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k-HESSIAN CURVATURE TYPE EQUATIONS IN SPACE FORMS

JUNDONG ZHOU

ABSTRACT. In this article, we study closed star-shaped (7, k)-convex hyper-
surfaces in space forms satisfying a class of k-Hessian curvature type equations.
Firstly, using the maximum principle, we obtain a priori estimates for the class
of Hessian curvature type equations. Secondly, we obtain an existence result
by using standard degree theory based on a priori estimates.

1. INTRODUCTION

Suppose that M is an immersed hypersurface in Euclidean space R"t!. Define

a (0, 2)-tensor n on M by
nij = Hgij — hij7

where g;;, hi; and H are the first, second fundamental forms and mean curvature
of M respectively. In fact, n is the first Newton transformation of h with respect
to g, see [I8]. Let k = (k1,...,%n) be the vector whose components k; are the
principal curvatures of M. Using A(n) to denote the vector whose components are
the eigenvalues of 7, we have that

A(n)=(H —k1,...,H—kKp).
Then k-Hessian equation of A\(n) can be written as
or(A(n) = f(X,v(X)), 1<k<n, XeM, (1.1)

where v is the normal vector field along M and oy, is the k-th elementary symmetric

function

i1 <o i
If A(n) is replaced by the principal curvature vector  of the hypersurface, Equa-
tion (|1.1)) becomes the classical prescribed curvature equation

ox(k) = f(X,v), for X e M CR", (1.2)

which has been widely studied in [2, B[, @ 10, IT]. In fact, curvature estimates are
the key to the existence of star-shaped k-convex hypersurface satisfying Equation
. In the case k = 2, Guan, Ren, and Wang [12] obtained a global C? estimate
for strictly star-shaped 2-convex hypersurfaces. Spruck and Xiao [23] extended
the estimate for 2-convex hypersurfaces to space forms. Further more, Li, Ren,
and Wang [17] showed that the convex hypersurface in [I2] can be substituted by
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(k + 1)-convex hypersurface. Ren and Wang [19, [20] solved the case k = n — 1 and
k=n—2. For 3 <k <n — 3, the existence of star-shaped k-convex hypersurface

satisfying (1.2)) is still open.
Equation (1.1)) is motivated by some geometric problems. To ensure the elliptic-
ity of (1.1)), so called (n, k)-convex hypersurface is introduced in [5]. Namely

A eTy={AeR":0;(A) >0,V1 <i <k}
For example, when k& = n, it becomes
det(n(X)) = f(X,v), for X € M. (1.3)

The (1, n)-convex hypersurface has been studied intensively by Sha [21]22], Wu [24],
Harvey and Lawson [I4]. (1, n)-convexity is called (n — 1)-convexity in [14} 2T, 22].
In complex geometry, when k& = n, Equation is called the (n — 1) Monge-
Ampere equation, which is related to the Gauduchon conjecture (see [§]). Compared
to , it is interesting that the curvature estimate of can be established for
1 < k < n. Chu and Jiao [5] established curvature estimates for (7, k)-convex
hypersurface and proved the existence for . Chen, Tu and Xiang [4] extended
it to a class of Hessian quotient equations.

In this article, we give a simpler proof of the result of Chu and Jiao [5], and
extend it to space forms. Let N"*1(K) be a space form of sectional curvature
K = —1,0, or 1. It is known that the space forms can be viewed as Euclidean space
R"*! equipped with a metric tensor g", that is,

N™HHK) = (R, V), g% = dp® + ¢°(p)d=>,
where
sin(p), p € [0, %), it K =1,
o(p) = { p, p € 0,+00), if K =0,
sinh(p), p € [0,4+00), if K =—1,

where dz? denotes the standard metric on S induced from R™*!. We define the

vector field V' = q’)(p)a%. In fact, V is a conformal Killing field in N"*1(K) and
V is just the position vector field in R**!. We consider the k-Hessian equation of
A(n) in N™H(K),

or(Am) = f(V,v), 2<k <m, (1.4)

and obtain the main result as follows.
Theorem 1.1. Let f(V,v) € C*(T) be a positive function and T’ be an open neigh-

borhood of the unit normal bundle of M in N™+1 x S"™. Assume that there exist two
positive constants 1,75 and ry < 1 < ro, such that

