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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR
FRACTIONAL LAPLACE PROBLEMS WITH
CRITICAL GROWTH

YAJING ZHANG, QIAOQIN LI, LU PANG

ABSTRACT. We prove the existence of multiple positive solutions of fractional
Laplace problems with critical growth, we consider the concave power case or
the convex power case. We establish the relationship between the number of
the local maximum points of the coefficient function of the critical nonlinearity
and the number of the positive solutions of the equation.

1. INTRODUCTION

Considerable attention has been devoted to fractional and non-local operators of
elliptic type in recent years, both for their interesting theoretical structure and
in view of concrete applications, like flame spropagation, chemical reactions of
liquids, population dynamics, geophysical fluid dynamics, and American option,
see [3, 12, 13| 17, [30, BI] and the references therein.

In this article we consider the critical problem involving the fractional Laplacian

(=A)u = Mt + Q(z)uP~t in Q,
u>0 in Q, (1.1)
u=0 inRY\Q,
where s € (0,1) is fixed and (—A)? is the fractional Laplace operator, Q C RN (N >
25) is a smooth bounded domain, 1 < g < p = 2% := NQiVQS, A>0,and Q € C(Q)
is a positive function.

The fractional Laplace operator (—A)® (up to normalization factors) is defined
by

~(-ayu) = [ (ue+p) +ute - y) - 2u0) ) Ky, @€ B,

RN
where K (z) = |z|~(N*+29) 2 € RY. We will denote by H*(RY) the usual fractional
Sobolev space endowed with the so-called Gagliardo norm

1/2
H“HHSORN):||UHL2<RN>+(/ IU(w)—U(y)IZK(w—y)dwdy) :
]RQN
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while X is the function space defined as
Xo={uec HRY):u=0ae inRY\Q}.

We refer to [18 23 24] for a general definition of X, and its properties. The
embedding Xy — L7(Q) is continuous for any ¢ € [1,2%] and compact for any
q € [1,2%). The space Xy is endowed with the norm

fulls, = ([ 102) ~ up) PG~ ) doay) "

By [23, Lemma 5.1] we have C3(Q) C X,. Thus Xy is non-empty. Note that
(Xo, || - || x,) is a Hilbert space with scalar product

(), = [ | (ule) = u)(0(@) v @) K =) dody.

Problems similar to (1.1)) have been also studied in the local setting by several
authors. In particular, Brezis and Nirenberg[9] studied the equation

—Au=[u” Pu f (),

where f(z,u) is a lower order perturbation of |u|?” ~2u in the sense that f(z,t)/t*> —
0 ast— 400, and 2* = % A typical example to which their results apply is

—Au= Tt +u¥ 7 inQ,
u>0 inQ, (1.2)
u=10 on Jf,

where A > 0 is a parameter and 2 < g < 2*. When N > 4, problem (1.2]) has a
positive solution for every A > 0. When N = 3 and 4 < ¢ < 6, problem (1.2)) has a
positive solution. When N = 3 and 2 < ¢ < 4, it is only for large values of A that
problem (1.2)) has a positive solution. The case ¢ = 2 in (1.2) is also studied by
them. Ambrosetti et al. [I] investigated the following problem with concave-convex
power nonlinearities,
—Au ="t +uP7t in Q,
u>0 1in , (1.3)
u=0 on 0,

where 1 < ¢ < 2 < p < 2*. They proved that there exists A\g > 0 such that
(1.3) admits at least two positive solutions for A € (0, Ag), one positive solution for
A = Ao, and no positive solution for A > \g. After the work[l], several papers have
been devoted to problem (I.3)), see for example [2} [7, [9} (10} 16].

Now, we focus our attention on critical nonlocal fractional problems. It is worth
noting here that problem with A = 0 and Q = 1 has no positive solution
whenever (2 is a star-shaped domain, see [15] 2I]. This fact motivates the pertur-
bation terms Aud~! since we are interested in the existence of positive solutions
of . Servadei and Valdinoci25] 26] studied problem , with ¢ = 2 and
@ = 1, and obtained Brezis-Nirenberg type results. When @) = 1, Barrios et al.
[6] studied problem and showed the existence and multiplicity of solutions to
problem (I.1)). Note that one can also define a fractional power of the Laplacian
using spectral decomposition. The similar problem with but for this spectral
fractional Laplacian has been treated in [5, [I].
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Taking into account that we are looking for positive solutions, we consider the
energy functional associated with (1.1)),

D) = [ 1) = uwPK @ = pdedy =2 [ ()
(1.4)
_1 x)(u")Pdx
> [ e@yras,

where u™ = max{u,0} denotes the positive part of u. By the Maximum Princi-
ple(Proposition 2.2.8 in [27]), it is easy to check that critical points of I are the

positive solutions of (1.1)).
We assume that @) satisfies the following hypotheses.

(H1) Q € C(9Q) is a positive function;
(H2) there exist m local maximum points a',a?,...,a™ € Q of Q such that

Q(a') =maxQ(z) =1 for 1 <i<m,
e

Q(z) - Q(a') = o(jz - a'|")
as & — o uniformly in ¢, where o := %;

(H2’) there exist m local maximum points a',a?,...,a™ € Q of @ such that

Q(a") =maxQ(z) =1 for 1 <i<m,
e

Q(z) - Q(a") = o(jz — a'|")
as ¢ — a' uniformly in i, for some o := N — m;
(H3) there exists pp > 0 such that

By, ()N Byy(al) =0 fori#jand1<i,j <m,

and UM, B, (a?) C Q, where B,,(a') = {z € RN : |z — a’| < po}.
We now summarize the main results of the paper. Note that we are facing two
cases of [u|?"2u in problem , the concave case: 1 < ¢ < 2, and the convex case:
2 < ¢ < 2%. Firstly, in Section 2 we look at the problem in the concave case
and prove the following result.

Theorem 1.1. Assume that 1 < q¢ < 2 and Q satisfies (H1)—(H3). There exists
a positive number A* such that for X € (0,A*), problem (L.1)) has at least m + 1
positive solutions.

The convex case is treated in Section 3. While the existence result for problem
(1.1) is given in the next theorem.

Theorem 1.2. Assume 2 < q < 25, N > 4, and Q satisfies (H1), (H2’), (H3).
Then there exists a positive number A* such that for A € (0, A*), problem (1.1)) has
at least m positive solutions.

