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NON-TRIVIAL SOLUTIONS OF FRACTIONAL
SCHRODINGER-POISSON SYSTEMS WITH SUM
OF PERIODIC AND VANISHING POTENTIALS

MINGZHU YU, HAIBO CHEN

ABSTRACT. We consider the fractional Schrodinger-Poisson system
(=A% + V(z)u + K(2)®(z)u = f(z,u) — T(z)|u/?2u in R3,
(-A)P® = K(z)u? in R3,

where o, 8 € (0,1], 4o+ 28 > 3, 4 < q < 2}, K(z), I'(z) and f(z,u) are
periodic in x, V is coercive or V = Vjer + Vigc is a sum of a periodic potential
Vper and a localized potential Vioc. If f has the subcritical growth, but higher
than T'(z)|u|9~2u, we establish the existence and nonexistence of ground state
solutions are dependent on the sign of Vj,.. Moreover, we prove that such a
problem admits infinitely many pairs of geometrically distinct solutions pro-
vided that V is periodic and f is odd in uw. Finally, we investigate the existence
of ground state solutions in the case of coercive potential V.

1. INTRODUCTION

This article concerns the nonlinear fractional Schoding-Poisson system
(=A)u+V(x)u + K(x)p(x)u = f(z,u) — T'(2)|u|”*u, in R?,
(-A)P¢p = K(z)u?, inR?,

where «, 8 € (0,1], 4a + 28 > 3, the fractional Laplacian (—A)*(« € (0,1)) can
be defined by the Fourier transform (—A)* = F~1(|¢**Fu), Fu being the usual
Fourier transform in R3. System (1.1]) stems from not only an expansion of the
Feynman path integral from Brownian-like to Levy-like quantum mechanical paths
[T7, 18], but also a system of identically charged particles interacting with each
other in the case when magnetic effects can be neglected [3].

When a = 8 =1, system (|1.1)) reduces to the Schrodinger-Poisson system

—Au+V(x)u+ K(2)¢(z)u = f(z,u) — T(z)|u/??u, in R
—A¢ = K(z)u?, inR?

(1.1)

(1.2)

which has important physical meanings because it appears in quantum mechanical
models (see [19]) and in semiconductor theory [4, 20]. During the past few years,
there has been increasing attention to problems like (|1.2)) on the existence of ground
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state solutions, positive solutions, multiple solutions and so on. For more details in
studying on these kinds of problems, we refer the readers to [I} 2} [7 [T5 221 27 [32],
33, 39] and the references therein.

When ¢ = 0, system reduces to the fractional Schrodinger problem

(=A)u+V(x)u = f(z,u) — T(x)|u%u in RY, (1.3)

which appears in different areas of mathematical physics. For fractional Schrodinger
problems like (1.3), pioneered from [12] and [14] via variational methods, there have
been many works in the existence and multiplicity of solutions, such as [6, 30, [36].
For other related problems, we can refer to [9, 10} 23] BT] [24] 28], [36] 11]. At least in
our knowledge, however, the only paper considering problem is Bieganowski
[6], where the authors assumed that

(A1) f:RY xR — R is measurable, Z" — periodic in z € R" and continuous

inu € RY ae. z € RV, and there are ¢ > 0,2 < g < p < 2% = NQ_]\;a such
that

Fa,u) < e(l+[uf™") VueR, zeRY;

(A2) f(z,u) = o(|u|) uniformly in z as |u| — 0;

(A3) F(z,u)/|u|? = oo uniformly in z as |u| — oo, where F(z,u) = [/ f
is the primitive of f with respect to u;

4) u — f(z,u)/|u|?71 is strictly increasing on (—oo,0) and (0, +00);

) T € L>®(RY) is ZN-periodic in z € RN, I'(z) > 0 for a.e. z € RY;

) Vo :=essinf gy V(z) >0for 0 < a <1, info(-A+V(x)) >0 for a = 1;

) V € C(RN,R) is such that lim|;_s V(z) = 0o and Vj := infcpn V() >
(A8) V. = Vper + Vioe, Vper € L>®(R?) is Z3-periodic, Vi,e € L*(R3) and

Vioc(z) = 0 as |z| — oo.

