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EXISTENCE OF SOLUTIONS FOR SUBLINEAR EQUATIONS ON
EXTERIOR DOMAINS

JOSEPH A. IAIA

Communicated by Ira Herbst

ABSTRACT. In this article we prove the existence of an infinite number of radial
solutions of Au+ K (r)f(u) = 0, one with exactly n zeros for each nonnegative
integer n on the exterior of the ball of radius R > 0, Br, centered at the origin
in RN with u = 0 on 9Bg and lim; oo u(r) = 0 where N > 2, f is odd with
f<0on (0,8), f>0on (8,0), f(u) ~ uP with 0 < p < 1 for large u and
K(r) ~r~% with 0 < a < 2 for large r.

1. INTRODUCTION

In this article we study radial solutions of

Au+ K(r)f(u) =0 in RV\Bg, (1.1)
u=0 on 0Bg, (1.2)
u—0 as|z|]— o0 (1.3)

where Bp is the ball of radius R > 0 centered at the origin in RY and K(r) > 0.
We assume:

(H1) f is odd and locally Lipschitz, f < 0 on (0,3), f > 0 on (3, 00), f'(8) > 0,
and f'(0) < 0.

(H2) there exists p with 0 < p < 1 such that f(u) = |u[P"*u + g(u) where

lg(w)| =0.

[uf?
We let F(u) = [ f(s)ds. Since f is odd it follows that F is even and from (H1) it
follows that F' is bounded below by —F < 0, F has a unique positive zero, v, with
0<pB<7v,and

(H3) —Fy < F <0on (0,7), F>0 on (y,00).

Interest in the topic for this paper comes from recent papers [5, 6] 5] 16, 18]
about solutions of differential equations on exterior domains. When f grows su-
perlinearly at infinity - i.e. lim, . % =00, 2 =RY, and K(r) = 1 then the
problem (L.1)), has been extensively studied [T} [2, 3] [7, 8, [[3, 17, 19, 20]. In
[T, 12] equations — were studied with K(r) ~ r~%, f superlinear, and
Q) = RM\Bg with R > 0 with various values for a. In those papers we proved
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existence of an infinite number of solutions - one with exactly n zeros for each
nonnegative integer n such that v — 0 as |z| — oo for all R > 0. In [9] we studied
(LI)-(T.3) with K(r) ~r~, f bounded, and Q = RV \Bg.

In this article we consider the case where f grows sublinearly at infinity - i.e.
limy o0 fl(f,f) =¢o>0with0O<p<1land K(r) ~r~® with 0 < a < 2. In earlier
papers [10, [14] the case where f is sublinear and « > N —p(N —2) was investigated.

Since we are interested in radial solutions of (L.1)-(1.3) we assume that u(z) =

u(|z|) = u(r) where x € RN and r = |z|=y/2? 4+ - - + 2% so that u solves
N -1

UN(T) _|_

' (r)+ K(r)f(u(r)) =0 on (R,00), where R > 0, (1.4)
u(R) =0,u'(R) =b€eR. (1.5)

We will also assume that there exist constants k1 > 0, ks > 0, and o with
0 < o < 2 such that
(H4) kir=* < K(r) < kor~—® on [R, 00).
(H5) K is differentiable, on [R, 00), lim, o TTK/ = —a where 0 < a < 2, and
TTKI +2(N —-1)>0on [R,00).
Note that (H5) implies 72N "1V K (r) is increasing.
In this paper we prove the following result.

Theorem 1.1. Let N > 2, 0<p <1, and 0 < o < 2. Assuming (H1)—(H5) then
given a nonnegative integer n then there exists a solution of (1.4)-(1.5) with n zeros
on (R,0) and lim, o, u(r) = 0.

It is interesting to compare this theorem with the case « > 2. When o > 2 and R
is sufficiently large then it was shown in [10, 4] that there are no solutions of (L.1)-
with lim, o u(r) = 0. On the other hand, it was also shown in [10, [I4] that if
R > 0 is sufficiently small then solutions of — exist for « > N — p(N — 2).
We note in Theorem [I.1]that existence of solutions is established for all R > 0. Also
to the best of our knowledge existence of solutions of - is still unknown
when 2 < a <N —p(N —2),0<p<1,and R > 0 sufficiently small.