We prove Theorem and Theorem by variational methods. We construct
m compact Palais-Smale sequences which are localized in correspondence of m local
maximum points of @ in 2. Thus, we could prove multiplicity of positive solutions
of . This paper is organized as follows. In Section 2 we study problem (1.1)
in the case of the exponent 1 < ¢ < 2. In Section 3 we we study problem
the case of the exponent 2 < ¢ < 2%.
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2. CRITICAL AND CONCAVE CASE 1 < ¢ < 2

This section is devoted to the study of problem when the exponent satisfies
1 < g < 2. Firstly, we prove the existence of a ground state solution of .
By a ground state solution, we mean a solution w € X, such that I(w) < I(v)
for every nontrivial solution v of . Next, we establish the existence of m + 1
positive solution of (L.I]).

1. Preliminaries and Nehari manifold. Note that I, is unbounded below.
We restrict I to a suitable set in order to get rid of this problem. We define the
Nehari manifold

Ny = {u € Xo \ {0} : (I§(u),u) = 0}
= {ue X0\ {0} Jull, =2 | o+ [ @)y},
Obviously, the Nehari manifold contains all the nontrivial critical points of 1.
Lemma 2.1. The functional Iy is coercive and bounded from below on Ny .

Proof. For every u € N, we have

1 11 .
1) = (5 = 2l = A = 3) [ @
z%llullﬁo—A(é )19 ul (21)
1 1

$ 2 B=g 2
2w lullx, = A(; - *)IQI ST )|,
consequently, I is coercive and bounded from below on N} since 1 < ¢ < 2. O

We define 1 (u) = (I} (u), u). Then for u € Ay, we have
W) w) = 2k, —da [ (@w)rde—p / Q) ydr  (22)
==l - =0 [ Q) ds (2.3)
= Ao =) [ ()de = (p =2, (2.4)

Adopting a method similar to that used in [29], we split N, into three parts:
N ={u€e Ny : (@Wi(u),u) >0}
NY = {ue Ny (WA (u),u) = 0}
Ny ={ueNy: @)\(u),u) <0}

In our context, the Sobolev constant is
Jeow (u(@) — u(y))*K(z — y) dz dy

Sy=  inf 5 (2.5)
ueH* (RV)\{0} (fon lu(z)Pdz)™"
Set .
p—- —r-a 5%
A= =5 st 2.6
- q(p q) o~ (2.6)

Lemma 2.2. If A € (0,A), then NY =
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Proof. Arguing by contradiction and assume that there exists Ay € (0, A) such that
NP # 0. For u € N, by (2.3), we have

e=alull, = 0=a) [ Qe < (p- )57 ull,.
Consequently,
2—q 2\pz
lullx, > (T=28%)"". (2.7)
Similarly, by (2.4), we have
_1
lullx, < (PoZ=2l0 7" $79/2) . (2:8)
Combing (2.7)) and ( ., we have
2,2 —
oz L2 2yt
pP—q p—gq
We have a contradiction. (]

Set
X =Xo\{ue Xy:u"(x)=0ae. in Q}.

Lemma 2.3. For A € (0,A) and u € X, there exist unique positive numbers t+(u)
and t~(u) such that t*(u)u € N3, ¢~ (u)u € Ny, and

L(tT(uwu) = inf Iy(tu), ©L\(t (wu)= sup I\(tu), (2.9)
t€[0,tmax] tE€ [tmax,+00)
where )
S L) ] St
e —a) fy Q(x)(iﬁ)pdx
Proof. Set ~(t) = t*79||ul%, — tp’qf Q(z)(uT)Pdx and (t) = I\(tu) for t > 0.
Clearly, tu € N, if and only 1f ~y(t) =\ fQ )4dx. Moreover,

V()= (2 q)tlfquun%(o —(p— g / Q(utydz, (2.10)
Q

and so it is easy to see that, if tu € N, then tu € N} (or Ny ) if and only
if 4/(t) > 0 (or < 0). By (2.10), v(¢) has a unique critical point at ¢ = tyax,
and 7y is strictly increasing on (0, tmax) and strictly decreasing on (tmayx, +00) with
lim; 1 o0 ¥(t) = —o0. By (2.5) and A € (0,A), we have
2(1):2«1)

p72(27q 2g l[ull

2
p—q'p—4q (fQ u+pdm)7
p— % ngfg
S 7(,32 v
sy 9 % lull%,
> ASS_Q/2|Q\T||H||X0

([ (a0

> A/Q(u+)qclx.

’Y(tmaX) =
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Thus, we have unique ¢*(u) with 0 < t*(u) < tmax <t~ (u) such that
A W) = [ yde = o)
and 7/(t7) > 0 > +/(t7). Equivalently, t*(u)u € Ny and ¢~ (u)u € N5 . Since
Oty =t1""] )\/ )idx],

we derive that ¢ is decreasing on the intervals (0,¢"(u)) and (¢~ (u),+00), and
increasing on the interval (¢*(u), ¢~ (u)). Then we obtain ([2.9). O

Applying Lemma and Lemma we write Ny = Ny UN, and define
_ . + _ . - _ .
ay = uler}\f[A I(u), a) = ug/l\ﬁ; IL(u), a, = uénf; I (u).
Lemma 2.4. (i) If A € (0,A), then ay < af <0;
(ii) if A € (0, 1/\) then o, > dy, where

2—q sty 1S (2 — g\ 21 568 L1 229 o q/2
do = 25 — P25 —AM=—=-)|Q S;9% > 0.
= ¢ Liaps; oy

Proof. (i) By Lemma 2.2] Ny = N UN . Let wy € X, by Lemma there
exists t(wp) > 0 such that t(wo)we € Ny . By (2-3), we have

1 1 1 1
t(wo)un) = (5 = 2w [wallk, + (¢ = )7 (w) | Qe uifrda
. 97, o)llwollx, :
(ii) For u € N/\_, by (2.3) and ., we have
Ul < [ Q)yde < 5777 ulf,
which implies
Jullx, > (G—1) 75777 (212
T 'p—q
Consequently,
1 1 1 1
L(u)=(=—-)]u A= — f/quqd:r
Aw) = (3 p)|| %, — (q p) Q( )
s 9 1 1 p—q 9
2w lullx, = A(q 5)|Ql ST ullg,
S 2 1 1 2
= N, [ uli” = A = S)IQI"S7%] > do
for A € (0,4A). O

As a consequence of Lemma we have the following result.

Lemma 2.5. For each u € N, there exist ¢ > 0 and a differentiable function
€ : B:(0) C Xo — (0,4+00) such that

£0)=1, &w)(u—w)eN, forwe B(0),
0). w) — 2(u, w)x, — Aq [o u+ T~ Lyda —pf Q(u™)Pdx (2.13)
O] = TG TR, — - 0) J, Qe) (u)rda
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for all w € Xy.
Proof. We define F : R x Xy — R as
F&,w) = (I3 (w—w),€ - (u—w))
= €lu—wlf, =2 [ [ w) s = [ Qa)ltu—w) e

Q
Then F(1,0) = 0, and by Lemma [2.2] we have

OF )
T o) = WA £ 0

We can apply the implicit function theorem at the point (1,0) and obtain the
result. |

2.2. Existence of a ground state solution. We follow the idea in [29] to show
the existence of a (PS),, sequence and a (PS)QK sequence in X for 7.

