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SEMILINEAR PARABOLIC PROBLEMS ON MANIFOLDS AND
APPLICATIONS TO THE NON-COMPACT YAMABE PROBLEM

QI S. ZHANG

ABSTRACT. We show that the well-known non-compact Yamabe equation (of pre-
scribing constant positive scalar curvature) on a manifold with non-negative Ricci
curvature and positive scalar curvature behaving like ¢/d(z)? near infinity can not
be solved if the volume of geodesic balls do not increase “fast enough”. Even though
both existence and nonexistence results have appeared in the case when the scalar
curvature is negative somewhere([J], [AM]), or when the scalar curvature is posi-
tive ([Ki], [Zhan5]), the current paper seems to give the first nonexistence result
in the case that the scalar curvature is positive and Ricci > 0, which seems to be
the fundamental part of the noncompact Yamabe problem. We also find some com-
plete non-compact manifolds with positive scalar curvature which are conformal to
complete manifolds with constant and with zero scalar curvature. This is a new
phenomenon which does not happen in the compact case.

1. INTRODUCTION

We shall study the global existence and blow up of solutions to the homogeneous
semilinear parabolic Cauchy problem

Hu=Hyu+uP =Au—Ru— 0w +u?P =0 in M" x (0,00),

uw(z,0) =up(z) >0 in M", (L.1)
where M"™ with n > 3 is a non-compact complete Riemannian manifold, A is the
Laplace-Beltrami operator and R = R(z) is a bounded function.

Equation (1.1) with R = 0 contains the following important special cases. When
the Riemannian metric is just the Euclidean metric, (1.1) becomes the semilinear
parabolic equation which has been studied by many authors. In the paper [Fu],
Fujita proved the following results:

(a) when 1 <p <1+ % and ug > 0, problem (1.1) possesses no global positive
solutions;

(b) when p > 1+ 2 and ug is smaller than a small Gaussian, then (1.1) has
global positive solutions. So 1 + % is the critical exponent.

For a reference to the rich literature of the subsequent development on the topic,
we refer the reader to the survey paper [Le].

In recent years, many authors have undertaken research on semilinear elliptic
operators on manifolds, including the well-known Yamabe problem (see [Sc] and
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[Yau]). The study of those elliptic problems and others such as Ricci flow lead nat-
urally to semilinear or quasi-linear parabolic problems (see [H| and [Sh]). The first
goal of the paper is to study when blow up of solutions occur and when global pos-
itive solutions exist for equation (1.1) on manifolds. Such an undertaking requires
some new techniques. The prevailing methods of treating the above semi-linear
problems i.e. variational and comparison method seem difficult to apply. The
method we are using is based on new inequalities ( see section 3 and Lemma 7.2)
involving the heat kernels. We are able to find an explicit relation between the
size of the critical exponent and geometric properties of the manifold such as the
growth rate of geodesic balls (see Theorem B).

It is interesting to note that this technique also leads to a non-existence result
of the well-known non-compact Yamabe problem of prescribing positive constant
scalar curvatures; i.e. whether the following elliptic problem has “suitable” positive
solutions on M"™ with nonnegative scalar curvature (see Theorems C and D).

n—2 _
Au— —Ru +u"+D/(n=2) — (1.17)
4(n —1)
This problem has been asked by J. Kazdan [K] and S. T. Yau [Yau]. The compact
version of the problem was proposed by Yamabe [Yam]|, proved by Trudinger [Tr]
and Aubin [Aul] in some cases and eventually proved by R. Schoen [Sc| completely.

In the non-compact case, Aviles and McOwen [AM] obtained some existence
results for the problem of prescribing constant negative scalar curvature. Jin [Jin]
gave a nonexistence result when R is negative somewhere. Some existence result
when R is positive was obtained in [Ki]. Recently in [Zhan5] (Theorem A, B),
we constructed complete noncompact manifolds with positive R, which do not
have any conformal metric with positive constant scalar curvature. However those
manifolds, obtained by deforming R? x S!, do not have nonnegative Ricci curvature
everywhere.

Since manifolds with nonnegative Ricci curvature are one of the most basic ob-
jects in geometry. It is the most natural to ask whether the Yamabe equation can
be solved in this case. However, as far as we know, there has been no nonexistence
result on the problem of prescribing constant positive scalar curvature when the
Ricci curvature is nonnegative and R is positive.

When M” is R™ with the Euclidean metric, then problem (1.1’) becomes Au +
u(+2)/(n=2) — (0, which does have positive solutions (see [Ni]), that induce incom-
plete metric of constant positive scalar curvature.

ux(z) = [n(n — 2)X2)| =2/ /(A2 4 |z2) =22 X > 0.

So it is reasonable to expect that (1.1) at least has a positive solution which gives
rise to a incomplete metric of scalar curvature one. However Theorem D below
asserts that unlike the compact Yamabe problem, equation (1.1’) can not be solved
in general, regardless of whether one requires the resulting metric is complete or not.
In fact if the existing scalar curvature decays “too fast” and the volume of geodesic
balls does not increase “fast enough”, then (1.1’) does not have any positive solution
at all. This of course rules out the existence of complete or incomplete metric with
constant positive scalar curvature.

Before stating the results precisely, let us list the basic assumptions and some
notations to be used frequently in the paper. For theorems A, B and C in the paper
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we make the following assumptions (i), (ii) and (iii) unless stated otherwise. Instead,
Theorem D is exclusively about manifolds with nonnegative Ricci curvature.

(i). There are positive constants b, C', K, ¢ and @ such that
|B(z,7)| < Cr?; |B(z,2r)| < C2YB(z,r)|, 7 > 0; Ricci > —K. (1.2)

(ii). G, the fundamental solution of the linear operator Hy = A—R— 0, in (1.1),
has global Gaussian upper bound. i.e.

0 < Glx,t:y,5) < ¢ bR (1.3)
— ) 7y7 — |B($’(t—5)1/2)| bl .
for all x,y € M™ and all t > s.
(iii). When t — s > d(x,y)?, G satisfies
1 1

G(z,t;y,s) > min{

ClB@ k=) B, e—spm Y

We mention that (1.4) actually is equivalent to G having global Gaussian lower
bound by a well known argument in [F'S].

At the first glance, the relation between conditions (1.3), (1.4) and the function
R does not seem transparent. However we emphasize that in general (1.3) and (1.4)
only require R to satisfy some decay conditions such as R~ (z) < ¢/[1+d**%(z, z0)]
for 6 > 0 and some ¢ > 0 and R*(z) < ¢/[l + d*T%(x,z0)] for § > 0 and an
arbitrary ¢ > 0 as indicated in Lemma 6.1 below and Theorem C in [Zhan5]. More
specifically we have

Theorem (Theorem C [Zhan5]). Suppose M is a complete noncompact manifold
with nonnegative Ricci curvature outside a compact set and R > 0, then (1.4) and
(1.8) hold if and only if sup, [To(z,y)R(y)dy < co. Here Ty is the fundamental
solution of the free Laplacian A. In particular (1.4) and (1.8) hold if 0 < R <
c/[1 + d**o(x,x0)] for § > 0 and an arbitrary ¢ > 0

In the context of the Yamabe equation, the relation is even more direct. If the
Ricci curvature of M™ is non-negative and R is the scalar curvature, then the upper
bound (1.3) automatically holds by [LY] and the maximum principle since R~ = 0.

Definition 1.1. A function u = u(z,t) such that u € L} (M™ x (0,00)) is called
a solution of (1.1) if

t
uet) = [ Gty Ounwdy+ [ [ Glatis)ur (v, 5)duds
Mn 0o JMn

for all (z,t) € M"™ x (0,00).

G = G(z,t;y, s) will denote the fundamental solution of the linear operator Hy
in (1.1). For any ¢ > 0, we write

1 evp(—cd@mw)?
Gc(w,t;y,s):{ Bl SP(—eT=), >, (1.5)

0, t<s.
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Let ug be a positive function in L>*°(M") and a > 0, we write

ha(x?t) = . Ga (.’L‘ Ly, ) ( )dy7 (1‘6)

Given V =V (z,t) and ¢ > 0, we introduce the notation

Ne oo (V) Ssupoente 50 / / V(y, 9)|Ce(e, t;y, )dyds
—oo s M (1.7)

+ SUDyeM.950 / / IV (2,)|Ge(a, t;y, s)dadt.

We note that N, o (V') may be infinite for some V. However, the fact that N, o (V)
is finite for some specific functions will play a key role in the proof of the theorems.
When V is time independent, Ne, oo (V) /2 = sup,, [y To(z,%)|V (y)|dy the quantity
appeared in Theorem C of [Zhan5|.

The main results of the paper are the next four theorems.

Theorem A. Suppose R = 0 and (1.2), (1.3) and (1.4) hold. Then the critical
exponent of (1.1) is p* =1+ S* , where

s* =sup{s | lim supt®||W (., t)||r= < 00,
t— 00

for a non-negative and non-trivial W such that HyW = 0}.