2. PRELIMINARIES

From the standard existence-uniqueness theorem for ordinary differential equa-
tions [4] it follows there is a unique solution of (1.4)-(1.5) on [R, R + €) for some
€ > 0. We then define

1 'U,I2
Using (H5) we see that
12 !
p_ U _ rK ) < _
E = 274K<2(N D+ =) S0 for0<a<2(N-1), (2.2)
Thus E is nonincreasing. Hence it follows that
1u? 1 b2
—— = < = — > .
2K+F(u) E(r) < E(R) > KR forr > R (2.3)

and so we see from (H2)—(H4) that u and « are uniformly bounded wherever they
are defined from which it follows that the solution of (1.4))-(1.5)) is defined on [R, c0).
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Lemma 2.1. Let u satisfy (1.4)-(1.5) and suppose (H1)—(H5) hold. Let N > 2,
0<p<l,and0<a<2. Iflim_,ou(r)=L then f(L)=0.

Proof. Multiplying (T.4) by 7V~! and integrating on (rg,r) where ry > R gives

N = T () — / tNTUK f (u) dt.

0
Dividing by rV K gives
o M (o) f:o tNTLK f (u) dt
rK  rNK rNK '
Using (H4) and that 0 < a < 2 < N then rVK > kirV=® — 00 as r — oo.
Also if f(L) # 0 and ro,r are sufficiently large then it follows from (H4) that
| [ N K f () di] > %(TN*Q — 7% — 00 as 7 — oo and so by L’Hépital’s

rule and (2.4) we see

(2.4)

/ "HNLK f(u) dt L
i Y= g fluydt ACO R ()
r—oo 1K r—oo rNK r—oo N 4 K N -«
Thus by (H4) and (2.5)) there exists an ro > R such that
L)|k
|u| > 2'{]2 ! Oj)rlfa >0 forr>rg. (2.6)
Integrating ([2.6)) on (rg,r) then gives
|f(L)|k1 2 o
- > > — ). 2.
) = (o)) > g gy " =) (27)
Since 0 < a < 2 we see the right-hand side of (2.7) goes to +o0 but the left-hand
side goes to |L — u(rg)| - a contradiction. Thus it must be that f(L) = 0. O

Lemma 2.2. Let u satisfy (1.4)-(1.5) with b > 0 and suppose (H1)—(H5) hold. Let
N>20<p<l,and0<a<2 Let0<e<f. Then there existst., > R such
that u(tep) = B —€ and v’ >0 on [R,tc ).

Proof. From and since b > 0 by assumption we see that u is initially increasing
and positive. Now if u has a first critical point, M, with v’ > 0 on [R, M) then
W' (M) =0 and v’ (M) < 0 from which it follows that f(u(M)) > 0. In addition,
by uniqueness of solutions of initial value problems it follows that u” (M) < 0 and
so f(u(M)) > 0 and thus u(M) > B. Since u(R) = 0 the lemma then follows in
this case by the intermediate value theorem. Otherwise suppose the lemma does
not hold. Then v’ > 0 and 0 < u < 8 — € for all » > R for some € > 0 and so
by (H1) there exists a constant €; > 0 and ro > R such that f(u) < —e; < 0 for
r > 1o > R. Next multiplying by N1, integrating on (rg,r), and using (H4)
gives

—rNV =l = VTN (rg) —|—/ tNTUK f(u) dt

0

k
< —rp M (o) — ]\il_la (rN= — V7.

