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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO COUPLED
POROUS MEDIUM SYSTEMS WITH BOUNDARY
DEGENERACY

XUTONG ZHAO, MINGJUN ZHOU, QIAN ZHOU

ABSTRACT. This article concerns the asymptotic behavior of solutions of one-
dimensional porous medium systems with boundary degeneracy in bounded
and unbounded intervals. It is shown that the degree of the boundary de-
generacy and the exponent of the nonlinear diffusion determine asymptotic
behaviors of solutions. For the problem in a bounded interval, if the degener-
acy is not strong, the problem admits both nontrivial global and blowing-up
solutions, while if the degeneracy is strong enough, any nontrivial solution to
the problem must blow up in a finite time. For the problem in an unbounded
interval, the Fujita type blowing-up theorems are established and the critical
Fujita exponent is formulated by the degree of the boundary degeneracy and
the exponent of nonlinear diffusion.

1. INTRODUCTION

The semilinear parabolic equation

%f%(a:)‘%>:f(x,t,u), z€eR, t>0, (A>0) (1.1)
is a typical parabolic equation degenerating on the boundary. It is clear that
becomes degenerate at x = 0, a portion of the lateral boundary. Equations
with such degeneracy as can be used to describe some models, such as the
Budyko-Sellers climate model [23], the Black-Scholes model coming from the option
pricing problem [3], and a simplified Crocco-type equation coming from the velocity
field of a laminar flow on a flat plate [5]. In recent decades, semilinear equations
with boundary degeneracy have received a lot of attentions from mathematicians.
Among them, it was proved that for the control system

Ou 0 [ \0u\
a~€g@zﬁ)fmmﬂm,(LUEWJMQQH,

w0,6) =0, te(0,T) if0<\<1,
ou .
(x’\a—>(0,t) =0, te(0,7) ifA>1,
X
U(Lt) =0, te (OvT);
u(z,T) =uo(x), x€(0,1),
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there is a threshold A = 2 in the sense that the system is null controllable if
0 < X\ < 2156 20], while not if A\ > 2 [], where ug € L%((0,1)), h is the
control function, w is a subinterval of (0,1), and x,, is the characteristic function
of w. In addition, the null controllability of other control systems with boundary
degeneracy were studied, see, e.g., [7, 10} 1T}, 28, 31} 32, @} [26]. For another instance,
the quenching phenomenon of solutions to the problem

%%-%(ﬁ%ﬁ:fmx(%wem@pqan,
(xé%)m¢)=um¢)=q te(0,7),

u(z,0) =0, z€(0,a)
was studied in [37], where a > 0 and f € C?([0,c)) with a constant ¢ > 0 satisfies
f(0)>0, f(0)>0, f’'(s)>0for0<s<c, lim f(s)=+oc.
s—Cc™

It was shown that A = 2 is also a threshold in the sense that the critical length
satisfies

>0, if0<A<2,
“l=0, ifA>2

That is to say, in the case that 0 < A < 2, there is a critical length a, > 0 such
that the solution exists globally in time if a < a,, while quenches in a finite time
if a > a4. As to the case that A\ > 2, the solution must quench in a finite time for
each a > 0. In [27] and [33], the asymptotic behavior of solutions to the following
problem in a bounded interval was studied

Ju 0/ \ou™\
5;—5;@76I>—u, O<z<1,t>0, (1.2)
au’ﬂl
A _ _
@ ax)mt)—uﬂﬁ)—Q t>0, (1.3)
u(z,0) =up(x), 0<z<1 (1.4)

where A > 0, p > m > 1 and ug € L*°((0,1)) is a nonnegative function. For
the problem —, it was proved that there exist both nontrivial global and
blowing-up solutions if the degeneracy is not strong such that A\ < 2, while any
nontrivial solution must blow up in a finite time if the degeneracy is so strong that
A > 2. Furthermore, the blowing-up theorems of Fujita type were also established
in [27] and [33] for the following problem in an unbounded interval

Ou 0/ ou™\
@“%;ymwzo,t>o, (1.6)
u(z,0) = up(x), x>0, (1.7)

where A > 0, p > m > 1 and and uy € L*((0,1)) is a nonnegative function. It was
proved that the critical Fujita exponent can be formulated as

Cfmy2- if0o<A<?2,
] Hoo, if A > 2.
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In 1966, Fujita [I3] showed that for the Cauchy problem of

%:Aquup, reRYN, t>0,

any nontrivial solution must blow up in a finite time if 1 < p < 1+ 2/N, whereas
there exist both nontrivial global and blowing-up solutions if p > 1 4+ 2/N. Then,
the critical case p = 142/N, which is well known as the Fujita exponent, was proved
to be the blowing-up case in [14}, [I7]. Such results revealed the relationship between
the asymptotic behavior of the solutions to nonlinear partial differential equations
and the exponents of nonlinear internal sources. Different extension directions,
such as different types of parabolic equations and systems in various of geometries
with or without degeneracies or singularities, have been obtained since then, see the
survey papers [8, [I8] and also the recent papers [2, [19] 22 29| B0] [34] 35, 36, [38].
Among them, the Cauchy problem of the following coupled semilinear parabolic
system was studied

0 0

2 Au= tH |z oP, P Av= th2|z[2ud, e RN, >0,
ot ot

where p1, o, v1,v9 > 0, and p, g > 1. Escobedo and Herrero in [I2] considered this

Cauchy problem with p; = us = 1 = v, = 0, and they proved that the critical

Fujita curve is

2
(pg)e =1+ Nmax{p +1,¢+1}.