Remark 1.1. Theorem A can be proved by following the proof of Theorem 1
n [Me]. However, this theorem does not provide any estimate of the size of the
exponent. Our main concern is therefore to find an explicit relation between the
critical exponent and geometrical properties of the manifold. This is done in

Theorem B. Let M"™ be any Riemannian manifold and R = R(x) be any
bounded function such that (1.2), (1.8) and (1.4) hold, then the following con-
clusions are true.

(a). Suppose, fort > s >0,

_Ge(z,t3y,8) (z,t;y, )
sup / / dyds + sup / / T D) dedt < 0o
zeM™tJrog JMn |B Y, 51/2 )Pt yeM”,s Jry JMn |B T, tl/2 )Pt

for some rog > 0 and a suitable ¢ > 0, then (1.1) has global positive solutions for
some ug > 0.
(b). Suppose for some xy € M",

B
7—00 ro

then (1.1) has no global positive solutions for any p < 1+ % and any ug > 0.

Remark 1.2. In general the integral relation given in part (a) of Theorem B is
necessary since, for fixed s > 0, |B(y, s'/2)| may tend to zero when y approaches co.
The relation seems complicated at the beginning, however it is actually sharp as
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explained in the two corollaries below, where more specific assumptions are made
on the manifold.

Corollary 1.1. Under the same assumptions as in Theorem B, suppose

i 1
— —dr <
/ro acselll\;[)" ’B(w?rl/z)‘p_l " ~

for some 1o > 0, then (1.1) has global positive solutions for some ug > 0. In
particular if, for a > 0, inf enn |B(z,7)| > Cr® when r is sufficiently large, then
forp>1+ %, (1.1) has global positive solutions for some uy.

In the next corollary, we show that if M"™ has bounded geometry in the sense of
E. B. Davies (see p 172 in [D]), which means there exists a function b(r) and ¢ > 0
such that

cib(r) < |B(z,r)| < cb(r) (1.8)

for all x € M™ and r > 0, then the critical exponent of (1.1) can be explicitly
determined.

Corollary 1.2. Suppose (1.2), (1.3), (1.4) and (1.8) hold, then p*, the critical
exponent of (1.1), is given by p* =1+ a_z*} where

o =inf{a> 0] lim inf
T—> 00

B
7| (z,7)] < oo, z € M"}.
(07

The above number o* is independent of the choice of x € M".

Remark 1.3. Under the assumptions of part (a) of Theorem B, (1.1) has global
positive solutions if ug > 0 satisfies ug € C*(M"™), limg(y,0)—00 Uo(z) = 0, and
|[uo|| Lo (viny + ||uol| L1 (vn) < bowhere by is a sufficiently small number and 0 is a
point in M™. This result, to be proved in section 4, is new even in the Euclidean
case.

Next we turn our attention to the non-compact Yamabe equation of prescribing
constant positive scalar curvatures.

Theorem C. Suppose (1.2), (1.3) and (1.4) hold and

lim inf BEON (1.9)

r—00 ro

for some z¢ and oo < (n —2)/2, then the Yamabe equation (1.1°) has no solutions.

Examples of manifolds satisfying the conditions in Theorem C will be given in
Corollary 1.3 below.

The next theorem gives a set of manifolds with nonnegative Ricci curvature,
which are not conformal to manifolds with positive constant scalar curvature. The
construction is more difficult since the scalar curvature does not have a rapid decay
when Ricci > 0 everywhere. This theorem marks one of the main differences
between this paper and [Zhanb]. It is not known whether there exists a manifold
with nonnegative Ricci curvature such that the scalar curvature satisfies (1.4). The
scalar curvature G given below does not satisfy (1.4).
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Theorem D. Suppose M is a n(> 3) dimensional complete noncompact mani-
fold with nonnegative Ricci curvature and the scalar curvature R = R(x) satisfies
0 < R(z) < Co/[1 + d?*(x,z0)], where Cy is an arbitrary positive constant. There
exists a positive integer m such that the manifold M x IIT*St is not conformal to
manifolds with positive constant scalar curvature. Here the metric is the product of
the metric on M and the usual one on S*.

It is important to know what conditions should be imposed on the Ricci curvature
and the scalar curvature R so that the conditions of Theorem C are met. We have

Corollary 1.3. (a). Suppose the Ricci curvature of M"™ is non-negative outside
a compact set and for a suitable ¢ > 0, N oo(R™) is finite and N oo(R™) is suffi-
ciently small, then (1.2), (1.3) and (1.4) hold. Hence the Yamabe equation (1.1°)
has no solutions if (1.9) holds.

(b). In particular suppose M™ is a manifold with non-negative Ricci curvature
outside a compact set and |B(x,r)| ~ r® for 2 < a < (n —2)/2 and large r > 0.
Then if

0 < R(z) < ¢/(1 + d*"(x,0))

for an arbitrary ¢ > 0, then the Yamabe problem (1.1°) has no solution. Here 0 is
a point in M™. An example is

M =R3x S' x St x St x §' x St x St.

Here the metric is the product of the usual ones on S' and the Euclidean metric
on R3. By Theorem B (a) in [Zhan5], M® has a complete conformal metric with
positive scalar curvature. But part (a) of Corollary 1.8 shows that M° has no
conformal metric with constant scalar curvature (a =4,n=9).

Remark 1.4. It seems hard if possible to construct the above M? with Ricci > 0
and R > 0 everywhere. On the other hand manifolds required for Theorem D
are well known to exist. Also by Theorem A in [Zhanb], the manifold R3 x S!
(and all its conformal deformations some of which have positive scalar curvature by
Theorem B in [Zhan5]) also has no conformal metric with constant scalar curvature.
The current more lengthy example is here to verify the claims in the announcement
[Zhan4].

Remark 1.5. We would like to point out another fundamental difference between
the non-compact Yamabe problem and the compact one. In the compact case, any
manifold with positive scalar curvature is not conformal to a manifold with zero
scalar curvature. This is reflected from the fact that the equation Au — Ru = 0
with R > 0 has no positive solution on compact manifolds. However this is not the
case for non-compact manifolds. The following is a complete non-compact manifold
which is conformal to a complete manifold of constant positive scalar curvature, and
to a complete manifold with zero scalar curvature. Let M = S3 xR! with the metric
being the direct product of the usual ones on S® and R!. Then R = 6, n = 4 and
hence equation (1.1’) becomes Au —u+ u® = 0, which has a solution u = 1. At the
same time the equation Au—wu = Ohas a positive solution u(z1, z2) = €2 4+e~ %2 > 1,
where z; € §% and x5 € R!. Clearly the above solution generates a complete metric
of zero scalar curvature since it is bounded away from zero. Similar phenomenon
is shown in Proposition 6.1 for M x R* where M is any compact manifold with
positive scalar curvatures.
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Proposition 6.1. Let M” = M; x R*, where M, is a compact manifold with
positive scalar curvature and the metric of M™ is the product of that of My and the
Euclidean metric on R¥, k > 1. Then M" is conformal to a complete non-compact
manifold with positive constant scalar curvature and to a complete manifold with
zero scalar curvature.

Let us briefly discuss the method we are going to adopt. We will use the Schauder
fixed point theorem to achieve existence. This requires us to obtain some new
estimates involving the heat kernel on M". These estimates are presented in section
three and seven. Theorem A will be proved in section 2. Theorem B part (a) and
part (b) will be proved in sections 4 and 5, Theorem C and Corollary 1.3 in section
6 and Theorem D in section 7. The key idea is to obtain some global bounds
for the fundamental solution of Hy and to show that the parabolic problem (1.1)
with p = Z—J_rg has no global positive solutions under the assumptions of Theorem
C. Since every positive solution of the Yamabe equation (1.1’) is a global positive
solution of the parabolic problem (1.1), the former can not exist either.

Recently we are able to treat (1.1) when R no longer satisfies (1.3) and (1.4) and
hence belong to the slow decay case. For details please see [Zhanl].

2. PRELIMINARIES

In this section we collect and obtain some preliminary results and prove Theorem
A. Some results which are not new are here for completeness. We remark that C'
will always be absolute constants that may change from line to line. For simplicity
we also assume that 0 is a reference point on M".

Proposition 2.1. Given 0 < o’ < a, there is a positive constant C' such that

1 —qdEw? C o de)?

B G- SB@wdmol.

Proof. If d?(z,y) < t — s, then the inequality is obvious. So we assume that
d*(z,y) > t —s. Let r = (t — s)/2/d(z,y), then r € (0,1]. By the doubling
condition in (1.2) there exists a constant C' such that

|B(z, (t —5)'/%)| = |B(z,rd(z,y))| = Or!|B(z,d(z,y))|.