Thus for some constant C1,
e1ky

I>C 1-N
w=tr +Nfoz

Pl (2.8)
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Integrating on (ro,r) gives:

Gy 2-N 2-N €1ky
> — o
Now the left-hand side of (2.9) is bounded above by 3 but the right-hand side goes
to +00 as r — oo since 0 < a < 2 < N - a contradiction. Hence the lemma
holds. O

(TQ_O‘ — 7"870‘). (2.9)

Lemma 2.3. Let u satisfy (1.4)-(1.5) and suppose (H1)—(H5) hold. Let N > 2,
0<p<1,and 0 < a < 2. Then there exists a t, > R such that u(ty) = 8 and
u' >0 on [R,t).
Proof. We rewrite (|1.4)) as

" N-1 f(u)

—u' +K -08)=0
W'+ S+ K () 2 - )
and then make the change of variables
1-N
u—pF=r2 v (2.10)

Thus v satisfies

f(u) (N—l)(N—3)) _
- v=0.
u—0 4r2?

Suppose now that the lemma does not hold. Then by Lemma [2.2] we see for some
sufficiently small € > 0 we have v/ > 0, 8 — € < u < 3, and z(fuﬁ) > @ (by
(H1)) for r > tep. Also for some g > R sufficiently large then by (H4) and since
0<a<?2,

v+ (K(r)

u)  (N—1)(N-3) _ ki f N —1)(N -3
K(T)J(_)g_( 4);2 ) S 2friﬂ)_( 4)70(2 )

Next we consider a nontrivial solution w of

1
> — for r > ro.
r

1
w" + < w =0 for r > 7.
r

It is straightforward to show w = Cqe™/?sin (§ In(r) + Cs) for constants Co # 0
and Cs. Hence w has an infinite number of zeros on (rg,00). It follows by the
Sturm comparison theorem [4] that between any two zeros of w then v must have a
zero and from we see that u must equal 3. Hence there exists a smallest value
of r, denoted tp, such that u(ty) = f and 0 < u < 8 on (R, t). Thus u'(tp) > 0 and
by uniqueness of solutions of initial value problems u/(¢,) > 0. Also from Lemma
We have ' > 0 on [R, t. ] for all e > 0 and since ' (tp) > 0 it follows that v’ > 0
on [R,tp]. This completes the proof. O

Lemma 2.4. Let u satisfy (1.4)-(L.5) and suppose (H1)—(H5) hold. Let N > 2,
0<p<l,and 0 < a<2. Then lim,_,g+ tp = co.

Proof. First we rewrite as
(N1 = PN UK f(u). (2.11)
From (H1) we have
there exists an ex > 0 such that —f(u) < eau on [0, 3/2]. (2.12)
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Next we define tp, < tp to be the smallest value of ¢ > 0 such that u(ty,) = g
The existence of t;, follows from Lemma since u(R) = 0, and the intermediate
value theorem. Combining (2.12) with (H4) gives

— VUK f(u) < eokor™ 1% on [R, ty,]. (2.13)

Integrating (2.11) on [R, 4], using (2.13) and that w is increasing on [R,tp,] (by
Lemma [2.3)) gives

N1y gRN—1b+/ exkotN 71 (t) dt
R

< RN*Ib—Fczkzu(r)/ N1 gy (2.14)

R
k

LI

Rewriting this inequality gives

k
u — %rl_o‘u < RN 1ppt=N, (2.15)

Now let e3 = % > 0 and denote

u(r) = e~ (TR < for R<p < tho - (2.16)
Multiplying (2.15) by u(r), using (2.16]), and integrating on [R,r] C [R, ts,] gives
Nflb e e
u< ij — (RN~ 2N ees (TR (2.17)
Now evaluating (2.17) at ¢, gives
B_RYb o N Ny @R
5 S g BT i e . (2.18)

Since 0 < a < 2 it follows from (2.18)) that lim,_ g+ t5, = 00 and since &5, < ¢ it
follows that

lim ¢, = oo.
b—0+

This completes the proof. ([

Lemma 2.5. Let u satisfy (1.4)-(1.5) and suppose (H1)—(H5) hold. Let N > 2,
0<p<1,and 0 < a < 2. Then u has a local mazimum, My, and u' > 0 on
[Ra Mb)

