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BOUNDARY CONDITION OF THE VOLUME POTENTIAL FOR
AN ELLIPTIC-PARABOLIC EQUATION WITH A SCALAR
PARAMETER

TYNYSBEK SH. KAL’MENOV, GAUKHAR D. AREPOVA, DANA D. AREPOVA

Communicated by Ludmila S. Pulkina

ABSTRACT. Using the descent method for the fundamental solution of the
heat equation with a scalar parameter, we find the fundamental solution of
the multidimensional Helmholtz equation in an explicit form. We also find a
boundary condition of the volume potential for an elliptic-parabolic equation
with a scalar parameter. In turn, this condition allows us to construct and
study a new correct nonlocal (initial) Bitsadze-Samarsky type problem for an
elliptic-parabolic equation with a scalar parameter.

1. INTRODUCTION

Most of the references in this paper are devoted to systematic study of the
boundary conditions of the Newton’s potential [I], the heat potential [2] and the
surface heat potential [3], 4], 5]. In this paper, we present a boundary condition for
an elliptic-parabolic equation with a scalar parameter.

Let 8,1__,,_1(1‘, t,\) be the fundamental solution of the heat equation with a scalar
parameter

Ou(x,t)
ot

and €, (z,t,A) be the fundamental solution of the Helmholtz equation

— Apu(z,t) + du(z,t) = fH(z,t), € R"t>0 (1.1)

0u(z,t)
ot?
where A is an arbitrary complex number and Re) > 0.
Let Q € R™ be a bounded domain with smooth boundary 9Q and Dt = Qx [0, 7]
be a cylindrical domain. D~ C R"™*! is the domain at ¢ < 0 with smooth surface

o and when ¢ = 0 bounded with the domain Q. We will also use the notation
D=DTuQuD-.

— Agu(z,t) + Mu(z,t) = f(x,t), 2€R",t<0 (1.2)
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We define an elliptic-parabolic potential as
u(z,t) = (Lg' f)(z,1)
Jp+ enpaz =&t —n N fH(En)dDT
+ Jo (@ = &1, )7(€)dE, ift >0,
[ emir(@— &t —n, N f~(&,m)dD~, ift <0

where the unknown function 7(z) is determined from the condition of continuity of
the potential L' f(z,t) when ¢ = 0.

(1.3)

2. MAIN RESULTS

First we find the fundamental solutions of the heat equation with a scalar pa-
rameter and Helmholtz equation.

Lemma 2.1. The fundamental solution of the heat equation (1.1) is a function

_lz?
(2, \) = O(f) e 2.1
En-‘rl('x ) ( )(2\/E)ne ( )
Proof. A direct calculation shows that
0
(a - Ay + )\)eerl(:U,t, A)
|| ||
0 e 4t 0 e~ 4
= (5 = A)O) ——=—|eM + | (= + Ne M |O(t) ———
L _l=?
= 5z, t)e M — ) Mg St e Mot
(@07 MO G MO
=0z, t)e M = §(x,t).
O

Lemma 2.2. The fundamental solution of the Helmholtz equation (1.2]) can be
represented as

1 (n—1) (\fxm)";l

n — Dwn 1 [F" 1 D(2) 2

Ko (VA (22)

Ent1(TA) = (
where |f|2 = 1’% + . +x% +t2’
1.2z [ )
K, = -z —v=l,=6— % ¢
()=353) [ e
is the Macdonald function [8, p. 183] and

is the area of a unit sphere in R*+1.

Proof. We note that when n = 1, 2,3 the fundamental solutions of the Helmholtz
equation are given in [9, p. 203-205]:
I i/l

51_ (I’7 )\) = 7@67
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_ i 1
& (1,22, 0) = £ H*(VAla]), o] = (af +23)%,
oLVl

dr|z|

The proof for n > 3 is based on the descent method for the fundamental solution
of the heat equation with a scalar parameter

_ 1
e3 (T1, 22,23, \) = + || = (27 + 23 + 23)2.

0
(8777 - Af'i_ A)EI—Q—Z(EM%/\) = 5(57 77)> T € Rn+1a n > 07
where T = (z1,22,...,Tn,1).

