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EIGENVALUE PROBLEMS FOR SINGULAR MULTI-POINT
DYNAMIC EQUATIONS ON TIME SCALES

ABDULKADIR DOGAN

Communicated by Mokhtar Kirane

ABSTRACT. In this article, we study a singular multi-point dynamic eigenvalue
problem on time scales. We find existence of positive solutions by constructing
the Green’s function and studying its positivity eigenvalue intervals. Two
examples are given to illustrate our results.

1. INTRODUCTION

In this article, we consider the following singular m-point dynamic eigenvalue
problem on time scales

(p(t)uA(t))v + Af(t,u(t) =0, te€(0,1]NT, (1.1)

ou(0) ~ 3p(0 Zazua 1)+ 5p (1) = 3 buul). (12

Some basic definitions on dynamical systems on time scales can be found in [5] [6].
Throughout this paper, it is assumed that

(H1) p: (0,1)r — (0,400) and fo Sl As exsts; we let Q(t) fo IO

(H2) & € (0,1)r with 0 < & < 52 e < oo < 1, az,b € [0, +oo) with
0< > ai<a, 0<% b <1, 0,8,6>0,9<0and
m—2

0< 3 0QE) — QM) -

2 W( ZW(ME@Q(@)) <4

(H3) f:(0,1)1 x (0,400) — [0, +00) is a continuous function and

0</Q f(s,w)Vs < 4o0.

Recently, some authors have proved the existence of positive solutions to bound-
ary value problems on time scales; see for example [T}, 2], [4] @] [0, 1T, 12}, 13} 15 17,
211, 221, 23], 24 25], [30] and the references therein. However, very little work has been
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done on the existence of positive solutions of singular dynamic boundary value prob-
lem on time scales [7, [8, [I8], [19]. Other related results on singular ordinary differen-
tial equations and singular difference equations appear in [3] [16], 20, [26] 27, 28], [29].

We would like to mention the following results. DaCunha et al. [8] proved the
existence results for the singular three point boundary value problem on time scales

Y22 4 f(z,y) =0, =z € (0,1]r,
y(0) =0, y(p)=y(e*(1)),

where p € (0,1) N T is fixed and f(z,y) is singular at y = 0 and possibly at x = 0,
y = oo. Liang et al. [I8] considered the singular two point dynamic eigenvalue
problem on time scales

[p(H)® (1)]* + Am(t) f (tz(a (1)) = 0, t € [a,b]r,

az(a) — Bz (a) =0, ~z(a(d)) + dz>(a (b)) =0,
where p(t) > 0 on [a,0(b)], such that both the delta derivative of p(¢) and the
integral fap(b)(l/p(T))AT exist, m(-) and f(-,-) are given functions, a, 8,7, > 0,

such that "
v ad P 1
d::—%—i%—av/ —A7 > 0.
pla) — p(p(b)) o P(7)
Zhang and Wang [29] considered the existence and multiplicity of positive solutions

to singular multi-point boundary value problem

—(p(t)u' () + F(t,u(t)) =0, 0<t<l,
u(0) = aju(z;), wl) = bw(x),
j=1 j=1

where w(t) := p(t)u'(t),a;b; € [0,+00) with 0 < Z;nzl a; < 1 and ZT:l b <
L,z; € (0,1) with 0 < 21 < 29 < -+ < @ < 1, under certain conditions on p
and F. The arguments were based upon the positivity of the Green’s function and
Krasnosel’skii fixed point theorem.

Motivated by [8, 18] 29, [19], in this article, we study the existence of positive
solutions for a singular multi-point dynamic eigenvalue problem on time scales. We
allow f(t,w) to be singular at t = 0 and w = 0. We find eigenvalue intervals in
which there exists at least one positive solution of problem - by making
use of the fixed point index theory. The construction of a new Green’s function
and its positivity are important to our discussion.