To obtain the ground state solutions of , the authors first adopted the
techniques in [34] to show that the corresponding Nehari manifold is a topological
manifold homeomorphic with the unit sphere in the work space, where a minimizing
sequence can be found. Then they use the abstract setting introduced [5] which
extends some results from [24] 25] to indicate that such a minimizing sequence
is bounded. Finally, they decomposed the bounded (PS) sequences including the
above minimizing sequence to achieve their aim. The similar reduction techniques
are successful used by other authors to study semilinear elliptic systems in [9] and
Schrodinger-Poisson system in [37]. Bieganowski also applied the methods in [34]
to obtain infinitely many pairs of geometrically distinct solutions of (1.3)).

Presently, more attention has been paid to the study of problems concerning the
fractional Schéding-Poisson system without I'(z)|u|?"2u. And there has been
a few results about these kinds of problems, we can refer to [8, 13| [16] 2T, [35] [38].
Among them, Ji [16] considered the fractional Schrédinger-Poisson system

(=A)u+ V(z)u+ Apu = f(z,u), inR3,
(_A)t¢ = UQ, in Rga

A
A
(A
(A5
(A6
(AT

=]

(1.4)

where A € RY is a parameter, s,t € (0,1) and 4s + 2t > 3, V(x) satisfies (V,2) and
f fulfills subcritical growth, 4-suplinear at infinity and monotonicity assumption.
By constraint variational method and quantitative deformation lemma, Ji proved
that the system admits a least an energy sign-changing solution.
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Motivated by the results mentioned previously, we study the non-trivial solutions
of (1.1). In what follows, we assume that N = 3 in conditions (A5)—(A8) for
convenience. To state our main results, we make the following assumptions:

(A9) f:R3 xR — R is measurable, Z3-periodic in z € R® and continuous in
u € R3 ae. x € R? and there are ¢ > 0, 4 < ¢ < p < 2}, = 35— such that
If(z,uw)] <c(l+uf™) VueR, zeR?
(A10) K € L*(R3) is Z3-periodic, 0 < K(z) < K, for all € R3 and K(z) # 0;
Now we state our main results.

Theorem 1.1. Let a € (0,1]. Suppose that (A2)—(A6), (A8)—(A10) are satisfied
and either Vipe = 0 or Vige(x) < 0 a.e. * € R3. Then (L.1)) has a ground state of
Nehari type.

Theorem 1.2. Let a € (0,1]. Suppose that (A2)—(A6), (A8)—(A10) are satisfied
and inf o(=A + Vper(2)) > 0. If Vipe > 0 a.e. z € R3, then has no ground

state solutions.

Theorem 1.3. Let o € (0,1]. Suppose that (A2)—(A6), (A8)-(Al0)are satisfied,
Vioe =0 and f is odd in w. Then (L.1) admits infinitely many pairs £u of geomet-
rically distinct solutions.

Theorem 1.4. Let o € (0,1]. Suppose that (A2)-(A5), (A7), (A9), (A10) are
satisfied. Then has a ground state solution of Nehari type.

The remainder of this articleis organized as follows. In Section 2, some pre-
liminary results are presented. In Section 3 — 6, we give the proof of our main
results.

2. VARIATIONAL SETTING AND PRELIMINARIES

In this section, we introduce some necessary information to be used in this paper.
We will denote by Fu the usual Fourier transform of w.

Fractional Sobolev spaces are the convenient setting for our equations. A very
detailed introduction about it can be found in [26], we offer a review below.

We see that the fractional Sobolev space WP (IR?) is defined for any p € [1, +00)
and o € (0,1) as

WeP(R3) = {ue LP(R?) : /RB dedy < oo}

This space is endowed with the Gagliardo norm

|u(a:) — u(y)|p 1/p
a,p — p —_— .
||uHW . </3 \u| dr + /3 | y|ap+3 dmdy)

When p = 2, these spaces are also denoted by H®(R?).
If p =2, an equivalent definition of fractional Sobolev spaces is possible, based
on Fourier analysis. Indeed, it turns out that

o) = {ue @) s [ (€P*1aP + uld¢ < oc:
R3
and the norm can be equivalently written as

. 1/2
Jullae = (el + [ 1ePelarac) "
R3
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Furthermore, this norm is equivalent to the norm

fulla = ([ 1C-2)20P 4 u?hae) "