FV. o) < Chtn = NGNS forp =1, (15)
%4 & (r) -

FV.gi) = O = DG forp =i (1.6
6% (" f(V,1)] <0, forr <p<nm,. (1.7)

Then there exists a C*° closed star-shaped (1, k)-convex hypersurface satisfying

for any § € (0,1).
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The rest of this article is organized as follows. In Section 2, we give some
definitions and important formulas. In Section 3, we prove CY, C! and C? estimates
of (1.4)). In Section 4, we give the proof for the existence, that is Theorem

2. PRELIMINARIES

In this section, we recall some geometric objects and related formulas on hy-
persurfaces in space forms. Let M be an immersed star-shaped hypersurface in
N™1(K), which is expressed as

M ={(z,p(2)): z € S"}.

Let V’ and V denote the covariant derivatives with respect to the standard spherical
metric and the covariant derivatives with respect to the induced metric on M,
respectively. Following the notations in [I], the induced metric, its inverse, unit
normal vector and second fundamental form on M are respectively by

N
= A2 NV /R (PN % I i
gl] ¢ el] + Vzpvjpa g ¢2 (6 d)g + |v/p|2)7 (21)
—V'o+ 29
v = P—M , (2.2)
NGErT
¢ 2¢/
i = W( = Viip ViVt od'ers ). (2:3)

where e;; is the standard spherical metric and €' is inverse of it. We define ®(p) =
Jy ¢(r)dr and w = (V,v). Let {e1,...,e,} be alocal orthonormal frame on M. By
direct calculations, we have the following formulas (see [13] 23]):

Vi® = (V,e;), Vij®=¢"gij — uhij, (2.4)
Viu = gklhikvl‘l), (2.5)

Viu= gFVihi;Vi® + ¢'hij — ugF highyj, (2.6)
Vil/ = gklhikel, (27)

Vijhir = Vighi; — hi(himhi; — hijhami) — R (Rmihig — hithim)

2.8
+ Khimi(0350km — 0imOkj) + K P (8i10km — 0imOrt)- (2:8)
For simplicity, we denote
g PYe ) 92 )
G = o/ M), Gi(n) = o, G = R =S G
(n) =0}/ " (A(m)) () = g () = G >

ki
If (hi;) is diagonal and hig > - -+ > Ry, then

M1 < <fpmy, G >G™ FM < < PO

3. A PRIORI ESTIMATES

In this section, we obtain C°, C! and C? estimates for (1.4). Let us consider a
family of functions, for ¢ € [0, 1],

FVo) = (Vo) + (== 1) [(Sy ey (Eloye (T gy
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where the constant ¢ is small sufficiently such that
: ¢'(p) \k o'(p)\k P (1)\k
r <p<rs [(M) +8((WP)) - (W) )} >co > 0.

It is easy to see that fi(V,v) satisfies (1.5)), (1.6) and (1.7)) with strict inequalities
for 0 < t < 1. To prove Theorem we consider the family of equations

Uk(>\(77)) - ft(v7 V)a 0<t< 1 (32)

3.1. CY estimates. Now, we prove the following proposition which asserts that
the solutions of (3.2) have uniform C° bounds.

Proposition 3.1. Let fi(V,v) € C*(N"1 x S") is a positive function. Under

assumptions (L.5) and (L.6), if M, = {(z,p(2)) : z € S*} € N**1EK) s g star-
shaped (n, k)-convex hypersurface satisfying Equation (3.2]) for 0 < t < 1, then
ry < pp <Ta.

Proof. Suppose that p:(z) attains its maximum at zgp € S™ and p;(z0) > r2. Then
V'p =0, at z9. Therefore, from (2.1)) and (2.3)) we obtain

g7 =972, hij = =Vip+ o e,
which implies that
e* V) . ay /o
kP i O
¢? o7 ¢
gl(;i

5

It follows that
n}zH(S;—hé >(n-1)

Noticing that oy, is elliptic in I'y, we have

ok (M) > Chn 1)’6(‘2’)’“.

On the other hand, the unit outer normal vector v = |V7‘ at zg and f(V,v) satisfies
(1.5) with strict inequality for 0 < t < 1. If p(2¢) = r2, then

(3.3)

/ k V
C,’jn—lk‘b(”) > AV, —) = fL{(V,v) = ou(A(n)). 3.4
(=M (G0) > F W) = 10 = o) (3.4)
This contradicts (3.3), and shows that . sup,, p; < re. Similarly, we prove
infMt pt >T1. |

Now, we prove the following uniqueness result.

