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EXPONENTIAL STABILITY OF SOLUTIONS OF NONLINEAR
FRACTIONALLY PERTURBED ORDINARY DIFFERENTIAL
EQUATIONS

EVA BRESTOVANSKA, MILAN MEDVED

Communicated by Mokhtar Kirane

ABSTRACT. The main aim of this paper is to prove a theorem on the expo-
nential stability of the zero solution of a class of integro-differential equations,
whose right-hand sides involve the Riemann-Liouville fractional integrals of dif-
ferent orders and we assume that they are polynomially bounded. Equations
of that type can be obtained e.g. from fractionally damped pendulum equa-
tions, where the fractional damping terms depend on the Caputo fractional
derivatives of solutions. The set of initial values of solutions that converge
to the origin is also determined. We also prove an existence and uniqueness
theorem for this type of equations, which we use in the proof of the stability
theorem.

1. INTRODUCTION

Recently, fractional differential equations with fractional derivatives and frac-
tional integrals of different types have attracted many scientists from various disci-
plines due to their wide applications. The most known are the Riemann-Liouville
and the Caputo derivatives and differential equations with these derivatives. The
basic theory of fractional differential equations and many references can be found
in the monographs [8, 23] 29]. These derivatives are defined as follows:

The Riemann-Liouville fractional derivative of a function u: [0,00) — R of an
order a € (0,1) is

RLDoy(t) := 1“(1a)cclit /Ot(t — 5)* tu(s)ds (1.1)
and the Caputo derivative is
CDoy(t) = 1/t(t §)=u (s)ds (1.2)
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where o/(t) = 240 1(z) = J;° 7# e ""dr is the Euler Gamma function and the
integral

RL oy, (f) = ﬁ /0 (t — )" Lu(s)ds (1.3)

is called the Riemann-Liouville fractional integral of order « of the function wu(?),

provided that the right-hand sides of (|1.1)), (1.2) and ([1.3)), respectively, exist.
Ifu: [0,00) — RN, u(t) = (u1(t), uz(t), ..., un(t)), then, we define the Riemann-
Liouville fractional derivative of the mapping u(¢) of order « as

REDey(t) = (" D%y (£),B5 Dus(t), . .. ,FX D*un(t)) (1.4)
and the Riemann-Liouville fractional integral as
BEpo () = (1% (£), 7% Tuy(8), . .. 2 Tun (1)) (1.5)

An influence of viscous fluids on vibrating systems is often modeled by using the
Riemann-Liouville or Caputo fractional derivative. These derivatives play the role
of damping force, called the fractional damping. The well known Bargley-Torvik
equation (see [2])

W (t) + ACD3u(t) = au(t) + ¢(t), (1.6)

modelling the motion of a rigid plate immersing in a viscous liquid, is one of the
equations descibing the motion with the fractional damping term ACD%u(t).
It is well known that the system of linear fractional differential equations

D%x(t) = Az(t), x(t) e RN, a € (0,1), (1.7)

where D*z(t) is the Riemann-Liouville or the Caputo derivative of z(t) of the order
a € (0,1) and A is a constant matrix, do not have exponentially stable solutions, but
asymptoticall stable only. The equilibrium x = 0 of this equation is asymptotically
stable if and only if | arg(\)| > <F for all eigenvalues of the matrix A. In this case
all components of z(t) decay towards 0 like t~* (see [111, 12, 20, 211, [9]).

We will show that fractional integro-differential equations of the form

i(t) = Ax(t) + f(t.x(@), I 2(@), ... Bl 1o 2(t), 2(t) e RN (1.8)

can have exponentially stable solutions, where the solution is defined as in the next
definition.

Definition 1.1. A mapping x: [0,T) — RY where 0 < T < o0, is a solution of the
equation satisfying the initial condition x(0) = xo € RY if it is continuously
differentiable on the interval (0,7T), continuous on [0, T") and it satisfies the equality
for all t € (0,T). If T = oo, then this solution is called global.

