where Aj, As ere positive constants independent of €. By Lemma (ii), we have
sup I (t1e)
= L u(tene)
— f[/RN |(—A)5/2n5|2dx+ )\/Qngdx} f/QG(tsvs,gu)dx
_t

1
—A)/2 52dx+/\/ 2dx ——t”“—/Hteve,u da.
2[/RN|( )"l o } TER

Since u, > 0 in €, there exists so > 0 such that u, > so for || < r. From Lemma
m (ii), we obtain, for e <

/ H(tene,u,)dr = / H(tene,u,)dx > C (teme)Pdx
Q B;(0)

lz|<e
€(N_28)/2

> ( )pdx
aj<e \E2 F |2[2)(N=23)/2
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dy
_ CE(N—23)/2/ .
yl<1 (1 + |y|2)(N+2s)/2

Using the estimates in Lemma [3.6] we obtain

_ s . N
sup I . (tn:) < —NS(N,s)N/2S +O(eN25) — O(e(N29)/2)
£>0

O(e%), if N > 4s,
+ CAQ O(e%%|Ineg|), if N = 4s,
O(eN=2%),  if N < 4s.

For pu € (0, fz) and either (i) or (ii) in Theorem [1.5 holds, then we obtain
0 <suply,(tn.) < iS(N, s)N/2s
>0 N
for € > 0 sufficiently small. O

Proof of (i) of Theorem[1.5, Lemma implies that {u,} is bounded in X§(Q).
Thus, there exist a subsequence, still denote by {u,}, and some u € X§(£) such
that

u, = u  weakly in X;(Q);
u, — ustrongly in L"(Q), V1 <r < 2%;
Uy — ua.e. in .
Since ff\w(wn) — 0 as n — oo, for any 1 € X§(£2), we have

/RN(fA)S/Qun(fA)S/dex + A/

Q

i — /Q 91, 1, )0z = o (V)[4 x; -

Letting n — oo, from Lemma (3.3, we have

/RN (=A) 2u(=A)* 2pdx + )\/

Q

wide ~ [ gl vds =
Q

Putting ¥ = u, we have

/ [(—A)*2u)?dx + )\/ u?dr — / g(u,u, Judr = 0.
RN Q Q
From Lemma (ii), we find that

Iy, (u) = %/Qg(u,gu)wdx - /Q G(u,u,)dz > 0. (3.16)

Now we show that u, — w strongly in X§(2). Set v, = up, — u, then
v, = 0 weakly in X§(Q);
v, — 0 strongly in L"(Q2), V1 <r < 2%;
v, — 0 a.e. in Q.

It follows that

/ |(—A)5/2un|2daz+>\/ |up |2dx
RN Q

(3.17)
:/ |(—A)S/2u|2dx+)\/ |u\2dx+/ [(=A)* 20, |?dz + o(1).
RN Q RN
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By the Brézis-Lieb Lemma [3], we have
/Q(u:{)p'*'ldx = /Q(qu)p"’ldaﬂ—i- /Q(v;f)p'*'ldx + o(1). (3.18)
Then from , and ,We obtain
/ g(Un, uy)updr = / h(tn, uy)undx + / (u )P de
Q Q Q

:/Qh(u,gk)uder/Q(u*)p“d:ch/(vi)p“dano(l) (3.19)

Q
= / g(u, uy )Judx + / (v, )P da 4 o(1).
Q Q
Similarly, it follows from (3.6)), (3.7) and (3.18) that

1
/G(un,g/\)dx:/H(un,gk)deri (uz)ﬁld:c
Q Q p+1 /g

1 (3.20)
= | Glu,u d:c+7/ v, )P dr 4 o(1).
| Gtwmde+ == [ o) )
Then, combining (3.17) and (3.20]), we obtain
- _ 1 1
I =1 - —A)* 2, 2de — —— Hyptig
o) = D) 5 [ N8y PP~ g [ytae

