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ENERGY ESTIMATE FOR WAVE EQUATIONS WITH
COEFFICIENTS IN SOME BESOV TYPE CLASS

SHIGEO TARAMA

ABSTRACT. In this paper, we obtain an energy estimate for wave equations
with coefficients satisfying Besov type conditions. We give an example of a
wave equation with continuous and nowhere differentiable coefficients for which
the L? estimate holds.

1. INTRODUCTION

Consider a wave equation on [0,7] x R:
Lu = 0%u — a(t)0%u (1.1)

x
with a positive coefficient a(t) > g with do > 0. It is well known that, if a(¢) is
Lipschitz continuous, then we have the energy estimate

t
> 1gidtuol <o Y eiekuo.) + [ izuslds) (2
0<j+k<1 0<j+k<1 0
(see for example [5, Ch. IX]). Here || - || denotes L? norm.
Colombini, De Giorgi and Spagnolo [2] (see also [4]) have shown that the estimate
is still valid if the coefficient a(t) has a bounded variation, that is, in the
integral form, there exists a constant C' > 0 such that we have

T—e
/ la(t +¢) —a(®)|dt < Ce (0<e<T/2). (1.3)
0
Furthermore, in the same paper, they have shown that if a(t) satisfies

/T8 la(t +¢) —a(t)|dt < Ce(|loge| +1) (0<e<T/2) (1.4)
0

with a constant C' > 0, then the Cauchy problem for L is C'*° well posed.
According to Yamazaki [9], we have the estimate when a(t) € C2((0,T])
satisfies |a(t)| + |ta’ (t)| + [t?a” (t)| < C on (0,T] (see also [7]). Then we see that the
estimate is valid for L with some coefficient a(t) whose total variation is not
finite, for example a(t) = 2 + sin(log t).
In this paper we introduce an integral version of the condition |a(t)| + |ta’(t)| +
[t?a” ()| < C so that the estimate holds still for L with the coefficient a(t)
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satisfying such a condition. Namely we show the following. When the coefficient
a(t) is a bounded measurable function on [0, T] and satisfies: there exists a constant
C > 0 such that we have

/TE la(t +¢e)+a(t—e) —2a(t)|dt < Ce (0<e<T/2), (1.5)

then the estimate holds. Using the same method, we show also the following.
The Cauchy problem for L is C° well posed if the coefficient a(t) is a bounded
measurable function on [0,7] and satisfies the following: There exists a constant
C > 0 such that

T—¢
/ la(t+ )+ alt — £) — 2a(t)]| dt < Ce(|loge| +1) (0<e<T/2). (16)
g

Note that the boundedness of a(t) and the estimate (1.5 imply

T—e¢

/ la(t + &) —a(t)|?dt < Ce (0<e<T/2)

0

with some constant C'. While from the boundedness of a(t) and (1.6) we obtain
T—e¢
/ la(t+¢) — a()P dt < C=(|loge| +1) (0<e<T/2)
0

with some constant C' (see the next section).

We remark that Colombini, Del Santo and Reissig [I] (see also [6] and [7]) have
shown that the Cauchy problem for L is C* well posed when a(t) satisfies |a(t)| +
|(tlogt)a'(t)|+|(tlogt)?a” (t)| < C on (0,T). For example the Cauchy problem for L
with a(t) = 2+sin(|logt|?) is C>° well posed but this function a(t) does not satisfy
the condition (L.6). Nonetheless we can find some positive function a(t) which
satisfies the estimate (T.6)) with the right hand side replaced with Ce(|loge|+1)1+°
(6 > 0), so that the Cauchy problem for L is not C* well posed. Indeed Colombini
and Lerner [3] have given an example of a positive function a(t) such that a(t)
satisfies Sup.¢ (g 15,1eq0,1] |a(t +¢€) —a(t)|/(e(| log e[ + 1)1*9) < oo (for any § > 0) but
the Cauchy problem on [0,1] x R for 87 — a(t)9? is not C* well posed.

In the next section, in order to study properties of bounded functions that satis-
fying or , we define the function spaces Z, (1) and show some properties
of functions in such spaces. Some properties of examples are discussed in the ap-
pendix. In the third section, we state and prove the main theorems.