Equations of the form (|1.8) can be obtained from the following linear multi-
fractional pendulum equation

u” (t) + M () DPru(t) 4+ - - + A () DPru(t) + M (t) + w?u(t) =0 (1.9)

with m fractional and one ordinary damping terms, which can be written as a
system of the form (1.8) with

A= <_8)2 _1A> z(t) = (i;gD
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ft,z(t),BE g (t), ... Bl 1oma(t))

0
- (Al(t)RLIale(t) — e = A (OB Tm gy (1) — )\(t):rg(t)> ’
where x1(t) = u(t), z2(t) = ' (t), ;i € (0,1), oy =1 =G, N\i(t) i =1,2,...,m are
continuous functions on [0,00) and A > 0, w > 0 are constants.
Let us recall an analysis of the fractional vibration equation
u"(t) + b Du(t) + cu(t) =0, a e (0,1), (1.10)

where b > 0, ¢ > 0 are constants, given in the papers [I0] and [I8]. It is proven in
[18] that if u(t) is a solution of the equation ([1.10) satisfying the initial conditions
u(0) = ug, u'(0) = ug, then its Laplace transform is

s+bs* "t +c 1
Llu(t)] =U(s) =
[u( )] (S) 2+ bs® + ¢ up + $2 + bse + CU17
the characteristic equation
2+ bs*+c=0 (1.11)

has a couple of complex conjugate roots
slygzﬂiio:rii@, 8<0, o>0, r=+32+02>0, g<@<7r
and the fundamental solution ¢;(t) with

s+bs* ¢

L[p1(t)] = ®1(s) = 21 bso 1o

has the form
¢1(t) = CePl cos ot + DePl sinot + / Ko (r)e™mdr,
0
where C, D are functions of the variables r, ©. The function

f1(t) = CePtcos ot + DePlsin ot

represents a decaying oscillation along the t-axis, where the amplitude decays ex-
ponentially. The function L[¢1(t)] = ®1(s) has the asymptotic representation
®1(s) ~ 257! as s — 0 and hence the function fo(t) = J)° Ka(r)e ™ dr has

the asymptotic representation fa(t) ~ %F(tl;fa) as t — oo. The derivative u'(t)
—a—1
has a similar asymptotic representation u’(t) ~ %% as t — oo. We con-

clude that the solution wu(t) of the equation decays towards 0 as t — oo like
t~* and u/(t) has similar asymptotic properies. This means that the equilibrium
x = (x1,22) = (u,u’) = (0,0) of the system of equations, corresponding to the the
solution u(t) of the equation , is asymptotically stable, but not exponentially.
We were motivated by the paper [25], where an existence and uniqueness result
for the initial value problem
N
Au” + 3" Bp D u(t) = f(t), u(0) =up, ' (0)=cy (1.12)
k=1
with 0 < ap < 2, k =1,2,...,N is proved. The Caputo fractional derivatives in
the equation play there the role of damping terms.
In the paper [5] the initial value problem

RLDx(t) = f(t,x(t)), t>0, tlir%tl_o‘x(t) =b, a€(0,1), beR, (1.13)
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where f: Rt x R — R, ¢: RT — RT are continuous functions, is studied. It is
assumed there that

|f(t,z)] < tho(t)e 7 ul™, for all (t,u) € RT x R, (1.14)

where ¢ > 0, m > 1, 0 > 0. Using the desingularization method, proposed in [14]
and the Bihari inequality, it is proven there that if

e _ T 2 \Var_ (ep™ g
lolly = /O O(s)ds < L= oy (m — 1) [F(Al)(l +50d

where pg = p+q, A = 1+p(p—(1—a)m], Ay = 1+p(a—1), then any solution x(¢)
of the initial value problem is global and there exists a constant ¢ > 0 such
that |z(t)| < % for all t € (0,00). This means that the trivial solution x¢(t) =0
is asymptotically stable. It is obvious that similar results for more general type of
power nonlinearities are extraordinary complicated. In the paper [I5] the equation

i(t) = Ax(t) + f(t,z(t), I gi2] (1), ... ,FE T [gm2] (1)),  x(t) € RN, (1.15)
where f: Rx RY x RV — R¥ is a continuous mapping, g;: R x RY — RY (¢, z) —
gi(t,x),i=1,2,...,m are continuous mappings and

1
['(ai)

t
RLT [ g.x](t) = /0 (t—8)*"tgi(s,z(s))ds, 0<a;<1,i=1,2,....m

(1.16)
is studied. A sufficient condition for the exponential stability of the trivial solution
z(t) = 0 of this equation is proven there. In the paper [16] a sufficient condition
for the non-existence of blow-up solutions for a fractional functional-differential
equations of the form

i(t) = Ax(t) + b (b 2(t) 2, (I ) (0), ., (1 [gma) (1)), ¢ >0,
x(t) =®(t), te[-r0],

where r > 0, ® € C, := C([-r,0],X), X is a Banach space, z(t) € X, z; € C,
24(@):=2(t+0) t>0,0 € [-r,0], Ais the infinitesimal generator of a strongly
continuous semigroup {S(t)}+>0, S(t) = e, h: Ry x X x Cp x X™ — X, X™ :=
X x -+ x X (mtimes) is a continuous map, Ry = [0,00), g;: Ry x X — X,
(t,x) — g;(t,x), i =1,2,...,m are continuous maps, is proved

