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COMPACT ATTRACTORS FOR TIME-PERIODIC
AGE-STRUCTURED POPULATION MODELS

PIERRE MAGAL

ABSTRACT. In this paper we investigate the existence of compact attractors
for time-periodic age-structured models. So doing we investigate the eventual
compactness of a class of abstract non-autonomous semiflow (non necessarily
periodic). We apply this result to non-autonomous age-structured models. In
the time periodic case, we obtain the existence of a periodic family of compact
subsets that is invariant by the semiflow, and attract the solutions of the
system.

1. INTRODUCTION

In this paper, we are interested in non-autonomous age-structured models. Usu-
ally this model takes the form

“+o0
w0 = [ Bt u(t) (@t ada
2 0)a) + 22 1)) = —pu(t)(@) + M1, (D))
u(0) = ¢

with v € C'([0,T], L*(0,+00;R)N). We refer the reader to the books by Webb
[18], Metz and Dieckmann [9], and Tannelli [6], for a nice survey on nonlinear age-
structured population dynamic models. Here

un (t)

where u;(t) represents i'" class of the population. For example the population
can be divided into several species, and several patches (when there is a spatial
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structure). Moreover,

pau (t) E%l Pj (t, u(t))uj (t)

2ua (1 1 Byt u(t))u;(t
= | " | st = | 2 IO ]

s (t) S B (b u(t) uy (1)

where p;(a) represents the natural mortality of class 4, §;;(t, u(t))(a) represents the
fertility of class j into class i, and

S
g o (t,u(t))u;(t
Mt u(t)u( = | 2= )

SNy 6, () (1)

represents for the application to fisheries problems, intra and inter-specific compe-
tition, fisheries, and migrations. One can note that it is very natural to introduce
periodic births and periodic mortalities in fisheries problems. We refer to Pelletier
and Magal [12] for the example of a fishery problem where the time periodicity is
necessary for continuous time model.

In this paper we will consider an abstract formulation of that type of evolu-
tion problem. The results that we present here are in the line of Thieme’s work
[13, 16, 17, 15]. The main point here is to study (in abstract manner) the even-
tual compactness of the non-autonomous semiflow associated to this system. This
problem is studied in the book by Webb [18] in the autonomous case, and with
bounded mortality rates. In this paper, we obtain similar results to those in the
book by Webb [18], but by using integrated solutions of the problem (see section 2
for a precise definition). Also, the first part of the paper (i.e. sections 2, 3 and 4))
is strongly related with the paper by Thieme [13]. But the goal of this article is not
to show the existence, the uniqueness, and the positivity of the solutions. Our aim
is to show the existence of compact attractors for the time periodic age structured
population models.

We now present the plan of the paper. In section 2, we recall some results
originating from the work of Da Prato and Sinestrari [4], concerning existence of
integrated solutions. We also recall some results due to Arendt [1][2], Kellermann
and Hieber [7], Neubrander [10], Thieme [14], concerning integrated semigroup.
In section 3, we present some results based on the usual semi-linear approach.
We adapt results of books by Cazenave and Haraux [3], and Webb [18] to this
situation. In section 4, we study the time differentiability of the solutions. This
part is strongly related with Proposition 3.6 and Theorem 3.7 in the paper by
Thieme [13]. This part is based on the usual differentiability result that can be
found in the book by Pazy [11] (see Theorem 1.5 p.187). This result is used in
section 6 to prove the existence of an absorbing subset for the system. In section
5, we prove an eventual compactness result for a class of non-autonomous semiflow
which is applied in section 6. Finally in section 6, we give conditions for existence,
uniqueness, global existence, and eventual compactness of the nonlinear and non-
autonomous semiflow generated by the age-structured models. These conditions
are close to the conditions given by Webb in [18] for autonomous age-structured
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models. Finally, we prove the existence of a ”global attractor” for the system when
t — B(t,.) and t — M (¢,.) are periodic maps.

2. PRELIMINARIES
We consider the non homogeneous Cauchy problem

du(t) _
= Au(t) + £(1), t>to;

u(to) = wo.

(2.1)

Assumption 2.1.

a) A: D(A) C X — X is a linear operator, and assume that there exist real
constants M > 1, and w € R such that (w,+00) C p(4), and

|(AId —A)~™"| < for n € N\ {0} and lambda > w.

M

(A—w)’

b) zg € Xo = D(A)

¢) f:]0,4+00) — X is continuous.
In the sequel, a linear operator A : D(A) C X — X satisfying Assumption 2.1 a)
will be called a Hille-Yosida operator.
Definition 2.1. A continuous function u : [tg, +0o[— X is called an integral solu-
tion to (2.1) if

t t
u(t)=x0+ A | u(s)ds+ [ f(s)ds, for all t > t,. (2.2)
to

to
Note that (2.2) implies that ft s)ds € D(A). The main result of this section
is as follows.

Theorem 2.2 ([4, Thm 8.1]). Let A : D(A) C X — X be a linear operator
satisfying Assumption 2.1 a), and x € D(A). Let F(t) )+ fo s)ds (for
0 <t <T) for some Bochner-integrable function f : (0, ) — X and assume that

Az + F(0) € D(A).
Then there exists a unique function U € C*([0,T],X) N C([0,T], D(A)), such that

U'(t) = AU(t) + F(t), for allt € [0,T]
U(0)==z.

‘We now recall some result concerning integrated semigroups. We refer the reader
to Arendt [1, 2], Kellermann and Hieber [7], Neubrander [10], Thieme [14] for more
details.

Definition 2.3. A family of bounded linear operators S(¢), ¢t > 0, on a Banach
space X is called an integrated semigroup if and only if
i) S(0)=0
ii) S(t) is strongly continuous int>0.
iii) S = [, (S(r+t) = S(7))dr = S(t)S(r) for all t,r > 0.
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An integrated semigroup is non-degenerate if S(¢)x = 0 for all ¢ > 0 occurs only
for £ = 0. The generator A of a non-degenerate integrated semigroup is given by
the requiring that, for z,y € X,

t
zED(A),yzAa:@S(t):c—tzz/ S(s)yds, ¥t>0.
0

The following theorem is obtained by combining Theorem 4.1 in Arendt [2],
Proposition 2.2, Theorem 2.4, and their proofs in Kellermann and Hieber [7]. This
theorem is taken from Thieme [16, thm. 6].

Theorem 2.4. The following three statements are equivalent for a linear closed
operator A in a Banach space X :

i) A is the generator of an integrated semigroup S that is locally Lipschitz
continuous in the sense that, for any b > 0, there exists a constant A > 0
such that

1S(t) = S(r)|| < At —r|, for all0 <r,t <b.

ii) A is the generator of an integrated semigroup S and there exist constants
M >1, weR, such that

t
1S(t) — S(r)|l SM/ e“*ds, for all0 <r <t < +o0.

ili) There exist constants M > 1,w € R, such that (w, +00) is contained in the
resolvent set of A and

[A=A)~"| < —, forn € N\ {0}, and A > w.

M
(A —w)
Moreover, if one (and then all) of i), ii), i) holds, D(A) coincides with those
x € X for which S(t)z is continuously differentiable. The derivatives S'(t)x,t >
0,z € D(A), provide bounded linear operators S'(t) from Xo = D(A) into itself
forming a Cy-semigroup on Xy which is generated by Ag the part of A in Xo. That
is the linear operator defined by
D(Ag) ={zx € D(A) : Az € Xo} and Apx = Ax for all x € D(Ayp).
Finally S(t) maps X into Xy and
S'(r)S(t) = S(t+r)—S(r), for allm,t > 0.

In Kellermann and Hieber [7], a very short proof of Theorem 2.2 is given by
using integrated semigroups. One has

u(t) =To(t — to)xo + % S(t—s)f(s)ds
fo (2.3)

=To(t — to)xo +/t dS(t—s)f(s),

where S(t) is the integrated semigroup generated by A, and the last integral is a
Stieltjes integral. Now by setting

uw(t) =U'(t), =0, and F(t) = zg +/0 f(s)ds, (2.4)

one immediately deduces the existence of a solution of equation (2.2).
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Theorem 2.5 ([4]). Under Assumption 2.1, there exists a unique solution to (2.2)
with value in Xg = D(A). Moreover, u satisfies the estimate

t
Ju(®)] < Me g+ [ M f(5)lds, for allt >t (25)
to

Assume now that f(t) = 0, then the family of operators Ty(t) : X9 — Xo, t > 0,
defined by

To(t)zo = u(t), for all t > 0,

is the Cy-semigroup generated by Ay the part of A in Xy. For the rest of this
article, we denote by Ty(t) the semigroup generated by A.

In the paper by Thieme [13] the following approximation formula is obtained.
Assume that w is a solution of (2.2), then one has

%(Md — A)tu(t) = Ag(Md — A)"ru(t) + (Md — A)THF(), (2.6)

SO

AANTd—A) " u(t) :To(t))\(Md—A)_la:o—i—/t To(t—s)ANd—A)~' f(s)ds, (2.7)
0

thus limy_, 4o fot To(t — s)M(Md — A)~1 f(s)ds exists because the other terms in
equation (2.7) converge (since 2y and u(t) belong to Xy). So, we have

u(t) = To(t)xo + lim To(t — $)MNNd — A) 71 f(s)ds. (2.8)

A—+oo Jo

To conclude this section, we remark that Lemma 5.1 p.17 in Pazy [11] holds, even
when the domain of the generator is non-dense. More precisely, let |.| be the norm
defined by

ol = tim_ o]l (2.9)

where

|||, = sup ||p" (Id — (A — wid)) "z||, for all u > 0.
n>0

Then one has the following two properties:

Iz < |z] < M|z|, VzeX,
INMd — (A —wId) 'z < |z|, Vo€ X,¥A>0.