Proposition 3.2. Fort =0, there exists unique (n, k)-convex solution of Equation
(3-2), namely, My is an unit sphere in N*(K).

Proof. Let My be a solution of (3.2)) for ¢t = 0. Assume the height function p(z) of
My achieves its maximum ppax at zg € S™, then

k _ k (b/(pmax) k e (b,(pmax) k_ ¢/(1) k
Chin =DM (Gpe)" + ()" - ()]
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which implies

(3.5)
Noting that

cot(p), if K =1,

AC ! it K =0
p, - )

olp) coth(p), if K =—1,

we obtain ppax < 1. Similarly, ppe, > 1. Thus, p = 1 is the unique solution of

(13.2) for t = 0. O

3.2. C! estimates. In this section, we follow the ideas in [3] and [I0] to obtain C*
estimates for the height function p.

Proposition 3.3. Let M be a closed star-shaped (n,k)-convex hypersurface in

N¥(K) satisfying (3.2)). Under assumption (L.7)), if p has positive upper and lower
bounds, there exists a constant C' depending on infarp, supys p, and || fl|cr(ar) such

that |[Vp| < C.
Proof. Since

¢2
v= V= e

it is sufficient to obtain a positive lower bound of u. We consider a test function

o = —logu+(®(p)),

where ~(t) is a function which will be chosen later. Assume that ¢ achieves its
maximum value at zp € S”, we will show that u(zg) = |V (%0)|, that is, V(z¢) =
d(p(20))v(20), which implies a uniform lower bound for v on M. If not, we may
choose a local orthonormal frame {ey,...,e,} around (zg,p(29)) € M such that
(V,e1) # 0 and (V,e;) =0, i > 2. Using (2.5)), we have at (2o, p(20)) € M,

v, hiy (V,
0=Vip=— uu _%

+9'V® = + 7 (V, eq). (3.6)

It follows from (3.6]) that
hll = U’}/, hil = 0, ) Z 2. (37)
Rotate {eq,...,en} around (2o, p(z0)) € M such that h;; is diagonal. Covariantly
differentiating ¢ twice yields
0> F"V;p
ii Viitl i 1" i 2 ! i
=—-F"—+4F Y'F* |V ®@° + 4 F"V,; @
1 u u (3.8)
= ——F"(hin V1@ + ¢'hy; — uhl) + () +~")F*|V,;®|?
u
+ 7 F (¢ 65 — uhys),
where the second equality is given by using (2.4]), (2.5) and (2.6). Then

i =) hij

J#i

|Viul*
72 +
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implies
an— n_l Zh”’ ii:n

which results in

ZF“h” = Z (Z GFF — @' (ﬁ Zﬁkk — 7ii)

— Mii,

(3.9)
— Z G”nn fl/k V V)
Z F”hn‘j = Z Giiniij. (310)
Notice that (|1.4) can be written as
Gn) = f/*(Viv) = f(V,v). (3.11)
By (2.7) and covariantly differentiating (3.11)) with respect to e, we have
Gy = dv f(Ve, V) + hurdy f(en).- (3.12)

Taking (2.4), (3.9), and in yields
02— (A FV V)V e2) + 6T + husd, Fler) (Vi)
+ (V)2 ) FNV,e)? +9/¢' > F —Auf
>~ (dy (Ve V)(Vier) + 07 - ;’dyf<e1)<v,el> o
u

+ ((7/)2 + 7//)F11<V,€1>2 + 7,¢/2Fii o ’Y/Uﬁ

where the second inequality is obtained by (3.7). Since V = (V,e1)e; + (V,v)v at
20,

dv (V) = (V1) (dv f) (Ve V) + u(dv ) (V. V). (3.14)
From this and the assumption , we see that

> 8%(@5’“1‘(‘/,1/)) — k(o]) (@ + dv F(V))

(3.15)
=k(0f)" (¢ T+ Ven) (@v ) (e, V) + u(dv ) (V.1)).
Combining this with gives
0> dvf(V,V)+ (V) + ") F* (V,er) +4/¢/ > F*
i (3.16)
—yuf —~'dyf(ex)(V, e1).
Now we choose
HOEES (3.17)

where « is sufficiently large. Recalling that h1; = y'u at (20, p(20)), we have
hi1 < 0. Since H > 0, there exists ky with 2 < kg < n such that hg,x, > hi1-
Combining this with the definitions of 7;; and G yields