Proof. From Lemma[2.3| we know u(t,) = 3 and u'(t,) > 0 so if the lemma does not
hold then it follows from Lemma that v’ > 0 for r > R. Since u is bounded by
then it follows from (H2) and (H3) that there exists an L such that u — L > /8
with L finite. We see then by Lemma[2.1]that f(L) = 0 and so (H1) implies |L| < 3
contradicting that L > . Thus u has a local maximum and so there is a smallest
value of ¢, denoted M, such that v/(M,) = 0 and v/ > 0 on [R, M}). This completes
the proof. O

Lemma 2.6. Let u satisfy (1.4)-(1.5) and suppose [(H1)—-(H5)] hold. Let N > 2,
0<p<l1,and0<a<2 Thenu(r)>0ifb>0 is sufficiently small.
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Proof. We use a similar argument as in [I2]. First, if ' > 0 for » > R then u > 0 for
all > R and so we are done in this case. Thus we suppose that u has a first critical
point M. Then «' (M) = 0, v’ (M) <0, and v’ > 0 on [R, M}). By uniqueness of
solutions of initial value problems it follows that v (M) < 0 and thus M, is a local
maximum. Now if 0 < u(Mp) < « then it follows that E(Mp) = F(u(Mp)) < 0 (by
(H3)). Since F is nonincreasing by it follows that u cannot be zero for r > M,

for at such a zero, zj, of u we would have 0 < %”;((21’)) = E(z) < E(Mp) <0
a contradiction. So we suppose now that u(Mp) > ~. Then there exists ¢, with
ty < tp, < My so that u(ty,) = BJ” and v’ > 0 on [R, Mb)

Next we have the following 1dent1ty which follows from and (| .7
(rP*N-VKE) = (p2V-1 )K)’F(u). (2.19)
Integrating this on [R, 7] gives

1 T
rPN-UKE = 5R2<N—1>b2 + / >NV KY F(u) dt. (2.20)
R

By (H3) we have F(u) < 0 on [R, ] and by (H5) we have (r?&V=VK)" > 0 so for
R <ty < r we have

/ T(t2(N_1)K)’F(u) dt < / T(tQ(N_l)K)’F(u) dt. (2.21)
R

tp

Next on [, @] it follows that there exists an ¢4 > 0 such that F(u) < —eq < 0.
Also from (H5) we see there is a kg > 0 such that

2N — 1)

for r > R. (2.22)
Then it follows from (2.22) and (H4) that

/

K
TK | > kokit?N 3% for t > R, (2.23)

(tQ(N—l)K)/ _ t2N_3K[2(N _ 1) +

Thus from (2.20)-(2.23]) we see

2(N-1) L oov—1);2 eakoks 2N—2— 2N—2—«
ty, O K(t,)E(ty,) < ot (N=Dp2 — m[tbl “ =t ] (224)

Next solving m ) for v/, using (H4), and integrating on [t, tp,] where u’ > 0 gives

tbl
r)dr / VK dr

/ VE b2 / \/K<R> ur)) o (2.25)

Vky 1-2  1-2
= 1—9(tb1 2 —t, )
2

and so by ( 4) we see from (2.25) that for small b > 0 we have

O</ \/T/w\/w \/E(l%

ty
It follows then from and since 0 < a < 2 that there exists an €5 > 0 such
that

—t, %), (2:26)

1-5

1—2a
ty, 2 >t, ° +es. (2.27)
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From the inequality

(x+y) >l +4f (2.28)
which holds if I > 1, 2 > 0, and y > 0, it follows from (2.27) and since 32— > 1
that

ty, >ty + €6 (2.29)
where €5 = eg‘%. Next from — we see
B
> [ty +e)N 1 F —ty T Egy R (2.30)
> e7tév_1_%

where ez = eé\]_l_% > 0 and since N —1 — & > 1 by (HS5).