In this paper, we study equation with g;(t,z) = z(t), i.e., we have the
Riemann-Liouville fractional integrals of x(¢) in the equation instead of the
nonlinear functions g;(¢,z(t)). Moreover, the mapping f is more general than in
[I5]. The aim is to give some conditions under which the trivial solution of this
equation is exponentially stable.

(1.17)

2. EXISTENCE AND UNIQUENESS RESULT

In this section, we prove a local existence and uniqueness result concerning the
initial value problem

(1) = Ax(t) + f(t,x(t),RL I*g(t),... RL I"""x(t)), t>0,
z(t) € RN, x(ty) = xo.
Many papers are devoted to the fractional initial value problem
FEDa(t) = f(t,2(t),  (to) = @0, (2.2)

(2.1)
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where the right-hand side is independent of fractional derivatives and fractional
integrals, respectivelly. Some basic existence results for the problem can be
found in the monograph [§], where they are proved by using the classical Picard
method of successive approximations. Many local and global existence results for
various classes of fractional differential equations are proved by using fixed point
theorems (see, e.g., the monograph [29], [6] and the paper [30]). Some existence
results for the second-order abstract differential equations on Banach spaces, in-
volving several fractional derivatives on their right-hand sides are proved in the
papers [, 27, 28]. In its proof, we use the method of Picard successive approx-
imations. There is a problem to apply the Banach fixed point theorem without
the assumption of the global boundedness of the mapping f, because there are
fractional integrals of the unknown function z(t) in its arguments.

Theorem 2.1. Let G C R x RN be a region, H,, C R™ is a region with 0 € H,,
and f € C(G x H,,,RY) be a continuous locally Lipschitz mapping. Then for any
(to,x0) € G,tg > 0, there exists a 6 > 0 such that the initial value problem
has a unique solution x(t) on the interval Is = [to,to + 0).

Proof. Let

Go = {(t,m,u1,...,um) € G x Hy, 1 tg <t < tg+a,tg >0, 23
|z —zoll < b, luill < llwoll +b,i=1,2,...,m}, ’

for some a > 0, b > 0. Let

M, = Az||, M= t
1 ”xl_nmﬁﬁl\ zll, M (t,m,uf.r.l?fm>eao||f(’m’ul’ s tm) ||

and the mapping [ satisfies the condition
m
||f(t,1’,U1,U2, ey 'I.Lm)—f(t, Y,V1,02,... 7Um)|| < L()”.T—yH +Z Ll”“2 _vi” (24)
i=1
for all (¢,2,u1,ug,...,Un), (Y, V1,02, ...,0m) € Go. Let

b 1
b C’ m 9
My + M, Al + Lo + D22, Li}

O<5:min{a7

1
where ¢ = minj<;<p, [F(ai)ai] %i. Let C5 := O(Is,RY) be the Banach space of
continuous mappings from I5 into RY endowed with the metric d(h, g) := |h—g| :=

maxer, ||h(t) — g(t)||. Let us define the successive approximations {z,}5%q, z, €
Cs = C(Ig,RN), Is = [to,to + 4], b,

zo(t) = w0,

xn-&-l(t)

:xﬁ/t Az (s ds+/ F (s s (;1) (2.5)
< [

n=0,1,2,... t eI
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First, let us prove that ||z, (t) —xo| < bfor allm > 1, ¢t € Is. From the definition
of the number c it follows that

1 t 1§ 1 ™ 1 T(a)oy
/(t—s)o"_lds < << (@i)ai _ 3 (g4
0

NG T Nay) ap T D) 6 — T(ay) oy
fori=1,2,...,m; and so, we have
Iy [ = el < s ol 48 < ol 40, (27
L(ai) Ji, T() a
fori=1,2,...,m,t € Iy, and i = 1,2,...m. Hence, the first approximation x (¢)
is well defined and
lor(8) — woll < Mid + Mas = (My + My)s < (My + Mg)ﬁ =,

for ¢t € I5. This yields the inequality
lz1(t)]] < ||lzol| + b for all t € Is.
and thus