So, if u € C([0,T], Xo) is a solution of
t t
u(t) = w0 + (A — wid) / u(s)ds + / F(s)ds, forall € [0,T],  (2.10)
0 0
then one has (by using (2.5) with M =1, and w = 0)

t
[u(®)| < |zol +/ |f(s)|ds, for all ¢ > 0. (2.11)
0
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3. SEMI-LINEAR PROBLEM

In this section, we first follow the approach of Cazenave and Haraux [3]. Here we
consider the case where the nonlinearity is Lipschitz on bounded sets. We consider
the following problem: u € C(]0,T], Xo) satisfies

u(t) = zp + A/O u(s)ds +/0 F(s,u(s))ds, for t € [0,T]. (3.1)

Assumption 3.1.

a) A: D(A) € X — X is a linear operator, and there exist real constant
M > 1, and w € R such that (w, +00) C p(A4), and

M
(A —A)™"| < Do for n € N\ {0}, and A\ > w.
b) F: Ry x Xy — X is continuous, and for all C' > 0, there exists K(C) > 0,
such that

where B(0,C) = {z € X : ||z < C}.
Problem (3.1) is equivalent to

u(t) =x9 + (A — wld) /Ot u(s)ds + /Ot F(s,u(s)) +wu(s)ds, Vte[0,T].
Then by using the equivalent norm |.| defined in (2.9), we can assume that M =1,
w = 0. Moreover, the map

G(t,x) = F(t,z) + wz, Vo € Xy, Vi > 0,
satisfies for all C' > 0,
|G(t,z) — G(t,y)| < (MKp(C) +w)|x —y|,Vz,y € EH(O, C) N Xo,Vt >0,

where B ((0,C) = {z € X : || < C}. So without loss of generality, we can assume
that M =1, and w = 0.

Lemma 3.1. Under Assumption 3.1, for each xo € X, (8.1) admits at most one
solution u € C([0,T7, Xo).

Proof. Assume that (3.1) admits two solutions u,v € C(]0,T], Xo). We denote

C = sup max(|u(t)], |[v(t)]).
t€[0,T]

Then one has

u(t) —v(t) = A/O u(s) —v(s)ds +/0 F(s,u(s)) — F(s,v(s))ds,Vt € [0,T],

thus
u(t) —v(t) =(A — wld)/o u(s) — v(s)ds

+/ F(s,u(s)) — F(s,v(s)) +w(u(s) —v(s))ds, vVt € [0,T].
0
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So from (2.11), we have (by using the equivalent norm |.| defined in (2.9))

u(t) —v(t)] < /t [F(s,u(s)) — F(s,v(s)) + w(u(s) = v(s))|ds, vt € [0,T],
thus i ,
lu(t) —v(t)] < (MKp(C) +W)/ lu(s) = v(s)lds, vt € 0,T],
and by Gronwall’s lemma one deduces the ;)esult. O
Let Cp = max;c,1/9) |F(t,0)], Lc = 2C + CF for C > 0, and
Tc = [2Ka(2C + Cr) + 2]~ €]0,1/2], for C >0,

where K¢(C) = MKp(C) 4+ w for C > 0. The following proposition is adapted
from Proposition 4.3.3 p.56 in the book by Cazenave and Haraux [3].

Proposition 3.2. Let C > 0, and let xy € Xo with |xg| < C. Under Assumption
3.1, there exists a unique solution of problem (3.1), u € C([0,T¢], Xo).

Proof. Lemma 3.1 shows the uniqueness. Let zg € Xy with |zg| < C, and let
E = {u e C(0,Tc], Xo) : [u()] < Le, ¥t € [0,Tc]}
be equipped with the metric

d(u,v) = te%%}“(c] lu(t) — v(t)|, Yu,v € E.

For u € E, we define ®,, € C(]0,T¢], Xo), as the solution of the following equation,
vt € (0, Tc],

B (1) = (A — wid) /0 By, (s)ds + a0 + /O Fls,u(s) + wu(s)ds.  (3.2)

We note that for all s € [0, T¢], one has F(s,u(s)) = F(s,0)+ (F(s,u(s))—F(s,0)),
thus
|F(s,u(s)) + wu(s)| < Cp+ LeKg(Le) < (C+Cr)/Te.
We deduce that
t
@u(0)] <lool + [ 1F(s.u(s) +wuts)lds
0
<C+ (C + CF)t/TC =Lc, Vte [O,Tc].
So, ® : E — E. Moreover, for all u,v € F, one has
t
1B,(1) — B (1)) < KG(LC)/ fu(s) — v(s)lds < 1/2d(u, v), Vi € [0, Tc.
0
So, ® is a strict contraction and the theorem is proved. (Il
Theorem 3.3. Under Assumption 3.1. Let
T(x) =sup{T >0: Ju e C([0,T], Xo) solution of (3.1)}. (3.3)
Then

1
2K (2lu(t)|+ sup |F(¢,0)|) > ——— —2,Vt € [0,T(x)).
a(2u(?)] te[O’T(x)[l (t,0)]) T =1 [0, T(z))

In particular, either T'(x) = +o00, or T'(x) < +00 and lim;p(y) [u(t)| = +o0.
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We refer the reader to Theorem 4.3.4 in the book by Cazenave and Haraux [3]

for the proof of the above theorem.

Proposition 3.4. Under Assumption 3.1, the following holds:

i) T: X — (0,+00] is lower semi-continuous.

i) If vy, = @ and if T < T'(z), then u, — u in C([0,T], Xo), where u, and
u are the solution of (3.1) corresponding respectively to the initial value x,,
and x.

We refer the reader to Proposition 4.3.7 p. 58 in the book by Cazenave and
Haraux [3] for the proof of this proposition. We summarize Propositions 3.2 and
3.4 in the following theorem.

Theorem 3.5. Under Assumption 3.1, the set
D={(t,z) 1z € X, 0<t <T(x)} is open in [0,+00) x Xo, and the map (t,z) —
Uy (t) from D to Xy is continuous.

We are now interested in the positivity of the solutions, for which end we use
the conditions used by Webb in [19]. Let X C X be a cone of X. That is to say
that X is a closed convex subset of X, satisfying

i) de € Xy, Ve e Xy forall A\ >0
i) xe Xy and —z € Xy =2 =0.

It is clear that Xoy = Xo N X, is also a cone of Xy. We recall that such a cone
defines a partial order on the Banach space X which is defined by

x>y ifandonlyif z—ye X,.

Assumption 3.2.

¢) (Md—A)"1X, C X, for A > w.
d) For all C' > 0 and all T > 0, there exists v(C,T) > 0 such that

F(t,z) +wz +~v(C,T)x € X;, Vz € B(0,0)N Xo,,Vte[0,T].

Proposition 3.6. Under Assumptions 3.1 and 3.2, for each x¢ € Xo4, the corre-
sponding solution of equation (3.1) u satisfies

u(t) € Xoy, Ve [0,T(z)).
Proof. For T € [0,T¢], let
ET = {u e C([0,T], Xo) : u(t) € Xo, [u(t)] < Le, vt € [0,T]} .

For t € [0, T], we define ®Z(¢) as the solution of the equation

BT (t) =20 + (A — (v(Le- Te) + w)Id) / &7 (5)ds
0 (3.4)

+ / F(s,u(s)) + (v(Le, Te) + w)u(s)ds.
0
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Then we have to prove the positivity of ®,(t), for all ¢t € [0,7T]. But, we have
oT(1) = R lirf AAMd— Aol (1)

= Jim A(Ad— A)"tem(lLe To) @ty () g

+ /t e—(w(Lc,Tc)+w)(t—S)T0(t —5)A
0
x (Md — A) 7' [F(s,u(s)) + (v(Leo, Te) + w)u(s)]ds,

so under Assumption 3.2 ¢) and d), we see that Yu € ET, VA > w, Vt € [0,T1,
t

AAId — A)—16—(7(Lc,Tc)+w)tT0(t)xO + / e—(’Y(Lc,Tc)—i-w)(t—S)TO(t —5)A
0

x(\d — A) ' [F(s,u(s)) + (v(Le, To) +w)u(s)]ds € Xos

So, by taking the limit as A — +o0o0, and using the fact that Xy is closed, we
deduce that

®I(t) € Xoy, Vte[0,T).
So @7 : ET — C([0,T], Xo4). Finally, for all T > 0 small enough, ®” maps ET
into itself, and ®7 is a strict contraction. The result follows. O

We recall, that a cone X of a Banach space (X, ||.||) is normal, if there exists a
norm |.||; equivalent to ||.||, which is monotone, that is to say

Ve,ye X, 0<z <y implies |z|1 < |lyl:-

Assumption 3.3.

e) There exist G; : Ry x X — X and G2 : Ry X Xy — X continuous maps,
such that

F(t,x) = G1(t,z) + Ga(t,z), Vx € Xo,¥t>0,
where G1(t,z) € — X, for all z € X¢y, all t > 0, and
1G2(t, 2)[| < ke, llz]l, Vo € Xog, Vi > 0.

f) X4 is a normal cone of (X, |.]).

Proposition 3.7. Under Assumptions 3.1, 3.2, and 3.3, for each xo € Xo4, there
exists a unique u € C([0,+00), Xo4) solution of (3.1). Moreover, there exist Cy > 0
and C1 > 0, such that for all g € Xoy,

lu(®)]| < [lol|Coel“rre=)t, vt > 0.
Proof. We start by letting |z|; = lim, .4 |21, Where
#ll1p = sup [u"(pld — (A —wId)) "x|[1, > 0.