Thus we see it follows from , , and Lemma that
6467]{}0]{1 N-1-%
2N -2—a?
Therefore, E(ty,) < 0if b > 0 is sufficiently small. It then follows that u(t) > 0 for
t > ty, for if there were a 2z, > t3, such that u(z,) = 0 then since F is nonincreasing
we would have 0 < F(z,) < E(tp,) < 0 - a contradiction. In addition we know from
earlier that u > 0 on (R, M) and R < t3, < M. Thus we see u > 0 on (R, c0).
This completes the proof. ([

Lemma 2.7. Let u satisfy (1.4)-(1.5) and suppose (H1)-(H5) hold. Let N > 2,
O0<p<l, and 0 < a<2. Then My — o0 as b — oo.

Proof. If the M, are bounded then there exists My > R such that M, < Mj for all
large b. Now let v, = ¥. Then vy(R) = 0, vy(R) = 1 and v, satisfies

o N — 11)1,7_'_ K(r)g(bvb)
r

_ 1
VK () Ely,) < §R2N_262 - — —ooasb— 0%

=0 forr>R. (2.31)
Asin (2.1)-(2.2),

1 op? F(bup)\’
- < >
<2Kw) 7o) S0 frrz R

and therefore

1 v n F(bup) 1

2 K(r) ¥ T 2K(R)
It follows from this that the v, are uniformly bounded on [R, c0) and since |vy(r)] <
[ [vj(s)] ds it follows that the vy are uniformly bounded on [R, My + 1]. Since f is

sublinear we now show that w — 0 on [R,My+ 1] as b — oo. To see this

for r > R.

note that from (H2) we have % < 1if |u| > up > 0 and since g is continuous on
[0, ug] then |g(u)| < C4 for |u| < ug for some constant Cy. Combining these we see:
lg(u)| < Cq + |ul? for all u. (2.32)

Therefore since the v, are uniformly bounded on [R, My+ 1] and 0 < p < 1 then

|%<bvb)| — K(T‘)‘ |/Ubb|f:::vb + g(l;)’l)b)‘

[ N S A
< K(r)(bl_p +?+ bl—P) —0 asb— oo

(2.33)
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Thus from (2.31)), (2.33), and since the v} are uniformly bounded it follows that the
vy are also uniformly bounded on [R, My + 1]. Then by the Arzela-Ascoli theorem
there exists a subsequence of the v, and v,') (still denoted vy, and vl’,) such that v, — v
uniformly and v; — ¢’ uniformly on [R, My + 1]. In addition, v” + £/ = 0,
v(R) =0, and v'(R) = 1. Thus v = t25(1 — (£)¥=2). In particular v/ > 0. On
the other hand, v,’)(Mb) = 0 and since the M; are bounded by M, then there is a
subsequence (still labeled M) such that M, — M and since v; — v’ uniformly on
[R, My + 1] then 0 < v'(M) = limp_,o0 v,(M3) = 0 - a contradiction. Thus it must
be that M, — oo as b — oo. This completes the proof. (|

Lemma 2.8. - Let u satisfy (1.4)-(1.5) and suppose (H1)-(H5) hold. Let N > 2,
0<p<l1,and0< a< 2. Then u(Mp) — oo as b — oco. In addition, there exists
a constant €5 > 0 such that

[u(Mp)] 2" > 65M I
Proof. Tt follows from Lemma [2.6] that

N-2
% N %(1 — (%) ) uniformly on [R, 2R)].
Hence
u(iR) N % (1 — 22*N) as b — oo.

Thus u(2R) > ﬁ (1 — 227N b for sufficiently large b, and therefore u(2R) — oo
as b — oo. Since M}, — oo as b — oo (by Lemma , it follows that M, > 2R for
large b, and since u is increasing on [R, Mp) it follows that w(Mp) > u(2R) — oo
from which it follows that u(Mp) — oo as b — oo. This completes the first part of
the proof.

