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Convergence of the boundary control for the wave
equation in domains with holes of critical size *

A. K. Nandakumaran

Abstract
In this paper, we consider the homogenization of the exact control-
lability problem for the wave equation in periodically perforated domain
with holes of critical size. We show that the boundary control converges
to the boundary control of the homogenized system under the assumption
that the perforations are uniformly away from the boundary.

1 Introduction

In this article, we consider the following exact boundary controllability problem
for the wave equation in the perforated domain Q.7:

yl —Ay. =0 in Qr
Ye = Vs ON XeT (1.1)
y=(0) =92, YL =yl inQ,

where Q. = Q. x (0,T), Eop = X x (0,7), . = 99, and (). is a perforated
domain obtained from 2 by removing small holes periodically distributed (with
period € > 0, a small parameter) of size a. which is of critical size. We make this
precise later. The controllability problem consists in finding a control v, so that
the corresponding solution y. satisfies y.(T) = y.(T) = 0. The controllability
problem (i.e., the existence of a control v. and the corresponding solution y.)
and homogenization (limit analysis as ¢ — 0) for wave equation have been
extensively studied by various authors [1, 2, 3, 5, 6, §].

Our aim in this article is to study the convergence of the outer boundary
control ve|r, when the holes are of critical size which seems to be open in the
literature quoted above. The (strong) convergence of this control when the size
is smaller than the critical one has been studied in [2]. Of course even this
article does not yield the convergence of the controls on the boundary of the
holes, but our expectation is that it should converge to an internal control in
some sense. In the next section, we make the problem precise and state our
result, while it will be proved in Section 3.
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2 Preliminaries and Main Result

Notation Let Q C RY be a bounded smooth domain with boundary I'. Let
Y = (-1,1)" and S CC Y be an open set containing the origin. Let ¢ > 0 be
a small parameter and 0 < a. < €. Perforate the domain €2 by making holes
of size a. from e-periodic cells. Yz = Y and S. = a.S. The remaining part is
Y. =eY \a.S. Let Y, =Y +k k€ ZN¥ and S¥ = S+ k. Let a > 0 be any
positive real number and define

D, ={z€Q:d(z,00) > a}.

Our assumption is that, we make perforations uniformly away from the bound-
ary, i.e., let I. = {k € ZN : Y* c Q\ D,} and define

Q. = Q\ (Urer. SF).

The boundary of Q. is ¥, = 90, = T'J(Uker,05F). Let T > 0 and Qr =
Q x (0,T) and define Q.7, X7, I'r etc. analogously. The critical size a. is given
by

(2.2)

Coe™/ =2 if N>3
a- =
: exp(—Cp/e?) if =2,

where () is a constant.

We now introduce the construction of the controls v, given in [2, 3] using
the Hilbert Uniqueness Method (HUM) introduced by J. L. Lions [5, 6].

Let m(z) = z — 2°, 2° € RY fixed and Ty = 2||m|| (). Let T' > Tj and
consider a real function v € C1[0, 7] such that ¢’ < 0 for all t € [0,77], ¥(t) = 1
for all ¢ € [0, T2L] and ¢(T) = 0. Let {¢2, ¢} € H(Q.) x L?(€) and solve
the system

Y= A¢. =0 in Qe
¢ =0 on X.r (2.3)
¢(0) = 62, ¢L(0) = ¢z in Q.
Then y. is obtained by solving

yg — Ay, = in Qr

E
=YP(t .
e = V(O (me) 5
Ye(T) = y.(T) = 0.
In the above equation v. denotes the exterior unit normal to the boundary. The
system (2.4) has a unique solution given by the transposition method and

on X.p (2.4)

Ye € CO([OaT]5L2(Q€)) ﬂcl([ovT];Hil(Qe))'
Define A, : H3 () x L?(9Q.) — H~Y(Q:) x L*(.) by
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It is proved in [2, 3] that A. is an isomorphism. Thus for a given {y%,yl} €
L2(Q) x H7Y(Q.), define {¢2,¢1} = A7 {yl, —y°}. Then the solution y. of
(2.4) associated to ¢. given by (2.3) satisfies y.(0) = 32, 3.(0) = y!. Thus the
controllability problem is solved. Regarding the convergence of (2.3) and (2.4),
the following result can be found in [2, 3]. Throughout the paper, g denotes the
extension of g by zero in the holes.