In [25] and [21], it was proved that the critical Fujita curve is

2
(pg)e = 1+ 5 max{(uz + 1)p+pn + 1, (i +1)g + p2 + 1}

if 1 = vy = 0, while is
1
(pa)e = 1+ max{(v2 +2p+ 11 +2, (1 +2)a+ 3 +2)

if g1 = pe = 0. There are also some studies on the Cauchy problem of the coupled
porous medium systems with fast diffusion

0 0

a—qz—Aum:vp, %—Av”:uq, zeRN, t>0, (1.8)
where 0 < m,n < 1, p, ¢ > 1 and pg > 1. Qi et al [24] proved that the critical
Fujita curve of the Cauchy problem of (|1.8]) is

2
(pq)e = mn + N max{p + n,q + m},

and proved that any nontrivial solution to the Cauchy problem of must blow
up in a finite time if pg < (pq)., whereas there exist both nonnegative nontrivial
global and blowing-up solutions if pg > (pq). with m = n. They pointed out that
the method of constructing the global supersolutions fails for the case that m # n
because of the different propagating rates for the two kinds of diffusions. Later
in [I5], it was shown that for the “very fast diffusions” case that 0 < m, n <
(N —2)4 /N, the Cauchy problem of admits nontrivial global solutions if the
initial data is small enough even though m is not equal to n.
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In this article, we study the asymptotic behavior of the solutions to the following
two coupled porous medium systems with the boundary degeneracy

Oou 9 ¢ ,ou™ »
5_%(95 W)-‘F’U, O<z<l1,t>0, (1.9)
Qv 9 \ou™ 4
5g_aw(:cﬁjc—)jtu, O<az<l, t>0, (1.10)
ou™ ov™
A _ A _
(m 45;;)(0,0 —-(x o )(O,t)—-O, t>0, (1.11)
u(l,t) =v(1,t) =0, t>0, (1.12)
u(z,0) =up(z), v(x,0)=wvo(x), 0<z<]l, (1.13)
and
ou 9 ¢ \ou™ »
E‘ax@ —aw)—&—v, x>0,t>0, (1.14)
o _ 0 Ly
E_8x<x 8x>+u’ x>0, t>0, (1.15)
@9%&)0L0=(mﬁ%;>m¢)=m t>0, (1.16)
u(z,0) = uo(z), wv(x,0)=1vo(z), x>0, (1.17)

where 0 < m < 1, A > 0 and p,q > 1. In [I6], the semilinear case with m = 1
was considered. It was shown that for the problem f with m = 1, there
exist both nontrivial global and blowing-up solutions if A < 2, while any nontrivial
solution must blow up in a finite time if A > 2; for the problem f with
m = 1, the critical Fujita curve is

(pg)e = 1+2—Xmax{p+1,qg+1}, f0<I<2,
PDe =1 4o, i > 2.

Compared with the semilinear case with m = 1, the quasilinear case with 0 < m < 1
processes both the degeneracy and the singularity. Indeed, and (|1.14) are
degenerate at x = 0 and are singular at points where v = 0, while
are degenerate at z = 0 and are singular at points where v = 0. For the problem
(L.9)-(L.13) in a bounded interval, we prove that A = 2 is a threshold in the sense
that there exist both nontrivial global and blowing-up solutions to problem (|1.9)—
(1.13) if A < 2, while any nontrivial solution to problem f must blow up
in a finite time if A > 2. For problem f in an unbounded interval, it is
proved that A = 2 is also a threshold in the sense that the critical Fujita exponent
is finite if A < 2, while infinite if A > 2. More precisely, it is proved that the critical
Fujita exponent is

(pq)e = m? 4+ (2 — N max{p+m, ¢+m}, if0<\<2,
PDe =1 oo, it A > 2,

That is to say, in the case 0 < A < 2, any nontrivial solution to the problem (|1.14)—
must blow up in a finite time if pg < (pq)., while the problem 1l
admits both nontrivial global and blowing-up solutions if pg > (pg).. Whereas in
the case A\ > 2, any nontrivial solution to the problem f must blow up in
a finite time. The methods used in this paper are mainly inspired by [27} 33] [16], [24].
But the discussions and estimates are much more complicated than the semilinear
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case with m = 1 in [16]. To prove the blowing-up of the solution to the problem
f with A > 0 and 7 with A > 2, we analyze the interactions
between the nonlinear degenerate diffusions and the sources through estimating
energy integrals constructed by choosing appropriate weight functions, and show the
blowing-up of the energy integrals instead of constructing blowing-up subsolutions.
As for the blowing-up of the solutions to the problem (L.14)-(L.17) with 0 < X <
2, we establish the ordinary differential inequalities satisfied by the two energy
integrals, and prove the blowing-up of the energy integrals by using the theory of
invariant region for ordinary differential systems. For the global existence of the
solutions to the problem f with 0 < A < 2, we construct the self-similar
global supersolutions for the case that 1 +m < A < 2, while use the nontrivial
explicit solution to