Nioke < M1, GFoFo > G
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Thus,

=S 6> ZG“ = 5= ZF” > %(ck)”’“. (3.18)

J#1

Putting (3.17)) and (3.18]) in (3.16|), we obtain

<V7 el> 2354 2+ _6 . o B
0> ————=(a"® + 40P Fi _ P b Fii
2= 0 R 2 (3.19)
—a®2|V|d, f(er)| = |dv F(V, V),
which leads to a contradiction when « is large. Therefore u(zo) = |V (20)]. 0

3.3. C? estimates. To obtain C? estimates for (3.2)), we prove that the principal
curvatures have uniform bounds.

Proposition 3.4. Let M = {(z,p(z)) : z € S™} be a closed star-shaped (n,k)-
convez hypersurface in N*(K) satisfying (3.2), where f(V,v) € C*(T) is a positive
function and T is an open neighborhood of the unit normal bundle of M in N™t1 x
St If0 < < p(2) <71, |lpller < 13, then there exists a constant C' depending
onn, k, r1, r2, r3, || fllc2(ary and infys f such that

rréax\/ﬂ <C, for 1<i<n,

where (K1,...,kKn) is the principal curvatures vector of M.

Proof. Since H > 0, it suffices to prove that the largest curvature s,y is uniformly
bounded from above. From Propositions [3.1] and [3:3] we know that

1
agi]r\l/ffugugsx[puga
where the positive constant C' depends on inf; p and ||p||c:. Taking the auxiliary
function
e
Q= & (3.20)
u—a
where a = %inf mu and B is a large constant to be determined later. Assume
that (zo,p(z0)) is the maximum point of the function @, we can choose a local
orthonormal frame {eq,...,e,} around (zo,p(20)) such that h;; is diagonal and
hi1 > -+ > hpn at (20, p(20)). In the rest of proof, all computations will be carried
out at (29, p(20)). Since h11 = Kmax, the function
log @ = log hy1 — log(u — a) + 8P
has a local maximum at (zg, p(29)). Therefore,
vihll V ;U
0= —— V., 3.21
iy T (3.21)
Fiiviihll Frit (vihll)Q Fu‘v“_u Frit (Vlu) 2

> - ~ FUV ;. 22
02 h11 h?, w—a (u—a)? +AFTV (3:22)

By (2.4) and (3.9), we have
BFV;® = ¢’ Y F' — Buf. (3.23)
i
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It follows from (2.6 and (3.12) that
_F“V”u - _Fiihiijvj“b o ¢lf n UF”}Z?Z

u—a u—a u—a u—a

v “ _ . (3.24)
o WV VIVi®  hid, f(e)Vi® _ f  uF"h
= u—a uU—a u—a u—a
Applying (2.8)) and (3.9)), we obtain
FUVyhiy = FUV1i1hg — hi FPh2 + Fh;h3,
— KF%(hy10%; — h116i; + hi; — hi1din) (3.25)

= FiV 1 hi; — hit FhZ, + fh3) + Khyy ZF” - JK.

Covariantly differentiating (3.11]) twice yields
FiiV11h“‘ _ G”vllnu Z _Gij77‘svl77ijv177rs—|—z hlliduf(ei)—01(1+h%1), (326)
where the positive constant C; depends on || f||c2. The concavity of G and Codazzi

formula give

G 10V ns > *QZGli’i1|V1771i\2 = *QZGli’i1|Vz‘h11|2- (3.27)

i>2 i>2

Combining (3.25]) and ([3.26) with (3.27)), we obtain

F'V,;h11 2 1iil 9 o hiidy f(eq)
T Vel 2 NT Gy, 2 - pp2 g G (G)
hi1 hi1 g; [Vihal " hi1
= K 1 (3.28)
KS Fighyf——2 —Ci(~— +h11).
+ z; + hi11 Iy 1(h11 + h11)
Putting (323), B28) and B25) in (23,
2 ;. Fii|V‘h11|2 a s F”|Vu\2
0 >__ = Glz,il zh 2 T F“I’Lz» T
- h1122>; Vil h%, +u—a wt (u—a)?
Vih hyVi®y o = i
+3° (Tlﬂ - m)duf(ei) + (K +8¢) S F' = Co(1+ huy)
i By i B (3.29)
2 ;2 F“|V¢h11|2 a . F“|V¢U‘2
>_ 2 Glz,zl V.h 2 F”hz-
- h11z [Vifai] h3 Tu—a Mt (u—a)?

i>2

+ (K +8¢)) Y F'" = Co(B+ hn),

3

where Cy depends 71, ro, 73, and ||f||cz. The second inequality is obtained by
B321).
We divide the rest of proof into three steps.