We use the following notation. Let L2(R9) or L? denote the space of all square
integrable functions on R? with the norm || - || given by |f(-)||*> = [|f(2)|? dz.
For s € R let H® denote the space that consists of functions f(x) on R? satisfying
S+ 1€12)5] F(€)|2 d¢ < oo where f(£) is the Fourier transform of f(z) and || - ||
be its norm, that is, || f(-)]|2 = [(1 + [€]2)*|f(€)|? dE. We set H® = Nser H®. For
X = H*, H* or C*=(R%), the space of indefinitely differentiable functions on R¢,
and T > 0, we denote by L'([0,77], X) the space of X-valued integrable functions
on [0,7] and by C7([0,7],X) with an integer j the space of X-valued j-times
continuously differentiable functions on [0,7]. We use also the standard notation
of multi-index. We use C or C with some suffix in order to denote a non-negative
constant that may be different line by line.
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2. Space Z,(I)

Let I = (to,t1) C R with 9 < t; and v > 0. We say f(¢t) € Z,(I) if f(¢) is a
bounded measurable function on the interval I and satisfies, with a constant C' > 0,

tl—E
[ i)+ fe -2 2] de < Celogle 4 )+ 147 (20)
t0+6
for any € € (0, (t; — to)/2).

Here we remark that, when v = 0, (2.1]) corresponds to the Besov Bj , estimate.
We remark also that s(log(s™! + 1) + 1 + )" is increasing on (0,00) when v > 0.
We set

1
fllz,y = | fllpeery + sup
I7lz.n =Wle=iy+ S0 ogeT T D+ 177)

x/t1_8|f(t+6)+f(t—5)—2f(t)|dt

ote
where I = (to,tl) and d = t1 — t().

In the following we assume that functions in Z,(I) are real valued. But we see
that the properties discussed below are valid also for complex valued functions by
considering the real part and the imaginary part separately.

From the boundedness of f(t), we see that f(t) € Z,(I) satisfies

t1—e B ) - - )
/Wra (IfE+e) = FOF +[f(t—e) = f(B)) dt 2.2)

<Ce(logle™ P +1)+14+7) (0<e<(t —t0)/2).
with the constant C' depending only on || f(-)||z, (). Indeed, since
[f(t+e) = fOP = (f(t+e) = fO)F(t+e) = (F(t+e) = F(1)f (D),

we see that

J=/tl_8|f(t+6)—f(t)2dt

ote
= [ GO-se-pswa- [ G+ - s a
to+2e to+e

Then we see that

J= _/t C(fle ) — 20 + (- 2D () e+ R,

0+2¢e

where
to+2e

= / ) - e f)de - / (F(t+¢) — F(O)F(2) dt,

to+e
from which, taking account of (2.1)) and the boundedness of f(t), we obtain |J| <
Ce(log(e™! + 1) + 1 +v)7. Similarly we obtain the estimate for the integral of
second term. Hence we have (2.2)). Since

flt+e)g(t+e) —2f(t)g(t) + f(t —e)g(t —¢)
= (ft+e) =2f() + f(t = ))g(t) + f(E)(g(t + &) — 29(t) + g(t —€))
+(ft+e) = F)(g(t + ) = g() + (f(t =) = [(#))(g(t — &) — g(1)),
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we see from and Schwarz’s inequality that f(t),g(t) € Z,(I) implies that
F(®)9(t) € 2.(I);

For f(t) € Z,(I), we consider an extension of f(t) on R as a bounded measurable
function so that its L°°-norm is equal to || f|| (). We still denote by f(t) such an
extension. Let I = (to,t1). Then for any € > 0, we have

/tl |f(t+e) —2f(t) + f(t —e)|dt < Ce(log(e ™ +1) +1+7) (2.3)

to

ty
/ (1f(t+e) = FOP +1f() = f(t —e)*)dt < Celog(e™ +1) +1+9)7. (2.4)
to

where the constant C depends only on [|f[|z, (r). Indeed if € > (t1 —t9)/2, we see
that the right hand side of (2.3) is not larger than 8¢||f||Ls(r)- While, in the case
of e < (t1 —t9)/2, we see that on the right hand side of 1-) the integral on the
interval [to + €,%1 — €] is not larger than e(log(e ™' + 1) + 1 +7)7||fllz, 1) and the
integral on the remainder part is not larger than 8¢|| f|| (7). Hence we have .
Similarly we obtain .