Then since ||.||; is monotone, and (AId — A)~! is a positive operator for A > w, we
deduce that |.|; is monotone, and satisfies

lp(uld — (A — wId)) " tz|y <|z|i, for p >0, and 2 € X.

Consider now

u(t) = zo + A/o u(s)ds —I—/O F(s,u(s))ds, for t € [0,T(x0)).
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Let T € [0,T(z0)). Then by definition of T'(xg), we have

Cu= sup [u(t)]| < +oo.
t€[0,T)

By Assumption 3.2 d), there exists v(Cy,T) > 0 such that
F(t,z) +wx +v(Cy, T)x € X, ,Vo € B(0,C,) N Xop, Vte[0,T].
We fix o > 0 such that o +w > v(C,,T). Then for all ¢ € [0, T],
u(t) =xo + (A — (w+ a)Id) /Ot u(s)ds + /Ot F(s,u(s)) + (w+ a)u(s)ds.
Therefore, for all ¢ € [0, T,
lu(t)1 < e gl + /Ot e =) F(s,u(s)) 4 (w + )u(s)|1ds.
Using the monotonicity of |.|; one has
lu(t)|1 < e *|xoly + /Ot e =) |Gy (s, u(s)) + (w + @)u(s)|1ds.
Since the norm ||.|| and |.|; are equivalent, we have for some constant C; > 0,
lu(t)]1 < e *|xgly + /Ot e =) C kg, +w + a|u(s)|1ds, ¥t € [0, T].

By using Gronwall’s lemma we obtain
lu(t)]1 < |zo|relCrhet)t vt e [0, T].

Existence of a global solution follows from Theorem 3.3. (]

4. TIME DIFFERENTIABILITY OF THE SOLUTIONS

In this section, we study only the time differentiability of the solutions. We refer
to Thieme [13] Theorem 3.4 and Corollary 3.5 for the differentiability with respect
to the space variable. Consider v € C(]0,T], D(A)) a solution of

u(t) = zo + A/O u(s)ds —l—/o F(s,u(s))ds, for ¢t € [0,T], (4.1)

and assume that g € D(A) and that F : [0,T] x Xog — X is a C! map. Then when
the domain is dense it is well known (see Pazy [11] Theorem 6.1.5 p. 187) that
t — wu(t) is continuously differentiable, u(t) € D(A) for all ¢ € [0, T], and satisfies
u'(t) = Au(t) + f(t),Vt € [0, T,
u(0) = xo.
We are now interested in the same type of result when the domain is non-dense.
We will use the following theorem.

Theorem 4.1 ([Thm. 6.3][4]). Let A: D(A) — X be a Hille-Yosida operator. Let
feC(0,T],X) and xo € Xo. If u is a solution of

u(t) = zo + A/O u(s)ds +/O f(s)ds, vt € [0,T7,
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belonging to C*([0,T], X) or to C([0,T], D(A)), then

u'(t) = Au(t) + f(t), Vte][0,T],
u(0) = xo.
with v € C1([0,T], X) N C([0,T], D(A)).
Assumption 4.1.

a) A: D(A) C X — X is a linear operator, and there exist two real constants
M > 1, and w € R such that (w,+00) C p(A4), and

fA—=A4)"" < for n € N\ {0}, and A > w.

M
(A—w)’

b) F:[0,T] x Xo — X is continuously differentiable from [0,7] x Xy into X.
¢) There exists u € C([0,T], D(A)) solution of

=1z + A/ s)ds —|—/ F(s,u(s))ds, for all ¢t € [0,T]. (4.2)

Theorem 4.2. Under Assumption 4.1, if in addition xo € D(Ap) (i.e. xo € D(A)
and Azy € D(A)) and F(0,z0) € D(A); then there exists u € C'([0,T],X) N
C([0,T),D(A)) satisfying

W/ () = Au(t) + F(t, u(t), ¥t € [0,T),
u(0) = xo.

Proof. We use the idea in the proof of Theorem 6.1.5 in Pazy [11]. Let w €
C([0,T], D(A)) be a solution of the equation

t
w(t) =Axo + F(0,x0) —|—A/ w(s)ds
0 (4.3)

—|—/0 8615 (s,u(s)) + D, F(s,u(s))w(s)ds, vt € [0,T].

It is clear that the solution w(t) exists and is uniquely determined, since u(t) exists
on [0,T]. Let t > 0. For h > 0, we have

u(t+ h) — u(t)
h

:%A[ /O s /0 tu(s)ds]+l[ / M s u(s))ds - /O " F(s,u(s))ds]

:A[/O (S+h}1_us)ds—|— A/

F(s+hyu(s +h)) = Fs, u(s)) e
Jr/o ; derﬁ/O F(s,u(s))ds.
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Therefore,

bu(s + h) —u(s)
_A/O — 7 —w(s)ds

—A/ s)ds + /Fsu( ))ds — Az — F(0,70)

F(s +h,u(s + b)) — F(s + h, u(s))
/ h — D, F(s,u(s))w(s)ds

F(s+ h,u(s F(s,u(s)) 0
/ — s, uls))ds

So by using (2.5), and Gronwall’s lemma, the right differentiability of w(t) will

follow if we prove that

h h
%1{‘% A/o u(s)ds + % /0 F(s,u(s))ds + Axg + F(0,z0) = 0.

Ift>h>0,

u(t —h) — u(t)
—h

Lt utons [ utsyad - Lo [Cucoas
1[/thﬂ <>>ds—/ (s, u ds——/Fsu
—A/ - /Fs—hus— - s))ds

4 hA/O u(s)ds + ]11/0 F(s, u(s))ds.

Therefore,

(ti —u( A/ ds—A/ s)ds — A ws)ds

h
— Axog — F(0,z0) + hA/ u(s)ds + ]11/0 F(s,u(s))ds

0
Y F(s — h,u(s — h)) — F(s,u(s))
—|—/h ds

—h

- /0 %F(s u(s)) + Dy F (s, u(s))w(s)ds.
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We obtain
u(t —h) — u(t)
BT
t Z ) — uls h
:A/h u(sii—)h() —w(s)ds —A/ w(s)ds

0
1, (" I
— Axg — F(0,z¢) + —A/ u(s)ds + —/ F(s,u(s))ds

Y F(s — h,u(s — h)) — F(s,u(s))
+/h ds

—h

_ /t %F(s — h,u(s —h)) + Dy F(s — h,u(s — h))w(s — h)ds
h

ho
_/0 EF(S,u(s))—s—DxF(s,u(s))w(s)dS.

Since by construction, we have

lim A [ w(s)ds =0,
N0 S

to prove the left differentiability of u it is sufficient to prove that

I I
}lli{% EA/O u(s)ds + E/o F(s,u(s))ds = Azxg + F(0, ).
Taking into account Theorem 4.1, Theorem 4.2 is a consequence of the following
lemma. [

Lemma 4.3. Under the assumptions of Theorem 4.2, one has

1 h
lim — A
im ~

1 [h
Jimmy u(s)ds + 7 /0 F(s,u(s))ds = Axo + F(0,x9).

0

Proof. This lemma will be proved if we show that

. ulh)—=z
}lll\r\r%)% = Axo + F(0,z0).

We remark that u(t) = To(t)zo + v(t), where Ty(¢) is the semigroup generated by

Ap the part of A in D(A), and v € C([0,7], D(A)) is the solution of

v(t):A/O v(s)ds—i—/o F(s,0(s) + To(s)z0)ds .

Since zg belongs to the domain of Ag, it remains to prove that

_u(h)
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Clearly one has for A > w
v(t) —tA(Nd — A)"' F(0, x)

:A[/O o(s) — sAMd — A)~1F(0, 20)ds]
+ g)\A()\Id — AT F(0,20) — tA(Md — A) T F(0, 20) + tF(0, 20)

+ / F(s,v(s) + To(s)xo) — F(0,z0)ds
0

Now using the fact that F(0,zq) € D(A) one has
Amf AN — A" E(0,20) = F(0,20),

and using (2.5),
lo(t) = tF(0,z0)|| <[lv(t) — tA(Nd — A)" F(0,z0) |
+ t|AAd — A) " F(0, z0) — F(0, zo)||

2
<Me*!| %)\A(Md — AR, a0)]

t
+/ Me“9) || F(s,v(s) + To(s)zo) — F(0,xo)||ds
0
+ 2t AN Id — A) " F(0,20) — F(0,z0)]|.
0

To extend the differentiability result to the case where F(0,z9) ¢ D(A), we
remark that, since u(t) € D(A) for all ¢t € [0,T], a necessary condition for the
differentiability is

Axo+ F(0,29) € D(A).

In fact, this condition is also sufficient. Indeed, taking any bounded linear operator
B € L(X), if u satisfies

u(t) = xo + A/o u(s)ds —|—/O F(s,u(s))ds, Yt € [0,T],
we have
u(t) =x0+ (A+ B)/0 u(s)ds + /0 F(s,u(s)) — Bu(s)ds, for t € [0,T].

So to prove the differentiability of u(t) it is sufficient to find B such that (A+B)zg €
D(A). By taking B(y) = —z*(p)Axo, where x* € X* is a continuous linear form,
with a*(xg) = 1 if 29 # 0, which is possible by the Hahn-Banach theorem. So we
have

x9 € D(A) = D(A+ B), and (A+ B)xg € D(A) = D(A+ B).