Then
Y 1 d(z,y)?
Gao(z, t;y,s) = Bz, (t— )77 exp(—a P )
_ & Nz, y)? yd(z,y)?
B9 exp(—(a —a') =—==) exp(—a'——)
a—a 1 yd(z,y)?
< —exp(——3 )|B($,d p—— exp(—a — )
c _

= Bl dw ) P s
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Proposition 2.2. Given 0 < o/ < «, there is a positive constant C such that

1 _qdEw? C o dew)?
Bz, (t — 5)'/?)

t—s < t—s
|€ &

" IB(y, (t = 5)'/?)]

Proof. If d*(x,y) < t — s, then the inequality is obvious. This is because the
doubling property implies that | B(z, (t—s)'/?)| and | B(y, (t—s)'/?)| are comparable.
So we assume that d?(z,y) >t — s. Proposition 2.1 gives

1 d(z.y)? C d(z.y)?
e« Y T

|B(x, (t — 5)'/2)] ~ [B(z,d(z,y))]

By the comparability of |B(z,d(z,y))| and |B(y,d(x,y))|, we have

1 g dew? < C o )
[ t—s < € t—s
| Bz, (t = 5)'/?)] [B(y, d(z,y))|
Recalling d?(z,y) >t — s, we obtain
! e e o ¢ oo M
|B(z, (t = 5)'/2)| " IB(y, (t = 5)'/?)]

q.e.d.

Proposition 2.3. Suppose R = 0 and M" has non-negative Ricci curvature,
then (1.2), (1.3) and (1.4) hold.

Proof. When the Ricci curvature is non-negative, (1.2) is standard. By the
famous paper [LY], the fundamental solution G of H| satisfies the global Gaussian
bounds

1
C|B(x, (t — 5)'/?)|

< C e_bd(tﬂciy)2
= Bz, (t — 5)1/?)] ’

d(z,y)?
PR < G(z,t;y,s)
for some b,C' > 0 and all z,y € M"™ and all ¢t > s. Therefore (1.3) is clearly true.
Using Proposition 2.2, we find, for a b’ < b,

1 d(z,y)?

Vs < t:y, s).
OBl —sm° | SO h)

Hence (1.4) holds when d(z,y)? <t —s. q.e.d.

Lemma 2.1. Given a > 0, let

ha(z,t) = [ Ga(z,t;y, 0)uo(y)dy, (2.1)
Mn

where ug is a bounded non-negative function. Suppose limg(, 0)—so0 up(x) =0, then
limg(z,0y—00 ha(2,t) = 0 uniformly with respect to t > 0.
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Proof. For any 6 > 0, let R > 0 be such that ug(y) < §/2 when d(y) > R. When
d(x,0) > 2R we have

ha(2,1) / e—a d(x,y)?/t ()d e—a d(z,y)?/t "
won 1B@.07) wen TG

6/ 1 —ad 2
< - e—@ d(z.y) /tdy
2 Jayy>r | B(z,t1/2)]

1

+ / L e dew)? /20 e daw)? @0y () dy.
d(y)<R ]B(m,tl/Q)’ )

Note that )
= e d@w)?/) < /| B(x. d
\B(w,tl/Q)\e < C/|B(z,d(z,y))|
by Proposition 2.1 and d(z,y) > d(z,0) — R when d(y,0) < R, we have
C 2
ho(z,t) < C8/2 + e~ A/ 20 () dy
(20 < OO B T 0) ~ B)] Sy 2
[B(0, R)|

<C0§/2+C |uol| L0

< (4,

when d(z,0) is sufficiently large. This proves (b). q.e.d.

Proof of Theorem A. Since the proof follows the lines of Theorem 1 in [Me],
we will be sketchy.

(a). We first show that if p > p* then (1.1) has global positive solutions for some
ug. As in the case of [Me], it is enough to show that if there is a non-trivial positive
solution W of HyW = 0 such that

|Gl < o,
0

then (1.1) has global positive solutions for some ug.
Let a(t) be the solution of the initial value problem

d(t) = ||W(D|Ptat)?, a(0) = ao > 0.

Then u(z,t) = a(t)W(z,t) is a super solution of (1.1) with ug(z) = agW(x,0).
Thus it is enough to show that choice of ag can ensure that a(t) exists for all ¢ > 0
and is uniformly bounded. As

a(t) = [a(l)_p —(p— 1)/0 ||W(.,S)||p_1ds]_1/(p_1),

this follows from the condition. Since 0 is always a subsolution, the standard
comparison theorem shows that (1.1) has a global positive solution.

(b). We want to show that if p < p* then all positive solutions of (1.1) blow up
in finite time. Again by [Me], it is enough to show that if

Jlim sup|[W(., )|/t = oo (2.2)
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for all non-trivial and non-negative solutions of HoW = 0, then every positive
solution of (1.1) blows up in finite time.
Define z(t; w) to be the solution of

d

d_j =zP, 2(0,w) =w. (2.3)
For arbitrary initial conditions let w be the solution of Hyw = 0. Then it can easily
be seen by using local coordinates and following [Me] that u(z,t) = z(t; w(z,t)) is

a subsolution for (1.1) that blows up in finite time. Indeed let A = a;;(z) 52— +
z; Yz ;

bi(x)% in a local coordinate system, then by direct computation one has, as in
[Me],

zp
—p 2 _[p—1 _ o p—1,
Hu =P [z WP aijwe, Wy, -

Since z > w by construction, we have Hu > 0 and hence u is a sub-solution. By
(2.3),

‘ / “ds 1 1
S Jw 2 (e Dwrt o (p-urt
We only need to prove that u blows up in finite time. Suppose the contrary is true,

then
t 1 = 1 <0
(p—Dwr=t — (p—Lurt "7

for all t > 0. But this contradicts the assumption (2.2). q.e.d.

Remark 2.1. When the function R = R(z) is not zero, we do not know whether
Theorem A is still valid, except for the case when M" has bounded geometry (see
Corollary 1.2).

3. TwWO INEQUALITIES

In this section we present some inequalities for the heat kernel, which will play
a key role in both the existence and blow up results. The proof, almost identical
to that of Lemma 4.1 in [Zhan2], is given for completeness.

Lemma 3.1. Suppose 0 < a < b, there exist positive constants Cqp and c
depending only on a and b such that, fort > 1 > s,

(Z) Ga(xat; Z,T)Gb(Z,T; Y, S) < C[Gc(%t; Z,T) + Gc(zﬂ'; Y, S)]Ga(‘%”uya S),

(“) Gb((L',t;Z,T)Ga(Z,T; Y, S) < C[Gc(xatS Z,T) + Gc(zﬂ'; Y, S)]Ga(fﬂ,t; Y, S)‘

Remark 3.1. The condition a < b is indispensable for Lemma 3.1.

Proof of the lemma. We will only give a proof of (i) since (ii) can be handled
similarly.

Case 1. T — s < p(t — s), where p € (0,1) is to be fixed later. Let us recall the
following inequality that holds for all metric.

d(z,2)? N d(z,y)* _ dz,y)®

> , O<s< <t (3.4)
t—T1 T—S8 t—s
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Using (3.4) we have

Ga(z,t;2,7)Go(2, 73y, 8)

1 1 d(z, 2)? d(z,y)?
= B, t = 7 1B, (r = 97 “P e E—T) )eXp(_b%)
B 1 d(z, 2 | d(z,y)?, exp(—(b - a) 4202
I e ) [ et TP c R

1 d(,y)? exp(—(b— a) 4z

< _
S B P ) B e )
< CGp_o(z,739,8)Galz, t;y, s).

To reach the last step we used the doubling condition and the fact
t—17=t—s—(t1—35)>(1—-p)(t—2s)

to get 1/|B(z, (t — 7)/?)| < C/|B(x, (t — s)*/?)|. Therefore (i) holds in this case.

Case 2. Picking two numbers a’, b’ such that
a<ad <V <b
and using Proposition 2.2 on Gy(z,T;y, s), we have

exp(-bIEA) | exp(-y )
Ble. (r = )V2)] 7 By, (r — 5)/2)]

When d(z,y) > d(x,y)(a’/b')"/? and 7 — s > p(t — s), then

exp(—b’ —d(f;ys)z ) exp(—a’ —d(f_’ys)z )

1B(y, (r = s)'/2)] ~ [B(y, [p(t — s)]'/2)|

Therefore
exp(bUEE)  exp(—a M)
|B(z, (1 —8)Y2)| = " |B(y, [p(t — 5)]*/2)|’

Using Proposition 2.2 we get

Gb(z’ 7Y, 8)

Gy(z,7,y,8) < CGu(z,t;y, s).