Theorem 2.1 Assume the notations as in Section 2.1 and Let T > Ty. Let
{0, ylt = {u° y'}xa. with {4°, y'} € L?(Q) x L*(Q), where xq, is the
characteristic function of Q. . Let y. be the solution of (2.4). Then as e — 0,
one has

ge —y in L=(0,T;L*(Q)) weak x,
where y is the solution of
y' = Dy +py =2up¢ in Qp
y=vWmn) 2 iy (2.5)
y(0) =4 ¥ (0)=y" inQ
and ¢ 1is the solution of

¢ —Ap+pp=0 inQp
=0 onlr (2.6)
¢(0) =¢°,  ¢'(0) = ¢,
and such that
{00,01} = {¢%, 0"} in H5(Q) x L*(Q)  weakly,
b — ¢ in L®(0,T; HH(Q)) weak *.
Moreover y(T) = y'(T) = 0.

The non-negative constant p is called the strange term in Cioranescu and
Murat [4] in the study of elliptic equation in perforated domains. We recall this
result in the following lemma. Similar type of test functions are also studied in
[7] for other systems.

Lemma 2.2 Let Q. be as in Section 2. Then there exists a sequence w. €
HY(Q) and a non negative constant u € Ry such that

. 0 <w. <1l,w.=0 on S. for everye >0
ii. we — 1, weakly in H(2) as e — 0

it (—Awe, Que) g1 w3 — 1 [ Cu,
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for every ¢ € D(Q), every sequence u. such that ue = 0 on Se and u. — u weakly
in HY(Q) as ¢ — 0. Further if a. is sub critical (holes are much smaller), i.e.,

Coe™  with o > f N >3
E{ € with o > w5 if N > (2.8)

exp(—Co/e®) witha>2 if N =2,
then one can take u = 0 and the convergence in (ii) is strong in H'(Q).

As mentioned earlier the solution 3. is obtained via transposition method.

i.e., y. satisfies:
0¢p. 00,
EJE rl/}
//ETyf /[) 0N, )87/5 8”5

for all f. = f.xa. € L'(0,T; L?*(Q.)), where 6. is the unique solution of

07 — Ab. = f. in Qcr
0. =0 on X.r (2.9)
0-(0) =0 = 6.(0).

The following convergence is also true:

e 00; 0
// 8¢ 0 / P(m @8_+// 2upeb. (2.10)
rry SET 8V5 81/5 T'r Qr

Here 6 is the unique solution of
— A0+ pub=f
=0 (2.11)
6(0) = 0 = 6'(0).

The natural questions which would arise, at this stage are the convergence of

the controls 96 96
w(m%)g’r Ov. los.y

and  Y(m.ve)
We have the following theorem which will be proved in the next section.

Theorem 2.3 Let a. be of critical size as in (2.2) and Q. be given as in Section
2.1. Then the outer boundary controls

O w2 in L2(Dr) weak.

where ¢e, ¢ respectively are the solutions of (2.3) and (2.6).

P(t)(m.v)

Remark 2.4 We do not have the convergence of the internal boundary controls.
Also without the assumption that the perforations are located uniformly away
from the boundary, the problem still remains open.
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Remark 2.5 Comparing the convergence in (2.10), it is not yet clear that
whether the following convergence are true:

O 90e d¢ 00

/FT Y(m.v) % By —>/FT w(my)aa (2.12)
¢ 00,

//SET 1/1(771.1/5)8’/E o — //QT 21p00. (2.13)

Of course the proof of Theorem 2.3 can be applied to see that glef Ir also

converges weakly to %hm but this does not directly yield (2.12) (and hence

(2.13)). But in the sub critical case, one gets the strong convergence of gzz and
hence (2.12) and (2.13) (see [2]) with p = 0.
3 Proof of Theorem 2.3
The proof consists of the following two steps.
Claim 1: There exists a constant C' > 0 such that
Ope
15, 1<¢ (3.14)

where p. is the solution of

p/al —Ape = fe inQer
pe=0 onTyp U Ser (3.15)
pe(0) = p2,  pL(0) = p2,
where
fe— f in L*0,T;L*(Q)) strong
P2 — p% in H}(Q) weak (3.16)
pl —p' in L*(Q) weak.

From the homogenization results of [1], one has

pe = p in L=(0,T,Hy) weak

3.17
pl —p in L>(0,T;L*) weak, (8:17)

where p satisfies
p'—Ap+pup=f
p=0 (3.18)

p(0) =p" p'(0)=p".

Claim 2: % — % in L?2(I'7) weak.
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Proof Claim 1: Recall D, = {z € Q : d(x,09Q) < a} and choose ¢ € C*(Q)N
such that

v on 0N
= 3.19
1 {0 in O\ D, (3-19)

where v is the unit normal to I'. Since D, does not contains any holes, we have
q =0 on S, that is on the boundary of the holes.

Now, multiplying (3.15) by gk g;’ . (where we use the repeated indices con-

vention) and integrating by parts, we get

0 op’ 0
/ [Pk ps]%—/ plapole + V. V2=
Q. Qer

ox ox ox
. . b JQer ” 3pk op. (320)
+ /QET Vps.quaxk - /FETU o v W Dy o Jeqn Dy

which can be written under the form

LA L+i+1—1=1Is.