=c+o(l)

as n — oo. Since I_f\#(un) — 0 and {u,} is bounded in X§(Q2), we obtain

/RN [(—A)* 2wy, |?da + )\/Q |, | da — /Qg(un,g)\)undzz =o(1).
From (3.17) and (3.19)), we have
/ |(=2)*" 20, de — / (v)Pdz = o(1).
RN

Q
Since {v,} is bounded in X§(12), we may assume that

/ |(=A)*/2v,|?dz — ¢ and /(v,‘f)pﬂda: — L
RN Q

for some £ > 0. By the definition of S(NN,s), we obtain S(N,s)/(N=25)/N < ¢
Assume that ¢ > 0, then, £ > S(N, s)N/?5. Letting n — oo in (3.21)) and combine
(3.16)), we have

¢ = Du(w) + SN,V > ZS(N, )N/,
which contradicts with the definition of ¢ in (3.10). Thus, £ = 0, and
Dop(u)=c¢>0 and I ,(u) =0,

which gives that u is a nontrivial solution of (1.15)), and v > 0. By Proposition
we have u > 0 in . The proof is complete. (Il

Proof of Theorem[1.5 (ii). Let A > 0 and N > 6s. As the proof of (i) of Theorem
m, we only need to prove that there exist p* € (0, &) and v, € X§(€2) such that

sup I ,(tv,) < %S(N, N2 for it < p < i (3.22)
>0
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Indeed, let u; be the unique positive solution of with ¢ = fi, and denote
¢u € X§(2) is the eigenfunction corresponding to the first eigenvalue £1(u) to the
problem . We also assume that ¢, > 0 in Q and ||¢,||r+1 = 1. Take e > 0
small, such that

e(2pllugs i) ™N2 < S(N, 5)N2 (3.23)

Note that 1 < p < 2if N > 6s. By Lemma[3.2] (iii) we have, for v € X§(1),

- 1
L) = 5 (1013 - /ug L) ——/Wldaz
p/u” Yolde — /H
2

1—e)p [ ul? Qd)fi/ Py,
< (=0 =ew [ wtetdn) - == [ s

+

l\D\H

Putting
P.(v) :=|jv|3 — (1 — E)p/Qgﬁ_vadx,

it follows that

i ity _ slP(o)v

sup Ty (t6,) < sup (Epgwfp )= g (320

Recall that ¢,, attains the infimum x4 (p) to the minimization problem ([2.20)); that
is,

1642 = 1 (1) /Q R
Thus,
P(6,) = (a0 = 1+ €)p [ e

By Holder’s inequality, we have

/Q WP G20 < [l 7ok (bl Zos = 27

Since w,, is increasing in p € (0, it) for each x € Q, we have

Pe(d)u) < ( ( ) -1 +5)p||u HLp-H

By Lemma there exists u* € (0, /1) such that k1 (u) — 1 < € for p € [u*, ).
Then, we have P.(¢,) < QEpHQﬂHI;L for p € [p*,@). It follows from (3.23) and

(3:24) that

_ s(2pllu. [P ) V/2s¢
SupI)\’H(t¢H) S ( p”f;l/HLP*’ ) < %S(N, 8)]\}'/25
t>0

N

for € [p*, ). Thus, we obtain (3.22)) and complete the proof. O
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4. PROOF OF THEOREM

In the following, let Q = {z € RY : |z| < R}, and assume that f = f(|z])
is radially symmetric about the origen, f satisfies (Al) and f(r) is decreasing
in r € [0,R]. Let u, be the minimal solution obtained in Theorem Then
u, € C%7(Q) for any 0 < v < 2s if 25 < 1, or u, € C17(Q) for any 0 < v < 2s—1
if 25 > 1, and the results in [16] show that u, = w,(r) must be radially symmetric
about the origin and strictly decreasing in r € [0, R] by the method of moving
planes.