%_%(ﬁ%) =0, >0,t>0,
(a:“{i;’—:)(o,t) —0, t>0

to construct global supersolutions for the case that 0 < A <1+ m.
This article is organized as follows. Some preliminaries, including the definition
of solutions, comparison principles and well-posedness, are stated in Section 2. The

asymptotic behavior of solutions to the problem (1.9)—(1.13)) and (|1.14)—(1.17) are

studied in Section 3 and Section 4, respectively.

2. PRELIMINARIES

The subsolutions, supersolutions, and solutions to problems (1.9)—(1.13)) and
(1.14)—(1.17) are defined as follows.

Definition 2.1. Let 0 < T < +oo. A pair of nonnegative functions (u,v) in
L*>°((0,1)x(0,T)) is called a subsolution (supersolution, solution) to problem (1.9)—
in (0,7), if
(i) Forany 0 < 7 < T, x’VQaaL:L, m>‘/2% € L2((0,1) x (0,7)).
(ii) For any 0 < 7 < T and any nonnegative functions ¢, ¢ € C1([0,1] x [0, 7])
vanishing at t = 7 and x = 1, it hold

Tt Op 5 ou™ Op
/O/O(—u(x,t)a(x,t)er W(gc,t)%(x,t))dmdt

e (e, )l ),

and
T 1 a a m a
/o /o (vl G )+ G0 g )

< (> o) /0 /01 (@, 1), £)dadt.

Definition 2.2. Let 0 < T < +oo. A pair of nonnegative functions (u,v) in
L ((0,4+00) x (0,T)) is called a subsolution (supersolution, solution) to problem

[C19) (C1D) in (0,7), if

(i) For any 0 < 7 < T, x*/234% gA/290% ¢ [2((0,+00) x (0,7)).
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(ii) For any 0 < 7 < T and any nonnegative o, € C1([0,+00) x [0,7]) van-
ishing at ¢ = 7 and for large x, it holds

To[tee Op L ou™ Op
/O/O (— et 520+ 2% (. 0) 5 (0,1 )

<zof [ " e g e,

and
T p+oo o o™ o
/O /O (*’U(l‘,f)ailf(fﬂ,t) +‘T)\%(I,t)%(x7t))dxdt

T +o0
<o) [ [ we e odet
o Jo
If (u,v) is a solution to (1.9)—(1.13) (or to (1.14)—(1.17)) in (0, +o00), then (u,v)

is called a global solution in time. Otherwise, there exists 7' > 0 such that (u,v) is
a solution in (0,7) and

lu(-, )L (0,1)) + [0 D)l Lo (0,0)) = +00, ast =T,
(or [Jul, D)l Loo ((0,400)) T 105 D) Loo((0,400)) — +00, ast—T7),

and we say that (u,v) blows up in a finite time.
Similarly to [27] and [33], one can establish the well-posedness and the compar-

ison principles for problems ((1.9)—(1.13)) and (1.14)—(1.17).

Proposition 2.3. (i) For any 0 < ug,vg € L*((0,1)), the problem (1.9)—(L.13)
admits at least one solution locally in time.
(ii) Assume that (4,0) and (@,0) are a supersolution and a subsolution to the

problem (1.9)—(L.13)) in (0,T), respectively. Then (@,?) < (@, 0) in (0,1) x (0,T).

Proposition 2.4. (i) For any 0 < ug,vg € L*®((0,+0o0)) N L((0,+0)), the prob-
lem (1.14)—(1.17) admits at least one solution locally in time.

(ii) Assume that (4,0) and (@,0) are a supersolution and a subsolution to the

problem (L.14)—(1.17) in (0,T), respectively. Then (4,?) < (@,0) in (0,400) X
(0, 7).

3. PROBLEM IN A BOUNDED DOMAIN

In this section, we investigate the blowing-up and global existence of the solution

to the problem (1.9)—(1.13]).

Theorem 3.1. Assume that A > 2, 0 < m < 1 and p,q > 1. Then for any

nontrivial 0 < ug,vg € L*>((0,1)), the solution to problem (1.9)—(L.13) must blow
up in a finite time.

Proof. Without loss of generality, we assume that p > ¢. For 0 < § < 1, set

A=1oA-1-8,.—6 _ A=1-69A—1 _
6(e) = 13 2 T 2=92 1, 0<z<1/2,
ri=r —1, 1/2<z<1.