1 ¢ 1 K
L (b), 7/ (t— ) =1gy (r)dr, . 7/ (t— )™ (r)dr ) € Gy
( L'(en) Jo L(aw) Jo
for all t € Is. Now, we find by using the Lipschitz condition (2.4) and inequality

(2.6) that

l[za(t) — 21 (B[] < 5([[All + Lo) |21 (t) = zo (@)

m Li t s - )
+; ]_—‘(Ozl) /150/0v (S—T) ||1'1(T) 3;0(7-)”de$

< o([lAll + L0)||$1 — ol (2.8)
+ Z / / §—T)%™ 1d7’ds)|\x1 — Zo||
NG to
< 5k||1?1 - 170||,

where k = ||A|| 4+ Lo + Y.~ L; and so, we get
22 — 21| < Kéller — 2o
Now assume that the estimate
l2n(8) = 21 ()] < (k6)"
holds for n > 2. Then, using this inequality, the Lipschitz condition and the
inequality , one can get
[2n11(t) = 2n(B)] < (K0)"[lz1 — ol
and so, we have
[€n41 = 2all < (k6)"[|lz1 — 0.

Since

—I—Z x;(t) — x;-1(t)] with zo(t) = xo, (2.9)
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we obtain
n

lzo(t) + > [zi(t) = zima (W] < llwoll + D lwi(t) — zioa ()]
= = (2.10)

< (llwoll + - (k6)" )11 = ol
i=1
for all ¢t € Is. From the definition of ¢ it follows that k6 < 1, and so the series

lzol|4+> 5o, (k) is convergent. This yields the uniform convergence of the sequence
{zn(t)}32, on the interval I5 to a continuous mapping = € Cs. This implies

1 S
I — ), (1)d
L (2.11)
= (s — 1) lg(r)dr fori=1,2,...,m, s € Is
o, 7
and therefore
1 S
lim f(s,z,(s), =—— s —1) g, (1)dr,
Jim (5.0 o [ (5= (o
1 s 1
v | (s =)t (r)dr)d
,F(am)/o (s = 7)Laa(r)dr ) ds
(2.12)

= f(s,x(s), % /S(s — )~y (r)dr,

(1) Jo
1 S

“ Tlam) /o (s — T)a’”_lm(r)d7'>ds for all s € I;.
Therefore from ([2.5)) it follows that x(¢) is a solution of the initial value problem
(2.1), defined on the interval I5. Now let us prove its uniqueness. Assume that
there are two different solutions x,y € Cs of the initial value problem (2.1). Let
w(t) == ||z(t) —y(t)]], t € Is and W = maxues, w(t). Then, by using the Lipschitz
condition (2.4) and the inequality (2.6) we obtain

w(t) < (IA] + Lo) /t HCIEDY F(LOZ) /t /Os(s e a(r) — y(r)||drds

(3 to

+o(llAll+ Lo + Em: F(Loj) /t(t — ) lan)w
=0

<o(lAll+ Lo+ Y L)W
=0
= (0k)W forallt e I;

(2.13)
and this yields the inequality W < (k0)W < W. This is a contradiction and hence,
we have x(t) = y(t) for all t € I;. O

3. STABILITY THEOREM

In this section, we prove a result on the exponential stability of the trivial solution
z(t) = 0 of the equation . In its proof, we apply a desingularization method,
proposed in the paper [14], where it is applied in the study of nonlinear integral
inequalities with weakly singular kernels.
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We assume that the following conditions are satisfied:
(A1)
leAtz|| < Ke %|z|| forallt>0, zeRY,

where K > 0, a > 0 are constants;
(A2) The mapping f: R x RY x R™Y — R¥ is continuous and it satisfies the

condition
m
182 ur,uz, o wm) || < pa(@)e ™ a4 N (@)e™ " flug
i=1
; I m (3.1)
+ g Ollll™ + Y A (O)lual*
Jj=2 j=21i=1
for all (t,x,u1,uz,...,uy) € R x RV x R™V where p;(t),\ij(t), i =
1,2,...,m, j =1,2,...,1 are nonnegative continuous functions on [0, co
v1 >0, 71 >a+1,i=12....m 1 =Fk <k <- <Fk,]|z| =
max{|zl\,|22|,...,|zN|};

(A3) There exist numbers p; > 1,i=1,2,...,m such that
pila; —1)+1>0, 1=1,2,....m
and
wj = /Oo,uj(s)qu<oo, i=1,2,3,...,1, (3.2)
0

=12,...,

where ¢ = q1q2 .. . qm, i =
(A4)

i1 ::/ e*h“*(aﬂ)]s)\ﬂ(s)ds < 00,
0

o0 ki—1
Mij ::/0 e(aJrkj)squii)\ij(s)ds <oo, i=1,2,....m, j=2,3,...,1,

where q1, g2, - .., ¢m are defined as in (A3).