Lemma 2.6. (i) For X\ € (0,A), there exists a (PS)a, sequence {u,} C Ny
for Iy;
(ii) For A € (0,4A), there exists a (PS)a; sequence {u,} C N~ for I.

Proof. We only prove (i). (ii) has a similar proof. Applying Ekeland’s variational
principle[T4] to the minimization problem a;, = inf,cnr, Ix(u) we have a minimizing
sequence {u,} C N, with the following properties:

1
In(un) < ax + (2.14)
1
Ik(w)ZIA(un)fﬁHw—unHXO, Yw € N. (2.15)
By taking n large, from (2.14) and (2.11)), we have
1 1 1 1
D) = (5= Dlenl, = AG =) [ (w)ds
(1) = (5 = Dlhualle, =2 =7 [ ()
1
<oant— (2.16)
n
2-¢,1 1., )
Sl ¥ 7
<y (3 p) (wo)[[wol %,

for some wy € X, which implies that

Qﬂs_q/Q IS +qd (2—(1)(%—1) 2 2 217
Q7S P lunlly, = | (uy)de > -a (wo)[woll %, (217)
Q )
By (2.16) and (2.17)), we have
Ly <lunllx, < Lo, (2.18)

where

(2-¢)(5§-1) /4
)\(p—_Qq)tQ(wo)Hon?x’O) )

1
pP—q P=aq4 ., ./9\ 2—q
Ly = (\L2—L 0" s/ .

= (g 7 )

Now we show that I} (u,) — 0 as n — oo.

Ly = (107" 59/
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Let v € X with ||v]|x, = 1. Applying Lemma[2.5|with u = u,, and w = pv, p > 0
small, we obtain &, (pv) such that w, := &, (pv)(u,—pv) € Ny. By (2.15), we deduce
1
{5 (un), wp = un) + 0([[wy = unllxe) = Ix(wp) = In(un) = = —l[wp = unl|x,-

Therefore,

1
(I (un), =pv) + [En(po) = (I3 (un)s un = po) 2 = —llwy —unllxo +o(llwp = unllxo)-
Dividing by p we have
(I\(un), v)

5 o -1 1 o\ ||Wp — Un||X

= (L= 60T ), + iy = il + olllwe = unllxu)

Clearly,
lwp = unlxe < €n(pv) = 1| - [lunllx, + pl&n(pv)],

iy 20 =2 < e 05

p—0

Consequently, passing to the limit as p — 0 in (2.19]), we find a constant C' > 0
independent of p such that

(I (), ) < (14 L O)l1x;).

The will be complte once we show that [|¢;,(0)]|x; is uniformly bounded in n. From

(2.13) and (2.18) we obtain

/ Cl
0),v) <
0 < e e, = — @) J, Q@) (e

for some suitable constant C; > 0. We only need to show that (2 — q)||un %, —
(r—q) [ Q(u)})Pdz] is bounded away from zero. Arguing by contradiction, assume
that for a subsequence, which we still call {u, }, we have

@ = g)llunl%, — (0 —q / Q@) (u)Pde = o(1). (2.20)
By , we have
@ @)llunllk, = (0~ q / Q) (u Pdx + o(1) < (p — )S7"2|luol%, +o(1).

Since [|uy,||x, is bounded away from zero by (2.18)), we obtain
llunllx, > (Z_Zssg)”lz + o(1). (2.21)

In addition (2.20), and the fact that u, € Ny give
3 e = uall, = | @) = 2=l + o)

1
latnllxo < [AH|@|Ts;q/z] 7T+ o(1).

(2.22)
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Combing (2.21)) and (2.22), we have

A>A+o(1),
which is clearly impossible. We obtain (I} (uy),v) < % This completes the proof
of (i). O

Proposition 2.7. Assume that 1 < ¢ < 2 and Q satisfies (H1)-(H3). Then (L1.1)
has at least one positive ground state solution if A € (0, A).

Proof. By Lemma (i), there exists a minimizing sequence {u,} C N, for I,
such that

I(up) = ayx, Iy(up) —0 (2.23)
as n — oo. Since I is coercive on Ny by Lemma we obtain that |ju,| x, is
bounded. Going if necessary to a subsequence, we can assume that

U, — u in Xg,
u, = u in L"(Q) for r € [1,p),
U, — u a.e. in .

From (12.23)) We obtain that (I} (u),w) = 0,Vw € X, i.e. u is a solution of (L.1). In
particular, u € N. By the Maximum Principle [27, Proposition 2.2.8], u is strictly

positive in €. By the definition of o, and weak lower semicontinuity of the norm,
we have

o < 1) = (5 = Dk, =AG ~ 1) [ (s

qa P
1

—2) [ (uyras)

s 1
< timint [ unl%, — A,
< liminf I (u,) = ay.
n—oo

It follows that Iy(u) = ay and u, — u strongly in X.

We claim that u € N, j . Assume by the contradiction that v € N, . By Lemma
there exist positive numbers ¢+ (u) < tpax < t~(u) = 1 such that t*(u)u € Ny
and t) (u)u € Ny, and

It (u)u) < Lyt~ (u)u) = Ir(u) = ay,
which is impossible. Hence, u € N} and Iy (u) = ay = o . O

2.3. Proof of Theorem In this section, we prove that (1.1]) admits m positive
solutions. First of all, we show that I satisfies the (PS)s condition in X, for
B < p*, where

x S oo
BT =558 +an
Lemma 2.8. I, satisfies the (PS)g condition in Xo for f < p*.
Proof. Let {u,} be a (PS)s sequence for Iy such that
I(u,) = B and  Ij(up) — 0. (2.24)

Then, for n large enough, we have

1
B+ 1+ [Junllx, = Ix(un) — 5<Ii(un)’un>
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S 1
= el =2G = 2) [ iy
S P—q _
> S, = MG = DI ST ul,.

It follows that ||un||x, is bounded. Going if necessary to a subsequence, we can
assume that

—_

U, — ug in Xo,
u, — up in L"(Q) for r € [1,p), (2.25)
Uy — Ug  a.e. in .