It is not hard to check that 0 < &5(z) € C11((0,1]) satisfies
(25 (x)) > —M1oés(x), 0<x<1; (3.1)



EJDE-2022/73 COUPLED POROUS MEDIUM SYSTEMS 7

/O s(w)da < Mo, (3.2)

where M7, My > 0 is a constant depending only on A but independent of §.
Assume that (u,v) is a solution to (1.9)—(1.13) in (0,400), and denote

1
ws(t) = /0 (u(z,t) +v(z,t)&s(z)dz, ¢>0.

By a similar argument as in [33] Theorem 3.1] and Holder inequality, one can obtain
1
w(t) = [ (@ t) + 0" ) (65 (@)
0

+ /0 VP (@, )€ (2)dz + /O i (z, 1)Es () dz

> —M16 ; (u™(z,t) + "™ (x, 1)) (x)da

+ (/Olfé(l‘)dx)lp(/olv(x,t)f(;(x)dx)p

1 1-m
—M6 d
> 1 ( ; &s(x) w)
1 m 1 m
X K/o u(sc,t)ﬁg(x)dx) —|—</0 v(x,t)ﬁg(x)dx) }
+ min{ M, ?, M, "%}
1 q 1 P
d d
<[([ e ngs@an) + ([ vledestwar)’]
—2M, My~ Swi (t) + 272 min{ M, P, M, “}wk (1),
if ws(t) <2, t>0,
—2M, My~ Swi (t) + 2P min{ M, P, M, “}wi(t),
if ws(t) >2¢t>0,

(3.3)

Owing to infse(o,1) ws(0) > 0, there exists a sufficient small constant dp € (0, 1)
such that

2My My "6 < 27 min{ M, P, My~ hwh ™ (0), (3.4)
2M My~ 80 < 27 min{ M, P, My~ Jwd™(0). (3.5)
If ws, (0) < 2, we claim that there exists 7 > 0 such that ws,(T) > 2. Otherwise,
ws, (t) < 2, t€]0,400). (3.6)
It follows from , and that
wh, (t) > 27 min{ M, P, My~ “hwk(t), t>0.

Since p > 1, there exists 7' > 0 such that lim, 7 ws,(t) = +oo, which contradicts
(3.6). Therefore, one can assume that ws,(0) > 2. Then from (3.3) and (3.5) one
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obtains
wh, (t) > 277" min{M, P, My, i (t), > 0.
Since g > 1, there exists some T > 0 such that lim; ,7- ws, () = +o00, which leads
to
[uC, )l Lo 0.0)) + v Dl (0,1)) = 00, ast—T7.

That is to say, (u,v) must blow up in a finite time. O

Theorem 3.2. Assume that 0 < A < 2,0 < m <1, p,q > 1. Then the solution
to problem (L.9)~(1.13) ewists globally in time if (uo,vo) € L>((0,1)) is suitably
small, while blows up in a finite time if (ug,ve) € L*°((0,1)) is large enough, where
0 < wug, vg € L°°((O, 1))

Proof. First we consider the global existence case. To show the existence of a
global solution to ((1.9)—(1.13)), we try to find a nonnegative nontrivial self-similar
supersolutions to the problem ([1.9)—(1.13)) of the form

Tz, t) = (t+7)"U((t+7)Px), 0<z<1,t>0, (3.7)
Tz, t) = (t+7)"2V((t+7)Px), 0<z<1,t>0, (3.8)
where
- p+1 o — qg+1 5= 1
1*pq_1a 2*pq_1a *2 )\
and 7 > 1 will be determined below. If 0 < U, V € C%'((0,77#)) with U™, V™ ¢

CH1((0,775)) satisfies
(t 4+ ) A=maF LA U™ ()Y + g U(r) 4 BrU’(r) + VP(r) <0, 0<r <77,
(t 4 7)(Immaztl(y ’\(Vm(r))')’ + Ong(r) + BrV'(r) + Uq(r) <0, O0<r<t1¥,
then (u,v) given by (3.7) and ( is a supersolution to and - Set

1 1 1/m
)l/m(f—r%k) , Ogrgrfﬁ.

U(r):V(r)zi(Z_)\ -

For 0 < r < 77, a direct calculation shows that

(t+ )N EA U™ (1)) + U (r) + BrU’(r) + VE(r)
—(t+ )Tt L0 U(r) - %rlfmm*m(r) +UP(r)
-1+ aqU(r) + UP(r)

A

IN

i Tll/m ((2 —a;)l/m Tes i)p/m)’
and
(t + 7)A=metL (GA V()Y L gV (r) + BrV!(r) + U(r)
= —(t 4 7)Immetl L V() — %rl_mVl_m(r) + Vi(r)
1+ agV(r) + V(r)

N

IN

(6%} 1
—1+T1/m((2_,\)1/m + (2_)\>q/m).