Putting the function

212
+ (= e —Xn
Empa(T,m,A) = 9(77)(27 TR

in the formula of the descent method

oo
E;+1(T7 )‘) = /O €Z+2(§7 , )‘)dn (23)
and after replacing
72 72 72
=— =— dnp=——%d
3 o 1T W 4525,

we find that
Rl

o 1 e =2 |EPN
En+1<$7)\) :W/O e E=A 4€ ('T) 47§2d§

n-l _1_n e8] _

AT / NI c3 a2
G/

The obtained fundamental solution e, ; (7, ) we will be expressed in terms of the

MacDonald function

67_1-1—1(?7)\)

_ 1 (\/Xﬂ)”;ll(\/ﬂxl)l;"/oo 6757%5_(%)—1615
2(/m) 1\ 2 2\ 2 o

_ 1 <\f>\\f|>"%l

- 2(ﬁ)n+1|§|n71

Kio(VAZ), ReVA>o0.

Then we will express it with the fundamental solution e (Z) = ——~———m=1 of
A (n—1)wni1[7]|
the Laplace equation

I | Wi (n— 1)/ VAE| 25 o
i@ =g e D 2 ) K (VA =

_ 1 (n—l)(ﬁlfl)%lK%(\me:

(n = Dwppa [T" =1 T (%) 2

wi o (= 1) (V3] 25 _
3" @ (o) T K (),
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We can show that when A — 0 we obtain the fundamental solution of the Laplace
equation.

It is well known that Macdonald defined the function K, (z) for arbitrary numbers
v on the basis of equality

Ko (2) = 5 (1) = L(2)),
where
s (%)u+2m

Liz)=S —2
(2) mZ:o m!Il(v+m+1)
So, when v = (1 —n)/2 and m = 0 we get

PEB Eny1(TA)

= lim X" (7) (1) (ﬁ) %K%(ﬁﬁ‘)

A0 r(eH)\ 2
—|. n—1 oo f\ﬂ ———+2m
1 Y YAz|
= lim_ e (@) J(flx') R — (Z ( le -
A—0 L)\ 2 2sin 5 \ L= mll (=253 + m + 1)

0o \fxlnm
()

Z m!D (L5 "+m+1)>

e VAENE w (B (Sl
- hi.n EA+ (x)F(”Tl)< 2 ) 2s1n—7T(F( 74—1)_ (an+1))
_ ity (M= 1) (VAT[\ 1w 1
= Jlim X7 mp(%)( 2 ) 2sin 4527 [(—452 + 1)

— X (@) (Té;}i 2s1n7r—7r N 1 no41)

=J1—Jo=0—Jo.

If we use the the formula of the Gamma function I— = T'(2)['(1 — 2) and
I(z+1) = 2I'(2),

g1, (n—1) T 1
—Jo = _EAJF (IE) 21—\(71;1) sinl=ntr F( n o 1)
a1, (m—1) 1—n 1—n 1
_EA-H(x)QF(nT_H)F( 5 (1 - 5 )F(l_TnJrl)
i (n=1) 1—n _ 1+n 1
= e @)y T )
— XM (@) = -

(n = Dwnpafz]*~t

It should be noted that the function

Koo (VAT) = (n—1) (@)%K%Mm)

L)

does not have singularity.
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By the property of analytic continuation we obtained for all complex A,

i@ = DA L (A 24

n— Dwyp1|T|71 I‘("T‘H) 2

This completes the proof. ([

Lemma 2.3. Let f(z,t) € C*(D). Then
u(z,t) = (Lz' f)(x,t) € C*(D)NC* (D) n C23>' (D). (2.5)

Proof. Taking into account the conditions u(x,0—) = u(z,0+) = 7(z), from the
formula

wet) = [ erale—et—n N €ndDT, £<0
-
it follows that

o) =uw0-) = [ eale-&-mf @ndsdn € CP@, (20

@) vy < dilf (@ Dl o o). (2.7)

From this and by properties of the heat potential and surface heat potential we
obtain

,
L5 1)@ Ollgzievoor = | [ dn [ etalo = et=n NrH € mae
+ [ et = GO oy
< ds (I (@, 0)ll o ey + 7@ o))
< ds(11F* @, )l o ) + 1 (@) )-
Using the properties of the Newton’s potential we obtain
15 D@ ) o =) = | /D e = &t =0, N (€ n)dEdn] o 57