Moreover, assuming that Axg+ F(0, ) € D(A), we obtain F(0,z)— Bxo € D(A).
So, by using classical perturbation technics (see Pazy [11] Chapter 3), we deduce
that A + B is a Hille-Yosida operator, and we have the following theorem.
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Theorem 4.4. Under Assumption 4.1, if xg € D(A), and Axo+ F(0,z¢) € D(A),
then there exists u € C*([0,T], X) N C([0,T], D(A)) satisfying

o' (t) = Au(t) + F(t,u(t)), vt € [0,T],
u(0) = xo.
We now consider the nonlinear generator,

Ao =Ap+ F(0,¢), for ¢ € D(Ax) = D(A),

As in the linear case, one may define Ay o the part Ay in D(A) as follows

AN70 = Ay on D(AN70) = {y S D(A) : ANy € W} .

Of course, one may ask about the density of the domain D(Ay ) in D(A). This
property will be useful in section 6 to obtain a priori estimates (more precisely to
obtain the existence of an absorbing set).
Assumption 4.2.
d) F(0,.) : Xo — X is Lipschitz on bounded sets i.e. YC' > 0, 3K (C) > 0,
such that

17(0,2) = F(0,9)[l < K(C)l|lz —yll, V¥a,y € B(0,C) N Xo.
Lemma 4.5. Under Assumptions 4.1 a) and 4.2, D(An o) is dense in Xo = D(A).

Proof. Let y € D(A) be fixed. Consider the following fixed point problem: x) €
D(A) satistying

(Id —MNA = \F)xy =y < xx = (Id — NA) 'y + \Id — NA) 7 F(0, xy).
We denote
Oy () = (Id — AA) "Ly + A\(Id — NA) "' F(0, x), Yz € Xo.

Then r > 0 being fixed, one can prove that there exists n = n(r) > 0 (with
[n™1, +00[C p(A)) such that

‘b,\(B(yﬂ”)) C B(y,r),V)\ € (O’n]a

where B(y,r) denotes the ball of center y with radius r in X,. Moreover, one
can assume that @, is a strict contraction on B(y,r). So, VA €]0,7)], there exists
xx € B(y,r), such that ®,(zx) = xx. Finally, by using the fact that y € D(A), we
deduce

lim (Id — AA) 'y = lim AT\ "Hd - A) 1y =
Jim (7d — AA) ™y = lim A7HATd — A)" Ty =y,

so limy—, 400 Tx = ¥. O

5. EVENTUAL COMPACTNESS

In this section we are interested in the eventual compactness of the nonlinear
non-autonomous semiflow generated by

Ugo (B) = T + A/o Uy, (8)ds —|—/0 F(s,uz,(s))ds, for t € [0,T]. (5.1)

We recall that a family of operators U(t,s) (with ¢ > s > 0) is called a non-
autonomous semiflow (see Thieme [13]) if

U(t,r)U(r,s) =U(t,s) if t >r >s, and U(t,t) = Id.
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Here we are interested by the non-autonomous semiflow defined by
t t
Ul(t,s)xo = o + A/ U(l, s)xodl +/ F(l,U(l,s)xo)dl, fort > s,

and we want to investigate the eventual compactness of the family of nonlinear
operators {U(s +t,s)},5q(i.e. the complete continuity of U(s +t,s) for t > 0 large
enough). In the sequel, we only consider the case where s = 0, the case s > 0 being
similar.

This problem is studied in the linear autonomous case by Thieme in [16], and
we refer to the paper by Webb [18] for the semi-linear case with dense domain.
This problem is also investigated in the book by Webb [19] for nonlinear age struc-
tured model with bounded mortality rate, in the autonomous case. Here, we follow
Webb’s approach in [19] , and we adapt his approach to the abstract problem.
Assumption 5.1.

a) A: D(A) C X — X is a Hille-Yosida operator.
b) F:[0,T] x Xo — X is a continuous map, which satisfies

F(t7x) = Fl(t’w) +F2(t,(£),

where Fy : [0,T] x Xo — X, and F : [0,T] x Xg — X, satisfy: VC > 0,
JK(C) > 0, such that

| Fi(t,x) — Fi(t,9)|| < K(O)||lz — yl,Vx,y € B(0,C) N Xo,Vt € [0,T], i=1,2.

¢) There exists a bounded set B C X such that, for each zg € B, there exists
a continuous solution uy, : [0,7] — X of (5.1), and

sup - sup |lug, (t)[| < ao.
zo€B t€[0,T]

d) For each t € [0,T], ¢ — Fi(t, ) is continuous and maps bounded sets into
relatively compact sets, and VC > 0, 3k(C) > 0, such that

|F1(t, ) — Fi(l, @) < k(C)|t = 1|, Yz € B(0,C) N X,, Vt,1 € [0,T).
e) There exists k = k(B) > 0, such that
| F1(t, ug, (t) — Fr(l, ug, ()|l < klt = 1], Yzo € B, Vt, 1 €[0,T).

We now consider the system of equations

t t
Uiz, (E) = A/o U1z, (5)ds —|—/0 Fi(s,ugz,(s))ds, for t € [0,T7,

t t
Uz, () = 2o + A/ U, (8)ds +/ Fy(s,uz,(8))ds, for t € [0,T].
0 0

Then the solution of the previous system clearly exists, and by uniqueness
of the solution of the problem

t t
v(t) = xo + A/ v(s)ds —|—/ F(s,uy,(s))ds, for all t € [0,T],
0 0
we have

Ugy () = w1, (t) + ug, (t), for all t € [0,77].

Theorem 5.1. Under Assumption 5.1, the set {u1y,(t) :t € [0,T],x0 € B} has
compact closure.
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Proof. For each zy € B, we denote vy, 5, € C([0,T], Xo) the solution of the problem

U 2o (1) :A/O vn,mo(s)d”/o P % FL( gy ()(s)ds, Vi € [0,T],

where p, : R — R is a mollifier, with support in [, %L

Fy (0, ug, (0)), if ¢t <0,

Fi(tug, (£) = Fi(t,ug, (), if 0 <t <T,
Fi(T, uyy (T)), if t > T,
- +oo -
ot Filatay )0 = [ pu(@Fa(t — 6,1, (¢ ~ 6))db

On the other hand, we know (see Thieme [13]) that

t
o) = [ dS(s)p x Faln ()t = 5),
where S(t) denotes the integrated semigroup generated by A. We then have,
Vnsao (8) =S(8)[on # Fi (g (1)) (0)] = S(0)[pn % Fi (1t (1)) (1))

+/0 S(s)pl, % Fy (s ugy ())(t — s)ds .

Since S(0)x =0, for all z € X,

Unao (£) = S(8)[pn * Fi (-, g (1))(0)] + /0 S(8)pr * Pty ())( = 8)ds .

By using Assumption 5.1 d), one deduces that Fy([0,T] x (B(0, ap) N Xp)) is com-
pact, and Mazur’s theorem conv(F;([0,7] x (B(0,a9) N Xp))) is compact. Indeed,
let k > 0 be fixed such that

|1E1(t, ) — Fy(r,x)|| <kt —r|,Vz € B(0,ap) N Xo,Vt,r € [0,T].
For each n € N\ {0}, lettf:%Tfori:O,...,n. Then for: =0,1,...,n—1,
[F1(t}, @) — Fi(t, )| < kT/n, Vi€ [t], 4]

Let € > 0 and n € N\ {0} be such that kT'/n < e/2. As Fyi(t7", B(0,a0) N Xp) is
relatively compact, so there exists {mzl, xh, ... 7332(1‘)} C B, such that for all x € B,
there exists j € {1,2,...,k(i)}, satisfying

1Py (8 a5) = Pty o) <

]

N ™

We have

F1([0,T] x (B(0,a0) N X)) C Uiz1,...on j=1,...k0) B(x,€),

and the compactness of Fy([0,7] x (B(0,ap) N Xp)) follows. From Theorem 2.4,
we know that S(t) is locally Lipschitz, so by using the same argument as above, we
deduce that

Usefo.1) Usoe S(1)[on * Fi (.t (1)) (0)]
is relatively compact, and

Utelo,7] se(0,7] YzoeB S(t)p), * ﬁl('auﬂﬁo('))(s)
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is also relatively compact. Thus for each n € N\ {0}, there exists a compact subset
C, C Xy, such that

Un,z () € Cp,Vao € B,Vt € [0,T].

To complete the proof, it remains to prove the uniform convergence of vy, 5, (t) to
U1 4, (t). That is to say Ve > 0,3ng € N\ {0}, such that

[t1,20 (t) — Vnzo (B)|| < €,V € B,¥t € [0,T],Yn > ny.
We have V¢ € [0, 77,

uy on — Un,zq (t)

_A/ g vnm(s)ds—&—/o Fy (5,11, (5)) — oo % By tmg () (5)ds,

so that

t
[[u,20 () = n 2o ()] < M/O U Fy (5,1t (5)) = o F1 (- g (1)) () | ds.
Then Vs € [0, 77,

F](S, Ua;o(s)) — Pn * ﬁl(wuzo('))(s)
+00 _
— Fissay () = [ pu(OFi(s ~ 0,uny (s~ 0))ds

— 00

+o0 . _
_ / o (O)F (5, 1100 () — Fi (5 — 0, 1y (5 — 0))d0.

— 00

So by using Assumption 5.1 e), one has
~ Foo k
IFs (st (5)) = o Pty ) < [ p(O)lolao < .
and we have
k
11 20 (1) = Vo (B)]] < Me“’TTE,on € B,Vt € [0,T],Yn > 1.
[l

Assumption 5.2.

f) Let (Z,].]|z) be a Banach space, let H : Z x Xy — X, be a continuous
bilinear map, and let be a Lipschitz continuous map G : Ry x Xg — Z
which maps bounded sets into relatively compact sets. We assume that

Fy(t,x) = H(G(t,z),z),Vz € Xo,Vt > 0.
g) Let w,, € C([0,T], Xp) be the solution of

way (£) = To(t)zo + /O’To(t S H(G(5, tny (), s, (5))ds, Yo € BVt € [0, T.