Now we consider the regularization of a function f(t) in Z,(I). We take the
above mentioned extension f(¢). Let ¢(s) be a smooth function on R satisfying
P(—s) = @(s), ¢(s) > 0, ¢(s) = 0 for [s| > 1 and [, ¢(s)ds = 1. We denote by
f<(t) with € > 0 the regularization of f(¢) given by

1 t—s
-1 / () f(s) ds.
Then we have the following result.
Lemma 2.1.
/|f€ —F(®)]dt < Crelog(et +1) + 1 +4) (2.5)
S0+ 12OP bt < Callog(e™ +1) + 14772 (2.6)

where the constants Cy and Cy depend on || f| z, 1) and ¢(s) but not on the length of
the interval I. Furthermore, for any function F € C%(R), setting h(t) = F(f-(t)),
we have

/(\h”(t)| + W)} dt < Clog(e ™ +1) +147)"/e. (2.7)

I

Here the constant C is also independent of the length of the interval I.

Proof. Since f.(t = [po(s)(f(t— 55) — f(t))ds and ¢(—s) = ¢(s), we have
£~ £ = | / D (f(t - es) - £(2)) ds

:7|/¢ f(t+es)+ f(t —es) —2f(t))ds|,

from which and from (2.3)), we obtain

J 180 = £01dt < © [ o(s)lsleog(sle) ™+ 1)+ 1+2)7 ds.
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Since s(log(s~t+1)+1++)7 is increasing, the right hand side of the estimate above
is not larger than Ce(log(e ™" 4+ 1) +1++)7. Similarly, f/(t) =2 [, ¢ (s)(f(t —
es) — (1)) ds and ¢"(—s) = ¢"(5) imply

/1 If7 () dt < Cog(e ™ +1) +147)7/e.

While it follows from f/(t) = &= [ ¢'(s)(f(t —es) — f(t))ds, (2.3) and Schwarz’s
inequality that

L7 < e2(l¢" ()] e /1 @/ ()IIF(t = es) = f() ds,

from which and from (2.4) we obtain the desired estimate of [, |f.(t)[* dt. Hence
we have (2.6)). We obtain (2.7) from (2.5) and (2.6). O

Example 2.2. If f(t) € C?((0,1/2]) satisfies |f(t)|+ |f"(t)|t*/|logt|" < C on I =
(0,1/2), then f(t) belongs to Z,(I). Indeed, ife < t < 1—¢, f(t+e)+f(t—e)—2f(t)
is equal to e2(f”(t + ) + f"(t — e))/2 with some 6 € (0,1). Then we have

[f(t+e)+ f(t —e) = 2f(t)] < Clog(t —e)["/(t —€)* (e <t<1/2-¢),

from which we have

1/2—¢
/ [fit+e)+ f(t—e)—2f(t)|dt < Ce|loge|".
2

Then noting | f(t)| < C, we see f(t) € Z,(I).

For example, let h,(t) = sin(|log?|*™!) with 4 > 0. Then h,(t) belongs to
Z4((0,1/2)). Indeed we have hZ(t) = —(y + 1)*sin(|logt|7"!)[log t[**/t* + r(t)
where |r(t)| < C|logt|7/t>. We see also that h(t) ¢ Z,((0,1/2)) when 0 < o < 2.
Furthermore we see that

1
limsup —————
0 P e|log |7

(see the appendix for detail). Thus we see that hy/5(t) belongs to Z;((0,1/2)) but
does not satisfy (1.4) with T'=1/2.