This article is organized as follows. In Section 2, we construct the Green’s
function and give some lemmas based on the positivity of the Green’s function. In
Section 3, we find eigenvalue intervals in which there exists at least one positive
solution of problem —. In Section 4, we study the existence of positive
solutions to boundary value problem (L.I)-(1.2) with A = 1. Finally, in section 5,
we give two examples to illustrate our existence theorems.

2. GREEN’S FUNCTION AND SOME LEMMAS

Lemma 2.1. Let h: (0,1)7 — [0,+00) be continuous and satisfy

0< /0 Q(s)h(s)Vs < +o0.
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t 1 1
Q) = / A ult) = Q) / W(s)Vs, te 01,

where the function p(t) is a nonnegative measurable on (0,1]y. Then y(0) =
linlt~>0+ y(t) = O

Let

Proof. If fo $)Vs < +00, then the lemma is clearly true. We now assume that
fl h(s)Vs = 4o0. In this case, the function y(t) can be written in the form

0
0= [ @enevs- [ (@) - @u)ne)vs
1
:/ H(sft)Q(s)h(s)st/ H(s—t)(Q(s) — Q(t))h(s)Vs
0 0

for all t € (0,1]r, where H(¢) is the Heaviside function, i.e., H(s) = 1, for s > 0
and H(s) =0, for s <0. Let

fals) = H(s = tn)Q(s)h(s),  gn(s) = H(s = ta)(Q(s) = Qta))h(s), s € [0,1]r,

where t, is an arbitrary decreasing sequence that approaches 0 as n — oco. Then
lim f,(s) = lim g,(s) = Q(s)h(s).
n—oo n—oo

Applying the Levi monotone convergence theorem or the Lebesgue dominated con-
vergence theorem, we have
1

y(0) = lim y(t) = lim 1 fu(s)Vs — lim gn(s)Vs
0

t—0+t n— oo n—oo [q

/01 lim f,(s )Vs/l lim g, (s)Vs

n—oo n—oo

- [foomr [[aon

This completes the proof. O

Lemma 2.2. Let the assumptions of Lemma [2.]] be satisfied. Then the boundary-
value problem

(p(t)u(®)Y +h(t) =0, t€(0,1]r, (2.1)
m—2 m—2
au(0) = Bp(0 = awu(&), yu(l)+op(Ljut(1) = Z biu(&)  (2.2)

has a unique solution given by
1
u(t) :/ G(t,s)h(s)Vs, te€[0,1]r. (2.3)
0
Here the Green’s function is defined by
1
Glt,s) = D(t:8) + g | ——wr (Zb— )(Zaz (:5) +5)

m—2 I
+ 2 biD(ss) - v@<s>] [ﬂ * ?Zl aszL(&)

+Q()]
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+a—22,1 (Za (&8 +ﬁ)

Z

where

D(t,s) := min{Q(t), ()}
d=~Q(1 +6—Zb@@

T( Zb)(ﬁ‘f' ;j%@(gz))

Proof. We suppose that C and Cs are arbitrary constants. Let

t
t) ::/ Q(s)h Vs+/ Q)h(s)Vs + C1Q(t) + Ca

/ D(t,s)h(s)Vs+ C1Q(t) + C2, t € [0,1]r. (2.4)

Then we have

/th @95+ [ QUAETs + 00 + )

/ QWA(EIVs +Co) + (Q /t h&Vs) + QA1)

/ QR()Vs) " + Q) ( /tlh<s>v«s)A

+ QA1) /h )Vs +pC(H)

=Q(o ( Nh(o(t)) —Q(o(t))h(o(t))
/h )Vs + t € (0,1

1 01
_ w/t h(s)Vs—km, € (0, 1]r, (2.5)

where we used the delta derivative product rule, and
1
p(t)uA(t) = / h(s)Vs+Cy, te(0,1]r. (2.6)
t

Hence
v

w0 = ([ evs+ 1)
_ (_ /1th(s)Vs)v = —h(t), te (0,1, (2.7)

which shows that the function u(t) defined by (2.4) is a general solution of ([2.7]).