Next, from (2.1))-(2.2) we have

1 12
57+ Fw) > Fu(My)) on [R My,
Rewriting this, integrating on [R, M;] and using (H4) gives
Mb u/ Mb \/7
> Kdr
kR V2/F(u(My)) - F(u(t)) ~ Jr
My
Z \/?174_% dr (234)
R
_ VR, - R
= o

Changing variables on the left-hand side, rewriting, and changing variables again
gives

Mb / u(Mb) dt

R V2FuMy) — F@u() Jo \f¢F M) — F(1)
ds
f,/ Mb / 1_ §<:<$>)§>'

(2.35)
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From the first part of the theorem we know that u(M,) — oo as b — oo. Then
uPt1

from (H2) it follows that F'(u) = ‘=5 +G(u) where G(u) = Jo 9(s)ds. In a similar
way to (2.32)) it follows that

|G(u)] < Cs +

—— _JuPTt for all u for some constant C. 2.36
s s (230)

This along with (H2) and that 0 < p < 1 gives
i /1 ds /1 ds Lods
lim e % _as
booo Jo o f]_ Fuys)  Jo /T—sptT " )y /1—5s
F(u(M,))

In addition we see that

memzwmwﬁ¢l L Glu(Ms) (2.38)

p+1 - [u(My)P+t

2. (2.37)

Since u(Mp) — oo as b — oo and ‘flﬁ,?l — 0 as u — oo it follows from ([2.38)) that

p+1

[wp)] > =
birr;o m =+p+1 (239)

Therefore from for large b we have
u(M,)

VF (u(My))

Combining — we obtain for large b,

<2\/p+1 [u(My)] =", (2.40)

1-p \/E 1-< _a
M) >—(M PR ) 2.41
[u( b)] = 2(2_a)\/m b ( )
Finally since M — oo as b — oo (by Lemma we obtain
1-p 1-g
[w(Mp)] =" > es M, ? (2.42)
with e5 = % > 0. This completes the proof. ([

Lemma 2.9. Let u satisfy (L4)-(L5) and suppose (H1)-(H5) hold. Let N > 2,
0<p<l,and0 < a<?2. Then for sufficiently large b there exists a z, > My such
that v < 0 on (My, zp] and u(zp) = 0. In addition, given a positive integer n then
if b is sufficiently large then u has n zeros on (R, 00).

Proof. First let v(r) = u(r + My). Then v(0) = u(M,), v'(0) = «' (M) = 0, and
(1.4) becomes

v+ T]\{F_Z\flbvl + K(r+ M) (|v|p_1v + g(v)) =0. (2.43)
Next let
wy(r) = /\_%v()\r) = /\_%u()\r + M,) where AT — u(My). (2.44)

2—a

Then wy(0) =A™ 1=r u(Mp) = 1 and w)(0) = 0. Now recall from Lemmas and
that M, — oo and u(M;,) — oo as b — oo. Thus [u(Mb)]zl‘%; =\ — o0 as
b — oco. In addition we see from ([2.43)-(2.44) that w) solves

N 2—« —a
W el F XK O M) ([P s+ ATTER g )| = 0. (245)
A
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‘We now define
1 wh 1 (2—a)(14p) 2-

E\ =~ PHL AT T G T w)y). 2.46
A 2/\°‘K()\T+Mb)+p+1|w>‘| + (ATw3) (2.46)

Using (2.45) and (H5) we obtain

A2 A M) K' (A M,
B, = WX (2(N—1)+(r+ o) K (Ar + b))
2()\T—|—Mb)K()\7" +Mb) K()\?‘ +Mb) (247)
<0 forr>0.
Thus )
~(2=a)(14p) 2-a
E <EN0)=——+4+X" T2  GATr). 2.48
0SB0 = o ¢ () (2.48)
From (H2 1t follows that A~ (HMG(AI ») — 0 as A — oo. In addition it
follows from -, and ( - ) that for large A,
1 ’LU;\2 |’LU,\|p+1 2

= . 2.4
2XNK(Ar+ M)  2(p+1) ~ p+1 (249)