/ T bt 46— ha(®) dt > 0 (2.8)
0

Example 2.3. Here we show that the Weierstrass function
o0
wy(t) = Z 27" cos 2"t
n=1
with v > 0, that is continuous and nowhere differentiable (see for example [§] ),

belongs to Z,((0,2m)). Indeed, for any € € (0,1/2) we have w,(t) = wy,1.(t) +
Wa,2.¢(t) where

= Y n — —n Y n
Wa,16(t) = E 27"nY cos2™t  and  wyo.(t) = E 270" cos 2™¢.
1<n<loecl n>Liose]

Since [w! ; ((t)| < Ce M loge|" and |wy2.(t)| < Celloge|?, then we see |w.(t +
) +wy(t —e) — 2wy (t)| < C|loge|Te. Hence w,(t) € Z((0,2m)).

We remark that wo(t) satisfies . Indeed, in the expression above wq(t) =
wo,1,¢(t) +wo,2,¢(t) we have |wg ; (t)| < C|loge| and |wp 2.(t)| < Ce. Then we see

lwo(t + &) —wo(t)] < Cllogele.
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3. MAIN RESULTS

Let a;x(t) (j,k = 1,...,d) be a real-valued bounded measurable function on
(0,T) with T > 0 satisfying ay;(t) = a;x(t) and

d
a;r ()€€ > Col€|? for € € R and t € (0,7) (3.1)
j,k=1

with some positive constant Cy > 0. Set

d
Py(t,01,€) = 07 + D ajn(t)é; (3:2)

jk=1
where ¢ € R%. Then we have the following result.

Theorem 3.1. Assume that a;,(t) € Z,((0,T)) (j,k=1,...,d) with v > 0. Let
¢ € RE Ifu(t) € CH[0,T)) satisfies Pa(t,0,&)u = f(t) on (0,T) with f(t) €
LY([0,T)), then we have

(10suta)* + € ultz)[*)"/?
Ca(1 1)41+4)7 2 2 2y1/2 & (33)
< Cy @SN (|0 (ty)? + €] |u(tr)[*)/ +/ [f(t)] dt)
t1
for any 0 < t; <ty < T. Here constants Cy and Csy depend on Cy of (3.1) and
Z,-norm of coefficients a;i(t) but not on the length of the interval [0,T].

Before presenting the proof of Theorem above, we remark the following well
known result. Let L = 97 + a?(t)p? where a(t) is smooth and positive and p > 0.

Noting that (9, — ia(t)p — $3)(9, + ia(t)p + ) and (9 + ia(t)p — s5) (9 —
ia(t)p + g{;((?)) are equal to
a'(t) o (1),
I —
Ga) * )
we consider the energy
1 a'(t) o 20,12
Eu) =— .
(1) = g0+ ghul? +
Then we have
d 2 a'(t)
7 (u) = @Re( (Opu + 2a(t)u) (Lu — Ru)) (3.4)

where R = (“/(t) )2 — (“/(t) ).

2a(t)

Proof of Theorem[3.1] If £ = 0, Pou = f(t) is equal to d?u = f(t). Then we
have immediately (3.3). In the following, we assume & # 0. First we extend the
coefficients a;x(t) on R so that ||a;x(t)||L®) = [lajx(t)|| L (0, 1)) and the estimate
still holds for ¢ € R. Then we consider the regularization a;x.(t) of a;x(t)
given by [, ¢((t—s)/e)a;x(s)ds/e with e > 0 using a non-negative, even and smooth
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function ¢(s) as described in the section 2. Then we see that (3.1)) with ajx (¢) in
the place of a,;(t) holds. Then we define a(t, &, ) by

d
_ 1/2
a(t &) = €17 (D amelt)gén)'” for € € R\ {0},

Gok=1
We have

Cl 2 a(t7£75) 2 V C’0 (35)
with constants Cy appearing in (3.1)) and C; depending only on [[a;x(+) ||z ((0,1))-
We see from (2.7)), that

T
/ (10ealt,€, )] + 107 alt, & e)]) dt < Cre™(Jlog(e ™' +1)[+1+7)"  (3.6)
0

for any ¢ > 0. Furthermore Lemma [2.1] implies that
d

T
/O la(t,&,€)*E17 = D ajn(t)€;él dt < Coe(|log(e™ + 1)+ 1+ )¢ (3.7)

jk=1
Here the constants above Cq and Cy may depend on Z,-norm of a;x(t) and the
constant Cy of but not on the length of interval [0, T.
Assume that u(t) € C1([0,T)) satisfies 8?“"‘2?,1@:1 ajr(t)€&u = f(t) on (0,T)
with £ € R4\ {0} and f(t) € L*([0,T]). Let