We assume that there exists T”, 0 < 7" < T, such that
we, (t) = 0,V2zo € B, Vt>T'.

The following theorem gives the eventual compactness of the non-autonomous semi-
flow.

Theorem 5.2. Under Assumptions 5.1-5.2, the set {uy,(t):¢t € [T",T],x0 € B}
has compact closure.
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Proof. By taking into account Theorem 5.1, it remains to investigate the eventual
compactness of the second component ug,, (). We have

2o () = To(t) 0 + Lag (U2 (1)) (8) + Lo (w12, (-)) (1), V2 € [0, T1,

where

LaaON0 = [ Tot = )G,y (51,0060 € 0,71,
As an immediate consequence one has

uzao (1) = ) Ly (To()ao) (8) + Y Ly (ureg () (1), , ¥t € 0,77,

k=0 k=1
thus -
Ui (1) = Wy (1) + ) L, (w14, ())(2),,VE € [0, T],
where wg, (t) is the continuous solu]‘zz)ln of
Wy (1) = To(t)zo + /Ot To(t — s)H(G(S, Uz, (), e, (s))ds, ¥Vt € [0,T].

By Assumption 5.2 g), one deduces that

waey (1) = 37 LE (e ())(0), V8 € [T, 7).
k=1

So for each integer m > 1,

e () = ) Ly (w1ag (D)) + D Ly (w1ay () (1), VE € [T, T,
k=1 k=m+1

We recall that
Lo (u14,(2))(t) = /o To(t — s)H(G(S, Uz, (), U1, (8))ds, Vt € [0, T1.

Moreover, by using Assumption 5.2 f), and Theorem 5.1, one deduces that

Mo < {H(G(t, gy (1)), tray (t)) : w0 € B,t € [0,T]}

is relatively compact. By compactness of [0, T] x My, and by continuity of (¢,z) —
To(t)x, one deduces that

My, €Ty (e x € My, t € [0,T]}

is also relatively compact. Therefore,

Ly (12, () (t) € conv(My) & By, VWt € [0, 7],

and by Mazur’s theorem Ej is compact. By using induction arguments we deduce
that for each m > 1, there exists a compact subset F,, C X, such that

i Ly (u1zy())(t) € Em, Vit € [0,T].
k=1

Moreover, by using Assumption 5.1 ¢), we know that there exists a constant C' > 0,
such that

k wT kT7k
1Lz, (w1ao (D) (@) < c0e™ CF
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where C' = M| H||£(zxx,,x0)[[|G(0,0)|| + [|G|Lip[co + T1], g > 0 is the constant
introduced in Assumption 5.1 ¢), and where R x Xj is endowed with the norm
|t 2)|| = |¢| + ||z]|. So, we deduce that V¢ € [0, 77,

ok ot N (CT)*
I3 I e )0 <a0e”™ S
k=m+1 k=m+1
w - CTk def
<ope T(SCTfZ( k!) )= Y — 0
k=0

as m — +00. Let E' = Uicip' 1 zgep {U22, ()}, Then for all x € E there exists
y € Ep, such that ||z — y|| < . Let € > 0, and let be m > 0 such that ~,, < 5.

Since E,, is compact we can find a finite sequence {y; }j:1 .p such that
€
Em - Uj:l ..... pB(yja 5),
and since 7, < £, we also have E C Uj=1,. ,B(y;,€). So E is relatively compact.

O

We are now in position to investigate compact global attractors for periodic
non-autonomous semiflow generated by the Cauchy problem
dU(t, s)xo

il = AU(t,s)xo + F(t,U(t,s)xg), for t > s,

U(s,s)xg = xo,

where F' is time periodic.
Assumption 5.3.

a) A: D(A) C X — X is a Hille-Yosida operator.
b) F :]0,400) x Xo — X is a continuous map, which satisfies

F(t71') - Fl(t’w) +F2(t7x)a

where Fy : [0,400) X Xog — X, and F; : [0,4+00) X Xo — Xy satisfying:
vC > 0, 3K(C) > 0, such that

|Fi(t,z) — Fi(t,y)|| < K(O)||lz —y|,Yz,y € B(0,0) N Xo,Vt >0, i=1,2.

¢) There exists a closed convex subset Ey C X such that, for each s > 0, and
each xy € Ey there exists a continuous solution U(., s)xg : [s,+00) — Xo
of

t t
U(t, s)xo =z + A/ U(l, s)xodl + / F(l,U(,s)xo)dl, Vt> s,
S S

U(t,S)EO C Ep,Vt > s >0,
and for each s > 0, each T > 0, and each bounded subset B C FEj, the set
{U(t+s,8)zg:0<t<T,z9 € B} is bounded.

d) For each t > 0, ¢ — Fi(t, ) is continuous and maps bounded sets into
relatively compact sets, and for each C' > 0, for each T > 0, there exists
k=k(C,T) > 0, such that

| F1(t, ) — Fy(l,2)|| < k|t —1|,Yz € B(0,C) N Xy, Vt,1 € [0,T).



EJDE-2001/65 TIME-PERIODIC AGE-STRUCTURED POPULATION MODELS 21

e) For each bounded subset B C Ey, for each s > 0, and for each T' > s, there
exists k = k(B,s,T) > 0, such that
|Fi(t,U(¢, 8)xo) — Fr(l,U(l, 8)xo)|| < k|t —1|,Vzo € B,Vt, 1 € [s,T).

f) Let (Z,].]|z) be a Banach space, let H : Z x Xy — X, be a continuous
bilinear map, and let be a Lipschitz continuous map G : Ry x Xg — Z
which maps bounded sets into relatively compact sets. We assume that

Fy(t,z) = H(G(t,x),x),Vz € Xo,Vt > 0.

g) For each s > 0, and for each zg € Ey, let wy, (., s) € C([s,+0), Xo) be the
solution of

Wy, (t,8) = To(t — s)xo + / To(t —DH(G(L,U(,s)x0), we, (1, $))dl, ¥t > s.

We assume that there exists T > 0, such that
Wy, (t,8) = 0,Vxg € Eo,Vt > T + s.
h) There exists w > 0 such that
F(t+w,z) = F(t,x),Vt > 0,Vz € Xj.
i) There exists a closed bounded subset F1 C Ej such that for each s > 0, for
each bounded subset B C Ej, there exists tg = to(B, s) > s such that
U(t,s)B C Ey,Vt > to.

In section 6, we will verify Assumption 5.3 for the age-structured model
with Fy = Xo4, and Fy = B(0, M) N Xo4 for some M > 0. But it is
possible to consider different situations.
The following theorem describes the global attractor for a periodic non-autonomous
semiflow. The compactness of A and its attractor properties have already been
proved by Zhao [20] under more general assumptions. Zhao’s proof also contains
vi), but not ).
Theorem 5.3. Under Assumption 5.3, the non-autonomous semiflow U(t,s) re-
stricted to Ey is w-periodic, that is to say that

Ult+w,s+w)xg =Ul(t,s)xg, for all zg € Ey, for allt> s> 0.

Moreover, there exists a family {At}t20 of subsets of Ey, satisfying:

l) At = At+w fOT’ all t > 0.

ii) For allt >0, A is compact and connected.

ii) Forallt>s>0, U(t,s)As = A;.

iv) A= Up<i<wA: is compact.

v) The map t — Ay is continuous with respect to the Hausdorff metric, that is
to say that h(A, Ae,) — 0, as t — to, where

h(A, B) = max(dist(A, B), dist(B, A)),

with dist(A, B) = sup,¢ 4 dist(z, B), and dist(z, B) = inf{||z —y|| : y € B}.
vi) For each bounded set B C Ey, and for each s > 0,

\ ligl dist(U (¢, s)B, A¢) = 0.

—
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Proof. One can first note that under Assumption 5.3 a)-g), Assumptions 5.1 and
5.2 are satisfied for any bounded set B C Ey and for any T" > T’. So Theorem 5.2
implies that for each s > 0, and for each T' > T’

{U(t+ s,8)w : t € [T",T],x9 € B} has compact closure.
The periodicity of U(t,s) is immediate. Let us denote for each ¢ > 0, the map
Tt : EO — E07 defined by
Ti(z) =U(t +w,t)z,Vz € Ep.
From Assumption 5.3 i), it is not difficult to see that E; is an absorbing set for T%,
that is to say that for each bounded set B C Ey, there exists an integer kg € N,

such that

TF(B) C Ey,Vk > k.
Moreover, from Theorem 3.5 and Theorem 5.2 we know that for all m € N, such
that mw > T', T{™ is continuous and maps bounded sets into relatively compact
sets. Thus from Theorem 2.4.2 p.17 in the book by Hale [5], we deduce that for
each t > 0, there exists A; C Fy a global attractor for T;. Namely ¢) A; is compact;
1) Ty Ay = Ay; and 4ii) for every bounded subset B C Fy,

lim dist(T7"(B), A:) = 0. (5.2)

m——+oo
Furthermore, since Ey is closed and convex, we deduce that conv(A;) C Ey. More-
over by Mazur’s theorem ¢onv(A;) is compact, so A; attracts conv(A;) with respect

to the map T;. By applying the method of the proof of Lemma 2.4.1 p.17 in the
book by Hale [5], we deduce that A; is connected. We now prove that

Ul(t,s)As = Ay, Vt > s> 0.
Let t > s > 0 be fixed, and let us denote
B, =U(t,s)As.
Then
T,B; =U(t +w, t)U(t,5)As = Ut +w,s +w)U(s +w,s)A,
=U(t,s)TsAs = U(t, s)As = By.
So B; is compact and invariant by T;. We deduce from (5.2) that B; C A;. Moreover
if kK € N is such that s + kw > ¢, and m > k
A =TM(A) =U +mw, t)A,
t+mw,s+ kw)U(s + kw,t)A;
t+mw,s+mw)U(s +mw,s + kw)U(s + kw,t) As

t+mw, s +mw)TM U (s + kw, t) A,
t,8) T U (s + kw, t) Ay

So by using again (6.2), and by taking the limit when m goes to infinity, one deduces
that

U
U
=U
U

A, CU(t,s)As = By.
So,
A =Ul(t,s)A, ¥Vt > s > 0. (5.3)
We now prove iv). Let {x,},~, be a sequence in A. Then there exists numbers
t, € [0,w] such that z, € A; . Since A; = U(t,0)Ay, there exists elements y, in
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Ag such that x, = U(t,,0)y,. Since Ay is compact, y, — y € Ap after choosing a
subsequence. Further ¢, — ¢ € [0,w] after choosing a further subsequence. Since
the map (t,z) — U(t,0)x is continuous by Theorem 3.5, z,, — U(t,0)y € A, after
choosing a subsequence.