(A5) The mapping f(¢,x,u1,us,...,Uy) is locally lipschitz with respect to the

variables T, U1, ..., Um,.

In the proof of the main result, we use the following corollary of the Pinto’s
inequality (see [22, Theorem 1], [I, Theorem 10.2] and [26] Example 5]). We present
it in the form of the next lemma also with its proof, because we did not find this
formulation in literature.

Lemma 3.1. Let ¢ > 0 be a constant, U;(t), j =1,2,...,1 be continuous, nonneg-
ative functions on [a,00) and u(t) be a continuous nonnegative function satisfying
the integral inequality

i/t Vids, t € [a,o0),

where a € R, 1 =k < kg < --- < k;. Let the following conditions be satisfied:

(oo} (oo}
(kj — 1)(cDj)’%'—1/ Ujs)ds <1, j=2,3,...,1, / Wy (s)ds < oo, (3.4)
0

a
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where
D1 — ef(;’o \Ill(s)ds7

o 5T (3.5)
Dj:(1—(kj—1)(Dj,1c)’ff—1/ \I!j(s)ds) =23, L

a

Then
u(t) <eD1Ds...Dy,  for allt € [a,0). (3.6)

Proof. By [22] Theorem 1] (see also [26, Example 5]),

u(t) < Wy [Wl(cl_l(t)) + / t ml(s)ds}, (3.7)

where
t

colt) = ¢, ci(t):Wi’l[Wi(ci,l(t))—i— / xpi(s)ds}, .
@ 3.8

* d
Wi(z):/ y,ﬁ’ y>u; >0, i=1,2,...,1

One can calculate that

Wi(y) =

— [y1—k1 B C1—k1]) Wil (u) = [01—k1 — (k1 — l)u]_ﬁ

and
c(t)y =wrt [Wl (¢) + /t \Ifl(s)ds} <cDj. (3.9)

From the assumption ([3.4)) it follows that 0 < Dy < co. Using the inequality (3.9)),
we obtain

ca(t) < W{l[Wg(Cl(t))—i—/ Wo(s)ds] < W;l[Wg(cD1)+/ Wo(s)ds]

. L (3.10)
< [(ch)lf’w ~ (ks — 1)/ qJQ(s)ds] = < DDy,
where
Dy = [1 — (kg — 1)(cD1)k2’1/ qJQ(s)ds} e
Now, assume that
ci—1(t) < eD1Dy--- Dy_;.
Using the same arguments as above one can prove inequality (3.6]). (I

Theorem 3.2. Let conditions (A1)—(A5) be satisfied and ||zo|| < p, where p = oo,
ifl=1and ifl > 1, then

1 HoT
p=sup{z € R:|C(z)D;_1(z)| < [m} T i=2,3,...,10),  (3.11)
J J

where
C(z)=diK%29, d=m(l+1)+2, Di(z)=0Gh,

Dy(2) = [1 — (ks — DIC() D1 ()] 71G] 77, (3.12)

DJ<Z) = [1 — (k'J — 1) [C(z)Dj,l(z)] kj_lGj}_ﬁ, j = 3, .. .,l,
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o dqqu{(Phlp)q/Pwl + é (F%i))qnfl (aqtﬁ)é(l]}’

/ - i g 3
Gj = dq_qu{ {(kjll)ap}q pwj * ; <F§%))k qnfj (UJQillaikj) kqu})

j = 2733"'317 pi > 1; qi = pf]ilf 1= 132a"'am; q = qi192-..-9m, P = q%l’
G =q- - Gi-1qit1 - Gm> Di = 727,

(3.13)

|~

'(pi(o; — 1) + 1))1/”".

Q; = ( o (3.14)

Then for the solution x(t) of the equation (1.8)), satisfying the condition x(0) = xq,
the following inequality holds:

lz@®)| < Y(||lzol)e " for all t € [0,00), (3.15)

where the function ¥(w) is defined as
W(w) = [C(w) Dy (w) Da(w)Dy(w) ... Dy(w)] Y el <,

for which lim,, o ¥(w) =0 and if | > 1, then lim,,_,,- ¥(w) = oc.