_ 1 8ta(t,f,5) 2 2 2
B1) = e+ oSl tat Ol 39)
Then it follows from that
i N 2 8ta(t,§,5) _
the(t) ) Re( (Oyu + o) u) (Leu — Reu)) (3.9
where L.u = 07 — a(t, £, )?|¢)?u and R, = (%)2 - at(%)' Note that
d
[Leul < la(t,&,€)%€]* = 3 an®)gellul + £ (2)]
k=1
and
|Reu| < C(|0sa(t, &, €)” + |07 a(t, &, €)]).
Since ( )
Bta t,f,E 1
SR TR <
(O St o) M = g P
we see that
\jtm)\ < 20(t,€,9) B (1) + Bo(1)/*205 | £ (1) (3.10)
where
d
1 __
C(t,6¢) = 5C0 2 (I(alt, € PP = Y aan(ige)]
k=1

+ Clowa(t, &, 2 + [DFalt,€ )] ) €] .
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Hence for any positive constant > 0, we have
i
dt
from which we obtain

d

|2 (Be(t) +0) 77| < C(t:€,6) (Be(t) +9)

Then we see that, for 0 < t; <ty < T,

(B=(t) +8)| < 20(t,€,2) (E(t) +6) + (E-() + 6) /205 | £ (1)),

1/2 1/2

+ 0y )

t ta
(elta) + )"/ < efi2 COOMp (1) 4.5)!/% 4 [ el Cloc1tocr g e)
ty
It follows from (3.6)) and (3.7) that

T
/ C(t,& e)dt < Clelé| + %)(bg(s*l +1)+1+9).
0

Now picking € = 1/|£|, we obtain

ta
1/2 o 5 1/2 -
(B jei(t2) + 8) ' < eCOBUSH D00 (B i (1) + 6) */t o s at).
1
(3.11)
By taking § — 0, we obtain

to
1/2 o v —1/4
(Biyg(t2)) 7 < eCloslEibe) (((E1/|£\<t2))1/2+/t o s at).

Since [Oajr,(t)] < Ceajn(-)|l Lo,y and € = 1/[¢], we see from (3.5) that
there exists a constant C' > 0 such that

C(10eu(®)? + [E7[u(t)]?) < Enyjg(t) < CTH(10wu(t)]* + [€1%[u(t)]?)
for any ¢t € [0,7] and any & € R?\ {0}. Then we obtain the desired estimate

(3.3). N
Since u(ts) = u(ty) +1 f:f Ou(t) dt, from we obtain
(18eu(t2)* + (1€ + 1)fult2) )/

to
< CTeC2(log(|f|+1)+1+’Y)7 ((\8tu(t1)|2 + (|§|2 + l)lu(t1)|2)1/2 +/ ‘f(t)|dt)

ty
(3.12)
where the constant C may depend on the length of the interval [0, T7.
Now consider u(t,z) € C?([0,T], H®). Let

ft,x) = du(t,z) — Z (1), Opult, ).

d
7,k=1

Then we have Pyii(t,&) = f(t, &) where 4(t, €) and f(t, £) are the Fourier transform
of u(t,z) and f(t,z) in variables x respectively. Then from (3.12)), we obtain

(10ca(t2, €)1 + (1€ + Dlatz, )1/

< Ce@ (ST (G, OF + (6 + DIatt, O (55

ta .
+/ |f(t,€)|dt) for0<t; <ty <T.

t1
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Hence from the estimate || fttf g(t, ) dtHLZ(Rg) < :12 lg(t, E)HLQ(RZ) dt, which follows
from the convexity of norm, and the Plancherel Theorem, we obtain

0vultz, ) + Y 05 ults, )|

laf<1
" (3.14)
< C(I14,eultr, )l + Y 1A, 85wty -l +/ |4, f(t, )|l dt)
laf<1 h
where A, is a Fourier multiplier given by
Aw(z) = /6“”3_”)56%()2(log(‘ﬂ“)ﬂﬂwv(y) dédy/ (2m)".
Similarly multiplying (3.13) by (|¢|? 4+ 1)*/? with s € R, we obtain
[Ocu(tz, )lls + llultz, )lls+1
(3.15)

ta
< C(I1A,Qpulte, s + 1 Ayults, )l[s41 +/t A f(t, )]s dt).