We are going to find a solution to problem (12.1]) and (2.2)). From (2.2)), (2.4)-(2.6)
and (H2), we find the system of two equations

an—ﬂ/ 5)Vs — BC4
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m—2 m—2 m—2 1
=0t Y Q)+ Y a | P onevs
=1

702 +~vC1Q(1 +’Y/ Q(s)h(s)Vs +6C,

m—2

—ngb #0132 hQ(E) +Zb/ D¢, s)

Rearranging these equations, we have

m—2

(a — ; ai)C'g

m—2

:cl(ﬁ+i_1angz) m}_: / (&, 9) (s)ng/Olhsvs
m—2

(7@ )+5- 3 () Cy
/Dfl, Vs—i—Cga—'ng— /Q

Solving for C’l and Cy yields

01:/01;{0[22 1,al(t§alD§“ +ﬁ) 2 lbD(fi,s)
m—2

-—2 > aDies )+8) =1Q(s) fh(s)Vs

and

) m—2
/;{a_ggn-gax;{f (S wrten 1) oy

e (Sants - 5) aw)) o+ S woi)

a— 1 1

s (gazp (s +6)} (s)Vs

a—3 1

Substituting 01 and C5 in (2.4), we find that

1
u(t) :/ G(t,s)h(s)Vs, te[0,1]r,

0

where G(t,s) is defined as in Lemma Clearly, the constants C; and Cy are
uniquely determined by the boundary conditions, the function w is a unique solution

to problem ([2.1]) and (| .

We discuss the positivity of G(t, s). It is clear that

G(t,s) >0, (ts)€0,1]r x (0,1]p. (2.8)
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Lemma 2.3. The unique solution u of problem (2.1)) and (| . satisfies
nu(1) < u(0) < u(t) <u(l), €01,
where
G(0
0.5 ¢ (0,1]T} > 0.

n:= inf{G(l,s) :

Proof. From Lemma [2.2] we know that

() = /0 LGt h(s)Vs, e 0.1

where G(t, s) is defined as in Lemma and satisfies (2.8). From (2.5, we know

that
1 /1 c,
A
t) = — Vs+—>0 t € (0,1]r,
O= 2w ) "IV e (Ot
. Note that

therefore u(0) < u(t) < w(1) on [0,1]

( Z bi — V) (nfaiD(qu) + 5)

G(0,s) = é(
Qs )) (ﬂ J;Zln Z ?ngéz))

+ Z biD(&, s)
— ( Z a;D (&, 8) + 6)

a— 171
and
G(l,s):Q(s)-Fcli(a_z:lm_Qw(m le )(Zal (5) + )
=1 4 i=1

(s)) (6 +ym? azQ(Si) N Q(1)>

m—2
+ biD(&i, s)
; _Zz 1 a’l

m—2

(Zal (&, s +5>

+ m 2
a—
It is clear that G(0,s) < G(l, s), s € (0,1]r. We obtain
G(0, s)
0 <
S es) T

where

As a result, we have

1 1
nu(1) :/0 nG(1,s)h(s)Vs §/0 G(0,s)h(s)Vs = u(0).
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Let E = C[0, 1]t be a Banach space equipped with the supremum norm and
P:={ue E:n|u| <u¥), te]l0,1r},
where 7 > 0 is given by Lemma [2.3] Then P is a cone in E. For u € P, we define

1
(Au)(t) = )\/0 G(t,s)f*(s,u(s))Vs, Yue P, 0<A, (2.9)

where
fr(t,w) = f(t, max{w,n7}) (2.10)
Here 7 is a small positive number to be determined. Note that f* has effectively

“removed the singularity” in f(¢,w) at w = 0, therefore Au is well defined.
By Lemma [2.3] we have for each fixed u € P,

[[Aul| = / G(1,s)f*(s,u(s))Vs, (2.11)

n||Aul] < )\/O G(0,8)f*(s,u(s))Vs = (Au)(0) < (Au)(t), Vte[0,1]r. (2.12)

Therefore, A : P — P. Additionally, it is easy to check that A is a completely
continuous mapping.