EJDE-2022/73 COUPLED POROUS MEDIUM SYSTEMS 9

Hence (u, ) is a supersolution to ((1.9) and (|1.10) for each
a* + ay? )
1.
25— e/t

T>Ty= 2m<
It is noted that
Tl_i>%1+ rMU™(r)) = Tl_igh V™) = 0.
Therefore, (W, ) is a supersolution to the problem (1.9)-(L.13) if
ug(x) <u(z,0), wvo(x) <T(x,0), O<z<l (3.9
for some 7 > 79. Thanks to Proposition (ii), one obtains that the solution to

(1.9)—(1.13)) exists globally in time if (ug,vo) satisfies (3.9).
Now we turn to the blowing-up case. Without loss of generality, it is still assumed
that p > ¢. Set

2, 0<2<1/2,
n(x) =
1+cos(2z — )mr, 1/2<ax<1.

It is easy to verify that n € C*1([0,1]) satisfies
(x*n(x)) > —4n’n(z), 1/2<z<1. (3.10)
Assume that (u,v) is a solution to (1.9)—(1.13) in (0,4o00), and denote

1
w(t) = /0 (u(z,t) +v(z,t))n(x)dz, t>0.

It follows from Definition Hélder’s inequality and (3.10)) that
1
w'(t) = / (u™(x,t) + 0™ (2, 1)) (2 () dz
0
1 1
+ [ i+ [ (e one)ds
0 0

> —471'2/0 (u™(z,t) + v (x,t))n(z)dx

1

+ (/Oln(w)dx)l_q(/o u(e, )n(x)de )
(] ae) / oo n(e)ds)”
> —47r2(/01n($)dm)1m
* K/Ol“(m)n(x)dx)m - (/O o(a, n(x)dz) |

+21_p[(/01 u(x,t)n(a?)dx)q + (/Olv(x,t)n(x)dx)p}
> {16ﬂ2wm(t) +21-83PyP (), ifw(t) <2, t>0

1

3.11
—16m2w™(t) + 21 72Pwi(t), if w(t) >2,t>0 (3.11)

If (ug, vp) is sufficiently large such that
w(0) > 2, wi™(0) > 2472, (3.12)
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from and one obtains
w'(t) > 27%Pwi(t), t>0.
Since ¢ > 1, there exists T > 0 such that lim;_,7- w(t) = 400, which leads to
[uC Ol (o,1)) + 00 Ol zee(0,1)) = +o0, ast =T,
That is, if (ug, vg) satisfies , then (u,v) must blow up in a finite time. O

4. PROBLEM IN UNBOUNDED DOMAINS

In this section, we formulate the critical Fujita exponent for problem (|1.14)—
(1.17) and establish a Fujita-type blowing-up theorem.

Theorem 4.1. Assume that 0 < A <2, 0<m <1, p,g>1 and
pq < (pg)e = m* + (2 = \) max{p +m, g +m}.
Then for any nontrivial 0 < ug,vg € L>((0,+00)) N L1((0,400)), the solution to

(1.14)—(1.17) must blow up in a finite time.

Proof. Without loss of generality, we assume that p > ¢. For R > 0, we set

1, x € [0, R],
Cr(z) = %(1 + cos @) z € (R,2R), (4.1)
0, x € [2R, +00).
It follows from the proof of 27, Lemma 2.1] that ng € C**(]0, +00)) satisfies
(2 Cr(z)) > =22 R % (g(x), x> 0. (4.2)
Assume that (u,v) is a solution to problem f in (0, 4+00), and denote
Fgr(t) = % /0+°° u(z,t)Cr(x)dx, Ggr(t) = % /O+°° v(z,t)Cr(z)dz, ¢>0.

From Definition Holder’s inequality, and (4.2]) one gets
1 +oo 1 “+o0
Fht) =55 [ wr@n@ )+ g [ o e

+oo
> —2>‘717r2R/\73/ u™(z,t)Cr(z)dx
0

+55( /O +°° Crl)dz) /0 o o(, t)Cr(2)dz )

+oo 1-m +oo m
> e / Clz)dz) / u(e, O)r(x)dz) " + (1)
0 0
> 2 2RATEFR () + Gh (1), t>0. (4.3)
Similarly,
Gr(t) > =2’ RA 2GR (t) + FL(t), t> 0. (4.4)

If pg < (pq). then either (A—2)(p+m)/(pg—m?) < —1 or (A=2)(q+m)/(pg—m?) <
—1, which, together with the non-negativity and non-triviality of (ug,vo), yields
either

Fi(0) s fo uol@)Ca(a)de

A ST ) ) — g RO Dt m) (g —m?)
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or

lim GR( ) — lim 2R 0 ( )CR( )

R—+o0o R(A— 2)(q+m)/(11q m?) T Rtoo R(A=2)(g+m)/(pg—m?)
It is known from (£.3)), (4.4) and Corollary 2 in [24] that (Fg(t), Gg(t)) blows up
in a finite time for sufﬁcient large R > 0. Therefore, (u,v) must blow up in a finite
time. O

Theorem 4.2. Assume that 0 <A <2, 0<m <1, p,g>1 and
pq > (pg)e = m* + (2 — \) max{p +m, ¢ +m}.