< d4||f_(x»t)||ca(F)'

(2.8)

(2.9)
Comparing inequalities (2.8))-(2.9) we have
u(w,t) = (L' f)(x,t) € C*(D)N C***(D~) N C{**(D¥)
and .
lu(z,t)| = ||(L1_3 f)(xvt)HCa(ﬁ)mc2+a(F)mCi’t""l+”‘(ﬁ) (2 10)
< ds|f(z,t)ll ca B
The proof is complete. O

As in [2,[3], it can be proved that the volume heat potential is

urlest) = [ efalo— €= n NFHE gy (21)
D
which satisfies the inhomogeneous heat equation with a scalar parameter

Sug(a,t) = 240

5 Agugp(x,t) + Aup(z,t) = fT(z,t), z€R", t>0 (2.12)
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and satisfies the homogeneous initial condition

uyp(z,t)][t=0 = 0. (2.13)
Also the surface heat potential is
urlent) = [ Sfalo - G (214)
which satisfies the homogeneous hgat equation with a scalar parameter
Qur(z,t) = W — Agur(z,t) + Aur(z,t) =0, z€R", t>0 (2.15)
and satisfies the nonhomogeneous initial condition

Ur (2, t)|t=0 = uo(x) (2.16)

satisfy the same lateral potential boundary condition, i.e. the condition

o) [y [ (Pehal= 610
_“f(x,t);u(xt)ﬂL/od”/aQ(Eﬂ(m Sk )(U.f+“7)(5777)

anmi
Auy +ur)(&n)
ang

(2.17)

— (@t —nN) )ag=o,

for all (x,t) € 02N (0,T), where 8—25 is the normal derivative.

Lemma 2.4. For any function f(x,t) € C%(D) the volume heat potential (2.11))
satisfies the inhomogeneous heat equation with a scalar parameter (2.12)), the ho-
mogeneous initial condition (2.13)), and the lateral boundary condition

7uf(:£,t) /t / aea_l(a;— /)
5 1/ dn BQ( e ur(§,m)

Our(,
_€Z+1(I _Eat_777A)g(nin))d£ = Oa

(2.18)

for all (z,t) € 902N (0,T).

Conwersely, if u(z,t) € W2 (D) is a solution of the inhomogeneous heat equation
with a scalar parameter , which satisfies the homogeneous initial condition
and the lateral boundary condition , then it coincides with the volume
heat potential .

Proof. We consider the heat potential

up(,t) = /D ehale = 61— m ) n)dedy =

67%67)‘@7”) N efﬁefk(tfn)
= e Emdedn = [ et Quy (&, m)dedn.
/D+ 2/ (t—mn)" JH & mdedy /D+ (2y/7(t—n))" Qup (&, mydedn

Since the integral

/ dn / eh oy (o — .t —m Nous (€, m)de
0 Q

the improper integral as an integral of the function szﬂ(:c — &t —n,\) with a
singularity at ¢ = n then we understand it as

t—§
. _ . Jr _ _
lim us(z, 1) = glg(l)/o dn/ﬂffnﬂ(x &t — 1, ) Ouy (€, n)de.
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By a direct calculation and integration by parts for z € Q and 0 < § < t it can be
verified that

ug(x,t)
=i t
Yim us(z,?)

t—0
. 0
=tim [ [ - 6= n NG — A+ ug(€n)e

§—0 0

=lim [ & (z— &8, Nugp(§,t —0)dE

-0 Jo
J— 1 + -
lim Q€n+1(x £7t7)\)uf(§70)d§ (219)

i—0
t—o
: Quy(&,m)
1 d N € R | fudd ALV
1m 77/89 En—‘,-l(x 57 m, ) 87715 €

0—0 Jo

t=o Ot [(x— &t —n,N)
li d ntl ’ ’ d
+5IE(13/0 77/8Q Ine uyp(&,n)dé

t—3
P
+ lim / dn / Up(€m) (= — Ag+ Nty (o — .1 — 1, N
5—0 Jg Q on
=L+ L+ Is+ 14+ Is,

for all (z,t) € Q2 x (0,T).
To calculate the value of the integral I, we use the explicit form of the funda-
mental solution and the change of variables