We now prove v). Claim 1: dist(As, A;) — 0 as s — t. Suppose that is not the
case, then there exists some € > 0 and a sequence t,, — ¢ such that dist(A4;, , A) > e
for all n € N. By definition of dist(.,.), there exist elements x,, € A; such that
dist(xy, Ay) > € for alln € N. Since A;, = U(t,,0) Ao, there exist elements y,, € Ay
such that z,, = U(t,,0)y, for all n € N. Since Ay is compact, y, — y € Ay after
choosing a subsequence. So x,, — U(t,0)y € A; after choosing a subsequence, and
dist(x,, A¢) — 0, which gives a contradiction.

Claim 2: dist(A4;, As) — 0 as s — t. Suppose that is is not the case, then there
exists some £ > 0 and a sequence t, — t such that dist(A4;, Ay, ) > ¢ for all n € N.
By definition of dist(.,.), there exist elements z,, € A; such that dist(z,, A:,) > ¢
for all n € N Then there exist elements y,, € Ag such that x,, = U(t,0)y,. After
choosing a subsequence, x,, — U(t,0)y for some y € Ag. By definition of dist(.,.),

IU,0)yn = Ultn, 0)yll = [2n = U(tn, 0)yl| = dist(zn, Ar,,) > € > 0.

But

To complete the proof it remains to prove vi). Assume vi) does not hold. Then
there exists a sequence t, — +oo and some € > 0 such that

dist(U (¢, $)B, As,) > >0, ¥YneN.
Let 0,, € [0,w], and m,, € N, be such that t = m,w + 0,, + s, then one has

Ultn,s) =U(m,w+ 6, + s,s)
=U(mpw + 05, + s, mpw + s)U(mpw + s, 5) (5.4)
=U(0n + s,5)U(mpw + 8,8) =U(lp + s,8)T2"".

By (5.4) there exist elements z,, € B such that
dist(U(0p, + s, 8) T2 " xn, Ap, +5) > € >0,Yn € N,

and m, — 400 asn — 4oo. Since A, attracts B under Ty and A, is compact,
Yn = T"mx, — y € Ay after choosing a subsequence. Since U(0,, + s, s)y € Ag, +s,

0<e <dist(U(n + ,8)T5"" xn, Ag,, +5) < [|U(0n + 5, 8)yn — U + 5, 8)y.
After choosing another subsequence 6,, — 6,
0<e<[|U(0+s,s)y—U(0+s,5)yl,

which gives a contradiction. O
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6. APPLICATIONS

In this section, we consider the following system, for ¢ = 1,..., N,
+oo N
ui(t)(0) = /0 > Byt u(t)) (@)uy (t)(a)da,
j=1

8ui T 8ul
ot da

N
= —pi(a)ui(t)(a) + Zmij(t,u(t))(a)ug'(t)(a% a.c. a € (0,a}),

u;(t)(a) =0, a.e.a € (a%, +00),
u;(0)(a) = ¥i(a), a.e. a € (0,+00),

where ai > 0 is the maximum age of the class 4, §;;(¢,u(t))(a) the birth rate of
individuals of the class j in the class i, p;(a) is the mortality of individuals of class
i, and m;;(t,u(t))(a) represents: 1) if i # j a migration from class j to class i; 2)
if ¢ = j intra-specific or inter-specific competition, and loss due to migration from
class i to another class.
Let us consider
Y=Y xY, x--- xYy,
with
Y; = {p € L'(0,+00) : p(a) =0, a.c.a € (a},+o0)}, i=1,...,N.

Here the Banach space X is

X =RV xYy
which is endowed with a usual product norm of RY x L!(0, +00)", and
Xy =RYxY,

where Yy =Yy x Yoq X -+ x Yy, with Y;1 =¥; N L (0,+00), for i =1,...,N.
Following Thieme’s approach [13, p. 1037], we define A: D(A) C X — X

A(D) = (o0 B0y for () € DL) = 0us} x DB

where B: D(B) CY — Y is defined by

—¢i(a) — pi(a)pi(a), ae. a€(0,a})
(Bep)i(a) = { 0, a.e. a€ (af'r,j—oo),

and
D(B) ={p € W0, +00)N @ pi; € L0, +00), 0i(a) =0, ae. a € (a%,—koo)}.

So here Xy = D(A) = {Op~} X Y, and X4 = {Ogw~ } X Y;. We also introduce the
nonlinear map F': Ry x Xg — X is,

F(t, (Orn, @) = Fi(t,¢) + Fa(t, ), for t >0, and p €Y,
where F} : Ry XY — X is
Fi(t,p) = Bt
At = (B89 ) vt e = [ X st o)@ea)da
j=1

Y
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and Fr : Ry xY — Y is

N
Opy o~
Fy(t, ) = ( Aot w)> , with Fy(t, )i = ;mij(t, ©)¢;

Assumption 6.1.
a) (Concerning the unbounded linear operator A) For i = 1,...,N, u; €
Li,.([0,a}),R) and satisfies

loc

/ wi(s)ds < +o00,Va € [O,af-[[, lim. wi(s)ds = 400,
0 a/a; 0

ui(a) >0, a.e.ac (O,af'f), wi(a) =0, a.e.a € (ai,—i—oo)

b) (Concerning the existence and uniqueness of the solutions) For all ¢ > 0,
Vo €Y, Vi,j =1,...,N, the functions §;; : Ry x Y — L*(0,+00) and
m;j : Ry XY — L*(0,400) are continuous maps, and

ifi#j, m(t,o)(a) =0, ae. a> af'[.
Moreover, for i,5 =1,..., N, VC > 0, there exist kf“ (C) >0, kg”(C’) > 0,
k" (C) > 0, and k5" (C) > 0, such that Vo1, € Y N B(0,C), Vt > 0,
183 (t, 1) — Bij (t, ©2)| oo (0,400) < kfij(C)H% — ¢2[lL1(0,4-00)N s
l[miz (£, 1) — mi; (t, 02) || Lo (0,400) < K17 (O)ll 01 — @2l 1 (0,400)N
1835 (t, 1) || Loo (0,4-00) < kzﬁij(c)v
I (8, 1) | L (0,400) < K3 7 (O).

¢) (Positivity of the solutions) For all i, = 1,...,N, Vo € Y, ,Vt > 0, we
have

d) (Global existence of the nonnegative solutions) For all 4,5 = 1,..., N,
LT >0, 3K >0,V € Yy, V>0,

sup  [18i; (£, 0) | o= 0,400y < K57,

t>0,0€Y,
sup  [lmij (£, ©) "l oo (0,400) < k3 7
t>0,p€Y,

where m;;(t, )" (a) = max(0,m;;(t, p)(a)), a.e. a > 0.
Theorem 6.1. Under Assumption 6.1 a), the operator A : D(A) C X — X
satisfies (0,400) C p(A), and for all X > 0,
1
[ - )7 <

Moreover, for all A > 0, (\d — A)~'X, C X4. Also To(t) = (0,To(t)) the
Co—semigroup generated by Ao, the part of A in D(A), is given by

0, a.e. a € (0, min(t,a})),
To(t)pi(a) = exp(— [, pi(o)do)pi(a—1t), ae ac (min(t,ai),ai),
0, a.e. a € (a}, +00).
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Proof. We consider the case N = 1, the case N > 1 being similar. Let us start by
computing the resolvent of A. Let (Z) €ER XY (since N =1 we have Y = Y7).
We look for ¢ € Y; solution for A > 0 of

(5) =0 (2) = (2) = (o)

o(a) = e Jo Anrdly —|—/ e A rWdly () ds, ae. a € (0,a}).
0

Thus

We conclude that the resolvent operator is positive i.e. (A\Md — A)"'(Ry x Y,) C
{0} x Y. Moreover, for A > 0,

a% « a o
[(Ad— A)~* (qj‘;) | :/ e~ Jo Atn(Ddly +/ e~ Jo Wby () ds|da
0 0
CL% a% a
g/ e~ Jo Al gg 4| +/ / e Sty ()| dsda
0 0 0

1 1 1
a.r Q. U..i.
S/ e_A“da|a|+/ T/ e M dae |(s)|ds
0 0 a

1— 67)@1 a% 67)\8 _ e*)\a}r
Bl [T e otas

<2t + [ e = 11 (S0

so A is a Hille-Yosida operator. To complete the proof of this theorem, it remains

to give the explicit formula for the linear semigroup Ty(¢). Let <g> € D(A) (ie.