Hence the wy are uniformly bounded on [0,00). In addition, it follows from (H4)
and - ) that the w) are uniformly bounded by 4k2 2r=%/2 on (r,00). Then

from it follows that the wY are uniformly bounded by Cer— (11 for some
constant 06. Thus w), w), and w} are uniformly bounded on compact subsets of
(0, 00) and so by the Arzela-Ascoli theorem a subsequence (still labeled wy and w})
converges uniformly on compact subsets of (0,00) to some w and w’. In addition,
by the fundamental theorem of calculus with 0 < r; < ro we have

() — w(rs)] < / " ol ()] ds

/ \/ +1’a/2 (2.50)

4k2 1—a/2 l—a/2
p+ 1[T2 / - rl / ]

and so we see from and since 0 < a < 2 that the wy are equicontinuous on
compact subsets of [0, 00). Thus it follows that w(r) is continuous on [0, c0) and in
particular w(0) = 1.

Next we show that wy has a large number of zeros for large A and hence u has
a large number of zeros for large b.

So suppose w > 0 on [0,00). We see then from and (H4) that

My n_1 ,
- (r+ T) )
2.51)
" M M _(2-a)p 2—a (
:/ NEA@ + S50+ 50 (loal s + AT (A ).
0

We claim now that

. "l M, My Ny oo 2
Jim [ ONKOG S0+ ) (A gAE

on any fixed compact subset of [0, c0).

o

) =0 (25)
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To see this note as in (2.32) we can similarly obtain the inequality |g(u)| <
C7 + €|ul? for all u for some constant C7. Therefore using this and (H4) in (2.51)
we see that

’/ A K t+7))(t+%)f“ ()\_(2 = (AT wy )) dt‘

(2.53)

M, a)p
S/ kot + )\b)N 1- a(o )\_(21 ) +€‘w)\‘p> dt.
0

1—p
N it foll fi 2.42 d (2.44) that M, < My)|2=« = egA wh
ow it follows from an at My < eglu(Mp)] egA where
€6 = €5~ so that for some subsequence % — A with 0 < A < ¢4 and thus for

large A we obtain from ([2.53)),

" M, 2-a
0

< Crks

(t —+ 266)N_1_a + Gkg / (t + QGG)N_l_a|’LU)\|p.
0 0

Both of these terms are small on any compact subset of [0, 00) (the first since A — oo
and the second term by (2.49))) and so both of these limit to zero as A — oco. This

establishes (2.52]).
Therefore we see by using (H4) and taking limits in ([2.51)) we obtain

—(r+ AN > kl/ (t+ AN"1=P dt  on (0, 00). (2.54)
0

Since w > 0 on [0, c0) it follows from (2.54) that w is decreasing so that
(T‘ 4 A)Nfa _ ANfa

—(r+ A" > kw? n (0, 00). (2.55)

N -«
Rewriting (2.55)) gives
k ki AN—«
—ww™? > ﬁ(r + A — ﬁ(r + A)'* on (0, 00). (2.56)

Next we analyze the two cases A = 0 and A # 0 separately.
Case 1: A # 0. Integrating (2.56)) on (0,r) gives

wt=? —1

-(5r—)
Lk ((T+A)2_a B AQ_O‘) kAN ((r—i— AN A2_N)
- N-—-« N —« 2—-N 2-N/°
Thus for some constant Cg we obtain

wl=? — 1 _ ky(r + A)2—2 ~ ey (r + A)2~N AN=a

—p = (N-a)2-a)  (N-2)(N-a)

The right-hand side of goes to —oco as r — oo since 0 < a < 2, 0 <p < 1,

N > 2 and so we see that w becomes negative which is a contradiction because we
assumed w > 0 and so w and hence u must have a zero for sufficiently large b.

2—« 2—«

+ Cs. (2.57)

Case 2: A = 0. In this case we see that (2.56|) becomes

1= on (0,00). (2.58)
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Integrating ([2.58)) on (0, 7] gives

wtP —1 < kqyr?—e
—p = (N-a@-a

and therefore we see that w becomes negative. Thus we again obtain a contradiction
and so w and hence u has a zero if b is sufficiently large.