Set v, = u,, — ug. Since Xy is a Hilbert space, we have
lunl%, = loalli, + lluoll%k, +o(1). (2.26)

By Brezis-Lieb’s Lemma, we have
/QQ(:U)(ui)pd:ﬂ:/QQ( pdx—l—/ Q(2)(ud)Pdx + o(1). (2.27)
By and , we have
8= u) = gl =5 [ Qe +o(0) (225)

loal%, — / Q@) (v )P + uol%, — A / e~ | Qs )Pda = of0).
¢
By (2.24) and -, we have

0= hm <I)\(un) uo) = |luollk, — )\/ Vidz — [ Q(x)(ug )Pdz, (2.29)
Q
consequently,
luallk, — / Q(x)(v;y )Pdx = o(1). (2.30)

Now, we assume that

lonll%, — b /Q FVde = b, asn — oo, (2.31)

By (2.) and (2.31), we obtain
9 2/p n 2/p
lonllfey = S, ([ Joalraz)™" 2 50( [ Qa)(wi)rde)
RN RN

Passing to the limit, we have b > S.b2/P. This implies that b =0 or b > Sf/(pd) =
SN/ (25) If b = 0, the proof is complete. Assume that b > S/?¥). By [2.29) and

, we have

1 1 S
B=(5~)b+1(u) 2 TS+ an.

which implies a contradiction. Hence, b = 0, that is u,, — ug in Xg asn — oo. 0O

Recall that

6 .y e V(@) —0@)PK(@ —y)dedy
* T veHs(RN)\{0} (fo |,U‘pdx)2/p
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It is well known from [26] that the infimum in formula above is attained at @, where

a(z) = ~ . zeRY, (2.32)

N—2s

(1? + & — ol?) 2

with kK € R\ {0}, > 0 and 29 € RY fixed constants. We suppose x > 0 for our
convenience. Equivalently, the function u is defined as

_ u
U=y
HUHLP(RN)
is such that
S.= [ lale) = a(o) PK (@ - y) dady.
R2N

The function

* = z N
u (m)—u(ssl/@s)), x € RY,
is a solution of
(=A)u = |ulP%u in RV, (2.33)

Now, we consider the family of function U, defined as
Udc(z) = e~ WN=292y*(z/e), xRV,
for any € > 0. The function U, is a solution of problem and satisfies
[ 0@ - U@PK =y dedy = [ W@)Pde =N, (23
R2N RN
Fix a maximum point a’ of Q, where 1 < i < m. Let 1n; € C* be such that

0<m <1inRY ni(z)=1if |z —a’| < po/2; ni(z) = 0 if |z — a’| > po. For every
€ > 0 we define the function

uei(z) = ni(x)Uc(x —a'), =RV, (2.35)

In what follows we suppose that up to a translation zg = 0 in (2.32). From [26] we
have the following estimates

/RQN e i(@) = ue ()P K (@ — y) dwdy = S/ @)+ O(772), (2.36)
/ e iPda = SN2 4 0N, (2.37)
RN

where Cj is a positive constant depending on s.

Lemma 2.9. We have
Q) (uZ, o ([ wrde) 4 o). (2.38)
([ @wutras)™ = ( [ i)™
Q Q

Proof. Tt is easy to see that
| [ Q@) -1 rds] < [ jt) - Qa')ul o
Q Q
:/ Q@) — Qa)|u? da.
BPo(a%)

By (H2), for any v > 0 there exists ¢ € (0, p) such that
|Q(x) — Q(a)| < |z —da'|” for all |z —a'| < 0.
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(N—25)/2

12
1/(25)| )
0/( S;/(gs)u) and the

Ue(z) = FLE*(N*QS)m( + |

Recall that
1/(2s) 1), 8. =

By using the shorthand notation p. := po/(eSs

change of variable, we have

[ 10w - e ds

Bpo(al)

N QuSF e+ ) - Qo (uSFen + a1+ af?) i
By, (0)

/ )QUusF e + ') — Q(a)|
pe (0)\Bs, (0)

mw‘z

1

N
S;’Su_N(/ +
Bs. (0)

Sg*

I
x

=K
1 , N
xnf(uS&Fex+a")(1+ |z|°)" " dx
=] / 1
< 075"/ dz +C ———dx
Bs. (0) (L4 |z[2)N B,. (0\Bs, (0) (1 + [z[2)N
Fo+HN-1 pe  pN-1
d N d
r+C LUN/gg A+ )N T

+r2)N

65
:CNwN’YEU/
o (1

< Clye? + eV,
where C, C’ > 0 are constants independent of ¢, and wy denotes the volume of the

unit ball in RY. Consequently,
limsupe™ ‘7|/ pdgc’ < C'.
O

e—0
The arbitrariness of v implies (2 .
The following lemma is a key for proving our main result
Lemma 2.10. There exist £g > 0 such that for e < gy and A € (0,A)
sup Iy (ux +tue ;) < uniformly in 1,

(2.39)

>0
where uy is the positive solution obtained in Proposition [2.]

Proof. Since Iy is continuous in Xy and u.,; is uniformly bounded in Xy, there

exists t; > 0 such that for ¢ € [0, 4]
In(uy +tue ;) < ax+ NSQ“

Direct computations show that
§ 2

o e illx,
(2.40)

1
In(ux +tue;) = §HUA||,2x0 + t(un, Ue i) x,
A 1
— = | (ux+tuc)?de— - | Q uy + tue ;)Pd
Q P Ja

SQS
S

From ([2.37)), we have
1
/ u? de > =
Q 2
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for € small enough. Note that the last term in (2.40) satisfies
p
/Q (ux + tue ;) dx>—/Q —|—u87i> dx
> min Q(z ) / u? dx
pJa 7

z€Q

> min Q(z )SZ&

tP.
e 2]7

Thus, I(ux + tu.;) — —oo as t — oo uniformly in ¢ and i. Consequently, there

exists to > ¢ such that Iy(uy +tue;) < ox+ % Sz* for t > t5. Then, we only need
to verify that inequality

sup In(uy + tus;) < 8° uniformly in i,
t1<t<ts

for € small enough.
From now on, we assume that ¢ € [t1,t2]. Then there exists a constant C' > 0
such that

/ Q(x)(ur + tue ;)Pdx
Q
> / Q(z)ubdx + tP / Q) dx + pt /Q Q(z)uf u, dx (2.41)

+ptP” 1/@ M uAdxfCtp/Q/QQ( uf\/Qupmdx

We have used the following inequality (see [4]) for r > 2, there exists a constant C,.
(depending on r) such that

(@+B)" >a"+B +r(a"'B+aB )~ Cra"/?B/? Ya,B>0.
Using that uy is a positive solution of (L.1]), and (2.41), (2.36]), and by Lemma [2.9]

we have

IA(U)\ + tus,i)
1 2 A

< Slhunlik, + tun e, + 5 Jueslk, - / (s + tue ;) dz
—f/Q dx—ftp pdx—t/Q _uE,ida:

_tpil/QQ(x)uggluxdx—I—C'ptp/Z/QQ( Y2 2

= Sl + 3¢ [ o s il = 2 [ o+t
[ Qe = <o [ Qajul do— ot / Q) urd
+Cptp/2/QQ( uﬁ/QuP/zdx

- t2 A
= Iy(uy) + )\t/ wd™ g ide + ueillk, — = / (ux + tue ;)ldx
Q 2 q.Ja
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A 1 _
+6/Qu§da:—ftp/ Q(:C)ugidx—tp_l/QQ(x)u’;iluAda:
+Cptp/2/ Q(x) u’;\/zup/zdx

A _
= I(uy) + ||“sz||x0 q/ [(un + tue ) — uf — qtul 1u57i}daz
—ftp/Q — P 1/Q gilu,\d:r—i—Cptpm/Q( uf{/Qup/de
2 _
< D) + sl = 5 [ Qyitde =02 (85 [ Qlajut unda

fc/Q u§/2up/2 )

2 t2 P p/2 (1252 p—1
< In(up) + 53 (5 p)—t (t2 ng’i Q(z)uprdx

—C’/Q u’;\/zup/2 )+O(6N72S)+O(€U)

§I)\(u,\)+NSSZ‘“’ tp/2 /Q 57-1u)\dxf /Q u/\/Qup/2 )
+0(eN72) + 0(e9). (2.42)

Here we have used the elementary inequality: (a+ )4 > a?+ qa?~ !4 for o, 3 > 0.
Now, we estimate the third term in (2.42). There exists a constant C; > 0
independent of i such that Q(z)ux(z) > Cy for all z € B, /5(a’). Then

/ Q(x)u’;;lu,\dx > Cl/ Ur(x —a')dx > Cre™ =, (2.43)
Q By /2(at)

Direct computations show that there exists a constant Co > 0 independent of i
such that

/ Q(x) u§/2up/2dx < 02/ UP/2(x — a')dx < Coe™ |Inel. (2.44)
Q By, (a?)

By (2.42), (2.43) and (2.44)), we have

sup I(ux +tue;) < I(uy) + 52“
t1<t<ts

for € small enough. (]

We define X := {u € Xy : ut # 0}, and

t‘(HuﬁX ) > 1},
mt (‘ ) <1}

Following the idea in [29], we have the following results.

={ue X’
= O Tullx,

{u € X+
\UHXO

Lemma 2.11. Assume that A € (0,A). We have
(i) X§ =A1UA UNY,
(ii) NT C A,
(iii) there exists t.; > 1 such that uy + t. juc; € Az for each 1 <i <m,
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(iv) there exists sc; € (0,1) such that ux+ e iteuc; € Ny for each 1 <i <m,

N

(v) oy <af + %52,

Proof. (i) Let

o (——) =1}

[[u HXO [l xo

It suffices to prove that Ny = S. Let v = u/||ul/x, for u E J\/'7 By Lemma
there exists ¢t~ (v) > 0 such that ¢~ (v)v € N, that is \uH Lu e N, . Since
u e N, , we have ¢t~ (v) = |Jul|x,. Hence, we obtain Ny C S. On the other hand,

let w € S. Then,
u:tf(L>L cN~.
HU’HXO ||UHX0

Thus, § C N, . Consequently, . ; =S.
(ii) For any u € Ny, let v = T ‘ . By Lemma [2.3] there exists ¢~ (v) > 0 such

that ¢~ (v)v € N, that is

S::{ueX

1
t‘( u )u eN.
lullxo  Mullx,

Hence,

_ 1 B u
0 = et ()

By Lemma we have 1 = t*(u) < tiax(u) <t~ (u). Therefore, Nt C A;.
(iii) Firstly, we claim that there exists a positive constant C' independent of i

such that
t .
supt~ (M) <C
llux + tue il x,

Assume by contradiction that there exists s sequence {t,;} such that ¢, ; — 400
and ¢~ (vp,;) = +00 as n — 0o, where

Uy + tple;

Ung =7
nz ||U)\ +tnus,i”Xo

)

Since t~ (vp,i)vn,i € Ny , by Lebesgue Dominated Convergence Theorem, we have

1
[ e - [+ werds
Q Q

||t AUA T Ue l”Xo
fQu dx

7 Tueal, ¢||xO
SSZS + O(EN)
S5 + O(eN=25)]p/2

as n — oo. Thus

I)\ (ti (vn,i)vn,i)

— Lo —i*v-q v qx—i(t_(vn’i))p vl Pdx
= S @) = 2 )" [ [

— —00
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as n — oo, which is impossible since I is bounded from below on N, by Lemma

Rl Set
1/2
Jurllx, + (luall%, + 102 = [[ual%,]) +1

ts,i =

Then
lux + ts,ius,i”?)(() = ||u>\||§<0 + t?,i||us,z'||§<0 + 2t i (un, us,i)x
> [luall, +1C% = llual%, |

>C%> [t (

0

uy + tue 4 ]2
[Jux + tue,ill x,

Hence, we obtain uy + t. ;uc; € As.
(iv) Define «; : [0,1] — R as

for all s € [0,1].

1 _ Uy + Ste iUe i
%ils) = (

llux + steucillx,  Mua + steueillx,
Note that (s) is a continuous function of s. Since y(0) > 1 and (1) < 1 there
exists s.; € (0,1) such that vy(s.;) = 1, that is uy + s¢ ;te juc; € Ny .
N
(v) By Lemma and (iv), we have o) < af + £52. O

Let
P={a":1<i<m} and P, =U", B, (a").
Let 7o = maxj<;<m |a’| + po. We minimize the energy functional I, on some
submanifolds of /. To this end, we define a barycenter map (cf. [§]) K : Xo\{0} —
RY as
x)|uPdx
() = dx @l
Jo lulpdz

z, |1'| S 7o,
x(x) :{

where

rox/|x|, |z| > ro.

Lemma 2.12. K(t™ (uc;)uc;) — a' as € — 0. In particular, there exists e; €
(0,e0) such that if e € (0,e1), then K(t™ (uei)ue,i) € Py, for each 1 <i < m.

Proof. Direct computations imply that

. Jo X(@)n (2)U(z — a")dzx
K(t (us,i)ue,l) - Qfﬂ 771 Up($ —a')dx

B fBPo(ai) x(z )771‘ (w)Uep(x - ai)dx
fBPO(ai) n; (x)UZ (x — a')dx
) . _N
5pr /2(0) anf (ex + a*) (1® + \WP) dzx

Js

Since fB o) T} (e + a’) (u? + ven)

(o) M (ex +a') (p? + | seal’ ) Nda

Po/e

2)=Ndz is bounded and

p g2 L 2y-N
ni (ex +a") (0 + |7 l) " de
/po/s(o) Ssl/(zs)
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is bounded away from zero, we have

K(t™ (e i)uei) — a*
as ¢ = 0. Consequently, there exists ;1 € (0,e0) such that K(¢t™ (usi)uc:) € Py,
for any € € (0,e1) and each 1 <i < m. O

For each 1 < i < m, we define
Ori={ueN| : | K(u) - a’l < po},
90y, ={u e Ny : |K(u) —a'| = po},

Bri = uelréfM I(u), PBxri= uelan(gx,i I\(u).