Theorem 2.4 ([I4]). Let P be a cone in a Banach space E,Q C E a bounded open
set, 0 € Q, and A: PNQ — P a completely continuous operator.
(A1) If Az = px, x € PNOQ = p < 1, then the fized point index i(A, PN, P) =
1.
(A2) If there exists y € P, y # 0, such that © — Ax # vy, for all x € P N 01,
0 <w, then the fized point index i(A, P NQ, P) =0.

3. POSITIVE SOLUTIONS TO EIGENVALUE PROBLEMS (|1.1])-(1.2)

For an arbitrary constant r, we let Q. = {u € E : |ju|| < r}. Then
0. ={ueFE:|ul|=r}
M (z) = mln / G(1,8)f(s,w)Vs, x>0,

wEnxac

Ms(z) := min /GOS (s,w)Vs, x>0,

wE [nz,z)

M;s(z) == max /G(O s)f(s,w)Vs, x>0,

wE [nz,z)

My(z) = max /Gls (s,w)Vs, x>0.

wE[nz,x)

For eigenvalue problem (1.1])-(1.2)), we have the following existence theorems for
positive solutions.
Theorem 3.1. Suppose that (H1)-(H3) hold. If f3, := lim, o+ M4( )/z and

fag, = limg oo My(x)/2 emst and 0 < fM < fit then problem (LI)-(L.2) has at
least one positive solution f@o <A<

f My
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Proof. Since A\ < 1/ fl(\J/Iw we know that there exists 0 < 7 where, for 7 > z > 0,

1
/ G(1,s)f(s,w)Vs < ; Vnr <w < x.
0
Therefore,

1
/G(l,s)f(s,w)Vs<§7 Vnr <w < T
0

We show that Au = pu, v € PNIQ, = u < 1. From u € PN OQ,, we obtain
|lull = 7 and n7 < w(t) < 7 for all ¢ € [0,1]r. Thus,

pllull = [[Au]] = (Au)(1) = A/O G(1,8)f"(s,u(s))Vs

1
2 [ 61975 u5) Vs
0

< )\g =7 =||ul.

Therefore 4 < 1. By Theorem (A1) it follows that
(A, PNQ,,P)=1. (3.1)
Further, since ﬁ < A, there exists 0 < 7 < p where, for p < z,
1

1
/ G(1,s)f(s,w)Vs > %, Vnr <w < x.
0
Therefore,

1
/ G(1,s)f(s,w)Vs > g, Vnp <w < p. (3.2)
0

Taking y = p, we show that x — Az # vy for all x € PN I8, 0 < v. Assume
to the contrary that there exist ug € P N 0%Q,, 0 < vy such that ug — Aug = vop.

From (2.9)-(2.12), (3.2), [luol| = p and 0 < nT < np < ue(t) < p for all t € [0,1]r,

we have

uo(1) = (Auo)(1) + vop

:/\/O G(1,8)f*(s,u0(s))Vs+vop

1
=\ [ G195, u0() s+ wop

0
> p+vop = (1+v9)p = (1+vo)lluoll
> Juoll,

which is a contradiction.
By Theorem (A2) we have

i(A,PNQ,,P)=0. (3.3)
In view of (3.1), (3-3) with the fact that Q. C ©,, we obtain
i(A, PN (Q\Q,),P)=i(A,PNQ, P)—i(A,PNQ,,P)=0—1=—-1. (3.4)

By (3.4) and the fixed point index theory the operator A has a fixed point u €
PN (Q,\Q;) with p > |lul| > 7 > 0, therefore 0 < n7 < nllu|| < u(t) for all
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€ [0,1]r. This shows that the fixed point w is a positive solution of ([L.1))-(1.2]).
The proof is complete. ([