Then the solution to (1.14])~(1.17)) exists globally in time if (ug,vo) is switably small,
while blows up in a finite time if (ug,vo) is large enough, where 0 < wug, vg €
L>((0,4+00)) N LY ((0, +00)).

Proof. Thanks to Theorem and Proposition the solution to (1.14)—(1.17)
blows up in a finite time if (ug, vo) is large enough. Below we prove that there exists
a nonnegative nontrivial global solution to (1.14))—(1.17) if (ug,vo) is suitably small
by constructing proper nonnegative nontrivial global supersolution.

Without loss of generality, we still assume that p > ¢ in the remaining part of
proof. Then

p? > pg > (pg)e = m* + (2 = A)(p +m),

which implies that p > m + 2 — \. The discussion will be divided into three cases.
Case 1. 1+ m < A < 2. Set

Az, t) = (t+1)""e((t+1)"Px), =>0,t>0, (4.5)
oz, t) = (t+1) "2 ((t+1)"P), £>0,t>0, (4.6)
where
_ p+tm o g+m 3= 1
Fylipq—mg’ T g —m?’ 2\
If0<®,¥eC%((0,+00)) with @™, ¥™ € C11((0,+00)) satisfies

(
(t+ DT (e ( (1)) 7 @(r) + Brd!(r) + (¢ + )M (r) <0,
(t+ D2 (A @ (1)) + V2W(7") + 67‘21"(7") +(+ 1)(1””)7245"(7’) <0,

for r > 0, then (u,?) given by (4.5) and (4.6) is a supersolution to (1.14]) and -
We take

B(r) =W(r) = (1+ Ar>~ )/ =Dy >, (4.7)
where
_(=mPmtretl)
m2-ANA—-1-m)’
For » > 0, by direct calculations we have

(t+ DO EA@ (1)) + () + B () + (E+ DO (r)

(4.8)

— ()| - MEENA (VA i) 4y
+ 71— 1 jlmTQﬂ\gZil*m(r) + (t + 1)(17m)“/1@p71(r)}
=P(r) { _ m(f:;;)A (1 _ 12:;;)(15 + 1)(1—m)’y1 Fy A+ (4 1)(1—m)71q-5p_1(T)
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m(2—-—XN)(A—1-—m)A
(1—m)?

< (t+1)=mmg(r) [ - Fyt1

= —y(t+1)=m™ng(r) <0,
and similarly,
(t 4+ 1) (A @ (1)) 4 oW (1) + Bri’ (r) + (4 1)E7™)29(r)
< = (t+1)ETm™g () < 0.

Hence (u,v) given by (4.5)—(4.8]) is a supersolution to ([1.14) and (|1.15)). Addition-
ally,

lim (@™ (r)) = rl_i}%h @™ (r)) = 0.

r—0t

Therefore, (@, ) is a supersolution to the problem ([1.14)—(1.17)) if
uo(x) <u(z,0), wvo(z) <v(x,0), =z >0. (4.9)

Case 2. A =1+ m. It is easy to check that

Wigm (z,1) = eH(1 4 e~ Ammigl=myl/m=1) = 4 >0, ¢ >0 (4.10)
solves
ow 0/ ,0w™
ow™
Ai =
(:c - )(o,t) 0, t>0 (4.12)

with A = 1+ m. Set
t
(2, t) = 0z, 1) = O™ (Dwitm (x / @g’”*”/m(s)ds), £>0,t>0. (4.13)
0
If 0 < Oy € CH([0, +00)) satisfies
e 'Oy(t) € L([0,+00)), Of(t) >0 for t > 0, (4.14)
and

t
O(t) > @é+(p71)/m(t) exp{— (p—1) / @((Jmfl)/m(s)ds}, t>0, (4.15)
0

t
O(t) = 05 " (tyexp { - (4 - 1) / oy VM (s)dsy, t>0,  (416)
0
then (w,?) given by (4.10) and (4.13)) is a supersolution to (1.14]) and (1.15]). We
suppose that
0
0<3 <) <b<1 (4.17)

holds for some constant 6 € (0,1) to be determined. Then (4.15) and (4.16]) hold
provided that

O)(t) > prrla—b/me=(a=Dt = 4 5 (4.18)
We take (a1
6 gitla—b/m
O(t) = =4+ ———— (1 —e @V ¢ >0, (4.19)
2 qg—1
where ) 1\ /1)
i S (LT
Qfmln{z, ( 3 ) } (4.20)
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Then (4.14)), (4.17) and (4.18]) hold. Hence (@, v) given by (4.10)), (4.13)), (4.19) and

(4.20) is a supersolution to (|1.14)—(1.17) if

uo(x) <u(z,0), wvo(z) <v(z,0), =z >0. (4.21)