The spaces D*?(R?) is defined as the completion of C§°(R?) under the norm

lullpee = ([ -ar2upas) = ([ leplacepag)

In this article, in view of the potential V(x), we consider its subspace
E*={uce L*(R3) : / ([€12¥a(&)|* + V(z)u?)dx < oo} (2.1)
R3
endowed with the norm

lull = ([ (1P + Veyas) (22)

3

and the scalar product

() = [ (€F*a()0+ V(@pu(a)ota))da.
Furthermore, we know that || - || g« is equivalent to the norm

1/2
Jull = ([ (-0 + Vi)
R3
The corresponding inner product is
(u,v) :/ ((=A)Y2u(=A) 2y + V(z)uv)da.
R3

First of all, let us study the variational setting of problem (1.1). Under (A10),
for any u € E*(R?), the linear operator T : D?2(R?) — R defined as

T(v) = o K(z)uv dz.

By Hoélder’s inequality and fractional Sobolev inequality, one has

T(v) = K(x)u?v dx

R3
. e .\ /2
< Kool [ @) T ([ p@pia) B9
R3

< Cllul?[lv]l ps.e

R3

is well defined on D??(R?) and is continuous, where 2 < ﬁ < 2% because of

4o+ 28 > 3. Then, by the Lax-Milgram theorem, there exists ¢2 € D%2(R?) such
that
/ (=A)P2¢8 (=AY 2y dx = K(z)u*vdr, Yve& DP2(R3). (2.4)
R3 R3
Therefore, (—A)?¢2 = K(z)u? in a weak sense, and the representation formula
holds
I3 —-2p)

Pulw) = CB/ Mdy,Vx €R3 where c5 = n—39728 )

o |0 — Y2
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This formula is called ¢-Riesz potential. Substituting ¢? into (T.1]), then (T.1]) can
be reduced to the fractional Schrédinger equation
(=A)%u+ V(x)u+ K ()¢ (2)u = f(z,u) — T'(x)|u|u in R3, (2.5)
whose solutions are the critical points of the function J(u) : E*(R?) — R defined
by
Lo 1 8,2
Jw) = Slull”+ 5 | K(@)pyude —I(u), (2.6)
2 4 Jps
where

1) = [ (Plau(e) = ZP@)lfde

Obviously, the assumptions of our theorems imply that J is a well-defined of class
C' functional and that

(J' (u),v) = / ((—A)a/zu(—A)o‘/Qv + V(x)uwv)dx + K(m)gbg(a:)uv dx
R R (2.7)
- /]RB f(z,u)v —T(2)|u|? ude.

Hence, if u € E*(R®) is a critical point of J, then the pair (u, ¢?) is a solution of

().

Our goal is to find a critical point being a minimizer of J on the Nehari manifold
= {u € E*(R3)\ {0} : J'(u)(u) = 0}. Obviously, N contains all nontrivial
critical points, hence a ground state is the least energy solution.

Lemma 2.1 ([35]). If o, 3 € (0,1) and 48 + 2 > 3, then for any u € H*(R3), we
have

(i) ¢!, : H*(R3) — DP2(R3) is continuous, and maps bounded sets into
bounded sets;
(i) ¢2,(x) = 726l() for all T € R, @) = (2 +y);
(ili) if up — u in H*(R3), then ¢ — ¢5 in DP 2(IR?’)
(iv) if up — u in H*(R3), then ng oh u2 = [os ¢(un—u)(u" —u)? + [os Phu? +
o(1).

3. PrROOF OF THEOREM [L.1]

First, we consider the norm in the working space H®/?(R?).

Lemma 3.1 ([6]). Let a € (0,2) and denote by

% = / €7 a(e)[2de + / () Pde

the classical morm on the fractional Sobolev space H*/?(R3). Suppose that (A6)
and (A8) hold. Then the norm

Il = [ 1€l + [ V@) Pds

is equivalent to || - || gras2-
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Remark 3.2. Obviously, the norm equivalence is also true when (A7) or (AS)
holds. And the above lemma implies that E*(R?) coincides with H*(R?). Thus
our functional J : H*(R?) — R has the form

1 1
I =gl + 5 [ K@i - 1),
2 4 Jus
The Nehari manifold has the form
N ={ue H* R\ {0} : [[ul?* = I'(u)(u) — /Rg K (x)¢y()u®}.
The following lemmas are crucial to the proof of the Theorem

Lemma 3.3. Suppose that the following conditions hold:
(A11) there exists r € (0,1) such that a := inf), =, J(u) > J(0) = 0;
(A12) for any t, — 0o and u, = u # 0 asn — 0o, I(tyu,)/td — 00;
(A13) fort € (0,00)\ {1} and u € N, %I’(u)(u) — I(tu) + I(u) < 0;
(A14) J is coercive on N.