Let us consider the problem

(=AY v+ =g(v,u,) inQ, ve X;(Q), (4.1)
where g(v,u,) = G',(v,u,,) which is defined by (3.3)).
Thanks to the Pohozaev identity for the fractional Laplacian obtained by Ros-

Oton et al. [27], from the similar calculations we can get the following lemma which
shows a Pohozaev identity for (4.1)).

Lemma 4.1. If v is a solution of (4.1)), then

/Q [NQiVZSG(v,g ) — g(v,gu)v} da +

N 2s /QGT(U,QH)V(QH) - xdx

2)s 9
N2 /Qv dx (4.2)
v
—C. [ (P s
o9

where G (o,7) = (8/01)G(0,T), 6(x) = dist(x,00), Cy is a constant related to s
and 7y is the unit outward normal to 02 at x.

Proof. By [1, Proposition 2], we have v € L*(£2). Then we can easily deduce the
result by [27, Proposition 1.12]. O

Lemma 4.2. Ifu, is the minimal solution of problem (L.1), and f € C*(Q)), then
[, [z (@) — 0 asp — 0. (4.3)

Proof. 1f we can deduce that there exists a super-solution uy, of problem (1.1) and
llu}; ||z~ () — 0 as u — 0, then by the definition of u ,, the proof is done. To achieve
this, we denote e € X§(12) is the solution of

(—A)’e+de=1, inQ,
e>0 in €,
e=0 in RM\Q.
Since f € C*(2) and p > 1, we can find pg > 0 such that for all 0 < p < g, there
exists M = M (u) > 0 satisfying
M = pl| fllzee (o) + MP el o
M(u) — 0as u— 0.

I

As a consequence, the function Me satisfies
M = (=AY (Me) + AMe) 2 il =) + M7l .
and hence it is a super-solution of (1.1). Moreover, by Lemma we can obtain

w, < M(p)e. This immediately implies (4.3)) since e € L>(£2). a
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From two lemmas above, we can achieve the following proposition which plays
an important role in proving Theorem

Proposition 4.3. Let N > 6s and A > 0. Then there exists a p* > 0 such that
problem (4.1)) has no positive solution for 0 < p < p*,

Proof. Assume that there exists a positive solution v of (4.1)) for some > 0. By
the definition of G, we have G-(o,7) > 0 for 0,7 > 0. Since u,(r) is decreasing in
r € [0, R], then (w,)-(r) <0 a.e. in [0, R], we obtain

R
/ GT(v,g#)V(g#) sxdr = / rNGT(v(rLyH(r))(gu)r(r) <0. (4.4)
Q 0
Substituting (4.4) into (4.2), we deduce that
2)s 9
N o /Q vidr < /Q [(p +1)G(v,u,) - g(v,gu)v} dx. (4.5)
Note that p = (N +2s)/(N — 2s) < 2 when N > 6s. Then, it follows from Lemma

(v) that

(p+1)G(v,u,) = g(v,u,)v <

plp—1)
2
From there exists p, > 0 such that

|l ]Z;I(Q)’UQ for 0 <r <R. (4.6)

sl

4)s

pl 4.7
el < =206 = 1) “7)

for 1 € (0, p]. Then, it follows from (4.5) and (4.6) that

22 s 4

(r+1D)G,u,) —g(v,u,)v < N 95" for0<r <R (4.8)
if i € (0, ). This contradicts with (4.5). Therefore, (4.1)) has no positive solution
for p € (0, pa]. 0O
Proof of Theorem[I.6. Assume to the contrary that (I.1)) has an another positive
solution u with u # wu, for some p € (0,p.]. Put v = u — u,. Since u, Is

the minimal solution, v is non-negative and satisfies (4.1) with g(v,gu) > 0. By
Proposition v > 0 in . Therefore, v is a positive solution of (4.1). This
contradicts to Proposition Thus, (1.1)) has a unique positive solution u, for
1€ (0, ] O
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