Il = %IH% 67—~L_+1(1' - 55 57 )\)Uf(g, [ 5)d§
—vJQ

1 1 % Y} _
%Ho/ (2\/7) e us(€,t —06)dE

1 _le=g? s |z — ¢
lim 15 Adg t—90)d¢ = |—— =z,
M/”@ﬂ 61— ) = 11—
) j=al
2V 2
= —2V6dz| = lim 7/ up(x —2Voz,t — 8)e™* e Mdz
6—0 (/m)" Jlz=al
25
. ool
T _ s\ [P —2?
= %li% (ﬁ)nuf(x 2oz, t — b)e e € dz
2V/5
1 oo
=u(z,t 7/ e 7 dz = u(z,t),
O

where u(x,t) is the extension by a zero the function u(z,t) to the cube —a < ¢ < a
from the R™ containing the domain €.
Since u(x,0) = 0 then the integral is I = 0. The integrals I3 and I, have a limit

at § — 0 and equals to

t
1o}
13:/ dn/ €I+1(x—§,t—n,)\)ug£in)d§,

14_/dn/ (7 “ )f(&n)dé
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In that n <t —0 < t, then

0
(_877] - AE + )‘)6;:+1(x - f,t - A) =0,
therefore I5 = 0.

Taking into account (2.19), we get that for all (z,t) € Q x (0,T),

_ t 6€;:+1($ - §7t -, )‘)
L(z,t) —/0 dn/m( e up(§,m)

dug(€,n)
8715

When x — 0, using the properties of the double layer potential, we obtain

t el —&t—n A
L) = =200y [y [ (Tl S0 D, e

—eha(@—&t—n)) )d§:0.

s (o) (2.20)
_ et et GUIS TN ge —
Z.:n+1(m gvt , )‘) aﬂ{ >d£ 0.
for all (z,t) € 9Q x (0,T).
When z # € and t # 7, we have
0
(E - Aw + )\)Ei—&-l(x - §7t - na)\) = 07
9 9 4 _
(& - Aa: + A)ainggn-‘rl(‘r - gat - 777)\) = 07
so we obtain 5
(ﬁ — A, + N, (x,t) =0. (2.21)

Since I, (x, t) is the solution of the homogeneous heat equation (2.21)), by the unique-
ness of the mixed Cauchy problem, the identity

I,(z,t)=0
is equivalent to (2.20)), i.e.
L(2,t)|zeo0 =0
is the lateral boundary condition of the volume heat potential (2.11]) for the heat
equation with a scalar parameter.

Now we prove the converse statement. If uj(x,t) is an arbitrary solution of the
inhomogeneous heat equation with a scalar parameter (2.12)), which satisfies the
homogeneous initial condition (2.13)) and the lateral boundary condition (2.18)),
then it coincides with the volume heat potential us(x,t), i.e. ui(x,t) = uy(z,t).

If not, then the function

Iz, t) = ui(z,t) —up(z,t)
satisfies the homogeneous heat equation with a scalar parameter
Oz, t) = Quq(z,t) — Quy(z,t) =0
and the homogeneous initial condition
I(z,0) = ui(x,0) —us(x,0) =0
and the lateral boundary condition

Iy(x,t) = Iy, (w,t) — L, (2, t) = 0.
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As above, by direct calculation we obtain

t—4
0=1im [ dy / e (@ — &, —m, \)OV(E, m)de
0 Q

6—0
t et —&t—m, A
oy [an [ (Tl SRy
_E:—&-l(‘r_gat_na)‘)aqia(i;n))dg

for all (x,t) €  x (0,T"). Therefore,

(ﬂ(xat) + Iﬂ(xvt)) |m€89 =0,
19(1'7t)|m€59 =0.

By the uniqueness of the mixed Cauchy problem for the homogeneous heat equation
with a scalar parameter, according to the maximum principle, we have

Iz, t) =0,
ui(z,t) = us(z, t)

for all (x,t) € Q2 x (0,T).