Then infar J > 0 and there exists a bounded minimizing sequence for J on N, i.e.
there is a sequence {u,} C N such that J(uy,) — infnr J and J'(uy,) — 0.

Since the proof of Lemma [3.3]is similar to that of [37, Theorem 3.2], we omit it
here.

Lemma 3.4. Suppose that (A2)—(A10) are satisfied. Then (A11)-(A14) hold.
Proof. To prove (All) we fix € > 0. Observe that (A2) and (A9) imply that
F(z,u) < €u|? + Cc|ul? for some C. > 0. Therefore,
1
o (FGaute) = TN < [ Flavutolde < Clelul?+ )
R3 R3

for a positive constant C' provided by the Sobolev embedding theorem. Thus there
is r > 0 such that

1 1
[ (Fa ) - T @)ul)de < gl
R3 q
for |Ju|| < r. Therefore

1 1 1 1
T = gl + 5 [ K@l ~ 1) = Jul* = 15 > 0
2 14 Jos 4 4
for all u € H*(R3), p > 4. So there exists 7 € (0,1) such that |Ju| = r and
J(u) > 0, then a = inf =, J(u) > 0.
To prove (A12), by (A4) and Fatou’s lemma we obtain

I(tpun) )t = / Fle tuun) g, _ 1/ T(2)|n| 9z — o0,
R3 tn q Jgrs
To prove (A13) we fix u € N and consider
tt—1
P(t) = 5 I'(u)(u) — I(tu) + I(u) VYt >0.
Then ¢ (1) = 0 and

&) _ oz
5 = 2631 (u) (u) — u

dI(tu)
dt
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= 2t3/ flx,w)u — T'(z)|u|?dx — / fz, tu)u + ()t Hul|t  de

R3 R3
= / 263 f (z,u)u — f(z, tu)ude — (285 — tqfl)/ [(z)|u|%dz.
R3 R3
Since u € N,
I'(u)(u) = / f(z,u)u — T (x)|ul?de = |jul|? —|—/ K(z)pPu? > 0.
R3 R3

Therefore, for t > 1, we have %)(f) < 0 by (A4). Similarly, dlﬁgt) > 0, for t < 1.

Therefore ¢(t) < (1) =0 for t = 1, that is

-1,
5 I'(u)(u) — I(tu) + I(u) < 0.
To prove (A14), for u € N, (A4) implies that f(z,u)u > ¢F(z,u). Therefore
T(w) = Ju) = < (u)(w)
q
1 1., ., 1 1 P
=5~ 5)” P+ =) | K(@)¢u(e)u’dr + RS(*f(%U)U = F(z,u))dx
1 1
> (2 _ 1 2
> (3 - Dl
which implies that J is coercive on N. O

Now, we will introduce a decomposition result of bounded (P.S) sequences which
is important to the proof of Theorem The following lemma generalizes the
decomposition result from [5]. We will denote

1

Jpcr = J(U) — 5 /]Rs Vloc(x)u2dx.

Lemma 3.5. Suppose that the assumptions of Theorem are satisfied. Let (uy,)
be a bounded Palais—sequence for J. Then passing to a subsequence of (uy,), there
exist an integer | > 0 and sequences (y¥) C Z3, w, € H*(R3), k = 1,...,1 such
that

wh £ 0 and J,, (wF) =0 for each 1 <k <1;

per

(a)

(b) [yk| = 0o and |y — yk'| = oo for k #K';
)
)

(€) J(un) = J(up) + Xy Jper (wh).
The proof of Lemma resembles the proof of |5, Theorem 4.1]. So we omit it.