Case 3. Now we are left with only one case i.e. d(z,y) > d(z,y)(a’/b')/? and
T — s > p(t — s). By Proposition 2.2

Gy(z,m3y,8) < C/|Bly, (r — 8)'/?)| < C/|B(y, (t —5)'/?)].
Hence
d(a:,z)z)

exp(—a=—=

Cale, b2 1) (2:730:5) < TR BBy, (= )72




12 Qi S. Zhang EJDE-2000/46
If d(z,y) < d(z,y)(a’ /b')!/?, then

d(.’L‘,Z) > d(.’L‘,y) - d(z?y) 2 d(.’L’,y) (1 - (a//b/)l/z)‘

Hence
exp(-a ) = plag ’_Zipexp( ;l((t ’Zi>>
d(z, 2)? d(w,y)Q

< eXP(—a2(t ) ) eXp(—am(l - (01/51)1/2)2)'

Here we have used the fact that 0 < ¢ —7 < (1 — p)(t — s). Now taking p € (0,1)

so that
(1 _ (a//b/)1/2)2

i1 =p) =1, (3.5)

we obtain,
exp(-a ) < ep(-ag e ). @

Therefore

exp(—a®2l)

|B(x, (t = 7)"2)||B(y, (t — 5)/?)|

exp(— g((fzg))exp( Qa%)

< .
= |B(=, (t = 7)'2)|IB(y, (t — 5)'/?)|

Go(z,t;2,7)Go(2,T3y,5) < C

Using Proposition 2.2 again we have

exp(—Qa%) exp(—a%)
[B(y, (t —$)'/2)| =~ |B(a, (t — 5)'/2)]
and hence
Go(z,t;2,7)Gp(2, T3y, )
exp(—a3l)

|B(l=’ (t _ 7—)1/2)| Ga(337 t7 Y, S) = CGQ/Q(m, t, Z, T)Ga(m’ t’ Y, S).

Now we know the lemma holds for ¢ = min{b — a,a/2}. q.e.d.

Due to the notation N o (V) in (1.7), an immediate consequence of Lemma 3.1
is

Lemma 3.2. Suppose 0 < a < b, there exist positive constants C,p and c
depending only on a and b such that, for allt > s >0,

t
(i)-/ Galz,t;2,7) |V(2,7)| Go(2, T3y, 8)dzdr < Cap Neoo(V)Ga(2,t;y,5);
Mn
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t
(ii)-/ Gy(z,t;2,7) |V (2,7)] Ga(z,7T;y,8)dzdT < Cqap Neyoo(V)Gal(2, 159, 5).
s M™n

Proof of Lemma 3.2. We will only give a proof of (i) since (ii) can be handled
similarly. For simplicity we write

t
J(z,t;y,s) —/ Gaolz,t;2,7) |V(2,7)| Go(2, T3y, s)dzdT.
s M

The desired estimate follows from the main inequality in Lemma 3.1 i.e.
Ga(2,t;2,7)Gy (2,739, 8) < ClGe(x, 52, 7) + Ge(2, 73y, 5)|Ga (2, 8y, 5)

where c is a suitable positive constant. This is because the last inequality implies

t
J(z, t;y,s) < C/ / (Ge(z,t;52,7) + Ge(2, 73y, 8)||V (2, 7)|dzdTGo (2, 85y, 5).

Taking the maximum of the integral the right hand side, we finish the proof of the
lemma. q.e.d.

4. PROOF OF THEOREM B, PART (A)

This section is divided into three parts. In the first part we list a number
of notations and symbols, which include an integral operator and an appropriate
function space. In the next part we will prove lemma 4.1 which states that the
integral operator has a fixed point in the function space. Theorem B, part (a), will
be proved in the end of the section.

First we recall and define a number of notations. Given a positive ug € L (M™"),
write
h(z,t) = G(z,t;y,0)u(y)dy. (4.1)
Mn
Here G is the fundamental solution of the operator Hy in (1.1). By (1.3), there are
positive constants C and b such that

2
exp(—b28 Yy _ 06y (e, iy, s),

G(x,t; <
60 = T s P

for all t > s and =,y € M".
For u € L>®(M" x [0,00)), we define T' to be the integral operator:

t
Tu (z,t) = h(z,t) —i—/ G(z, t;y, s)uP (y, s)dyds. (4.2)
0o JmMn
For any constants a > 0, d > 1 and M > 1, the space Sy is defined by
Sq = {u(z,t) € C(M" x [0,d]) | 0 < u(x,t) < Mhy(z,t)}

where the function h, is given by (2.1).
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From this moment, we fix the number a to be a positive number strictly less
than b, which is the constant in the Gaussian upper bound for G. This choice of a
is crucial when we prove Lemma 3.1 below. Since a < b we have

G({L',t; Y, S) < CGb(fL’,t; Y, S) < CGa(‘%”t;yas)a
h(z,t) < Chy(z,t) < Che(z,t).

Next we present a Lemma which will lead to a proof of Theorem B. The idea is
to show that the operator 1" has a fixed point in S,.

Lemma 4.1. Under the assumption of Theorem B, part (a), there exist constants
M > 1 and by > 0 independent of d such that the integral operator (4.2) has a fized
point in Sq, provided that

Ug S CQ(MH), d( léI)IL UO(.’L') = 0, (Z’I’Ld, HUOHLoo(Mn) + HUOHLl(M”) S bo.

Proof. step 1. We want to use the Schauder fixed point theorem. To this end
we need to check the following conditions.
i). Sg is nonempty, closed, bounded and convex.
ii). TS; C Sy.
iii). T'Sy is a compact subset of Sy in L*° norm.
iv). T is continuous.

step 2. Condition (i) is obviously true. So let’s verify (ii), which requires us to
show that 0 < Twu < Mh, when 0 < u < Mh,.
Since 0 < u < Mh, we have

uP(y, s) < MPRE= (y, s)ha(y, s) = MPhE" ! (y, s) Ga(y,s;2,0)up(2)dz.  (4.3)
Mn

Recalling the definition of h, and using the fact that ug € L'(IM") we obtain

WPy, s) = | y Ga(y, 572, 0)ug(2)dz]P~"
= ;_[/ ug(2)dz]"~" < ;_Huowlf1 - )
|B(y, s1/2)|p—1 . |B(y, s1/2)[p—1 L1(Mn)
Therefore 1
uP(y,s) < MP||u0||I£T(1Mn)W.

Substituting (4.3) into (4.2) and using Fubini’s theorem we obtain

Tu(x,t) < h(x,t)
t . (4.5)
+CM”/ / G(z,t;y,s)hh " (y,5)Galy, 8; 2, 0)dyds uo(z)dz,
n 0 Mn
Remembering that

_ C
~ Bz, (t =)'

G(z,t;y,s) exp(—b d(z,y)?/(t — 5)) = CGy(z,t;y, ),
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we have
t
U/“ G, by, )2 (4, $)Galy, s; 2, 0)dyds
0 Mn
t
<c / Gy (.15, 82y, 5)Gla (3, 53 2, 0)dyds
0 Mn

At this stage we quote Lemma 3.2 which was first proved in [Zhan3] for the
Euclidean case. Given b > a,

t
/ Gy(z,t;y, $)h2 1 (y, 8)Ga(y, 85 2,0)dyds < CC,pNe oo (B2 1) Gy (7, t; 2,0),
0 M™n

(4.6)
for all ¢ > 0 and some positive ¢ and C,. We claim that Nc,oo(hg_l), which
is defined in (1.7), is a finite number. The proof is as follows. Since s > 0 and
ha(z,t) = 0 when t < 0, we have

t
Nc,oo(hg_l) Esupwyt>0/ / |hg_1(y, $)|Ge(z, t;y, s)dyds
0 n
—i—supy7520/ / |hg_1(m,t)|Gc(w,t;y,s)da:dt.

By (4.4) and the fact that h,(z,t) < C||ug||L~ we have

t
| L 9lGete. iy, s)dyds
0 n
t 0
:/ / |h§_1(y,3)|Gc(az,t;y,s)dyds—l—/ / |h§_1(y,s)|Gc(m,t;y,s)dyds
n 0 n
< HuOHLl(M)/ / y 81/2 ’p 1Gc(w’t;y? )dyd$+CHU0HLoo To.
Similarly
/] \h5—1<w,t>\cc<w,t;y,s>dxdt
(z,t;y,s )
<C|‘u0||L1(M) |Bl‘ t1/2 d dt-i-CH’LL()HLOOT‘O

Using Cy to denote

Ge(z,t3y,8) (z,t;y, s)
sup / / ——————“_dyds+ sup / / — 0D dadt,
zeM™,1>0 Jro JM™ |B 81/2 |p ! yeEMn s>0Jry JMn |B tl/z |p !

we have
N (271) < CColluol 27 gy + Clluol 52210 < o0,

which proves the claim.
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Combining (4.6) with (4.5), we reach
Tu(z,t) < h(z,t) + CCop MP N, oo (K2~ 1) Go(z,t;2,0)up(2)dz,
Mn

which yields
Tu(x,t) < (C + CCupMP N, oo (h2~ 1)) Ny (2, t) (4.7)

Since p > 1, by taking M > 2C and ||uo|| L1 (ar) + |[to|| Loo (ar) suitably small we find
that
0 <Tu(z,t) < Mhg(x,t). (4.8)

Thus condition (ii) is satisfied.