Consider the critical problem

(—=A)*u = |[ulPu in Q,
. N (2.45)
u=0 inRY\

We define the energy functional J : Xy — R associated with the critical problem
(2.45) as

T =3 [ () =) K= ) dedy = [ urde.
Set

M(Q) ={ue Xo\ {0}: (J'(u),u) =0}, ~(Q)= ueij&f(m J(u).

Similarly, we define J, : H*(RN) — R as
1 1
Telw) =5 [ (0@) = u@) K@ - pydedy 5 [ Julrd,
2 R2N D JrN
where H*(R™) denotes the space of functions u € LP(RN) such that Jpen (u(z) —
u(y))?K (x — y) dz dy < oo. Set

MEY) = {u€ B ®Y): (Joolu)u) =0}, A(RY) = inf  Joo(u).

N
It is easy to see that y(RY) = £52°. The following results corresponds to the

classical results of [ [2§].

Lemma 2.13. (i) () = v(RN) and v(Q) is never achieved except when Q =
]RN,'
(i) 7(€2) = ao.

Proof. (i) Since M(Q2) C M(RYN), we have v(RY) < (). Conversely, let {un} C
H*(RY) be a minimizing sequence for v(RY). By density of C§°(RY) in H*(RY)
we may assume that u, € C§° (RN). We can choose y,, € RY and \,, > 0 such that

A\ N-—2s
u%vw n(.) = )\n 2 un()\n ‘ +yn) € COOO(Q)
Since

2™ ey = ot vy / fud A Pl = / fun P,
Q RN

we obtain v(Q) < v(RY). Thus, v(Q) = v(RY).



18 Y. ZHANG, Q. LI, L. PANG EJDE-2021/23

Assume by contradiction that Q # RN and u € X is a minimizer for (). Let
t > 0 such that t|u] € M(€Q). Then

2
= (Ml yre Mo,y
“(ras) S\ qpa) ="
Consequently,
1 1
@) < I(ehl) = (5~ ) [ fuPde <5(@),
b Ja

Thus, t = 1 and |u] € M(Q) is another minimizer for v(Q2). For this reason we
assume straight away that u > 0. Clearly, u € RV is a minimizer for J,.. Therefore,
we obtain that J/_(u) = 0. So that u is a solution of

(~A)*u=uP inRY.

By maximum principle [27, Proposition 2.2.8], u > 0 in R¥. This is a contradiction.
(ii) For every u € Np, one sees immediately that tu € M(Q) for some ¢ > 0.
Indeed, tu € M(Q) is equivalent to

leuliy, = | ftupds,
Q

which has solution

o~ ( 1%, )ﬁ -
Jo lulpdz '

Since u € Ny and max,cq Q(x) = 1, we have

i, = [ Q)twtyds < [ upds
Q

which implies ¢ < 1. Therefore,
1 1 9 1 1 9
1) < (1) = (5= ltull, < (5 = )l

By the arbitrariness of u € Np, we have y(Q2) < ap.

By (2:30) and (235), we have

2
Hua l”Xo =S, + O(gN*QS) +o(e%). (2.46)
(f de) 2/p
Q

Direct computations show that
a, b s a \N/(2s)
s )= 5 (5)
swp (5= 0¢) = 5 (e
for any a,b > 0. By (2.46)), we obtain that

S

e |2 N/(25)
sup Io(tuevi) _ ( || € ||X0 2/p)
£20 (Jo Q) (ul,)Pdzx) (2.47)

NS‘I;V/ (2s) +O(€N72s) —|—O(EU).
Let tc; > 0 be such that ¢ ;u.; € Ny. Then, by (2.47), we have

IN

S
(67 < Io(tg)iUE,i) < sup Io(tug,i) < NSiV/(QS) + O(EN_QS) + 0(60).
t>0

Passing to the limit, we obtain that ag < v(£2). Thus v(Q2) = ap. O
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To show that (5, are (PS) values, we need the following Palais-Smale decom-
position theorem, see [20, Theorem 1.1] or [19] Theorem 4].

Theorem 2.14. Assume that {u,} is a (PS). sequence in Xy for J. Then there
exists a (possibly trivial) solution u® € Xy to problem (2.45) such that, up to a
subsequence, u, — u® in Xo. Moreover, either the convergence is strong, or there

exist £ € N, nontrivial solutions u', ... ut € H*(RN) to the equations
(=A)u = |ulP%u in RY, (2.48)
or
(=A)Yu=[uf?u inRY, u=0 inRV\RY, (2.49)
sequences of points z, ... 2t C Q, and finitely many sequences of numbers vl ...,

£ C (0,400) converging to zero such that, up to a subsequence,
ul = (Tg;)LEZS Un(2) +riz) = u!  in H¥(RY),
forj=1,....¢, and

)
lim Hun — Z
n— o0

J=1

hm |un||XU Z ||uj||H s(RV)?

J4

n—oo

z—
( v )HH(]RN):O’

j=1

‘ ”|+|g’—>oo asn — oo, fori#j i,j=1,...,¢.

Lemma 2.15. There exists 09 > 0 such that if u € Ny and Io(u) < ag + o, then
K(U) S PPQ/Q'

Proof. Assume by contradiction that there exists a sequence {u,} C Nj such that
Io(un) = ag +o(1) and  K(un) & Py, /2,
for all n € N. Let s,, > 0 be such that s,u, € M(f2). By Lemma [2.13] We obtain
() < J(snun) < Lo(sntn) < sup To(sun) = To(un) = 7(2) + o(1).

2

Then, s, = 1+ o(1) and J(spu,) = ¥(Q) + o(1). By Ekeland’s variational
principle[I4], there exists a sequence {v,} C M(2) such that

J/(Un) — 0, J(”ﬂ) — 7<Q)a ||Un - SnunHXo — 0.