Proof of Theorem[I-1]. By Lemmas [3.3]and [3:4] there exists a bounded minimizing
sequence (uy) € N for J, that is J'(u,) — 0 and J(u,) — ¢ := infyr J > 0. By
Lemma [3.5] we have that
!
J(uy) = J(ug) + Z Tper (W"),
k=1
where w® satisfies

wrh#0 and J'(wp) =0 forl<k<lI,

per
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that is w® are critical points of the periodic part of the functional J. Suppose that
Vioe =0, 50 J = Jper. If ug = 0, we have

!
c+o(1) = J(up) — ZJper(wk) > le.
k=1

Then [ = 1 and w! # 0 is a ground state solution. If ug # 0, we have
l
c+o(l) = J(up) = J(uo) + Y Jper(wh) > (14 1)c.
k=1

Therefore, | = 0 and J(u,) — J(up) = ¢, so ug is a ground state solution.
Suppose that Viee < 0 for a.e. z € R3. We denote cper = infar,, Jper, Where
Nper = {u#0: J) . (u)(u) = 0}. Because Vioe < 0, we have J(u) < Jyer(u). From
the above arguments, there exists a ground state solution upe, of Jper such that
Jper(Uper) = Cper- Let ¢ > 0 be such that tupe, € N. Then

c< J(tupcr) < Jpcr(tupcr) < Jpcr(“pcr) = Cper-

If up = 0, we have
1

c+o(l)=J(u,) = Z Jpcr(wk) > leper > le,
k=1

which implies I = 0 and J(u,) — ¢ = 0. Obviously, it is a contraction. Therefore,
ug # 0 and note that
!
c+o(1) = J(uy) = J(ug) + Z Jper (W) > e+ lcper-
k=1
So I = 0 which means that J(u,) — J(ug) = ¢ and ug is a ground solution. O

4. PROOF OF THEOREM

Observe that the condition inf o(—A + Vper) > 0 implies that the norm ||ul|3 =
Jas (I€17¥1A(&) | 4 Vper (z)u?)dz is equivalent to || - || in H*(R3).

Proof of Theorem[I.4 By contradiction, suppose that there exists a ground state
solution ug € A of J. Similar to the proof of [37, Theorem 3.2], there exists ¢, > 0
such that tpug € Nper. Since Vige > 0 for a.e. € R?, one has [ps Viee(z)ug > 0.
Then by Lemma [3.4] we obtain that (A13) holds; that is, for ¢ € (0,00) \ {1} and
ue N,

tt—1

1 I'(uw)(u) — I(tu) + I(u) < 0.

Since ug € NV, one has

J(UO) — J(tpuo)

Lt 2 _tp—1 8,2
) lluoll” — 4 / K(x)pyug — I(uo) + I(tpuo)
R3
1-— t2 2 t4 —1 t4 -1
= ( 5 p) lluo > — p4 J' (ug)uo — p4 I (uo) (uo) + I(tyuo) — I(ug)
1—t2)? 1
- %”“0”2 - p4 I'(uo)(uo) + I(tpuo) — I(uo)



EJDE-2019/102 FRACTIONAL SCHRODINGER-POISSON SYSTEMS 9

t2—1)?
> %HUOHQ
Then J(ug) > J(tpuo). Therefore,
Cper 1= /{fnf Iper < JIper(tptin) < J(tpuo) < J(ug) = c. (4.1)

per

On the other hand, let u € Nper and uy, () = u(- — y) for y € Z3. Then there exist
ty > 0 such that t,u, € N. Observe that

Jper(t) = Jper(ty) = Jper(tutsy)

= J(tuuy) — %/RS Vvloc(x)(tuuy)z (42)

> c—/ Vloc(x)(tuuy)z.
R3
We are going to show that
/3 Vl(:oc(l')(tuuy)2 —0 (43)
R

Indeed,

/ Viee () (tuuy)? = t2 / Vioe(z + y)u®. (4.4)

R3 R3

By (A8), one has

/ Vioe(z + y)u2 =0 asly| — co. (4.5)
R3
If t, — oo, then by (A4) one has

=

1 2,2 14 B .2

Yy

F(x,t, 1
- / Muqd:ﬂ +/ =T(z)|uy|?dz — —o0.
B |tuuyl? Y R3 ¢

Thus ¢, < oo, which, together with (4.5), implies that (4.3)) holds. By (4.2)), we
have