Step 1. We prove that

a

iy 1 By
[EERS— A 2, — / IS ) .
2(u—a) hi; 9 (K + p¢) g F* > Csh1y (3.30)

%

The proof of step 1 is split into two cases.
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Case 1. |hy| < dhyp for all 2 < ¢ < n, § is a small constant to be chosen. We

obtain

|7711| < (n—l)éhll, (1—(%—2)5)h11 <N < - < Npp < (1+(n—2)5)h11. (331)

This shows that
ok-1(n) = ok—1(n1) + M10ok—2(n[1)
> CF (1= (n—2)5)" i
—CE 2 (14 (n—2)6) (1 — (n—2)8)" hl
Choosing ¢ sufficiently small and using k > 2, we have

1, 1
or—1(n) > ihlfl t> §h11‘

It follows from (3.33]) and the definitions of G* and F* that

ZF” =(n-1) ZG“ UL A 2P )

k k
< (n—1)(n—-k+1)

hat.
kinfy Lk

Choosing § sufficiently large gives

%(K—&—ﬁd)ZF“ > Cahi.

K2

Case 2. hoy > 0hiq or hy, < —0h11. We obtain
_*
2(u—a)

L
2(supy; u — a)
as?

~ 2(supp u—a)

Fii h121 2 (F22 h§2 4 J s hin)

F2p2,.
Applying Maclaurin’s inequality, we have
. 1 . 1
22 __ i - i S (kN\1/k
F fZG > QZG > (O™
i#£2 %
Inserting into ([3.36)) yields

a Fiip2 > ad?

EE—— <. —Ck l/khQ >Ch
2(u—a) @ = 4(SupMufa)( ) 11 = G201,

where the second inequality is obtained from

4(supy, u — a)
hll Z T
otherwise, the proof is complete.

Step 2. We prove that

(CH)~E 0y,

|his| < BC3, for2<i<mn,

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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where C3 depends 71, r9, 73, and || f||c2. Combining step 1 and ([3.29) gives

2 . - F”\Vihll\g a i
0> ——— Glz,zl ih 2 Fzzhz_
= hl ; ‘V 11‘ h%1 + 2(u — a) i
- |lv | (3.39)
(X3 U
_— K F' —C
T e + B¢) Z 28,
From and Cauchy-Schwarz inequality, we have
F”\V hll‘ 1+e i: 2 1 2 i 2
— F*"|Vul* — (1 4+ —-)B°F*|V,;®|°. 3.40
W 2 o PVl — (L4 T (3.40)
Note that
ZG“ 1|V;hi1|? > 0. (3.41)
h i>2
Using (3.40) and (3.41) in (3.39)) yields
)
OZ( a _ <ﬁ:|v | )FuhQ 026
2u—a) (u—a)?
1 / 1, , B (3.42)
+ (S +8¢) — (L4 D)BIVE?) 3 P,
where V;u = h; V;®. Recalling that
F* 2 2(n — 1 Z - C
and choosing e sufficiently small such that
a  eveP > 0 >0,
2u—a) (u—a)2 ="
we deduce that
Zh + (504800 — (Lt Dvep) - 2 (3
- 1 € > Fi

Therefore, ZiZQ h?,» < B2C3.

Step 3. We show that there exists a constant C' depending ry, ro, 73, || f|lc2, and
infys f, such that hy; < C.
From (3.21)) and Cauchy-Schwarz inequality, we obtain

i (3.44)
l+e 2 L\ o2 o 2 FUV by |? '
>———F\V — (14 2)BF|V19|° — —_—.
= u—a)e [Viul” = (1+ 8)5 V19| ; 72,
Choosing ¢ sufficiently small, we obtain
€ 5|V1<I)|
- FYvuf? —— _FURZ > ,7F“h2 3.45
(u—a)? Viul” = (u—a)? U= 16(u—a) (345)

Without loss of generality, we assume that

2 2
2, zmax{g (Sumf: ))p? vo2, 03},
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where o will be determined later (o < 1). This gives

1 2 g
1+ 5)52F11|V1‘I’|2 > —gﬁQFHW‘P\Q > —LF”hfi.