step 3. Now we need to check condition (iii). We note that the local regularity
theory for solutions of uniformly parabolic equations can be transplanted to the
operator Hy in (1.1). By our choice, functions u in Sy are uniformly bounded and
therefore, T'u is equicontinuous and in fact Holder continuous. This is because T'u
actually satisfies, in the weak sense, Ho(Tu) = —u? in M"™ x (0,d) and Tu(zx,0) =
ug(x) and ug € C?(M"). Taking into account that

0< lim Tu(z,t)<C lim hy(z,t) =0

T d(z,0)—o00 d(z,0)—o00
uniformly (by Lemma 2.1 ), we know that

lim Tu(z,t)=0

d(z,0)—o00

Hence T'Sy is a relatively compact subset of Sy. This is an easy modification of the
classical Ascoli-Arzela theorem (see [Zhao|). Hence we have verified (iii).

step 4. Finally we need to check condition (iv).
Given u; and ug in Sy, we have, by (3.2),

(Tur=Tu)at) = [ [ Glartin.s) (o 5) ~ o dyds. (49)

Next we notice that

[uf (y, 8) — ub(y, 8)| < pmax{uf ™ (y,5),ub" (y, $)}ua(y, s) — uz(y, )|-

Since u; and uy are bounded from above by Mh,, we have
[} (y, 5) — ub(y, )| < CMP™RE™ (y, 8)|ua (y, 5) — ua(y, 5)|.
Substituting the last inequality to (4.9) we obtain

t
|Tuy — Tus||pee < CMP~Huy — up||L~ / G(z,t;y,s)hE " (y, s)dyds
0 Mn

< CMp_lHul — UQHLOONc,oo(hg_l)‘
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Here c is a suitable constant. Since N, o (h2™!) is a finite constant we have proved
the continuity of 7' and the lemma. q.e.d.

Now we are ready to give the

Proof of Theorem B, part (a).
For any d > 1, let uq be a fixed point of T" in the space Sy as given in Lemma

3.1. Define
Ud(l',t), t S da

Ualz,t) = { ug(z,d), t>d.

Then from the proof of Lemma 4.1 ( (4.8) e.g.), we know that {U,} is uniformly
bounded and equicontinuous. Hence there is a subsequence {Ug, |m = 1,2,..}
which converges uniformly to a function u in any compact region of M™ X [0, c0).
For any fixed (z,t) € M" x [0,00) and m sufficiently large, we know that

t
Ua, (,1) = hz ) + / Gl t,y, YU (y, 5)dyds.
0 Mn

This is because Uy, is a fixed point of T"in S; . Now by the dominated convergence
theorem, u satisfies

¢
u(e.t) = ha,t)+ [ [ Glativ.s)u? (v, 5)duds,
0 JMn
for all (z,t) € M™ x [0,00). Moreover, by (4.8) We know
0 < u(x,t) < Mhy(z,t)

for all (z,t) € M"™ x [0,00). Clearly u is a global positive solution of (1.1). This
finishes the proof. qg.e.d.

Next we give

Proof of Corollary 1.1. Note that

G.(z,t;y, s)dz, Ge(z,t;y,s)dy < C,
Mn Mn

for all ¢ > s, we have

$7t7y7 flfty, )
/ /Mn By, 572) |p T a1 dyds +/ /Mn |Bwt1/2 - T a1 dxdt

<C su —dr<oo
=7 )y wem By, i)

Now suppose infzemn |B(z,r)| > Cr® when r > rg, then, for p > 1+ 2,

N ! ar<c | —1
o vem By, 1 =Y [ etz <%

since a(p—1)/2 > 1. Therefore (1.1) has a global positive solution for some ug > 0
by Theorem B, part (a). This proves the corollary. q.e.d.



18 Qi S. Zhang EJDE-2000/46

Proof of Corollary 1.2. Suppose p < p*, then p < 1+ % for some « such that

B
lim inf M < 00
r—00 ro

Hence clearly (1.1) has no global positive solution by Theorem B, part (b), which

will be proved in the next section.
If p> p* =1+ 2, then there exists € > 0 such that ]% + € < o and hence

a*

B
lim inf |(§:7’T)| = 00
r—00 rp-1 +e

Therefore, for some rg > 0 and all r > 7,
1/|B(z, T1/2)|p—1 < C/,,,,l—‘,—e(p—l)/Q.

By assumption (1.8), we have

o0 o0
/ 1 dr < / LI
su ———— . ar ———ar .
v yen By, r 21 = [ piree/2

Theorem B, part (a) shows that (1.1) has global positive solutions for some ug > 0.
q.e.d.

5. PROOF OF THEOREM B, PART (B)

Proof. Without loss of generality we take g = 0.
Suppose u is a global positive solution of (1.1), by Definition 1.1, we know that
u solves the integral equation

t
u(z,t) = G(w,t;y,o)uo(y)dﬁ/ G(z,t;y, s)u”(y, s)dyds,  (5.1)
Mn 0o JMn

for all (z,t) € M"™ x [0, 00).
Given t > 0, choosing T' > ¢, multiplying G(z,T’;0,t) on both sides of (5.1) and
integrating with respect to x, we obtain

G(z,T;0,t)u(z, t)de > C’/ G(z,T;0,t) G(z,t;y,0)dx up(y)dy+
Mn n Mn

t
+ C/ / G(z,T;0,t) G(x,t;y,s)dx uP(y, s)dyds.
0 n Mn

(5.2)
Even though Hj is an operator with variable coefficients, the fundamental solution
G still enjoys the symmetry

G(z,T;y,t) = Gy, T;z,t)

for all z,y € M"™ and T > t (see [D]). Therefore by the reproducing property of the
heat kernel, we reach

G(z,T;0,t) G(z,t;y,0)de = CG(0,T;y,0) = CG(y,T;0,0),
Mn
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G(z,T50,t) G(z,t;y,s)dr = CG(0,T;y,s) = CG(y,T;0,s).
Mn

Substituting the last two equalities into (5.2), we see that
G(z,T;0,t)u(x,t)dx
Mn

t
>0 Gmﬂ&®w@@+0/ Gy, T;0, s)u (y, s)dyds.
Mn 0 Mn

(5.3)

By (1.3), [y G(y, T30, s)dy < C. Using Holder’s inequality, we obtain

Gy, T;0,s)u(y,s)dy = |  GY(y,T;0,s)G"?(y,T;0, s)uly, s)dy
Mn Mn

< . G(y, T;0,s)dy]*9| y G(y,T;0,s)uP (y, s)dy]"/?

<C[| Gy, T;0,s)u’(y, s)dy]"/?,
Mn

where 1/p + 1/q = 1. Inequality (5.3) then implies
G(z,T;0,t)u(x,t)dx
Mn

t
>C G@memaw@+c/f G(y,T:0, s)u(y, s)dylPds.
Mn 0 JMn

(5.4)

Without loss of generality we assume that ug is strictly positive in a neighborhood
of 0. Using the lower bound in (1.4) for G, we can then find a constant C' > 0 so
that, for T' > 1,

C C

Gy, T;0,0)u ydyz/ ———ug(y)dy > ——+~—. (5.5
o SOOI = BT = e O
Going back to (5.4) and writing J(t) = [y, G(z,T;0,t)u(z,t)dz, we have
t
J(t) > C/|B(0,T2)] + c/ JP(s)ds, T>tT > 1. (5.6)
0
Using the notation g(t) = fg JP(s)ds, we obtain,
g'(O)/(1BO,TV?)|7! +g(1))" = C. (5.7)
Integrating (5.7) from 0 to 7" and noticing g(0) = 0, we have
- ! T > (p-1)CT (5.8)
(BOT) T+ gt = |

and therefore
|B(0,T"/2)[P~" > (p—1)CT,
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for all 7' > 1. This is possible only when
|B(0,T)| > cT P~V (5.9)

when T is large. Under the assumption of part (b) of Theorem B,

B
lim inf M < 00
r—00 ro
and p <1+ % Therefore
B
A it ST =0

This contradicts (5.9). Hence no global positive solutions exist for such p. g.e.d.

6. PrROOF OF THEOREM C: NON-EXISTENCE
RESULT FOR THE NON-COMPACT YAMABE PROBLEM

Proof of Theorem C. Since the properties (1.2), (1.3) and (1.4) hold, we can
apply part (b) of Theorem B, which says, for any p < 1+ 2, equation (1.1) has no
global positive solutions. Since

a<(n-—2)/2, (6.1)

we know that equation (1.1) has no global positive solutions for p = Z—‘f% . Therefore
the Yamabe equation can not have solutions. This is so because any solution
u = u(z) of the Yamabe equation is a stationary and hence global positive solution
of (1.1). Following the arguments in Lemma 1 of [P], which can be easily generalized

to manifolds with Ricci bounded from below, we know that
t
u@) > [ Gty oy + [ [ Glatiys)e )dyds.
Mn 0o JMn
By Theorem B, part (b), such a u does not exist in this case. q.e.d.