Jper(u) > ¢ _/ Vioc(l')(tuuy)Q - C
R3

Taking infimum over all u € Nper we have cper > ¢, which contradicts with (4.1)).
The proof is complete. O

5. PROOF OF THEOREM [L.3]

Let B := infy |lul| > 0, where | - | is the norm defined by (2.2). Theorem
provides that c is attained at some function in /. By 7, we denote the Z3-action
on H*(R3), i.e. 7pu = u(- — k). Obviously, 7,x7_xu = u. For given k € Z3, let us
consider 74 as an operator 7, : H*(R3) — H*(R3). It is easy to prove that 7y is
linear.

Lemma 5.1 ([6]). . For every u,v € H*(RY) and k € ZV, we have

(Tru,v) = (u, Tgv) .
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Remark 5.2. When N = 3, the conclusion in Lemma [5.1] still holds. Obviously,
by the definition of 75, we have ||7%|| = ||u||. Thus 7% is a bounded operator and
| 7|l = 1. Then we may consider an adjoint operator 7; : H*(R3) — H*(R?). From
Lemmawe have 7;; = 7_j. Moreover, 7y, is an isomorphism and 7, L7 = Th.
So 7j, is an orthogonal operator.

The proof of Lemmas are similar to those in [6, Lemmas 5.3, 5.4 5.6,
5.7]. So we omit them here.

Lemma 5.3. Let a € (0,1].
(1) The functional J is Z3-invariant;
(2) N is Z3-invariant.

Remark 5.4. Lemma implies that the unit sphere S' is Z3-invariant.

From [5] we know for each u € H®(R?) there is a unique number t(u) > 0
such that t(u)u € N and the function m : ST — A given by m(u) = t(u)u is a
homeomorphism. The inverse m~! : N' — St is given by m~1(u) = m Assume
that A, B C H*(R?) are Z3-invariant subsets. We say that the function h: A — B
is Z3-equivariant if

h(rpu) = Th(w)
for any u € A and k € Z3.

Lemma 5.5. The following four functions are Z3-equivariant:
(1) m:S' = N,
(2) m™t: N — S,
(3) VJ: H¥(R3) — H*(R3),
(4) V(Jom): St — H*(R3)

Lemma 5.6. The function m~' : N' — S' is Lipschitz continuous.

We denote O(u) = {u(- — k) : k € Z*}. If u is a solution of and k € Z3,
then u(- — k) is also a solution, provided that Vi, = 0. Therefore, all elements of
the orbit O(u) of u under the Z3-action are solutions. We define that u; and us
are geometrically distinct if their orbits satisfy O(uq) N O(ug) = 0.

To prove Theorem we use the method introduced by Szulkin and Weth [34].
Let £L = {u € S*: (Jom)'(u) = 0}. Take a set I C L such that F = —F
and for each orbit O(w) there is a unique representative v € F. Observe the [24]
Theorem 3.1(b)], we know that to prove Theorem [I.3]it is sufficient to show J om
has infinitely many geometrically distinct critical points. Therefore, we only need
to show that F is infinite.

As in [34], we put

k= inf |jv—wl| >0.
v,wWEL,vFW
Next, we show a lemma which is crucial to the proof of the Theorem

Lemma 5.7. Let d > c. If (v}), (v2) C St are two (PS) sequences for J om such
that J(m(v)) <d, i =1,2, then

lvn, = vl =0
or
liminf ||v} — 02| > p(d) > 0,
n— oo

where p(d) depends only on d, but not on the particular choice of the sequences.
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Proof. Note that u!, = m(v%), i = 1,2 are (PS) sequences for J. Moreover, they
are bounded in H*(R?), since J is coercive on N. Therefore (ul) and (u2) are
bounded in L?(R3), say |ul|z + |u2|2 < M for some M > 0.