Thus, the lateral boundary condition (2.18) and the initial condition for
the heat equation with a scalar paramete generates a volume heat potential
uniquely. The proof is complete. O

Lemma 2.5. For any function ug(z) € W3(Q) the surface heat potential sat-
isfies the homogeneous heat equation with a scalar parameter (2.15)), the nonhomo-
geneous initial condition (2.16)), and the following lateral boundary condition:

u,(z,t) ! Oet (x—&t—m,N)
9 +/0 dn/m( O ur(§m)

O &
—elala—ge—n 25 a0,

(2.22)

for all (z,t) € 902N (0,T).

Conversely, if u(x,t) € W;’%D*) 18 a solution of the homogeneous heat equation
with a scalar parameter , which satisfies the nonhomogeneous initial condition
and the lateral boundary condition , then it coincides with the surface
heat potential .
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Proof. In this case formula (2.19) becomes
t—6
0
0=lim [ dy [ efiale -6t -n NG - A+ Mg mde
=0 /o Q on

=lim [ e (x— &6, Nu- (&t —0)dE
Q

6—0
~ lim A ef (@ — &1, Nus (€,0)dE
—}in% dn/ (o= Et— )8uT(§ ”)dg (2.23)
0 Oy (z — &t —n, )
. n+l ) 9
+ lim /0 anf o ur (€ m)ds

t—3§
0
+ lim / dn / U (€0)(— - — Mg+ Nty (2 — £, — n, A)de
=0 Jo Q on
=h+DL+Is+1s+1s

for all (x,t) € Q2 x (0,T).

The integral I; is calculated as in the case of the heat potential and I1 = u,(x,t).
By definition of the surface heat potential the integral Is coincides with the surface
heat potential

urlent) = [ el = NTOME = [ o= €0 A6 0 = T (220

As above

I — /dn/ (e —6t—n, )8“*5”%

Oet (@ — €t —
_ / o | Fr (@ = &=, >u7(§,n)d§7
0 a0 Ong

t—
i 0
Is = glin dﬁ/ Ur(ﬁﬂ?)(—afn — D¢+ Nepp(z — &t —n,A)dE = 0.

We obtain that for all (z,t) € Q x (0,7),

w(x,t) /dn/[m aan §, — .2 ur(§,m)

s:H(:cf,tn?A)gi’))dg =0,

When x — 012, once again using the properties of the double layer potential, we
obtain the lateral boundary condition for the surface heat potential

_ur(zt) 7 Oy (w =&t —n,)\)
Lu(z,t) = —— +/0 dn/m( ur (€ m)

) One (2.25)
uT 777
- n+1( f t—n ) 8ng >d§:0~
for all (z,t) € 9Q x (0,T) and
(2 — Ay + NI, (z,t) =0. (2.26)

ot
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As above, since I, (z,t) is the solution of the homogeneous heat equation (2.26)),
then, by virtue of the uniqueness of the mixed Cauchy problem, the identity

I.(z,t)=0
is equivalent to (2.25)), i.e.
L(2,t)|ze00 =0
is the lateral boundary condition of the surface heat potential for the homoge-
neous heat equation with a scalar parameter.

The converse statement is proved as in the case of the volume heat potential.
This completes the proof. O

As in [I] we can show that Newton’s potential (volume potential)

u(z,t) = (Lg f)(z,1) = / Enp1(@ =&t =, A)f7(§mdD™, £ <0, (2.27)

satisfies Helmholtz equation
0%u(x,t)
ot?
satisfies the potential boundary condition

— Ayu(z,t) + Mu(z, t) = f~(x,t), z€R", t<0 (2.28)

_ ulz,t) Oep(z—&t—m )
2 +/8D7 ( e (&m) o0
0
(@ — &t =) “;i;"))dp o,

for all (z,t) € 0D~ = o U Q.
It should be noted that the boundary 9D~ includes a domain 2, which is an
internal subset of the domain D.

Lemma 2.6. For any function f(z,t) € C*(D) the Newton’s potential ([2.27) sat-
isfies the inhomogeneous Helmholtz equation (2.28) and the potential boundary con-

diti
ition - u(x,t) +/ (ﬁegﬂ(x—f,t—n,)\)u@ 0
— ez —Et—1,\) “an;" )ap~ =0

for all (z,t) € 0D~ = o UK.