If v = 0, then Agv(z) = Cv(x) with C = ¢“2/2. Hence
[Aov()[| < Cllv(-)l] (3.16)
for any v € L2, while e“2(08(I+1D+2))/2 = C(|¢| + 1)™ with m = Cy/2 implies that

[A1v()lls < ClloC)llsm (3.17)
with some m > 0 for any s € R and any v € H*t™. Then we have the following
theorem.

Theorem 3.2. Let a;i(t) (j,k = 1,...,d) be a real-valued bounded measurable
function on (0,T) with T > 0 satisfying aj(t) = a;r(t) and (3.1). Let L be a
second order hyperbolic operator given by
d
L=0; =) ajx(t)0s,0n,.
k=1
If a;i(t) € Zo((0,T)) (j,k =1,...,d), then we have the estimate

ta
Y logulta, ) <CC Y (10t ults)] +/ [Lu(s, ) ds) — (3.18)
I+|a|<1 I+]al<1 t
for any 0 < ¢t <ty < T. Here u(t,x) € ﬂjl.zo CI([0,T), H'=7) satisfying Lu €
LY([0, 77, L?).

If aji(t) € Z1((0,7)) (1 < j,k < d), then the Cauchy problem for L is C* well
posed. Namely, for any uo(z),u1(x) € C®(RY) and f(t,x) € L'([0,T], C>*(R%)),
we have a unique solution u(t,x) € C1([0,T],C>(R%)) to the equation Lu = f(t,x)
on (0,T) x R? with the initial conditions u(0,z) = ug(x) and dpu(0, ) = ui (7).

Proof. Assume that a;i(t) € Zo((0,T)) (j,k = 1,...,d). If u(t,z) belongs to
ﬂ?:o C([0,T), H*77), the estimate follows from with v = 0 and (3.16).
In the case where u(t,z) € ﬂ}:o Ci([0,T), H'=7) and f(t,xz) = Lu € L'([0,T], L?),
we regularize u(t, z) with respect to z-variables by setting us(¢,z) = [ e =vE(1 4
51613~ tu(t, y) dédy/(2m)® with 6 > 0. We denote this by (1—3A)~u(t, ). Then we
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regularize u; with respect to t-variable by setting u§(t,z) = [ ¥-(t — s)us(s, ) ds
with € > 0 where ¥, (s) is given by 1. (s) = ¥(s/e)/e with a smooth function ) (s)
on R satisfying

/w(s)ds:landw(s)zo fors>0ors<-—1.
R

We denote this convolution by 9. * us(t, ). Then we see that Luj(t,z) = F5 (¢, x)
for t € [0, T —¢] where F§(t,z) = f£(t,z)+ R with f£(t,x) = ¢ x(1—5A) "1 f(t, x)

and
d

Rs = Z [w€*7ajk(t)]aﬂ€jarku5(ta‘T)'
Jik=1

Here [, ] denotes the commutator. Since u5(¢,x) € ﬂ?:o CI([0,T — €], H>77), the
estimate is valid for u§(¢,x) when 0 < t; < ¢ty < T —e. Since f(t,z) €
LY([0,T],L?), we see that, for 0 < t; < t5 < T, fttlz | f5(t,-)|| dt converges to

:12 | f5(¢,-)|| dt as e tends to zero. While u(t,z) € C°([0,T], H') implies us(t, z) €
C°([0,T], H?). Then we have 0,,0,,us(t,z) € C°([0,T], L?), which implies that
Ve % Oy O, us and Y * (ajx(t) 0y, Ory us) converge to Oy, 0y, us and ag (t)0y; 0z, us in
LY([0,T], L?) respectively as € tends to zero. Hence we see that fttlz | Rs|| dt — 0 as
¢ tends to zero when 0 < t; < t5 < T, Then the estimate is valid for ws(t, )
when 0 < t; <ty < T. Finally we obtain the desired estimate for u(¢, x) by taking
6 — 0.