Case 1: Assume that |ul, —u2|, — 0. Fix € > 0, by (A2) and (A9) we have

o~ 2P
= ) ) )2+ [ (Gl — )k~ e
R3
= [ Dbl )k oo
R3

+ [ K (@)($n = 6 un) (uy, — uy)
R3 n n

< ellul — 2] + / (e(lul ] + 2 ]) + Coluk [P~ + [P~ — 12 |de
RS
- / T(@) (Jub =2l — |22 ) (], — u2)da
RS

+ K(m)gbﬁl u,ll(ufz - ui)da: + / K(x)qﬁiz ui(u,ll - ui)dx
R3 n R3 n

< (1+ Co)elluy, — unll + Delus, — ugilp + CilTl oo |y, — g2

+ [ K@olubuh — o+ [ K@yl 2)is
R3 " R3 "

for each n > n. and some constants Cy, Cy, D, > 0. By assumption we have that
De|u}l —u2], — 0. Observe that

C1[P oo, — w3l < CrITloclup, — 1[5y, — i |7,
where 6 € (0,1) is such that % =%+ 1?%‘9. Thus
Cl|1"|oo|u:L — ui|g < C’1|1"|OOM9q|u711 — ui|z(,1_9)q — 0.

And by Holder inequality,

K (@)%, ul (ul — v da

. 1/2% .
) ([ ubh - )] de)
R3

s (5.1)

RN

<l [ 162,
RS "

_6 _6
< C’gHgbgl ||Da,2</3 \u}l|3+23 |u}1 — ui|3+2ﬁ d:c)
B R:

< C3H¢§7IL”D‘312‘U711|

1 2

< Culup, —ug | 12,
where Cq,C3,Cy > 0 are constants. By S € (0, 1], we have % < 4 < p. Thus
there exists 6’ € (0, 1) such that

3+28

3;3B|ui—ui|ﬁ

1 0 1-¢
12 2 + D

and
Lol g <l -2l — a2 < MOl 2 (52)

U
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Then

. K(x)nglu}l(u}l —u2)de < C4M” |ul — 2 117_9/ — 0. (5.3)
Similarly we hfife

. K(x)cbiz u? (ul —u?)dx < C5M9”|u; —u? 11,*9” — 0, (5.4)
R: S

where C5 > 0 is some constant and 6” € (0,1). Finally

limsup [|uy, — uj[|* < limsup(1 + Co)elluy, —up |
n— oo n— oo

+ lim sup D|uy, — ua|p + limsup C1 Do [u), — ult|?
n—oo n—oo

—9’ _
2|]1)9 1_u2|11)6

+ limsup C; M |u} +limsup C¢" |ul
n—o0

n—oo

— (1+ Co)elimsup Jul — 2|
n— oo

(5.5)
for every € > 0. Thus lim,, o ||u, — u2|| = 0. Finally

g, = vall = m ™ (uy) = m™ (up) | < Llluy, = up |l =0,

n
where L > 0 is a Lipschitz constant for m~1!.

Case 2: Assume that |u} —u2|, -» 0. By the Lions lemma, there are y,, € R? such

that
/ |ul —u?|?dx = sup / |ul —u?|?dx > €
B(yn,1) y€eR® JB(y,1)

for some ¢ > 0. In view of Lemma we can assume that (y,) is bounded.
Therefore, up to a subsequence we have
ul =ty u? —
where u! # u? and J'(u!) = J'(u?) = 0 and
|| = o', flupy — a2,

where 3 < o <v(d) =sup{||ul| : w € N, J(u) < d}, i =1,2. Suppose that u' # 0
and u? # 0. Then u® € N for i = 1,2. Moreover

vl =m Hu) € St i=1,2and v' # v

Therefore,
1 Uy, u2 1 2
fimnf 02— = lminf 20— 22 > 12— = gt — g
nmoo T ludll || all a? ’
where f8; = |Z:H > %7 i =1,2. Of course |[v!|| = ||v?|| = 1. So
liminf [|v) — v2|| > ||B1v" — B2v?|| > min {B}||v! — 2| > ﬁ
n—oo o nll= =12 ~ v(d)

If u? = 0, then u' # u? = 0. Therefore,

ul s

The case u! = 0 is similar, the proof is Complete. [

hmmf vl — 2| = hmmf ||
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Proof of Theorem[I.3 Suppose by contraction that F' is finite. Because the unit
sphere S C H%(R?) is a Finsler C1'! —manifold and by [29, Lemma I1.3.9], we
obtain J om : S* — R has a pseudo-gradient vector field. Because of the obtained
discreteness of (PS) sequences in Lemma we can apply the methods in [34],
Lemma 2.15, Lemma 2.16 and Theorem 1.2] in our case. In fact, for every k € N
there is u € S such that