Proof. Let x(t) be the maximal solution of the equation (1.8]), defined on the interval
[0, d), satisfying the condition z(0) = zo € RY. From Theorem it follows that
this solution exists. Then

¢
z(t) = eay + / eA(tfs)f(s, z(s), I a(s),... L 1% x(s))ds, te€[0,d)
0
and the conditions (A1), (A2) yield

t
meSKf“mﬂ+Kf“A@*W”HM@mwww

m t
+Ke > / e” o N ()| *E T a(s) || ds
i=170

t L&
+K€iat/0 €GS<Z/J/j(8)Hx(S)ij+ZZAij(S)HRLIaix(S)||kj)ds.

JZQ e (3.16)
If u(t) = e[z (t)|, then |lz(t)[| = e~ u(t), [lo(t)]|* = e~ itu(t)",
71 a(e) = g [ €= 9 et
1 ‘ a;—1
< F(Oéi)/o (t—s) lx(s)||ds (3.17)
1 ! a;—1_—as
< (o) /0 (t—s) e~ %u(s)ds,
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ﬁ /ot(t_s)a"_lw(s)dsukj

W(/Ot(t—s)a”_”w@)lds)kj (3.18)

< F(ali)kj(/ot(t — s)ai*le*‘“u(s)ds> kj.

Now, we apply the desingularization method as follows:

¢
/ (t— ) Lefe 5™ u(s)ds
0

<([[umspenenay( |

with ¢; = %, pi(a; — 1) +1 > 0. By the following inequality, proved in [14] (see
also [17]),

IR 12 (s) | =

(3.19)

t 1/q:
efqisefa‘“su(s)qids)

t 1/ i
(/ (t—S)pi(ai*l)episds) 3 < Qe

0

where the number @); is given by (3.14]),we obtain the inequalit
g y q y
t k; k. t kj/qi
(/ (t—s)“i_le(s)Hds) < Qi]ekjt(/ e_q"se_aqisu(s)q"ds) . (3.20)
0 0
Then the Holder inequality yields
t k. t
(/ efqisefaqisu(s)qids) J < tkjfl/ 6*Qikj567a¢hk?j8u(s)kj‘hds’ j>2
0 0

and hence, we have the inequality

N - s 1/q;
”RLIaix(S)ij < (F?z )) Jekjssk]qiil (/ e—qik:jTe—aqikjru(T)quidT) /a '
Q5 0

Thus, we obtain the inequality

t
UMSKWﬂ+K/éﬁmﬁm@w
0
- Qi ' —[vii—(a+1))s] ’ —qiT ,—aq;T Qi Vai
+K;F(ai) ; e /\11(8)</ e 1iTe u(T) d7-> ds

+ Ké/gt e*(krl)a)suj(s)u(s)kj)ds + Ki Z (F%Z.))kj

Jj=21i=1
t kj—1 s 1/q:
% / Aij(s)elatki)s s=a— (/ e_q"iije_aqiij’u,(T)quidT) ds.
0 0
Ifg=qiqa...qm and d = m(l+1)+2, then the inequality (21 + 20+ +24)? <
d71 (20 + 28 + -+ + 29)), valid for any 21,22, ...,2q4 > 0, yields

u(t)?

¢ q
< AR |09 4 dq_qu(/ e_'“sul(s)u(s)ds)
0

+diT K g (F?aii) )q {/Ot e~ i@t bls \ 1 (s) ( /05 e_q”e_“q”u(rqidr) ds} !
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l

+d“KqZ[/0te““” J(yu(s)ds]" 4 dr lxqzz( L)

j=21i=1

) /a 1a
/ )\z] a+k )98 a; (/ (l‘Ziije—qui‘ru(T)quid7_> d8j|

-1 1 a/p [t
< ar Ko+ = K (=) " syt s
7P 0
m t N
-1 Qi \1 T —aqiT L\
+d? Kq;(r(ai)) ml(/o e 4T a u(T)da)
! @
+d?” 1K‘ZZZ( ) nzj(/ efqikj'refaqikjru(T)qikjdT> :
0

j=21i=1
where ¢; = q1q2 - - - ¢i—14it+1 - - - G- X
Using Holder’s inequality with ¢;, p; = q,qj'l and with p, g, we obtain