Now consider the case where a;;(t) € Z1((0,T)) (j,k =1,...,d). The estimates
(3.15) with v = 1 and imply that for any ug(z) € H*™!, uy(x) € H® and
f(t,z) € L'([0,T], H®) with arbitrarily chosen s € R, there exist a solution u(t,z) €
Nj=0.1 C7([0, T, H¥*'~7~™) with some positive m independent of s to the equation
Lu = f satisfying the initial condition w(0,2) = ug(z) and Ju(0,2) = wui(x).
The uniqueness of solutions follows from the existence of solutions to the adjoint
Cauchy problem. Then the Cauchy problem is H*® well posed. Since in the article
[2] one has shown the existence of the finite propagation speed for L with the
coefficients in more general function classes, we see that the Cauchy problem is C'*°
well posed. We see also the existence of finite propagation speed for L by considering
the wave operator L. = 07 — Zj‘,k:l ke ()0, 0z, where the coefficients aj (1)
(j,k = 1...,d) are defined at the beginning of the proof of Theorem as the
regularization of a;i(t) (j,k = 1...,d). First remark that we see from (3.5) that
the propagation speed for L. is not larger than C;. For any smooth and compactly
supported initial data ug, u; and f(t), solutions u. (0 < € < 1) to the equation
Leue = f with the initial condition u.(0,2) = ug(z) and dyuc(0,z) = uy(z) have
the uniform estimate with v =1 and . Hence we see that the solution
u to the equation Lu = f with the same initial condition u(0,z) = ug(z) and
Ou(0,z) = uy(x) can be obtained as a limit of a suitable subsequence {u., (t,2)}
with €,, — 0. Then we see the existence of finite propagation speed for L. O

Example 3.3. From example of the previous section and Theorem we
see that the L? estimate (1.2)) for L = 97 — (2 + wq(¢))9? holds where wy(t) is a
continuous and nowhere differentiable function given by wo(t) =3_, 5, 27" cos2"t.

Remark 3.4. We assume the boundedness of the coefficients in the theorems above.
While Colombini, De Giorgi and Spagnolo [2] have shown that the condition (|1.4)
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without the assumption of boundedness is sufficient for C'*° well posed. But we see
from the example of the previous section that, even for bounded functions, the
condition with v = 1 is still less restrictive than that of . For the related
problem for wave equations with unbounded coefficients having some special type
of singularity see, for example, [6] or [9].

Remark 3.5. As mentioned in Theorem the constants C; and Cs in (3.3]) are
independent of the length of interval. Then we obtain the following from with
v=0.If ajx(t) (j,k=1,...,d) belongs to Zy((0,00)), that is, a;x(t) is bounded
measurable on (0, 00) and satisfies

/ lar(t +¢) + ax(t —e) — 2a,,(t)| dt < Ce for any € > 0,

then under the condition (3.1)) with 7" = co we have the following estimate for the
homogeneous energy Eo(u)(t) = ||0qu(t,-)||* + Z?Zl |05, u(t, )]

Eo(u)(t1) < CEy(u)(to)  (to.t1 € [0,00))
for any u(t,z) € (-0, CI([0,00), H'77) satisfying Lu = 0 on (0,00) x R%.

4. APPENDIX

In this section we show (2.8). Let h, () = sin(|logt|'™) with v > 0. For any
positive integer n, let t,, t,—, tn4 € (0,1) be given by

P e,(zﬂ.n)l/(l-%—'v) t . e,(gﬂ.n,ﬂ./4)l/(l+w)
n - n— —

27T’I’L+7T/4)1/(1+’Y)
y .

) n4 = ei(
We note t,+ <t, <t,— and

|logt,|**" =2mn, |logt, |'tY =2mn —7/4, |logt, | = 27n + /4.