Conversely, if u(z,t) € W2(D™) is a solution of the inhomogeneous Helmholtz
equation (2.28)), which satisfies the potential boundary condition (2.30), then it
coincides with Newton’s potential (2.27)), where

o 1 (n—1) (VAT T _
e 11(T,A) = — - ( ) K (VAZ])
i (n = Dwppa [T D)\ 2 2
_ 2 @) R (VA7)

is the fundamental solution of the Helmholtz equation.

(2.31)

Proof. Assuming that u(z,t) € C*(D~)NCY(D~), by direct calculation and using
Green’s formula for any (z,t) € (D), we have

uet) = [ et =n €D
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82
— [ eralo— 6t - (5 — Ac+ Nl D"
D- Y

87 B 7t_ 7)\ _ 8 ’
:/{;Di( En+1(l' as Ul )u(§7’l])—5n+1(x_£7t_n’)\) u((,fnn))ds

82
= [ ulen=gg = At N (= &t = nN)aD”

du(&,n)
on

Oe —&t—m, A B
:u(sc,t)-F/aDi( Enpn (@~ € il )u(f,n)—anﬂ(aj—@t—n,)\)

- ) ds.

Therefore,

R e

on
du(&,n)
on

e - &t )ds =0

for all (x,t) € D~.
When z — 90 using the properties of the double layer potential for (2.31)), we
obtain the potential boundary condition of the Newton’s potential,

Iu(l',t) — _u(gc,t) +‘/8D7 (8ET_L+1(x 7§’t777’>\)u(§,n)

2 ouie 3)” (2.32)
- u(é,n _

@ =&t =)= )ds =0

for all (x,t) € 0D~ =cUQ.
When z # £ and t # 7,
0? _
(_@ - AI + A)EnJrl(x - gﬂt - 777)‘) = 0;
2 0 _
(_@ —Az+)\)%€n+1(m—£7t—n,)\) EO
Then we have
82

Since I,,(x,t) is the solution of the homogeneous Helmholtz equation (2.33)), by
the uniqueness of the Dirichle problem, it follows that

I,(z,t)=0
is equivalent to (2.32)), i.e.
Iu(xvt”(w,t)eaD* =0

is the potential boundary condition of the Newton’s potential for the inho-
mogeneous Helmholtz equation.

The converse statement is proved as in the case of the volume heat potential and
surface heat potential. This completes the proof. O

We have proved that an elliptic-parabolic potential u(x,t) = (L' f)(x,t) (L3)
satisfies the boundary conditions (2.17) and (2.29), now we prove the converse
statement. If

u(z,t) = (L5 f)(x,t) € C*(D) N C***(D=) n €331 (D7)
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is a solution of

(% AL A)u(m) — f*(z,0), (z,t)eD*

82
(—ﬁ—AI—‘r}\)U(CL’,t):f_(IE,t), (1’7t)€D_
and satisfies conditions ([2.17) and (2.29)), then u(x,t) coincides with the elliptic-
parabolic potential u(x,t) = (L3 f)(x,t) (L.3).
From the continuity of solution u(x,t) when ¢ = 0 we can find

() = ulx,0-) = / (- &t N (€ n)dedy.  (2.35)

(2.34)

The general solution of (I.1)) in the domain D7 satisfying condition (2.35) and
u(x,t)|t=0 = 7(x), so we can represent the general solution of (1.1)) in the following
form

u(‘r>t) = (L];lf)(x,t)

= /D+ Enp1 (@ =&t =, M) fT (& m)dédn (2.36)
+ ~/Q 5;+1(£C - £7ta )\></D* E;thl(g - g7t -, A)f_(g7 n)dgdn>d§

Theorem 2.7. For any f(x,t) € C%(D) the elliptic-parabolic potential
w(z,t) = (Lz' f)(x,t) € C*(D)n C**(D~)n C21>'+*(DF)
which represented as (1.3) satisfies the Bitsadze-Samarsky boundary conditions

and @20).

Conwversely, if
u(w,t) = (L' f)(=,t) € C*(D) N C** (D) N C7 ;' *(D¥)

is a solution of the equations (L.1)-(1.2) and it satisfies the Bitsadze-Samarsky
boundary conditions (2.17) and (2.29)), then it coincides with the elliptic-parabolic

potential (1.3)).
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