Since p. = 0 on I'y, we have ggi = uk%. By the choice of g, it follows that

I:/ 19P2 2541,
I'r ay

We estimate the other terms as follows:

1 0
Iy = — —(Vp..V
4 D) AET qk Ozx ( Pe ps)

I'r

1/ . 2 1 aps 2
—= div q.|Vp. +—/ — %
o IVoel™ + 5 . 15,

1 . 1
= —5/ div q.|Vpe|* + 3 Vp:Vp,
Qer

\V]

1 . 1
= —/ div g.|pl” — —/ QP2 v,
2 QET 2 I‘TLJ SET
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The second term vanishes as p. = 0 on I'r | Ser, so we get from (3.20):

0 = [ DD - A0 g0

L

1
+—/ div q.(p2 — |[Vpe[*) / Ve
2 QET

Ipe
- gk
Qor fE al’k

<ClUIPLD) 2.y + V(D Z2(0.)
+ (L0 1Zz ) + VR0 Z2 ()]

el / (L2 + [V pe ) + C / A2

2 Qor

(3.21)

To estimate the right-hand side of the above inequality, we multiply (3.15) by
p. and integrate from 0 to ¢ to get

// (2 + Vo) 7// ferl,

ie.,
t
0 -E0 = [ [ .
0 JQ.
where .
B0 =5 [ UL + 9707 de
Now
[ gt [t 22)
<[|pLl| o< 0,122 (o)) 1 fell L1 (0,722 02.)) -
Therefore,

E(t) <E.(0) + |lp N oo (0,522 o)) 1 fell 21 0,220 )
<CIVR2 D72y + 021200y + 1l Lt 0,122 (00 ))])-

Obviously, we also have

| 180901 <1900 2l oo
QET

<C|fellzr 0,122 (20))-
So, using these inequalities in (3.21), it follows that

pe o 012 192
2 <V :
/FT|az,| SClIVPelzz e + lIpeliz@y +llfelrorizan) -y og

<constant,

for all the choices of p?, p. and f. as in (3.16). This completes the proof of
Claim 1.
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Proof of Claim 2: From claim 1, it follows that

dpe
ov

We have now to identify 1. Let g € D(0,T),v € C*(). Multiplying (3.15) by
guwe, where w. are the test functions given by Lemma 2.2, we get

_/ p/sg/vws + / VpegVuwe
Qer Qer
9pe _
+ VpegvVwe — P JuWwe = Jeguwe
Qer rr{S.r OV Qer

which can be written in the form

—n in L}(Ty) weak.

(3.24)

L +1+ 13— 1 =1,

Note that since the holes are away from the boundary, we have w, = 1 in a
neighborhood of T (this is from the construction of w.). Since w. = 0 on S,
from (3.17) and Lemma 2.2 we can easily get the convergence of I, I, I and I4
as follows:

I— [ ngv, Li— | pgv,
I'r Qr

I2 - VPQVU7
Qr

Iy — fgv.

Then, it remains to pass to the limit in I3. Of course, we can write formally,

T
13=/ 9{—Aw,, pev)
0

At this point, we cannot apply Lemma 2.2, because v ¢ D(2), but we can
overcome this using the fact that p. = 0 on the boundary I'r. We proceed as
follows: Let § > 0, put

As = {z e RN\Q : d(z,09) < 6}

and let ; = QJ As be the § neighborhood of Q. Extend p. to g. by zero in
As and since p. = 0 on I'z, we have p. € L>(0,T; H}(Q1)) and

pe — p in L=(0,T; HY () weak * .

. Jp inQ
r= 0 inA(;.

Moreover,
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Let ¢ be any extension of v such that o € D(£2;) and extend w. by 1 outside
Q) and again denote the extension by w.. We can apply Lemma 2.3 and since
po|o, = pv € Hy(), we get

<_Aw5’p~€ﬁ>Hgl(Ql),H(}(Ql) — M/Q pU = ,u/ﬂpv.
1
Now,

I3 :/ VpegoVwe = VpegoVwe
Qer Qi

T
_ /0 PICTNERY X P

- Hgop = / HgUp-.
Qi1 Qrp

So, passing to the limit in (3.24), we get

/ ngv = —/ p'g'v+ Vngv+/upgv—/fgv- (3.25)
I'r Qr Qr

On the other hand, multiplying (3.18) by gv, we get

0
—/ p'gv+ | VpgVo — —pgv+u/ pgu :/ fgv. (3.26)
Qr Qrp I'r v Qr QT

From (3.25) and (3.26), it follows that

o _
[ o= [ Gegv. v gepO.T).0E @,
I'r I'r 31/

which implies that
o
" o
Hence, Claim 2 is proved, which ends the proof of the Theorem 2.3.
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