Case 3. 0 < A <1+ m. One can check that

wa(z,t) = (t+ 1)~ (1+H( +1)” (2_”%2_A)1/(m_1)7 (4.22)

for > 0 and t > 0, solves (4.11) and (4.12) with 0 < A < 1 4+ m, where pu =
1/(1+m—A). Set

t

u(z,t) = @i/m(t)w,\ (m,/ @%mfl)/m(s)ds), x>0,t>0, (4.23)
0
t

Oz, t) = O ™ (t)w (x / o=/ m(s)ds), ©>0,t>0. (4.24)
0

If 0 < Oy, O3 € C1([0, +0)) satisfy
(t+1)7"O1(t), (t+1)7"Os(t) € L=([0,+00)),

4.25
Oi(t), ©4t)>0 fort>0, (4.25)
and
Wb x,ftQ(m 1)/m s)ds
O,(t) > me\™ /™ er/™ (1) *( 0 ) >0, t>0,
1 1 2 t ~(m— 1)/m
W (x,fo 6, ds)
(m 1) /m
wi(z, fy ©
O4(t) = moy" /™ (et (1) = QY )7 x>0, >0,

(. fy 05" ””(s)ds)
then (u,7) given by (4.22)—(4.24) is a supersolution to and (L.15).

For O1(t) < O3(t), a dlrectly calculatin shows that
( fo (m— 1)/m )dS)
( fo (m—1)/m )dS)
- t
- (1—|—/ @émfl)/m(s)ds) pH 1—|—/ @gmfl)/m(s)dsyl
0

1—m)u me1)/m (2=Mpu (p—1)/(m-1)
(Gl e mom) ey

1+ G (14 Jo o8

1—m (m—1) m
1+ 4= ))“(1+f0 )/

s)ds
(1 [ e mas) (1 [

(2— A)u

)1/(m—1)

% (2- A)u
(9

")) w0, 620,
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and similarly,

wi (:v, fot ng_l)/m(s)ds)
wx (x,fot @émfl)/m(s)ds)

¢ _ —(g=Dp+1/(1-m) t _ 1/(m-1)
< (1+/ @Em 1)/m(5)ds) o (1+/ (9§m 1)/m(s)ds>
0 0

for x > 0 and ¢t > 0. Therefore (U, v) are a supersolution to ([1.14)) and (1.15) if

/ (m—1)/m  \ yp/m L m-1)/m —ph
Ql(t) > 6, (t>92 (t) 1+ o 0, <5>d3

. (4.26)
_ H
X (1 +/ ofm 1)/m(s)d5> . >0,
0
_ b me1)/m —(g=D)p+1/(1—-m)
ey(t) = o met )1+ [ e eas)
. ‘1/( ) (4.27)
x (1 +/ @é’"‘”/’"(s)ds) . >0
0
Case 3.1. p > g > m+ 2 — A. We assume in advance that
0
0< 50 < O1(t) < by < Oq(t) <200 < 1 (4.28)

holds for some constant 6y € (0,1/2) to be determined. It is not hard to check that

(H/ot Qém—1>/m(s)ds)_p"(1+/ot egm—u/m(s)ds)“

¢ _ —(p-p 1+ft@( Lil)/m(s)ds i
) m—1)/m 1
(1 / 5 ! (S)ds) ( g (m—1)/m )
0 1+ [, 6 (s)ds

1+ (91/2)<m—1>/mt)w/m
1+ (26,)(m—1)/m¢
< 4pu/m(1 + 15)—(17—1)117 t>0,

<(1+ t)—(p—l)u(

and

C ~(q=Du+1/(1-m) L 1/(m=1)
(1+ / o1/ (s)ds) (1+ / olm-v/ (s)ds)
0 0

(m—1)/m

t me ~(a-Vu 1+ [1 O (s)dsy 1/(1=m)
_ (m—1)/m 1
0 1+ [, 0, (s)ds

<4Vm14)~ler s,
In order that (4.26]) and (4.27)) hold, it is sufficient that

O} (t) > 4wt /mltE=D/my 4 py==Dr 45, (4.29)
O4(t) > 4 /mglitla=/m 4 py=a=lr 5 0, (4.30)
We take
90 4p(u+2)/m91+(p71)/m
On(t) = 2 0 (1 — (14t 1—<P—1>M) t>0 4.31
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41/m9(1)+(q_1)/m

O2(t) =0+ — 1 (1 1+ t)1*<q4>ﬂ), >0, (4.32)
where
ol p—-Dp— 1\ =D (g — 1) — 1™/ (@D
o = min {3, (frsirtam) () JRNCE

It follows from
l—-(p-Dp<l—(¢g—1p<0

that (4.25)) and (4.28)—(4.30]) hold. Hence (u,?) given by (4.22))—(4.24) and (4.31)—
(4.33)) is a supersolution to the problem ([1.14)—(1.17) if (4.9) holds.