By Lemma|2.13|and Theorem there exists a (possibly trivial) solution v° € X,
to problem (2.45) such that v, — v° in X, and there exist ¢ € N, nontrivial
solutions v!, ..., v¢ € H5(RN) to or (2.49), sequences of points z},...,zf C
Q and finitely many sequences of numbers 71, ... 74 C (0, +00) converging to zero

such that, up to a subsequence

e —I—ZTJ o (x_”” )+0(1) in H*(RY), (2.50)

T
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and
¢

J(vn) = J(@°) + > Jue(v?) + o(1). (2.51)

Jj=1

If 0 # 0 or £ > 1, then by (2.51)), we have J(v,) — J(v°) + Z§:1 Joo(v7) > v(9),
which is a contradiction. Thus, by (2.50)),

()2 1 (T R
vn = (r1) v( : )+o(1) in H*(RV). (2.52)

n
rn

By following the argument in [20, Theorem 1.1], we have dist(x,,, 9Q)/r, — oo as
n — oo. We may assume . — x} € Q since ) is bounded. By Lebesgue dominated
convergence theorem, we obtain that

sﬁﬂﬁs/km@wmwm+dw
/Q ’ 1 |pdx+o( )
N / Q(zry + xi)lvl(w)lpdﬂc +o(1)
Qn

= Q(mé)/ vl ()P 1q, dx +/ [Q(ar), + ;)
RN RN
= Q(ag)] [ ()P 1q,da + o(1)
= Q) [ ' @)Pde +o(0),
RN
where 1q  is the indicator function,

, ifzeQ,,
1g, = .
0, ifzéeQ,,

Q= {z eRY :arl + 21 € O} - RN as n — oco. Thus, we obtain that =} € P.
Consequently,

Jox(@ ’” (5 = )‘pdm

K (u,) = P+ o(1)
Jo ot (=) [P da
Jo, x(@ry, + zp) v’ (z)Pda
=—= +o(1)
fQ |vl(z)|Pdx
— ZL‘(I) S PPO/Q
as n — 0o. We get a contradiction. O

Lemma 2.16. There exists A* € (0, 2A) such that if X\ € (0,A*) and u € N with
In(u) < %55/(25) + %‘) (00 is the constant from Lemma , then K(u) € P, /2.
Proof. Fix any u € Ny with I)(u) < £587/®* 4 % and let
lold, o2
)= (15wt a)
(u) = Jo, Q(z)(ut)Pdx

Q
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Clearly,t(u)u € Ny. For X € (0,Ay), by ., we have
1 1
(5 - §)||U||§(O < In(u) + /\(* - *)|Q| S ullg,

o

SN/<25>+ 5 +Ao(5 ff)IQI*S V2 ||ul|%, -

Thus, there exists a constant Cy independent of A and u such that |ju||x, < Ci.

By (2.3), we obtain

fQ F)rdz
p—q~ ||U||XO
Consequently,
— g\ 1/ (p—2)
t(u) < (M) .
2—q

Since t~(u) = 1 and tmax < t(t) (fmax is defined in Lemma7 by Lemma, we
have

o
NSN/(25)+ 5 > Iy(u) = sup Ix(tw)

t>tmax

> Iy(t(u)u)
> In(t(u)u) — A /Q(t(u)u"')qdm.

q
Thus, we obtain
5 oN/@s) 4 0 é/ +ya
<
I(t(u)u) < NSS + > + . Q(t(u)u Ydzx
S oN/(2s do A P=4 ,_./9
< p SO+ G+ DI S W)l

S ) A p—a — —2)
< 2.gN/(@2s) 4 90 4 MiaEp a/2¢a (P~ 4y1/(=2)
< 55 +2+q\ |7 S, Cl(iz_q)

Consequently, there exists A* € (0,¢gA/2) such that
Io(t(uyu) < -SV/2 45
for A € (0,A*). By Lemma[2.15] we have

S~ x(@)[t(w)ulPdz
K(t =
( (u)u) f]RN |t |pd£ PP0/2
for A € (0,A*). Meanwhile, K(u) € P, /o for A € (0, A*). O

Lemma 2.17. For each u € Ny, there exist ¢ > 0 and a differential function
n: B:(0) C Xo — (0,+00) such that

n(0) =1, n(w)(u—w) €Ny forw e B:(0),
, _ 2(u,w) x, = Aq Jo(ut) I wdz — p [, Q(ut)Pda (2.53)
v O0) = 2 = @llull3, = —a) [ Qut)rda
for all w € Xj.

Since the proof of the above Lemma is similar to that of Lemma 2.5 we omit it.

Lemma 2.18. For each 1 <i < m, there exists a (PS)g, , sequence {ul} C Ox;
for I.
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Proof. By Lemma we have

~ S 6
;> —gN/(2s) 4 0 2.54
Bri = N T3 (2.54)
for all A € (0,A*). By Lemma we have
Bri < ay < B* (2.55)
for all A € (0,A*). For each 1 <i <m, by (2.54) and (2.55), we have
Bri < Pri (2.56)
for all A € (0,A*). Then
Bri = inf I(u)

ueok,iuaoxvi
for all A € (0,A*). By Lemma and Ekeland’s variational principle, we can
prove Lemma .18} The rest of proof is similar to that of Lemma we omit
it. (I

Proof of Theorem[I1. For each 1 <14 <m, by Lemma there exists a (PS)g, ,

sequence {ul} C Ox; for Ix. Since I, satisfies the (PS)g condition for § < g%,

by , I, has at least m critical points in N, for A € (0,A*). Consequently,

problem has m positive solutions. Furthermore, since u € N ;‘ is a solution of

(1.1), as shown in Theorem [L.1] problem has m + 1 positive solutions. O
3. CRITICAL AND CONVEX CASE ¢q > 2

This section is devoted to the study of problem (1.1)) when the exponent satisfies
2 < g < p. As the energy functional Iy is not bounded below on Xy, it is useful to
consider the functional on the Nehari manifold

N = {u € Xo \ {0} : (I3 (u),u) = 0}
—{ue X0\ {0} [ulk, = A | @)oo+ [ Qa)(ut s},
Now, we give some properties of Ny. ’ ’
Lemma 3.1. The functional Iy is coercive and bounded from below on Ny .

Proof. For every u € N, we have

1 1 1 1
= (5= Dl + ( ~3) [ Q)urds >0, (31)
q a9 P Ja
since 2 < ¢ < p. Thus, I, is coercive and bounded from below on N}. (Il

Lemma 3.2. For each u € X, there exists t(u) > 0 such that t(u)u € Ny and
Ix(t(u)u) = supy>q Ia(tu).

Proof. We define «(t) = I\(tu) for ¢t > 0. It is easy to see that there exists t(u) > 0
such that «/(t) > 0 for ¢t € (0,¢(u)) and ~'(¢t) < 0 for ¢ € (t(u),+00). Then
sup;>o(t) is attained at some t(u) > 0. This implies that 7'(t(u)) = 0. Conse-
quently, t(u)u € Ny. O

To prove the existence of positive solutions, we claim that I satisfies the (P.S)g

N
condition in Xg for f < £52°.