Thus there exists a z, > R such that u(z,) = 0 and u > 0 on (R, 2,). In addition
by uniqueness of solutions of initial value problems it follows that u'(z5) < 0 and
then we can similarly show as in Lemma that v has a local minimum my; > 2z
for large enough b > 0 and also that w has a second zero zs; (and hence u has a
second zero) if b is sufficiently large. In a similar way, given any positive integer
n we can show for large enough b that u has n zeros on (R,00). Since wy — w
uniformly on compact sets it follows then that if A is sufficiently large then wy will
have n zeros on (0,00) and hence u(r,b) will have n zeros on (R,00) if b > 0 is
sufficiently large. This completes the proof. O

3. PROOF OF THEOREM [I.1]

‘We consider the set
{b> 0] u(r,b) > 0 for all r > R}.

This set is nonempty by Lemma [2.6] and is bounded from above by Lemma [2.9| so
there exists a by > 0 such that

by = sup{b > 0| u(r,b) > 0 for all » > R}.

We show now that u(r,bg) > 0 for r > R. If u(rg,by) = 0 and u(r,bp) > 0 on
(R, 7o) then u'(rg,bp) < 0. By uniqueness of solutions of initial value problems it
follows that u'(rg,bg) < 0. Thus for r; > ¢ and r; sufficiently close to ry we have
u(r1,b9) < 0. Then for b close to by with b < by then wu(r1,b) < 0 contradicting
the definition of by. Hence u(r,by) > 0 for » > R. Now by Lemma we know
that u(r,bo) must get larger than . If «' > 0 for all » > R then since u is
bounded it follows that u would has a limit which by Lemma [2.1] would have to
be less than or equal to 8. Thus we see that u(r,by) must have a local maximum
My, > R and v/ > 0 on [R, Mp,). Next we show E(r,bg) > 0 for all » > R. If
E(rg,bo) < 0then E(rg,b) < 0for b > by and b close to bg. On the other hand, since
b > by it follows that there exists a z, such that u(zp,b) = 0. Thus E(z,b) > 0.
Since E is nonincreasing this implies z, < 7o for all b > by. However 2z, — oo
as b — by for if the z, were bounded then this would force a subsequence of the
2zp to converge to some zo and then wu(zg,byp) = 0 contradicting that wu(r,by) > 0.
Thus E(r,bg) > 0 for all » > R. It now follows that u(r, by) cannot have a positive
local minimum, my, > My, for at such a point u'(m,by) = 0, v”(m,by) > 0 and
so f(u(m,bg)) < 0. Since u(m,by) > 0 this then forces 0 < u(m,by) < 8 and thus
E(m,by) = F(u(m,by)) < 0 contradicting that E(r,bg) > 0. Thus u'(r,by) < 0 for
r > Mp, and so lim,_, u(r, bg) exists. Denoting this limit as L then L > 0 since
u(r,bg) > 0 for r > R and by Lemma 2.1 we have f(L) = 0so that L=0or L = §.
Then a similar argument as in Lemm shows that u(r, by) gets less than 8 and
so it follows that L = 0 and thus lim, . u(r,bg) = 0. Hence u(r,by) is a positive
solution on (R, 00) and lim,_, . u(r, by) = 0.
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Next from a lemma in [9] if b > b,, is sufficiently close to b,, where u(r, b,,) has n
zeros on (R, 00) and
lim u(r,b) =0
then u(r,b) has at most n + 1 zeros on (R, 00). From this lemma it then follows
that

{b > bo|u(r,b) has exactly one zero on (R,00)}

is nonempty and again from Lemma [2.9this set is bounded from above. Thus there
exists a by > by such that

by = sup{b > bo|u(r,b) has exactly one zero on (R, c0)}.
As above we can show u(r, by) has exactly one zero on (R, 00) and

lim u(r,by) = 0.

T—00

Similarly we can find b,, > b,_1 such that u(r,b,) has exactly n zeros on (R, o0)
and

lim wu(r,b,) = 0.

™00

This completes the proof of Theorem [1.1
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