To prove Corollary 1.3 we need to show that the Green’s function G of the
operator A — R — 0; have global bounds (1.3) and (1.4). Due to the presence of R,
we need much more effort. This is done in the next

Lemma 6.1.Let Gy be the fundamental solution of the unperturbed operator
A — 0;. Suppose there are constants b,C > 0 such that

1 —Er <@ (z,t:y,8) < ¢ bl
e -= z,t; 9,8 e =3
C|B(z, (t — s)'/?)] = TR = 1B (1 - 5)17)] ’

(6.2)

for all x,y € M"™ and all t > s. Let G be the fundamental solution of the operator
A—V -0, where V =V (z) is a bounded function. Suppose N, (V™) is sufficiently
small and N, o (V) is finite then properties (1.3) and (1.4) hold for G.

Proof. This essentially follows from combining Theorem C in [Zhan5] with the
proof of Theorem A part (b) in [Zhan2]. For the sake of completeness we include
the proof here.
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First we show that (1.3) holds. Without any loss of generality we assume that
VT = 0 otherwise the maximum principle gives the desired result.

We pick a number a such that 0 < a < b, where b is given in (6.2). Let B be the
smallest positive number such that

G(z,t;y,8) < BGu(z,t;y, s), (6.3)

for all z,y € M" and s < t. We claim that such a B does exist by our extra
assumption that V(z,t) = 0 if ¢ > T. The claim can be checked easily by using the
reproducing formula

G(z,t;y,0) = G(z,t;2,T)G(2,T;y,0)dz, t>T,
M"’l

and the fact that G(z,t;2,T) = Go(z,t;2,T) for t > T. The main task is to show
that B depends on V only in the form of N, o (V).
From the Duhamel’s principle and (6.3) we have

t
G(z,t;y,s) < Go(z, t;y, s) —I—BCO/ Gol(z,t;2,7) |[V(2,7)| Gp(z, T3y, s)dzdr,
s Mn

G(z,t;y,s) > Go(z, t;y,s) — BCy /t " Gol(z,t;2,7) |[V(2,7)| Gp(z, 73y, s)dzdr,
where z,y € M"™ and s < t. Lemma 3.2 then implies
G(z,t;y,5) < CoGo(x,t;y,5) + BCoCopNeoo (V) Galz, tiy,8),  (6.4)
Gz, t;y,8) 2 CoGryp(@,t;y,5) = BCoCapNe,oo (V) Gal(w,t5y, ), (6.4)
for all z,y € M"™ and s < t. Since a < b we know that
G(z,t;y,5) < [Co+ BCyCapNe,oo(V)] Galw,t;y, 5)
for all ,y € M™ and s < t. Hence, by the definition of B, we obtain,
B < Cy+ BCyCypNe,oo(V). (6.5)
When CyCy pNe.oo (V) < 1/2 we have
B < 2Cy.

This together with (6.3) proves that the upper bound (1.3) holds.

The lower bound (1.4) is an immediate consequence of the maximum principle
and Theorem C in [Zhan5|. Here we note that Theorem C in that paper was stated
for manifolds with nonnegative Ricci curvature. However it is still valid under the
current assumptions. The proof is identical. [

Remark 6.1. In fact Theorem C in [Zhanb| states: if V' = 0, then the lower
bound (1.4) in Lemma 6.1 holds if and only if N, (V) is finite. In contrast for the
upper bound (1.3) to hold some smallness of VT is necessary.
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Proof of Corollary 1.3. (a). Since M"™ has non-negative Ricci curvature
outside a compact set, by [CS-C], (6.2) is true. By choosing V' = —R(z) in Lemma
6.1, we know that (1.2), (1.3) and (1.4) are satisfied.

(b). In this case, by [LY], the Green’s function I' of A exists and

o 1 1
r ~ dt ~ d > 0.
(:E?y) L(m,y)Z |B(ﬂ?,t1/2)| d(ﬂ?,y)a_2’ (fE,y) zc>

Moreover, since R is independent of time,

Ny (R) = sup / Gl t;y, 5)R(y)dyds < C sup / I'(z, )| R(y)|dy
0 Mn n

x,t zeM™

< suwp / T'(z,)|R(y)ldy + sup / Tz, )| R(y)|dy.
" —B(z,c) B(z,c)

zeMn reMn

Therefore

C €
N. o (R) < d C
o )—zi‘i‘in/w1+d<y,o>2+5 d(z g2yt

S / ¢ ‘ d
= Sup Yy
zeM™ Jd(z,y)>d(y,0) 1+ d(yu 0)2+6 d((E, y)a—Z

C
+ sup / 375 < —dy + Ce
zeM™ Jd(z,y)<d(y,0) 1+ d(ya 0) d(.’L’, y)a

C €
< sup /
zeM™ Jd(z,y)>d(y,0) 1+ d(yu 0)2+6 d(yu 0)(1—2

C
e / 2+6 - —dy + Ce
zeMn Jd(ay)<d(y,0) 1 T d(@,y)*T° d(z, y)*

dy+

</ ¢ € dy + su / ¢ €
= Jan T+ d(y, 0025 d(y, 0002 7 T 2 Saee T+ d(z, )20 d(z, y)o 2

e r
S CE/O mdr + CE.

dy + Ce

Since 0 > 0, by taking e sufficiently small, we have N, (V') is sufficiently small.
It is clear that the size of ¢ can be chosen to depend only on n since the Ricci
curvature is nonnegative. Now we can use part (a) of the Corollary to conclude
that the non-compact Yamabe problem (1.1’) has no solution. This proves (b).

Finally, for M? = R3 x 8! x ! x St x §' x §' x S! with the metric tensor
being the direct sum of the usual ones on R? and S*, we know Ricci = 0, R = 0,
n =9 and (1.9) holds for & = 3. Therefore (1.1’) has no solution. By Theorem B
(a) in [Zhan5], M? has a complete conformal metric with positive scalar curvature.
But part (a) of Corollary 1.3 shows that M? has no conformal metric with constant
scalar curvature (a =4,n =9)

As a comparison, on another Ricci flat manifold R"™ with Euclidean metric,
problem (1.1) has infinitely many solutions (see [Ni])

B [n(n _ 2))\2](71—2)/4
ux(z) = (A2 £ [z2)(n—2)/2

A > 0.
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q.e.d.

In the next Proposition, we shall give examples of a complete non-compact man-
ifold with positive scalar curvature, which is not only conformal to a complete
non-compact manifold with positive constant scalar curvature but also to a com-
plete manifold with zero scalar curvature. It is well known that this situation does
not exist in the compact case.

Proposition 6.1. Let M"” = M; x R*, where M, is a compact manifold with
positive scalar curvature and the metric of M™ is the product of that of My and the
Euclidean metric on R¥, k > 1. Then M" is conformal to a complete non-compact
manifold with positive constant scalar curvature and to a complete manifold with
zero scalar curvature.

Proof. (i). M"™ is conformal to a complete non-compact manifold with positive
constant scalar curvature.

Let (x1,22) € My X RF. It is clear that the scalar curvature of M” is only a
function of z;. Let A, A; and A, be the Laplace-Beltrami operators on M"™, M;
and RF respectively, then A = A; + Ay. Moreover 0 < R(z) = R;(z1) where R
and R, are the scalar curvature of M"™ and M respectively. Since the exponent
(n 4+ 2)/(n — 2) is subcritical for the lower dimensional manifold M;, we know,
by the standard variational technique (see [Au2] Theorem 5.5), that the following
equation has a positive solution u; = uj(z1) on Mj.

n

-2 (n+2)/(n—2) _
4(n—1)

Ajug — Riui + Uq

Define u(x) = u(x1,z2) = ui(z1), then clearly u is a positive solution of equation
(1.17), ie.
Ay — ERU + u(n+2/(n=2) — g,
4(n —1)

Since u is bounded away from zero, we know that the metric it generates is com-
plete. Therefore M™ is conformal to a complete non-compact manifold with positive
constant scalar curvature.

(if). M™ is conformal to a complete non-compact manifold with zero constant
scalar curvature.

Without any loss of generality we take k£ = 1. It is enough to show that following
linear equation has a positive solution that is bounded away from zero.

Au— Ru = Aju+ Ayu — Riu=0. (6.6)

Suppose —A < 0 is the first eigenvalue of the Schrodinger operator A; — Ry on Mj.
At this moment we notice that by the manifold version of the well-known node
theorem (see [GJ], Corollary 3.3.4, which can be easily generalized to compact
manifolds), the eigenfunctions corresponding to —A do not change sign. Therefore
we can find u; = uy(z1) > ¢ > 0 on the compact M; such that

A1u1 — R1u1 = —>\U1.

Now let

2\1/2 /2
us =ug(xz2) =€ "2 +e r2
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then Agus = Aug and up > 1. We claim that v = uq(z1)uz(x2) is a solution of
(6.6), which is also bounded away from zero. This can be seen from the following
calculation.