N
Lemma 3.3. I satisfies the (PS)g condition in Xo for 8 < {5°.
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The proof of the above lemma is similar to that of Lemma[2.8] we omit it. Direct
computation yields the following estimates.

Lemma 3.4. There exists a positive constant C,. such that

(N—2s)r
C’I‘EN_ 2 s ZfT‘ > N
N-—2s?
luci|"dx > { Cpre |Inel, ifr =525, (3.2)
Q (N—=2s)r )
Cre 2z | ifr < N§2s'

Next, we want to obtain an estimate of sup;~o Ix(tue,i)-

Lemma 3.5. There exists eg € (0, po/2) such that if € € (0,£9), then
N
sup I (tue ;) < iSSTS uniformly in i. (3.3)
>0 N

Proof. Since Iy is continuous in Xy and u.; is uniformly bounded in Xy, there
exists t1 > 0 such that for ¢ € [0,#1],

By ([2.37)), we have

for € small enough. Thus, I(tu.;) - —o0 as t — oo uniformly in € and i. Conse-

N
quently, there exists to > t; such that I(tu. ;) < %S5¢° for t > t5. Then, we only
need to verify that inequality

s N
sup In(tue;) < —Sg° uniformly in 4,
ty<t<ts N
for € small enough.
From now on, we assume that ¢ € [t1,t2]. Since N > 4, we obtain that ¢ > 2 >

Ngs. Consequently, by Lemma

(N—2s)q
2 .

/ |te ;| 9dx > C’qu_
Q
By (2.36)), (2.38]) and (3.4]), we have

1 A 1
It = 50ueille, = 500 [ fuesl'de =20 [ Qo)lucsPda

N o2 P A
=S (= ——) ==t | |ue,
2 9
p q Q

s N A (N—25)
< 28— Opti=eN T = O(eN72%) + o(£7).
q

(3.4)

Idz 4+ O(eN %) 4 o(e?)

Since N >4 and 0 = N — %, we can choose €y > 0 small enough such that

A —2s)q
—cqtgasN*L = L 0(EN) 4 0(7) < 0
for all € € (0,e0). Thus, we obtain (3.3]). O

By Lemma there exists ¢(u. ;) > 0 such that ¢(u. ;)u.; € Ny. Then we have
the following lemma.
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Lemma 3.6. K(t(uc;)uc;) — a* as e — 0. In particular, there exists €1 € (0,¢0)
such that if € € (0,e1), then K(t(ue;)ue,i) € Py, for each 1 <i < m.

The proof of the above lemma is similar to that of Lemma we omit it. For
each 1 <i <m, we define

Gri={uc Ny | K(u) — ai‘ < po},
9Gxi = {u € Ny : |[K(u) —a'| = po},

6ri= inf I\(u), d0r;= inf Ix(u).
X uérgl)\,z‘ )\(U) X uelangx,z‘ )\(U)

Lemma 3.7. There exists 8o > 0 such that if u € Ny and Iy(u) < ag + dg, then
K(U) S PPO/Q'

The proofof the above lemma is similar to that of Lemma [2.15] we omit it.
Lemma 3.8. There exists A* > 0 such that if A € (0,A*) and u € N, with
In(u) < %Sév/(%) + o (0o is the constant from Lemma , then K(u) € Py /2.

Proof. Fix any u € N with I(u) < %Sév/(zs) + %“, and let
llul|% 1/(p—2)
t(u) = (e .
() ( T Q(z)(uﬂpdx)
Clearly, t(u)u € Ny. Since

1 A ema 1
L) = Sl - PLUIES P2l — Pt PRll,, Vv e Xo,

there exist positive numbers d; and ds such that Iy (v) > dq if ||v] x, = di.
Obviously, there exists to > 0 such that |[tgu|| = d;. By Lemma we have
0<dy < I)\(to’u,)
< sup I (tu)

>0
= In(u)
1 1 1 1
= (=)l =2 =) [ ()
1 1
< (5 - )l

Consequently, there exists a constant Cy independent of A and w such that |jul|x, >
C1. On the other side, we have

s 1)
S 50 > I(u)

- (% - é)HuH%(O + (2 — ;17) /QQ(x)W)”dx
11

> (5 - 6)”“”%(0

Thus, there exists a constant Cy independent of A and u such that |ju||x, < Co.
Moreover,

) (uH)Pdz = ||ull?2 — ut)dz
| Qs = uli, <3 [ e
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> C1 = M7 S Jul,
>0 — Q7 S7120,.
It follows that there exists A > 0 such that for A € (0, A),

/Q Hdx > ¢y — A|QF 57920, > 0.

Hence, there exists a constant C3 > 0 independent of w such that t(u) < C5 for
€ (0,A).
By Lemma [3.2] we have

0o
SN/(2S)+ >17 =sup I, (tu
I 5 = Ia(u) Sup A(tu)

> Ix(t(u)u)

> Io(t(w)u) — 2 / (H(u)u* ) da.
qJa
Thus, we obtain
s ) A
I < S gN/@s) 4 %0 7/ 4
o(t(uw)u) < NSS + 5 + p Q(t(u)u Vidzx
do A, . p=a
< N/(2s) Z 7 §—a/24q q
_N& + 24 20 twmmo
6 2
< 5 oN/(2s) q/2 q P —aqya/(p— )

Consequently, there exists A* € (0, A) such that
Io(t(u)u) < SN/ 45

for A € (0,A*). By Lemma [3.7] we have

S~ x( Jul|Pdx
K =
(t(u)u) f]RN |t u|de € po/2
for A € (0, A*). Meanwhile, K(u) € P,/ for A € (0, A*). O

According to Lemma [3.5] and [3.6] there exists £1 > 0 such that

5>\,i < Ik(t(um)ug’i) < NSSZ (35)
for all £ € (0,£1). By Lemma[3.8 we obtain
~ s N 50
> gz 2 :
(5)\71 > NS + 9 (3 6)

for X € (0, A*). By (8.5) and (3.6)), we obtain dy; > dx; for A € (0,A*). Thus,
6xi = inf Iy(u).

u€G i

Consequently, similar to that of Lemma [2.18 we obtain the following lemma.

Lemma 3.9. For each 1 < i < m, there exists a (PS)s, , sequence {ul,} C Gx; for
I,.
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Proof of Theorem[I.4, For each 1 <4 < m, by Lemma [3.9] there exists a (PS)s, ,

. N
sequence {u;,} C Gx; for I). Since Iy satisfies the (PS)s condition for 8 < £.52°,
by (3.5), I has at least m critical points in Ny for A € (0,A*). Consequently,
problem ([1.1]) has m positive solutions. O
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