t

(/Ote'”sm(s)u(s)ds)q < (A e*vlp5d5>q/p Atul(s)qu(s)qu

1 \a/p [t (3.21)
<71p) /0 pa(s)tu(s)?ds,

IN

(/Oteh“(QHHS)\M(S)U(S)dS)q < (m>q/p /Ot pin (s)%u(s)?ds,

t / +
(/ easﬂj(s)e_k'fasu(s)kjdS)q < (6_(k-7_1)“psds>q p/ 115 (s)u(s)"ds
0 0

{(kj_ll)ap}q/p /Ot 11(s)0u(s)*59ds,

IN

t

|: )\ (S) (ll+k )SS @ -1 (/ eiaqiijeiquiTu(’r)qu’id,r) 1/qid8:|q
0

i1 t 5
= //\ etk s d3>q(/ e‘a‘ﬁkﬂe—kﬂﬂu(T)kj%dT)q7
0

(/t e,aqimefquﬂu(ﬂkqid7>di

0

(/Ote—awﬂwd )(/Ot e—quru(T)qudT) (3.23)
(aa

t
0 / e~ M Tu(r) M dr.
aq;pik;

(3.22)

IN

AN
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The above inequalities yield
u(t)?

_ _ 1yg [
< dTVK 9| zol|9 + a9 1Kq—f/ s)?u(s)4ds
ol (55)5 | mte)ruGs)
L\ [f ..
+di K E ( ) n”(aqiﬁ) A e Tu(s)lds
: 1

+dI K1 Z: [m} e /Ot i (8)%u(s)*9ds

e ) k) [t

Therefore v(t) = u(t)? satisfies the integral inequality

(3.24)

l t
o(®) gdq_qu||x0||q+Z/ Fy(s)v(s)*ds, (3.25)
j=1"0
where

Ao =k (L) 35 (o2 ) o ) )

np Pt

H= dqiqu{ [(kj—ll)ap}q/pﬂj(s)q * Zm: (F%i))qungj (aqi;ikj)ﬁliekjw}'

Obviously,

[l ) ) o

=1

[} sl [ ] 2 () )

ie, Gj= [ Fj( ds<oo,]—12 A
From Lemma it follows that if ||x0|| < p, where p > 0 is defined by (3.11)),
then

v(t) < Wollzoll) = C([lzol) Dr(llzol) Da(llzoll) Da(llzoll) - - - Dilllzol)),  (3-26)
for t € [0,d), where

Clloll) = d* K ||zol|?, D ([lol]) =/ Fy(s)ds,
0

__1
ki1

Dy([lzoll) = [1 — (k1 = D)[C(lzo|| D1 (J|zo]])])F* /°° FQ(s)ds] . (327)
0
Dj([lzoll) = [1—(kj—1)[O(on\|)pj_1(||x0||)]k]‘—l/0 Fj(s)dsrﬁ7

forj=3,...,L



14 E. BRESTOVANSKA7 M. MEDVED EJDE-2017/280

Obviously, the right hand side of the inequality is finite if ||zo]| < p and
it is going to oo for ||zg|| — p, if I > 1. If I = 1, then it is defined for all zg € RY.
Hence, we have the estimate

v(t) = u(t)” = (Je(®)]e”)* < Wo(|lzoll), t € [0,d),

i.e.,

2@l < T(llzoll)e™ ", t € [0,d). (3.28)
From this inequality it follows that lim; 4 2(t) = d— < oo and by Theorem
there is an € > 0 such that the inial value problem has a unique solution w(t),
defined on the interval [0,d+€). This is a contradiction with the maximality of the
solution z(t). Hence, the inequality holds for all ¢ € [0, 00) and the proof is
complete. O

4. ILLUSTRATIVE EXAMPLE
Let us apply Theorem to the fractionally perturbed pendulum equation
V() + 20/ (t) + dv(t) + 3O DV3y(t) + 54 [CDI/QU(t)} o @
We can write this equation in the form of system 7 where z(t) = (z1(t), z2(t)) =

1_ 2 1
(v(t),v'(t),m=2,a1=1-3=%,a2=1—5=

0 1 0
A= <—4 —2) , itz un,ue) = <—36_4tU12 — 5e‘4tu§2,) ’

where w1 = (u11,u12), ug = (u21, U22),

29

0
f(ta m(t)v RLIalx(tL RLIa2x(t)) = <_3e—4tRLI§x2(t) — He—4t [RLII/sz(t)} 2.> ’