Au — Ru = UQAl’LLl + ’LL1A2’LL2 - Rl(xl)uluz = u2(A1u1 + )\ul - Rl (ml)ul) =0.

It is obvious that the metric v generates has zero scalar curvature. Since u > ¢ > 0,
we know that the new metric is also complete. g.e.d.

7. PROOF OF THEOREM D: A NON-EXISTENCE RESULT WHEN Ricci > 0

In order to prove Theorem D we need to obtain some lower bound on the fun-
damental solution G. Since the decay of the scalar curvature is quadratic, more
efforts are needed. However this task is well worth doing for two reasons. One, it is
very easy to construct nonparablic manifolds with nonnegative Ricci curvature and
with scalar curvature decaying like 1/d?(z,0). Second, the lower bound estimates
seems interesting in its own right as quadratic decay is the borderline between long
range and short range potentials.

The key estimate of the section is Lemma 7.2 below where we show that the
heat kernel of A + V has at most polynomial (on diagonal) decay provided V has
quadratic decay.

Lemma 7.1. Assume that Ricci > 0 and |V (z,t)| < Co/[1 + d*(z, )] for an
arbitrary positive constant Cy. Suppose that u is a nonnegative solution of

Au—Vu—u =0, t>0, (7.1)

and d(x,x0) = t'/2, then exist positive constants o and Cy depending on V such
that
u(zo, 2t) > Cit™ *u(z,t), t>1.

Moreover a is a linear function of Cy.

Proof. Let v be a shortest geodesic connecting g and z, which is parameter-
ized by length. For i = 0,1,...,k, we write y; = v(2'), where k is the greatest
integer smaller than or equal to log, d(x, o). Clearly y;,y;11 € B(yiv1,2') C
B(yit1,2'11/10). For any y € B(y;+1,2'11/10), we have

d(y,z0) > d(zo,yis1) — d(yit1,y) = 271 — 2°11/10 = 2°9/10.
Therefore, there is C' > 0 such that

B = sup [V (z,t)] < CCy/2%.
B(yit+1,2111/10) x (0,00)

By the Harnack inequality stated in Corollary 5.3 of [Sal], we have for y,y’ €
B(yi11,2%) and s > ¢/,

d*(y,y")

tnfu(y/, ) /u(y, )] < CLZEY) 4 (54 D)5 )]
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It follows, for a Cy = ec(1+C0) > (,

w(yigr, 2t — 220HD) < Couly;, 2t — 227,

u(yo, 2t — 1) < Cou(zo, 2t).
Hence

u(z,t) < O u(zg, 2t) < 022+10g2 tl/zu(xo, 2t) = (22082 C2logs t1/2u(w0, 2t).
Taking a = (log, C)/2 we have
u(zo, 2t) > Ct™ “u(x,t). (7.1)

Noting that Cy ~ e“(1TC0) we know that « is a linear function of Cy. [

Lemma 7.2. Assume that Ricci > 0 and |V (z,t)| < Co/[1 + d*(z,z0)] for an
arbitrary positive constant Cy. Suppose that G is the fundamental solution of (7.1),
then exist positive constants oy and C5 depending on V' such that

Cs
G tiy,0) > —— t>1 d <1.
(3307 'Y, ) = ta1|B(fE0,t1/2)|’ fOT =~ 1, (x[),y) >~

Moreover oy is a linear function of Cy.

Proof. Since d(zg,y) < 1 and ¢t > 1, by Harnack inequality and the doubling
condition of the balls, it is enough to prove, for ¢ > 1, that

Cs

G(zo,t;29,0) > ————.
(fEO Zo ) o |B(l‘0,t1/2)|

(7.2)

To this end, we pick a point z; such that d(zq,z1) = t'/2.
Let ¢ € C°(B(x1,t/2/2)) be such that ¢(z) = 1 when z € B(zy,t/?/4) and
0 < ¢ <1 everywhere. Consider the function

uwt) = [ Gloti0)o(0)ds (7.3)

As in [Sal], we extend u by assigning u(z,t) = 1 when t < 0 and x € B(z1,t'/?/4),
then w is a positive solution of (7.1) in B(z1,t'/%/4) x (—o00,00). Here we take
V(z,t) = 0 when ¢t < 0 and we note that no continuity of V' is needed. For any
y € B(x1,t'/2/2), we have

d(y, xo) > d(zo, 1) — d(z1,y) > t1/2 —t1/2 /2 = t1/2)2.
Hence, by the decay condition on V, there is a constant C' > 0 such that

= sup |V(y,s)| < C/t
B(z,t1/2 /2)

Using twice the Harnack inequality as stated in Theorem 5.2 in [Sal], we obtain

u(z1,0) < CePlu(zy,t/4) < Cu(xy,t/4),
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G(y,t/47$1’0) < CeﬁtG(‘q"l’t;xl’O) < CG(xl’t;xl’O)’
for y € B(z1,t/?/2). Hence

1 =u(z1,0) < Cu(xy,t/4) =C G(z1,t/4y,0)é(y)dy
B(zl,t1/2/2)
=C G(y,t/4;21,0)p(y)dy < C’G(ml,t;azl,O)/ o(y)dy
B(z1,t1/2/2) B(z1,t1/2/2)

S CG($1,t, T, 0)|B($1,t1/2)|

The doubling property implies that |B(zo,t*/?)| and |B(z1,t'/?)| are comparable
since d(zg,z1) = t*/? by choice. Therefore

C

Glay, t:70,0) > — &
(@1, 6521,0) 2 g —i7my)

(7.4)

Using Lemma 7.1, we have for some a > 0,
G(zo,2t;21,0) > Ct™*G(z1,t;21,0),
which is, by (7.4),

c

G 2t; 0) > Ct *G t; 0)> ——
(21, 2t520,0) 2 CtGay, 21, 0) 2 mrpr =iy

By the doubling condition

C

Glay tz0.0) > — 2
(-’L'l Zo ) e to"B(.’L'(),tl/z)’

Using Lemma 7.1 again

C

G 2t; 29,0) > Ct™ G t;29,0) > ——————.
(z0,2t;70,0) > (z1,t;20,0) > 2| B(z, t1/2)|

The lemma is proved by the doubling condition again. q.e.d.

Lemma 7.3. Suppose

(a). M; is a n dimensional complete noncompact manifold with nonnegative
Ricci curvature and the function V =V (z) satisfies 0 < R(z) < Co/[1 + d*(z, z0)],
where Cy is an arbitrary positive constant and x € My ;

(b). My = M; x My is equipped with the product metric, where My is a m
dimensional compact manifold;

(c). Gy is the fundamental solution of

Asu —Vu —uy =0, (7.5)

on My x (0,00), where Ay is the Laplace-Beltrami operator on Ms.
Then for some § > 0, there exist a constant o independent of My and Cs such
that, when t > 1, dy(xg,x) < § and do(&o,&) < 9,

Ga(zo, &0, t; 2, €,0) > Cy /to T2,
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Here x,xg € My and £,&y € My; d1, dy are the distances on My and My respec-
tively.

Proof. Let A1 and Ag be the Laplace-Beltrami operator on M; and Mj respec-
tively. Let G; be the fundamental solution of
Au—Vu—u =0
on M; x (0,00) and Gy be the fundamental solution of
Agu —u; =0

on My x (0,00). It is easy to see that

G2 (CE, ga ta Zo, 507 0) = Gl (1;7 t7 Zo, O)GO (5) t7 607 0) (76)
By Lemma 7.2, there exist a and C3, which are independent of M, such that

Cs

Gz, t:20,0) > ———2
1(.’L’ o )_to"B((L'o,tl/z)’

(7.7)
Since (7 is the free heat kernel of Mg, we have

G0(£07 ta fa 0) = M G0(€07 ta m, 1)G(777 ]-a fa O)dn

As My is a compact manifold, we know that min, ¢cnm, G(1,1;£,0) > Cy4 > 0,
which shows, for t > 1,

Go(fo,t§§a0) Z 04 GO(&Oat; U’l)dn - C4' (78)
Mo

Combining (7.6)-(7.8) and using the fact that |B(zq,t/?)| < Ct"/2, we obtain

G2 (330, 507 ta Z, é-) 0) 2 05/ta+(n/2) . qed

Now we are ready to give the

Proof of Theorem D. For a positive integer m, let My = M x St x ... x St
equipped with the metric prescribed in the theorem. Here there are m S! in the

product. Then the dimension of M5 is n + m and the exponent in the nonlinear

term of the Yamabe equation is % Let us consider the following semilinear

parabolic equation on My x (0, 00).

n+m-—2

Aoy — — 272
24 4(n+m —1)

Ru + uP —uy = 0. (7.9)

Note that R is also the scalar curvature of My since S* x ... x S! is Ricci flat. By
our assumption on the scalar curvature, we have, for x € M,
n+m—2

0< zl(n—i——m—l)R(m) <

Co

M) = T )

1
4
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By Lemma 7.3 (taking V = #’%R(w)) , we can find a constant «, which is

independent of m and another constant Cs, such that when ¢ > 1, d(zg,x) < § and
dO (50’ 5) S 5’
G2(£07£07t;$7£’0) > 05/ta+(n/2)- (710)

Here z,79 € M and &,& € S! x ... x S'. We emphasize that the independence of
a with respect to m is crucial since we will select a large m in the end. Obviously
G5 has a Gaussian upper bound since R > 0. Now we can follow the proof of

Theorem B part (b) to show the following: if p < 1+ 52— then (7.9) does not have

global positive solutions. The only change in the proof is to replace |B(0,T/?)| in
(5.5)-(5.8) by To+("/2) Indeed, if u = u(z,&,t) is a solution of (7.9), then

u(z,t)

t
2 G2($7£at;yun7 O)UO(y777)dydn + / Gz(fﬂ,f,t; y,n, S)UP(?JW: S)dydnds’
M, 0 JM-,

for all (z,&,t) € Mg X [0, 00).