16(u — a)
By step 2,
|h”| S ahu, for 1 2 2,

which implies that

i < 1+« .

hi1 = hir — hy;
Noting that
Q' _qgii g gl

_qliil — 7
Mii — M11 hi1 — hy
we have
F%|V;h11|? F“ 9 FYIV,hy|?
Z Rz, Z - Z |V ha Z h2
i>2 11 i>2 i>2 11

1+a - 9 FYV, k|2
> - Zh1—h Vil =3 =

i>2 >2 11

1+Ol . . Fll Vlh 2
ZGzl,lz|vihll|2 _ Z ﬂ

h h?
s i>2 11

Using (3.21)), (3.47), and Cauchy-Schwarz inequality we have
_ Z F11|V1‘h11|2

|V “| o2 11w .q2
22 268> F'|V;®|
1>2 1>2
2(n — 1)a2|V<I>|2 aF1h3, e(u—a) aFYMh}
- a? u—a 16(supp;u—a) u—a

Choosing « sufficiently small gives
B Z FY|V;hy |2 aF“h%l o _ aF%h?
h?, 8u—a) = 8u—a)

i>2

Putting (3.44), (3.45), (3.46), (3.49), and (B.51) in (3.39) yields

FU|V,ul? . Cs
>7 " > —Zhyy — )
0_4(u_ E 2(K+5¢)§i F" =3B > —~hiy = Cof

Thus hll S Qﬂ

4. EXISTENCE

11

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

In this section, we use the degree theory for nonlinear elliptic equation developed
in [I6] to prove Theorem After establishing the a priori estimates in Proposi-
tions and we know that (3.2)) is uniformly elliptic. From Evans-Krylov

estimates [7], [15], and Schauder estimates, we obtain

pllcas < C

(4.1)
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for any (7, k)-convex solution M = {(z,p(z)) : z € S"} to (L.4). We consider a
family of the mappings for ¢ € [0,1], F(-;¢) : Cg’é(S”) — 029(S™), defined by

F(z,p(2);t) = ox(X(n)) — 1 (V,v),

where

ft(V, I/) _ tf(V, V) + (1 _ t)C’ﬁ(n _ l)k{((i/((g;)k +8<(¢’(p))k _ (¢’(1))k>:|,

where the constant ¢ is sufficiently small such that

: ¢'(p)\k ¢'(p)\k D (1)\k .
Jin, Gy + (G~ G )] 2 >0

for some positive constant cy. We set
4,6 .
Or = {p € C*(S") : Ipllcrsm < R},

which is an open set of Cg’é(S"). If R is sufficiently large, F'(z, p(z);t) = 0 has
no solution on dO0g by the a priori estimates in . Therefore, the degree of
deg(F'(;t), OR,0) is well-defined. Using the homotopic invariance of the degree,
we have

deg(F(7 1)7 OR7 O) = deg(F(a 0)7 OR; O)

At ¢t = 0, by Proposition po = 1 is the unique solution of (3.2) in Og. Direct
calculations yields

Fe.pr0) = —<Chin— D4 ((52)" = (S1)").
By the definition of ¢(p), we obtain

0p0 F' (2, p0;0) = %|s:1F(2, 5p0;0)
¢’(1))k71 9" (1)p(1) — ¢'(1)¢'(1)
¢(1) (p(1))?

where §F'(z, po; 0) is the linearized operator of F' at pg. Then 0F(z, po; 0) takes the
form

= —ckCl(n —1)¥(

>0,

¢'(1)yk-1¢"()o(1) = ¢'(1)e' (1)
¢(1) (p(1))?

where (a*/) is a positive definite matrix. Clearly, &,,F (2, po;0) is an invertible
operator. Therefore,

0,F (2, po;0) = —aijV;jgo—l—biV;(p—EkCﬁ(n—1)k(

deg(F(.;1),0r,0) = deg(F(.;0),0r,0) # 0.

It implies that there is a solution of Equation (3.2]) at ¢ = 1. This completes the
proof of Theorem [1.1
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