: 1/(147) 2
We obtain t,_ —t, > t, —t,y from Le=*" " < 0and L;e

Since h/ (t) = —(1 4 7) cos(]logt|'*)|logt|"/t on (0,1), we see that

_ /(1) 0.
|h.,(t)] > Cllogt|7/t  fort,y <t <t, .
Since Cn~7/ 147 < |(2n + 1/4)Y/0+7) — (2p)/ 40| < C—1p=7/(+7) | we see that

tp —tpy = Cle= @)/ =/ (14)

and 1 <t,_/t,+ < C. Then when 0 < e <t,, — t,4, we have
|hy(t +€) — hy(t)| > Ce(logt|”/t) for tpy <t <ty,

from which we have

tn

I, = / o (t+2) — hoy(8)] dt > Ce(|log by |7 — | log ta] 7))
tnt

Then we have I,, > Ce with some constant C' > 0 for any positive integer n and

e €10,t, — tny]. We pick a large positive integer ng so that we have ¢, < 1/2 for

n > ng. For any large positive integer N > ng, pick ¢ = txy — ty4+. Then we see

that

1/2—¢ N
/ Ihy(t+2) = hy(D)ldt > S I, > C(N = no + 1)e.
0

n=no



12 S. TARAMA EJDE-2007/85

Since ty —tny > Ce*(zﬂN)l/(H”N*”//(HV), we see that N > C|loge|'*7 for large
N. Then we see that
li _
im su
5~>Op 5| 10g5|1+7
By a similar argument, we see that h,(t) ¢ Z,((0,1/2)) when 0 < o < 2v.
Indeed noting that hZ/(t) = —(y+1)?sin(|log t|"*1)[log t[*7 /t* +r(t) where |r(t)| <
C|logt|7/t?, we choose s, and s,+ in (0,1) so that |logs,|""! = 27n + 7/2 and
|log sp+ 7T = 2mn+m(1/241/4). Then if an integer n is large and & < (s, —8,+)/2,
we have

1/2—¢
/ o (t+2) — ho(8)] dt > 0.
0

Sp_ —€
/ (£ 4 &) + o (t =€) — 20, (8)] dE > C=(s,, — 5,4)| log s [27/57_,

n+t+€
from which and from the arguments similar to the above we see that

1
lim su
0 e(log(e T+ 1) + 1+

1/2—e
)7/ oy (t + ) + by (L — £) — 20 (8)] dt > 0,

REFERENCES

[1] F. Colombini, D. Del Santo and M. Reissig, On the optimal regularity of coefficients in hyper-
bolic Cauchy problems, Bull. Sci. Math., 127 (2003), 328-347.

[2] F. Colombini, E. De Giorgi and S.Spagnolo, Sur les équations hyperboliques avec des coef-
ficients qui ne dépendent que du temps, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 6 (1979),
511-559.

[3] F. Colombini and N. Lerner, Hyperbolic operators with non-Lipschitz coefficients, Duke Math.
J. 77 (1995), 657-698.

[4] L. De Simon and G. Torelli, Linear second order differential equations with discontinuous
coefficients in Hilbert spaces, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 1 (1974), 131-154.

[5] L. Hormander Linear partial differential operators, Springer, Berlin, 1969.

[6] F. Hirosawa On the Cauchy problem for second order strictly hyperbolic equations with non-
regular coefficients, Math. Nachr. 256 (2003), 28-47.

[7] F. Hirosawa and M. Reissig, About the optimality of oscillations in non-Lipschitz coefficients
for strictly hyperbolic equations, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 3 (2004), 589-608.

[8] Y. Katznelson, An introduction to harmonic analysis, 3rd ed., Cambridge University Press,
Cambridge, 2004.

[9] T. Yamazaki, On the L2(R™) well-posedness of some singular and degenerate partial differen-
tial equations of hyperbolic type, Comm. Partial Differential Equations, 15 (1990), 1029-1078.

LAB. OF APPLIED MATHEMATICS, GRADUATE SCHOOL OF ENGINEERING, OSAKA CiTY UNIVER-
SITY, OSAKA 558-8585, JAPAN
E-mail address: starama@mech.eng.osaka-cu.ac.jp



	1. Introduction
	2. Space Z(I)
	3. Main results
	4. Appendix
	References