(Jom)(u)=0 and J(m(u)) = cx,
where
cp, =inf{d € R:y({ve S : J(m(v)) <d}) >k}
is the Lusternik-Schnirelmann value and ~ denotes the Krasnoselskii genus (see

[29]). Moreover ¢ < cgy1, thus we get contradiction (for the detailed arguments
see [34]). The proof is complete. O

6. PROOF OF THEOREM [1.4]

Before showing the proof, We state the following form of the Sobolev-Gagliardo-
Nirenberg inequality.

Lemma 6.1 (|28 Proposition I1.3]). Let r > 1. Then there is a positive constant
C > 0 such that for every function u € H*(RY) there holds

i (r—1)N (r—1)N
lulyin < Cllull g™ ul; °

In [I1], it was proven that E< is compactly embedded into L"(R™) for N > «
and 2 < r < 2%. We will show that the method introduced by Secchi in [28] may

be applied in this case.

Proof of Theorem[1.Jl In view of Lemma we obtain a bounded minimizing
sequence (u,) C NV, ie.

J(un) — ijI\l/_fJ =:1c, J'(up)—0.

Then we assume that u,, — ug in E%(R?) and u,, — ug in L] (R3) for 1 <r < 2.

It is a easy to proof that ug is a weak solution to our problem. Then we just need
to check whether ug # 0. Observe that for n > ng

1
5 < J(w) = J(wn) = 5 (ua)(un)
1 1 1
=- f (@, up)up — 2F (2, up)de — (5 — =) L(z)|u|%dz
2 R3 2 q R3
1 K ()08 (z)u?dx
4 Jgs
< 1 flzup)uy, — 2F (x, uy,)dx
2 Jrs
1

<z f(xvun)undx
2 Jps

1
2 / (€lun]? + Celun[?)dz,
2 Jgs

where ng > 1 is large enough. Then

IN

C €

C
5 < §|Un|g + 7E|un|g
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By Lemma [6.1] we have

c € 9 006 3(p—2) p73(P—2)
9 < ilunb + T||un||Haa(R3)|un|2 °
Observe that the boundedness of (u,) in H* with respect to the norm || - || implies
the boundedness of (u,) in E* with respect to the classical norm || - || (R?).
Therefore ||u, || g« (R?) < D for some D > 0. Thus
c € CC. _30-2 _3(p=2)
5 S §|un|g + TD * |un|2 c o
Denote C’E = %Dg(pa_g). Then
c € ~ _3(p=2)
5 < §|un‘§ + 06|un|l2)
Take any € S m Then
c clun |3 A _3(p=2)
< ———=—— 4 C|u, o
3 = AGeup, fun 7 Tl
Obviously,
(sup, lunl})* =
and therefore o
c ¢ 4 P
Finally
c N _3(»—2)
Z < Ce|un 2 “
So 3(p— 2)
c p—
0 < (p— 222 Gy,
ny<(p - n(Ctlunl2)

AP,M
where C1 = C¢ e . Thus
o

c
_ - < .
op—3=9) In 1S In(Ch|unl2)

And finally

1 o c\\?2
nl2 > (— —)1 f)) =:¢ .
ln|3 > Clexp(ap_3(p_2))n4 ¢>0
Take any R > 0 and observe that

\ungz/ |un|2dm+/ 2.
B(0,R) R3\B(0,R)

Assume by a contraction that ug = 0, then u, — 0 in L (R3). Then for every
R > 0 there is ng such that for n > ng we have

/ [, |?dx <
B(0,R)

/ \un|2dm >
R3\B(0,R)
V(@) |un|?

< [tn 2dx:/ —= " dx
/RB\B(O,R) | r\B(O,R) VI(T)

N O

Thus

N O

On the other hand

| o
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1 /
< —m—— V(z)|un|*dx
inf,|>r V(2) Jra\B(0,R) "
2
[[unll® sup,, [|un|

- infmzR Viz) — infmZR V(l’)

Taking R > 0 big enough we obtain a contradiction, since V(z) — oo as |z| = oo.
Therefore, uy # 0. The proof is complete. O
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