Obviously,
£t 2, ur, u2) || < 3e™[fua]| + 5e ™ |uz|*. (4.2)

The system has the form

0
() = Ax(t) + (_36—4tRLI§m2(t) Bt [RLI1/2x2(t)r> : (4.3)

Now, let us find the constants a > 0 and K > 0 from condition (Al). The Jordan
block of the matrix A has the form

a B
(5 )

where & = —1, § = 1. One can prove by using the Putzer’s method (see [24]) that

1
ety = e‘”(cos(ﬂt)] + 3 sin(ft)(A — I))x, (4.4)
where I is the unit matrix. This yields the estimate
le®*z]| < e (1] + 1A = 1]]) ||, (4.5)
where we use the norm ||C|| = max{|ci1| + |c12|, |ca1] + |c22]} of a 2 x 2 matrix

C = (cij). For this norm the inequality ||Cy|| < ||C|/|ly|l is valid for any y = (y1, y2)
with the norm |ly|| = max{|y1|, |y2|}. Since |I|| = 1,||[A — I|| = 7, from we
obtain

eAta|| < 8et|z| for all z € R, (4.6)
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i.e., we have ¢ = 1 and K = 8. This means that the condition (A1) is satisfied with
a=1K=28.
From (4.2) it follows that the mapping f has the form

£ty ur, uz) || < Aaa()e™ ™ || + Az (t) [Juz ™2 (4.7)

with A11(t) = 3, 711 = 4, M\i2(t) = e %, ky = 2. This means that the condition
(A2) is satisfied . The condition (A3) is trivially satisfied because all w; are equal
zero. The condition (A4) is also satisfied because

o0 oo 3
mi1 = / el ls ) (s)ds = 3/ e 2%ds = 2 (4.8)
0 0

> kols  F2=L * a1 4
12 :/ elathals g5 A12(s)ds :/ 3551 /45 g
0 0

e 1
= / st/ae=s :F(1+—>
0 q

with ¢ = qi1q2, where we define g1 = 2, g2 = 3, i.e., ¢ = 6. For the numbers
P = qlqil = 2 and P2 = qzqil = %» @1 =q2 = 3, (j2 = q1 = 27251 = qlqil = %7

Ao G2 _
b=z = 2, we have

(4.9)

1
p1(041—1)+1=§7 p2(042—1)+1:1-

Since the mapping f is smooth in all its variables, the condition (A5) follows from
the Lagrange mean value theorem.

Now let us calculate the numbers @1, @2, G1, G from the assumptions of Theo-
rem

T(pi(ay — 1)+ 1)1/, [T(3)71/2  T(1)Y?
“ [ pirlen—hH } - {21/3} IV (4.10)
1
~ (D(pa(ag — 1)+ 1) /P2 I‘(%) /3 F(i)1/3 .
@ [ phrle2 = ] a [ 21 } T gz (4.11)

and sincem =2,1=2,d=m(l+1)+2 =28, 7711:%, 7712:I‘(1+1) —I‘(%),

ay = %, = %, we have
()12 6,36, 1 51
_ g5 . g6 3 N2 -
Gi=8-8 ( 21/6 p(%)) (2) (3.2.%) 6’ (4.12)
D(H/3 1 12 /7\6 1 /2 1
Go=18".80(—2 r(- — 4.13
2 ( 31/2 r(%)) (6) (3.2,2) 2.6 (4.13)
1 1 1
2(2) 1-— [C(Z)Dl(z)]GQ 1—-diK129G1Go 1-—86. 86ZqG1G2’ ( )
where D;(z) = G1. Therefore
1 1
p=sup{zeR:dKIz|'G; < G—} =sup{z€R:8°.8%z°. G, < G—},
2 2

ie.,
1

=supz€R:|z| < T
p=sup { El &5 G

b
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where G1, Go are given by (4.12)) and (4.13]), respectively, and
dKw

U(w) = [C(w)Dr(w)Da(w)] V" = G

By Theorem
dK |z - 8 - 8|zl -
t)] < =
L Ty PN e N A A TR o PR TTeR AT
for the solution x(t) of the equation (4.3) satisfying the initial condition x(0) =
with ||zl < p.
This means that for the solution v(t) of the equation (4.1)), which is the first
coordinate of the solution z(t) = (v(t),v'(t)), the inequality (4.15] holds.

(4.15)
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