Case 3.2. p>m+2— X =g > 1. We assume in advance that

0< % <64 (t) <6 < @Q(t) = (91(1 —l-t)mgl (434)

holds for some constant 6 and o1 € (0,1) to be determined. One can show that

! - m —pr i m— m K
(1—|—/ @ém b/ (s)ds) (1—1—/ 9£ b/ (s)ds>
0 0
b me1)/m ~p-u 1+ [LOImTI/™(5)ds\ pu
(o o on) (L ot
0 1+ [, 6, (s)ds

1+ (%)(Wl)/mt

S (1 +t)_(p_1)u( 0(77171)/771

)PH
1+ Brsger ((1 +t)1-(=m)or 1)
1+ (6,/2)m=1D/mty pu

14607 1/my )
< 2pu/m(1 + t)—(p—l)u7 t>0,

<(1+ t)—(P—l)ll(

and

b —(g=Dp+1/(1-m) b 1/(m-1)
(1 —|—/ 9§ b/ (s)ds) (1 +/ @é b/ (s)ds)
0 0

¢ —1401 1+ [FOM /™ () ds\ 1/0-m)
§(1+/ oV sds) O () °)
0 1+f0t @ém_l)/m(s)ds

<Vm(14)7HH >0,
In order that (4.26]) and (4.27)) hold, it is sufficient that
O (t) > 2t /moltE=D/mq L py=(=Dutpor 45 (4.35)
O (t) = moy0y (1 + )™ —1 > ol/mplHa=/m y yymor=1 4 5 0 (4.36)

We take
61 Q(P#-‘rl)/ma}Jr(P*l)/m

== 1 — (1 +t)t=(p=Datpor t>0 4.37
1) =5 + e = (L A+ ). tz0, (437)
Oa(t) = 01 (1+1)™, >0, (4.38)
where
ol (p—Dpu—1
o1 = mln{i, T}, (439)
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_ gl (p—1)pu—pop — 1\m/(p=1) (mgl)m/(q—l)
01 = min {57 ( 21+(ppu+1)/m ) ) W} (4_40)
It follows from 1 — (p — 1) + poy < 0 that
—Dpu—-1 1
g1 < M — /’L — & < /l,

p

and hence (4.25) and (4.34)—(4.36) hold. Therefore, (u,v) given by (4.22)—(4.24)
and (4.37)—(4.40) is a supersolution to the problem (1.14)—(1.17) if (4.9) holds.

Case 3.3. p>m+2— )X >g>1. We assume in advance that

0
0< g < O1(t) < 0y < Oa(t) = ha(1 + )™ (4.41)

holds for some constants 63 and o5 € (0,1) to be determined. One can show that

(1 + /Ot ng*1>/m(s)ds) 7W(1 + /Ot egmﬂ)/m(s)ds)”

t _ —(p—Dp 1+ ft Om=1/m (g)ds\ pu
m—1)/m 1
0 1+ [, 6, (s)ds

)(m—l)/m

1+<%2 t

pLL
g1/ o )
1+ E— ((1 +)i-(mmes _ 1)
1+ (92/2)<m—1>/m75>pu

1oy my
< 2pu/m(1 + t)*(p*l)u7 t >0,

<(1+ t)*(pfl)u(

< (1+ t)—(p—l)u(

and

t —(g=1)p+1/(1—m)
<1+/ @gmfl)/m(s)ds) o
0
¢ 1/(m—1)
X (1+/ 9§m‘1>/m(s)ds)
0

¢ _ ~(a=Du 1+ [ om=1/m(5)ds\1/a-m)
o (m—1)/m 1
= <1 —|—/ 6, (s)ds) ( o Ty )
0 14,05 (s)ds

<2V/m(1 4 ¢)~la=br ¢ 5.
In order that and hold, it is sufficient that
O (t) > 2t D/mit@=1/m () 4 gy~ (p=Ltpoz, (4.42)
OL(t) = moafa(1 +t)me2=1 > ol/mplta=D/m(y 4 py(m—Tjoa—(a=Du (4 43)
for t > 0. We take
0 Q(Pu—&-l)/mg;‘*‘(P—l)/m

2 (p—Dp—poy—1
Os(t) = a(1 + 1), >0, (4.45)

O (t) = (1 1+ t)l‘(p_l)““"’?), £>0, (4.44)
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where
o2 =1—(q— 1,

0. — mi 1 /(p—1Dp—poy —1\™/ (=1 (moy)™/(a=1) (4.46)
2“mn{§’( QL+ (put 1)/m ) * T o1/(g-D) }

From pg > (pq). = m? + (2 = X)(p+m) and p > m + 2 — X it follows that
(p+1)(m+1-X)+1—-pg

1—(p—1p+poy =

m+1—A
_pEDmA1-N+1-m — (2N +m)
- m+1—A
:(m—D@—m—2—M<Q
m+1-A -
and
1 m(m+2—\)
—u=1- 1-— 2\
2\ —1
<1- — <0.

m+1—-—X m+1-2A

Then (4.25) and (4.34)—(4.36) hold. Therefore, (u,?) given by (4.22)—(4.24) and
(4.37)—(4.40) is a supersolution to the problem (|1.14)—(1.17) if (4.9 holds. O
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