10 (2) = (00)

¢ € Y1). We denote

where
0, a.e. a € (0,min(t,a})),
Ti(t)(p)(a) = { exp(— [, pi(o)do)pi(a—t), ae. ac (min(t,a%),a%),
0, a.e. a € (af, +00).

From section 2, to prove that Ty(t) (2) = Ti(t) (g) ,Vt > 0, it is sufficient to

T () (g) _ <3> +A/Ot Ty(s) (g) ds, vt > 0. (6.1)

To show this, we need to compute fot T (p)(s)ds. We define ¢ € C(R,Y), for all
t >0, by

verify that

Jo exp(= [i pi(o)do)p(a — s)ds, ae. a € (0, min(t, a})),
P1(t)(a) = fot exp(— [ pi(o)do)p(a — s)ds, a.e. a € (min(t,a}),al),
0, a.e. a € (ay, +00).
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We now want to prove that ¥y (t) = fg Ti(p)(s)ds, for all ¢ > 0. By the Hahn-
Banach theorem, it is sufficient to show that

+o0 t t+oo
/ f(a)( / T (s)(p)ds) (a)da = / F(a) (1) (@)da, Vf € L2°(0, +00).
0 0 0

Moreover, it is not difficult to see that T3 (¢) has the semigroup property, and it
is sufficient to prove (6.1) for t < a%. We deduce that it is sufficient to prove the
above equality for ¢ < a%. Let t € [O,a%]. and f € L>(0,+00),

[ @[ T
[ [ rme e s
= / / " HOT) ) a)dads
:/Ot Ltf<a>exp(_ [ tio)ota— sy
- /Ot /ta% f(a) exp(~ /_ 1i(0)do)o(a — 8)dads

_ /O F(a) /O exp(— / :ui(a)da)go(a—s)dsda

.\ /ta% i) /Ot exp(— /a: pi(o)do)p(a — s)dsda
_ / " Ha)n () (@)da + / " Far () (a)da
-/ " Fapa(t) a)da.

Now it remains to replace 77 (t) and 1 (t) in equation (6.1 ). O

Theorem 6.2. Under Assumption 6.1, for each s > 0, and each xq € Xy, there
exists a unique mazximal solution U(., s)xg € C([s,Ts(x0)), Xo) of

Ul(t,s)xo =z + A/t U(l, s)xodl + /t F(,U(l,s)xo)dl, ¥t € [s,Ts(xg)), (6.2)

where the map Ty : Xg — (s, +00] is
Ts(xo) =sup{T > s: Ju e C([s,T], Xo) solution of (6.2)},
and U(t, s) is a non-autonomous semiflow, that is to say that
U(t,r)U(r,s)xo = Ul(t, s)xo, Vo € X0,V0 < s <r <t < Ty(xo).

Moreover for each s > 0, the set Dy = {(t,z) : ¢ € Xo,8 <t < Ts(xo)} is an open
set in [s,4+00) X Xo, and the map (t,x) — U(t,s)x from D to Xy is continuous.
Furthermore, for each s > 0, and each xo € Xoy, there exists a unique solution
U(.,8)xg € C([s,+0), Xo) of (6.2) (i.e. Ts(xg) = +00),

U(ta S)XOJr - )(0+thL > 520,
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and there exists Cy > 0, and C; > 0 such that
U, $)2oll 10, +00)% < 20l L1 (0,100)8 CoeP )Vt > 5 > 0,Vag € Xot. (6.3)

Proof. From Theorem 6.1, we know that Assumption 3.1 a) is satisfied with M = 1,
and w = 0. By using Assumption 6.1 b) it is not difficult to see that Assumption
3.1 b) is satisfied. By using Theorem 6.1, and Assumption 6.1 c¢), one can easily
see that Assumption 3.2 is satisfied. Finally, we define Vt > 0,Vp € Y

(.0 an = | x ﬁl(t,f)
Gi(t,p) = (Gl(t,w)) , and Ga(t, ) = <F2(t,<P) -Gy (@‘P)) ,

where for i =1,..., N,
Gi(t, )i = —mui(t, )" @i
where my;(t, )~ (a) = max(—m;; (¢, ¢)(a),0), a.e. a > 0. Then clearly Assumption
3.3 is satisfied. O
Assumption 6.2.
e) (Differentiability of the solutions) For 4,5 = 1,...,N, 8;; : R4 xY —
L*>(0,+00) and m;; : Ry xY — L*°(0, +00) are continuously differentiable.

Theorem 6.3. Under Assumptions 6.1 and 6.2, let s > 0, and let zo = (g) € Xo
be such that

xo € {y € D(A) : Ay + F(s,y) € (A)},
namely

H1P1
H2p2

e € Y NWHH0,+00)V, pp = € LY0,400)N, and ©(0) = Fy(s, ¢).

KUNPN
Then the map t — U(t, s)xo is continuously differentiable, and
dU(t, s)xg
dt
Moreover, for the domain D(Ano.s) = {xo € D(A) : Axg + F(s,x0) € W} we
have that D(An,s) N Xo+ is dense in Xoy.

= AU(t, s)xo + F(t,U(t, s)xo), Vt[s, Ts(x0)).

Proof. The proof of the first part of Theorem 6.3 is a direct consequence of the
results of section 4. It remains to show that we can approximate an element of X4
by an element of D(An,0,s) N Xo4+. We denote Fy(z) = F(s,x), Vs > 0, Vo € X).
Let y € Xo4. Then as in section 4, we consider the following fixed point problem,

(Id+ Apld — XA — N(Fs + pld))zr, =y
& = (Id = A(A — pId)) ™y + \(Id = N(A = u1)) " (Fy + pTd) ()

By fixing o > 0, large enough, such that
(Fs + pld)(2) € X4,Vz € B(0,2]yl)) N Xoy,
then for all A > 0 small enough, the map
() = (Id = MA — pId)) ™'y + A(Id = \(A — pId)) ™ (F, + pld) (=),
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maps B(0,2]|y||) N Xo4+ into itself, and for all A > 0 small enough @, restricted to
B(0,2|ly]]) N Xo4 is a contraction. The result follows. O

Assumption 6.3.

f) (Eventual Compactness) For all C > 0, VT > 0, for 4,5 = 1,..., N, there
exists k:ff” (C,T) > 0, such that V¢, € [0,T],

18 (t, ) = Bij (1, 9) | Loo (0, 100) < K57 (C, T)[t 1.
g) Fori,j=1,...,N,Vt >0, Vp €Y, one has §;;(¢,p)u; € L=(0,400), and
vC >0, VT > 0,

sup |8 (8, @)l oo (0,4-00) < +005
(pEYﬂB(O,C)
te[0,T]

h) Fori,j=1,...,N,Vt >0, Ve €Y, one has 3(t, ) € WH>(0,+00), and
vC > 0,VT > 0,
d
sup ”diﬂl] (ta QD)”L‘X’(O,-&-OO) < Ho00;
»€YNB(0,0) telo,T] aa
i) There exists M € N\ {0}, for¢,j =1,...,N, for all C > 0, for all T > 0,
there exists kg”(C, T) > 0, such that for all ¢ € [0,7T], for all ¢1,p2 €

B(0,C)NY,
18i5 (t, 1) — Bij (¢, 92) || 0o
M N too
<Yy / £t 01, 2)(@) (91(a)p — @2(a)p)dal,
=1 p=1

where for i,j,p=1,...,N,l=1,..., M,
f;;(t7§01,§02)() S Wl,oo(o’ +OO)7
MP()fll; (t,<,01,(,02)(.) € LOO(O7+OO)’

d ..
sup |l fip (9192w 0,4000) < F00,
leilI<C,llp2l<C @G
0<t<T

sup HMpfzi]Z (t, 01, 92) | Lo (0,400) < +00.
le1[|<Cllp2lI<C
0<t<T

Lemma 6.4. Under Assumptions 6.1 and 6.3, Assumptions 5.3 a)-¢) are satisfied
with EO = XQ+.

Proof. Assumptions 5.3 a)-d) are clearly satisfied, and we only have to prove As-
sumption 5.3 e). We must prove that given a bounded set B C Xy, and given
s> 0, and T > s, there exists a constant k = k(B,s,T) > 0, such that

|1EF1(t,U(t, s)xo) — F1(L,U(1, s)xo)|| < k|t —1|,Vt,1 € [s,T],Vao € B.
We assume that s = 0, the case s > 0 being similar, and we denote
Ugo (t) = U(E,0)z0, VE>0,Vzo € Xogt-
Let xg € B. It is sufficient to consider, for each 7,5 =1,..., N,

+oo
F=| [ Bttty ) @t (0(a) = 5 (0, (1))@t (1) )]
0
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where u,, ;(t) denotes the 5" component of ua(t), with u, (t) = (UORRE\;?)) Then
1202

+oo
T [ Bt s 0) @l () = s (1))
+oo
] [ B (0)(@) = iy 1ty D) @t )
Note that
t t
Uz (B) = To + A/ Ug, (8)ds —|—/ F(s,ugz,(s))ds, V¥Vt >0,

0 0

and we know that there exist two constants Cy > 0, and C7 > 0, such that
[uzy (B)]] < Collzol|e“rre=", vt > 0.
So
Ugq (t) — Uz, (l)

AL a0~ [ 0105+ oy s~ [ sty 5]

Therefore,

+oo t !
<[ Bt @5l (6@ — ([ (sl @lda
l

—+o00 t
+ / B 5ttt (£)) (05 (@) ( / iz (5)d) (@) — ( / a3 (5)ds) (@) dal

+oo

t !
[ Bt )@ / F (5, ting (5))ds)a;(a) — ( / F(5, t ())ds)2; (a))dal

0
+ Huwo (Z) HLl(O,Jroo)N ”ﬁi,j (t, Ug, (t)) - ﬁi’j (l7 Uz, (l)) ||L°O(0,+OO)>

and since (fot uwoj(s)ds)(a{) =0, ¥t >0, and i ;(t, ux,(t))(at) = 0 (because of
Assumptions 6.1 a) 6.3 g) and 6.3 h)), by integrating by parts we get

t !
T < 1815t o (0)(0)[( / iz (5)d5)(0) — ( / tian (3)d5)(0)]
“+o00 t l
[ Bt @I e ()@ = ([ e e)is) @)
+oo t !
[ Bt )@l / iz (5)d3) (a) — ( / iz (5)ds)(@)]dal

“+o00 !