Corollary 3.2. Suppose that (H1)-(H3) hold. If f; := limzﬁm M4( )/x and

Iig, = limy oo Ma(z)/ e.mst and 0 < fM4 < f31, then problem (1.1] . ) has at

least one positive solution = < A <
f fM4

Theorem 3.3. Suppose that (H1)—-(H3) hold. If f37, = lim; . M4( )/z and

[, = limy o+ My(z)/ emst and 0 < fM4 < fig,» then problem (L.1] 1)-(T2) has
at least one positive solution f <A<
My

fM4

Proof. Since A > 1/ f]?/h, we know that there exists 0 < 7 where, for 7 > 2 > 0,

1
/ G(1,s)f(s,w)Vs > ;, Vnr <w < x.
0
Therefore,

1
/G(l,s)f(s,w)Vs>§, vnr <w < T
0

Since A < f%, there exists 0 < 7 < p where, for p < z,
My

1
/ G(1,8)f(s,w)Vs < ;, Vnr <w < x.
0
Therefore,
1
/ G(1,s)f(s,w)Vs < g, Vnp <w < p.
0

In the same way as in the proof of Theorem we have
(A, PN (Q\Q), P) = i(A PNQ,, P)—i(A PN, P)=1-0=1. (35)

By and the fixed point index theory, the operator A has a fixed point u €
N (Q,\Q2r) with p > |jul]| > 7 > 0, therefore 0 < 57 < nljul| < u(t) for all
€ [0,1]r. This shows that the fixed point w is a positive solution of problem

—. The proof is complete. ([l

Corollary 3.4. Suppose that (H1)-(H3) hold. If f37, := lim, .o My(z)/x and

fM2 = lim,_ g+ Ma(x)/x exist and fM2 > frn, > O then problem (1.1)-(1.2)) has

at least one positive solution promded <AL f
My

4. EIGENVALUE PROBLEM — FOR A =1

Theorem 4.1. Suppose that (Hl) (H3) hold. If f(t,w) satisfies fy; <1< fM1
then boundary value problem (|1.1] . has at least one positive solution.

The above theorem is a special case of Theorem 3.3 when A = 1.

Corollary 4.2. Suppose that (H1)-(H3) hold. If f(t,w) satisfies f57, <1 < f},
then the boundary value problem (1.1)-(1.2) has at least one positive solution.

Theorem 4.3. Suppose that (H1)-(H3) hold. Assume that f(t,w) satisfies
1 ; f(tw) .
(H4) T TTG()%s < limy, o+ =2 < oo, uniformly for t € (0,1]r.
Then boundary value problem (1.1)-(1.2) has at least one positive solution.



10 A. DOGAN EJDE-2017/37
Proof. By a method similar to that used to prove Theorem [3.3] with some alter-
ations, we can complete this proof. ([
Corollary 4.4. Suppose that (H1)-(H3) hold. Assume that f(t,w) satisfies

(H5) m < limg, o+ f(i’uw) < o0, uniformly for t € (0, 1]y.
Then boundary value problem (1.1)-(1.2) has at least one positive solution.

5. EXAMPLES
In this section, we illustrate our results with some examples.

Example 5.1. Let T = {0} U{5: : n € Ny}, where Ny denotes the set of nonnega-
tive integers. Take p(t) =1, a=1,v=-1/2,6=3,8=1/4,a1 =1/2, a0 = 1/4,
by =1/3,by=1/6, & =1/4, & = 1/2, and choose

w 1

£t w) = %(1—04%), w> 0.