Since R > 0 we know that , sz Ga(y,n, T; 0, &0, s)dydn < C. As in section 5,
using the above inequality, the symmetry of the heat kernel and Hélder’s inequality,
we obtain, for T'> 1 and T > ¢,

GQ(‘%'? 5’ Ta Zo, §0a t)’LL(.’L', 5’ t)d.’l)d£ Z C G2 (y’ m, T7 Zo, 50’ 0)“0 (ya n)dydn
M2 M2
t
+C/ | Ga(y,n,T; 20,80, 8)u(y,n, s)dydn|P ds.
0 JM,

(7.11)

Without loss of generality we assume that ug is strictly positive in a neighborhood

of (z0,&). Using the lower bound in (7.10) for G2, we can then find a constant
C > 0 so that, for T > 1,

G(ya m, T7 Zo, §0a O)uO (y’ U)dydn >

M,
Going back to (7.11) and writing J(¢) = sz G(z,&,T; o, &, t)u(x, &, t)dxd, we
have J(t) > C/T*+"/2) 4 Cf(f JP(s)ds, T >t,T > 1. Using the notation g(t) =

fg JP(s)ds, we obtain, as in section 5,

C
Tot(n/2)"

§ (/T2 4 g()y > C. (7.12)

Integrating (7.12) from 0 to T and noticing g(0) = 0, we have [T*T(*/2)|p=1 >

(p — 1)CT, for all T > 1. Therefore global positive solutions can not exist if

p<1+2a2+n.

Since « is independent of m we can choose m sufficiently large so that

n+m-+2
—— <14 .
n+m-—2 200+ n

Hence the Yamabe equation

Ay M2 o mma
4(n+m —1)
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can not have global positive solution. q.e.d.

We conclude by pointing out another impact of the nonexistence result on the
noncompact Yamabe problem. Since we have shown that there are noncompact
manifolds with positive scalar curvature, which are not conformal to manifolds with
positive constant scalar curvature, the problem of prescribing zero scalar curvature
should now be considered seriously. Some progress has been made in [ZZ].

Acknowledgment. I should thank Professor J. Beem for helpful discussions,
Professors N. Garofalo, H. A. Levine, R. Schoen and Z. Zhao for their interest and
suggestions. This work is supported in part by a NSF grant.

REFERENCES

[A] D.G. Aronson, Non-negative solutions of linear parabolic equations, Annali della Scuola Norm.
Sup. Pisa 22 (1968), 607-694.

[Aul] T. Aubin, The scalar curvature, Differential geometry and relativity, edited by Cahen and
Flato, Reider (1976).

[Au2] T. Aubin, Nonlinear analysis on manifolds. Monge-Ampere equations, Springer-Verlag
(1982).

[AM] P. Aviles and R. C. McOwen, Conformal deformation to constant negative scalar curvature
on non-compact Riemannian manifolds, J. Diff. Geometry 27 (1988), 225-239.

[CS-C] Th. Coulhon and L. Saloff-Coste, Variétés riemanniennes isométriques a l’infini, Revista
Mat. Iber. 11 (1995), 687-726.

[D] E. B. Davies, Heat kernels and spectral theory, Cambridge Univ. Press (1989).

[Fu] H. Fujita, On the blowup of solutions of the Cauchy problem for uz = Au + u'T*, J. Fac.
Sci. Univ. Tokyo, Sect I 13 (1966), 109-124.

[FS] E.B. Fabes and D.W. Stroock, A new proof of Moser’s parabolic Harnack inequality using
the old idea of Nash, Arch. Rational Mech. Anal. 96 (1986), 327-338.

[G] A. A. Grigoryan, The heat equation on noncompact Riemannian manifolds, Math. Sbornik
72 (1992), 47-77.

[GJ] J. Glimm and A. Jaffe, Quantum Physics, Springer Verlag (1981).

[Jin] Jin, Z, A counterezample to the Yamabe problem for complete noncompact manifolds, S. S.
Chern (ed.) Partial Differential equations, Lecture Notes in Math. Springer-Verlag, Berlin,
New York 1306 (1988), 93-101.

[H] R. Hamilton, Three-manifolds with positive Ricci curvature, J. Diff. Geom. 17 (1982), 255-306.

[K] J. Kazdan, Prescribing the curvature of a Riemannian manifold, Amer. Math. Soc. Providence,
RI (1985).

[Ki] Seongtag Kim, The Yamabe problem and applications on noncompact complete Riemannian
manifolds, Geom. Dedicata (1997), 373-381.

[KN] C. Kenig and Wei-Ming Ni, An exterior Dirichlet problem with applications to some equa-
tions arising in geometry, Amer. J. Math 106 (1984), 689-702.

[Le] H. A. Levine, The role of critical exponents in blowup theorems, SIAM Review 32 (1990),
269-288.

[LY] P. Li and S. T. Yau, On the parabolic kernel of the Schrédinger operator, Acta Math 156
(1986), 153-201.

[Me] P. Meier, On the critical exponent for reaction-diffusion equations, Arch. Rat. Mech. Anal.
109 (1990), 63-71.

[Ni] W. M. Ni, On the elliptic equation Au + K(z)u(*t2)/("=2) = 0, jts generalizations and
applications in geometry, Indiana Univ. Math. J. 31 (1982), 493-529.

[P] Ross G. Pinsky, Ezistence and Nonezistence of Global Solutions for uy = Au+a(z)uP in R?.,
J. Diff. Equations 133 (1997), 152-177.

[Sal] L. Saloff-Coste, Uniformly elliptic operators on Riemannian manifolds, J. Diff. Geometry
36 (1992), 417-450.

[Sa2] L. Saloff-Coste, A note on Poincare, Sobolev and Harnack inequality, IMRN, Duke Math.
J. 2 (1992), 27-38.

[Sc] R. Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature, J.
Diff. Geometry 20 (1984), 479-495.



30 Qi S. Zhang EJDE-2000/46

[Sh] W-X Shi, Deforming the metric on complete Riemannian manifolds, J. Diff. Geometry 30
(1989), 225-301.

[Tr] N. Trudinger, Remarks concerning the conformal deformation of Riemannian structures on
compact manifolds, Ann. Scuola Norm. Siup. Pisa Cl. Sci. (4) 22 (1968), 265-274.

[Yam] H. Yamabe, On the deformation of Riemannian structures on compact manifolds, Osaka
Math. J. 12 (1960), 21-37.

[Yau] S. T. Yau, Seminar on differential geometry, Annals of Math. Studies, Princeton Univ.
Press 102 (1982).

[Zhao] Z. Zhao, On the existence of positive solutions of nonlinear elliptic equations- A proba-
bilistic potential theory approach, Duke Math J. 69 (1993), 247-258.

[Zhanl] Qi S. Zhang, The quantizing effect of potentials on the critical number of reaction-diffusion
equations, J. Diff. Eq., to appear.

[Zhan2] Qi S. Zhang, On a parabolic equation with a singular lower order term, Part II,, Indiana
U. Math. J. 46 (1997), 989-1020.

[Zhan3] Qi S. Zhang, Global existence and local continuity of solutions for semilinear parabolic
equations, Comm. PDE 22 (1997), 1529-1577.

[Zhand4] Qi S. Zhang, Nonlinear parabolic problems on manifolds and a non-existence result of the
non-compact Yamabe problem, Elect. Research Announcement AMS 3 (1997), 45-51.

[Zhan5] Qi S. Zhang, An optimal parabolic estimate and its applications in prescribing scalar
curvature on some open manifolds with Ricei > 0, Math. Ann. 316 (2000), 703-731.

[ZZ] Qi S. Zhang and Z. Zhao, Ezistence results on prescribing zero scalar curvature, Diff. and
Int . Equations 13 (2000), 779-790.

Q1 S. ZHANG
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MEMPHIS, MEMPHIS, TN 38152, USA
E-mail address: qizhang@memphis.edu