[ Bt )@ / F (5, tizg (5))ds)a; (a) — ( / F(5, tg ())d5)2; (a))dal

0
+ g (D 21 0,400 ¥ 182, (£ g (8)) = B (1 g (1) Low (0,4.00) -
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So, one has

t
I'< sup Hﬁi,j(ta“wo(t>>||L°°(0,+00)|/ £ (s, 5 (s)) [l s
0<t<T 1

o t
S P R )] P A AT PR

0<t<T

t
+ sup ”/U‘jﬂi,j(tvumo(t))||L°°(0,+oo)|/ [tz ($) ]| 2 (0,4+00) ds]
0<t<T 1

t
+ sup ||/5’z',j(t,Uzo(t))||Loo<o,+oo)\/ [ F'(8, Uz (8)) 251 210, +00)dS]
0<t<T l

A [tz (Dl 210,400y~ (18,5 (£ g (1) — B (1 g (1)) Lo (0,4-00) -
It remains to consider
J =(1Bs,5 (s o (8) — Bij (4 g (D) | Lo (0,4-00)
<N1Bi (8 wag (1)) = Bii (£ g (D) || o (0,4-00)
+118i,5 (8, o (1) = Bi,j (L v (1) Lo (0,4-00)

By using Assumption 6.3 f), it remains to consider

K = |85 (t, ey (1)) = Bi (t g (1) ]| Lo (0,400) -
But by using Assumption 6.3 i), and arguments similar to the previous part of the

proof, the result follows. O

Assumption 6.4.
(1) j) (Eventual Compactness) Fori,j =1,..., N, m;; : Ry xY — L*(0, 4+00)
is completely continuous.

Theorem 6.5. Under Assumptions 6.1, 6.3, and 6.4, Assumptions 5.3 a)-g) are
satisfied with Eg = Xoy, and T' = maxi:;l,m,n(a?r). Moreover for each s > 0, for
each bounded set B C Xoy, and for each T > maxizl,__m(a?r), the set

{U(t—i—s,s)xo : max (ai) <t< T, xo EB}

i=1,...,n

has compact closure.

Proof. By taking into account Lemma 6.4, it only remains to show Assumptions
5.3 f) and g). We denote

Z = L®(0,400)N".
We define H : Z x Xy — Xy, for all @ = (o5) € LOO(O,+OO)N2, and all ¢ €Y by

e ()= ()

N
Hy(a,9)i = Zaij(a)%(a)~

Under Assumption 6.4, G: Ry XY — Z defined by
G(tv 90)1']' = Mij (ta Qo)v

with
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is completely continuous, and we have

R, <g>) — H(G(t, ), <g)),\w €Y.Vt > 0.

So Assumption 5.3 f) is satisfied by F5. It remains to prove Assumption 5.3 g). We
assume that s = 0, the case s > 0 being similar, and we denote

Ugo (B) = U(,0)z0,Vt > 0,V € Xos.
Let zg € Xo4+. We must show that if w,, (¢) is solution of

Wy (1) = To(t)zo + /0 To(t — s)H(G(S, ugy(5)), W, (s))ds, ¥Vt > 0,

then w,, (t) = 0 for all ¢ > maxi:L,,,,N(a%). We have
Wa, (t) = To(t)zo + Ly (wa, (1)) (1), VE = 0,

where
Lo (¥())(t) = /0 To(t — s)H(G (s, uze(s)), ¥(s))ds, vt > 0,
thus -
wwo(t) = ZLI;O (TO(')‘TO)(t)vv“’ >0,
k=0
where

LY =1Id, and LEM = L, o L | for k> 0.
So, it remains to prove that,
L% (wg,())(t) =0,¥t > max (a}),Vk > 0.

i=1,...,N

For k = 0, the result follows from the explicit formulation of Ty(t) given in Theorem
6.1. For k = 1, we have

[ Lo (To()20) (B L1 (0,4-00) ™

< / I To(t — $)H(G(5, ttan (5)): To(5)20) | 1 (0,400 5
< / [ To(t — $)H(G (5, 11z (5)): To(5)20) | 12 000y 5
S/o 1 To(t — 8)|H(G(5,us,(5)), To(5)w0)|l| L1 (0,400)v ds

t
< ke(C,T) / ITo(t — 8)7To(8) 20| 1 0.40cy ds
0

where
Ju Jiz - Jin

) A
with i,j = 1,...,N,Vp; € Y;

[ wjla), ae ac(0,a}),
Jijles)(@) = { 0, a.e. a€ (afr,ioo).
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By using the explicit formulation of Ty(¢) given in Theorem 6.1 , we get for i,j =
1,...,N,

iftqy >0, tg >0, and t1 + ty > _}naXN(a%L), then TOi(tl)JijTOj (tg) =0,

=1

and we deduce that

Ly, (To(.)xo)(t) =0, for ¢t > i:r?’g.%N(aé).

For k > 2, the result follows from the fact that V(i1,is,...,ix) € {1,...,N},
V(tl,tg,...,tk) S Rﬁ_,

ift; >0,Vi=1,...,k, and t{ +to +--- + 1 > HlaXi:Lm’N(CLE})7
then TOil (tl)JilizTOig (tQ) e 'Jik—likTOik (tk) = 0,

and by using similar arguments we deduce that

k i
L (To(.)xo)(t) = 0, for t > i:r?’a?%N(aT).

Assumption 6.5.
k) (Existence of absorbing set) For ¢ = 1,..., N, there exists §; > 0, such that

“+o0
—my;(t, p)(a) > (51-/ vi(a)da, Yo € Y.
0

Theorem 6.6. Under Assumptions 6.1, 6.2, 6.3, 6.4, and 6.5, Let us denote § =
N ) Bij ™
N2Zi:1mx;:-:f'wzyzg,)—kks ) > 0. Then for each € > 0, for any bounded set B C

Xo+, and for each s > 0, there exists to = to(e, B) > 0, such that

U(t+s,8)B C B(0,5 +¢)N Xop, Vt > to,
U(t+s,s)B(0,0 +¢) N Xoy C B(0,5 +¢) N Xog, Vt > 0.

Proof. To prove the theorem we consider the case s = 0, the case s > 0 being

similar. Let ¢ € D(An,o) N Xoy = {111 € D(A): AYy+ F(0,v) € (A)} N Xot.
Then from Theorem 6.3, u(t) = U(¢,0)¢ satisfies

dua; Oug;

N
i - a —Mz‘uzi+;mij(t’U(t))u2j(t)

SO

+oo
4 ug;(t)(a)da

+oo +oo
<( max (K7 + KN Y / s (£) (a)da — 6 / us;(t)(a)da)?

j=1,...,.N
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Therefore,

N

d N +o0 N y mij +oo
N ARCCCTEDWESNCET) 3 ARMCET

Jj=1

=1,..,N

1 . too
oy min (5)(Y / iz, (1) (a)da)>.
From this inequality, we deduce that

lu@I < llll +/0 C1(8 = [fuls)[lu(s)llds, vt = 0, (6.4)

with C; = Ef\il maszl,__ﬂ]v(kgij + k;n”) By density of D(An,) N Xo+ in Xoy,
we deduce that inequality (6.4) holds for all ¢ € Xy, and the result follows. O

Assumption 6.6.
1) (Periodicity) There exists w > 0, Vi,j = 1,...,N,Vt > 0, m;;(t + w,.) =
My (t, .), and ﬂij (t + w, ) = ﬂij(t, )
The next result gives the existence of a family of compact attracting subsets.

Theorem 6.7. Under Assumptions 6.1-6.5, the non-autonomous semiflow U(t, s)
restricted to Xoy is w-periodic, that is to say that

Ult+w,s+w)xg =Ul(t,s)xg, for all zg € Xo4, for allt > s> 0.

Moreover, there exists a family {At}tzo of subsets of Xoy, satisfying:
i) Ay = Apyy,, VE > 0.

) For allt >0, A; is compact and connected.
ili) Forallt>s>0,U(t,s)As = As. 1) A= Up<t<wAr is compact.
) The map t — A, is continuous with respect to the Hausdorff metric, that is
to say that
h(As, Ay,) — 0, ast — to,

where h(A, B) = max(dist(A, B), dist(B, A)).
vi) For each bounded set B C Xy, and for each s > 0,

\ 115_11 dist(U (¢, s)B, A;) = 0.

Proof. To prove Theorem 6.7 it is sufficient to apply Theorem 5.3 with Ey = X,
T = max;—1 .., n(aﬁl), and E; = B(0,6 + ¢), for a certain £ > 0, where ¢ > 0 is the
constant introduced in Theorem 6.6. O
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