We can see that f(¢,w) is singular at t = 0 and w = 0. Consider the boundary-value
problem

WAV (1) + 1(% + uit)> =0, teT, (5.1)

u(0) — iuA(O) ;u(i + iu(%),
1 1 1 1 1
—iu( )+ 3uP(1) = 3 u(~ )+6u(§). (5.2)

It is easy to see by calculation that

2 2 m— 2
3 1 _ ., BEYiL Q) _1
Zaz—4a ;bz—2u Q(t)_tv a_zz,;lzai =2, d—Sa

therefore conditions (H1),(H2) and (H3) hold. By calculations we obtain

G(0,5) =6[2min{1 s} +min {7, s}—l—l-l—lmin{i,s}

+ = mln{f s}+fs}+4[ mln{ s}—l—%min{%,s}—l—i},

6 2
27s + 17, for()gsgi,
G(0,5) = ¢ 2, for s = 1,
18, for s =1,

and

G(l,s) = 8+9{2min{i,s} +min{%,s} +1+ %min{ivg}

1 . 1 1 1 . 1 1 . (1 1
+6mln{§,8}+§s}+4[§m1n{17s}+im1n{§,s}+ﬂ,

40s +10, for0<s <1,

G(1,s) =4 2, for s =1,
27, for s =1,

. G(0,s) 2

= f = —.

se%,l] {G(l,s)} 3
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Observe that 15 + % is increasing when w > /10 and decreasing when w < /10.
For x > @, we obtain

1
M) = x| G187 0) Vs
1
B G(l,s)yw 1
x 1 L@, s)
< (2 1Lz
- (10 * x)/o s s
365 / x 1
-5 (5+3)

For z < /10, we obtain

Mi(z) = min /OG(Ls)f(S,w)Vs

we[nz,x)

1
. G(,s) fw 1
- AR

(5503 [

-5 (5 3)

and

Ms(z) = min /OG(O,s)f(s,w)Vs

we[nz,z)

1

B . G0,s) yw 1

-, [ S (G o)
x 1 el

> (242

_(10+x)/0 s Vs

T 1
:31(7 f).
10+ac

Mi(x) _ 365 i > +10 365

Therefore,

voi= 1 = —
fM4 ILI{)IO T — 8 z=o0o0 1022 80’
M(z) _ 365 . a2 +10
0 . 7 1 29 — oo
Jar, 1=l == 2 = L g = o0
. Msy(x) . x?24+10

0 ._ 2 _
Tay = a:lgng x = 31 zlir& 1022

By Theorem [£.1]or Corollary [4.2] problem (5.1)) and (5.2)) have at least one positive

solution.

Example 5.2. If we set

7t w) =t

w+1) >0
— 4+ — w
10 w/’ ’
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then f(t,w) is singular at w = 0. By example [5.1] and simple calculations, we have

1 [e%e}
1 97 27 1259
/G(l,s)Vs:2OZf+5+f+—:
0 n=2

4n 16 2 48 '’
1 oo
27 1 7 33 71
G(0 =) ottt t9=—.
/o (0,5)Vs 27;24”+2+8+ 1
Thus,
1 2 t ‘41
1 TSN (1) N i 3 (Y
et vs 120 < T =L o
uniformly for ¢ € (0, 1]r;
1 6 [t w)

—g—— == < lim = 00,
nfo G(0,5)Vs 71 w—or w

uniformly for ¢ € (0,1]r. By Theorem or Corollary the singular boundary
value problem

AV u(t) 1
N4 — T
u (t)+t( o +u(t)) 0, teT,
L oAy 11 1 /1 1 Ay 11 1,1
u(0) = Jut(0) = Ju(g) + qu(3),  —5u@) +3ut (M) = Zu(3) + zul3)
has at least one positive solution.

Conclusion. In this article we have considered a singular multi-point dynamic
eigenvalue problem on time scales. We have allowed f(¢,w) to be singular at t =0
and w = 0. We have found eigenvalue intervals in which there exists at least one
positive solution of problem —. We have constructed the Green’s function
and have given some lemmas based on the positivity of the Green’s function. Our
results generalize and improve the results in [19]. Moreover, we have given two
examples to indicate just how our results differ from and generalize those in other
recent papers.

Acknowledgments. The author would like to thank the anonymous referees and
editor for their helpful comments and suggestions.
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