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INITTIAL-BOUNDARY LAYER ASSOCIATED WITH THE 3-D
BOUSSINESQ SYSTEM FOR RAYLEIGH-BENARD
CONVECTION

XIAOTING FAN, SHU WANG, WEN-QING XU

ABSTRACT. This article concerns the initial-boundary layer effects of the 3-
D incompressible Boussinesq system for Rayleigh-Bénard convection with ill-
prepared initial data. We consider a non-slip boundary condition for the veloc-
ity field and inhomogeneous Dirichlet boundary condition for the temperature.
By means of multi-scale analysis and matched asymptotic expansion methods,
we establish an accurate approximating solution for the viscous and diffusive
Boussinesq system. We also study the convergence of the infinite Prandtl
number limit.

1. INTRODUCTION

In atmospheric fronts and oceanographic circulation, fluid phenomena with heat
transfer have received much attentions (see [I1l 20 22] [26]). Here we deal with
the Rayleigh-Bénard convection setting of a horizontal layer of fluid confined by
two parallel planes a distance h apart and heated at the bottom plane at temper-
ature T5 and cooled at the top plane at temperature T} < T. In presence of the
gravity force, hot fluid at the bottom rises while cool fluid on top sinks. The dy-
namic model consists of 3D incompressible Navier-Stokes equation via a buoyancy
force proportional to the temperature coupled with the heat advection-diffusion of
temperature [I], [4 32, [33]. We consider the Boussinesq system with rotation for
Rayleigh-Bénard convection [2], 9] 17, B1].

Ou+ (u-Viu+ Vp+ 2Qes x u = vAu + gaesT,
V-u=0,
T +u-VT = kAT,
u|z=0,n =0,

T|z=0 = Tg, T‘z:h =1T.

The unknown functions u = (uy,us,u3)”, p and T represent the vector velocity
field, the scalar pressure and the scalar temperature of the fluid, respectively. v and
k are the kinematic viscosity and the thermal diffusion coefficient, respectively. (2
is the rotation rate. e3 denotes the unit upward vector. As usual, e3 := (0,0,1)%.
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g denotes the gravity acceleration constant. « stands for the thermal expansion
coefficient. For simplicity, we impose the periodicity in the horizontal directions.

The mathematical analysis of the nondimensional form has attracted much at-
tention. Wang [32] studied the infinite Prandtl number limit and derived the conver-
gence of Boussinesq system for Rayleigh-Bénard convection to the infinite Prandtl
number system (see, also [33]). This singular limit problem was also investigated
by Shi et al. [27], in which they considered initial layer problem by an effective
approximating expansion and rigorously proved the convergence of the Boussinesq
system to the infinite Prandtl number system.

In this article, we study a simplification of Boussinesq system by using the Boussi-
nesq approximation and non-dimensionalization,

1
€[0uf + (u® - V)u] + Vp© + ——e3 x u° = Au® + RaesT*,

Ek (1.1)
(z,9,2,t) € X x (0,5),
V-u =0, (z,9,2,t) € X x(0,9), (1.2)
T +u® - VT =eAT*, (x,y,2,t) € X x(0,5), (1.3)

where X := T2 x [0,1], T? = (R'/27)? is the torus in R?, S > 0. ¢ = 1/v/Pr,
Pr = v/k is the Prandtl number, Fk = v/(2Qh?) is the Ekman number and
Ra — ga(T2 — Tl)h3
VK
is the Rayleigh number.
We suplement the above system with no-slip boundary conditions for the vector
velocity and inhomogeneous Dirichlet boundary conditions for the temperature:

U001 =0, (x,y,t) € T? x(0,S), (1.4)
T¢.—0 = ao(x,y,t), Toz1 = ar(z,y,t), (z,y,t) € T? x (0,5). (1.5)

To the above system we impose the initial conditions
ut(t =0) = uf(v,y,2), T(t=0)=T(z,y,2), (z,9,2)€X. (1.6)

This nondimensional form 7 of Boussinesq system is different from those
in [27, B2, B3]. Motivated by results on the existence and the regularities of the
suitable global weak solution in [32, B3], and the related models, see [7] 18 21], the
system f has also suitable weak solution, standard Galerkin approximation
procedure implies the existence of weak solution.

In this paper, we are interested in the behavior of the system — with
the infinite Prandtl number limit. As the Prandtl number tends to infinity, it
is clear that and become Stokes-hyperbolic coupled equations (instead
of parabolic-parabolic coupled equations), the boundary z = 0,1 become charac-
teristic for the temperature due to the non-slip boundary condition u¢|,—¢,1 = 0.
Then, the boundary condition of temperature should be dropped. This leads to
the appearance of the boundary layers. The initial layer of velocity arises from
ill-prepared initial data. Compared with the studies in [27, [32] [33], the problem
in this paper becomes more complicated due to the appearance of boundary layers
and initial layer. This perturbed problems have been studied in many other works
see for instance, [3], 10} 13} 23] 24] 25] 28] [35] [36, 37] and references therein.

The present work is mainly motivated by [8, 14} [16], 27, 30, [34]. Firstly, we derive
the appearance of boundary layers and initial layer in detail. Secondly, we construct
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an approximation solution to the original equation as the combination of inner,
initial and boundary expansions. We mainly use the matched asymptotic expansion
methods of singular perturbation theory [B [12] and the multi-scale approach [12]
20]. Finally, we consider the convergence of f to the infinite Prandtl
number system as the Prandtl number approaches infinity.

The rest of this article is organized as follows. The derivation of initial and
boundary layers is given in Section 2. The main results are stated in Section 3. In
Section 4, we establish the approximating solution. The proof of main results is
shown in Section 5.

2. DERIVATION OF INITIAL AND BOUNDARY LAYERS

In this section, by employing the singular perturbation theory [B [12] and the
Stokes operator [I5, 17, 19], we consider the behavior of the solution when the
Prandtl number tends to oo, i.e., € tends to 0.

Letting ¢ = 0 in (1.1))—(1.6), we obtain

1
Vp? + —e3 x u® = Au® + RaesT°,

2.1
Ek 21)
V-u® =0, (2.2)

KT’ + (u°-V)T° =0, (2.3)
u®|,—p,1 = 0. (2.4)

Here we consider the initial data
T(t = 0) = Tg (2,9, 2),

where T (z,y, 2) is the initial value of T¢(z,y, 2).
We first study the boundary conditions of T°. Restricting (2.3) to 2 = 0,1 and
then plugging (2.4]) into the resulting equation, we have

HT"|.=01 = 0. (2.5)
The compatibility conditions for (L.5)—(L.6) yield that
Tz, y,2)| .m0 = ao(z,y,t =0), T(x,y,2)|.=1 = ai(z,y,t = 0). (2.6)
The combination of and implies
T°.—0 = ag(z,y,t = 0), T°.—1 = ay(x,y,t = 0). (2.7)

Moreover, comparing (1.5) and (2.7)), we obtain that
lim ag(z,y,t) # ap(z,y,t =0), lima;(x,y,t) # ai(z,y,t =0),
e—0 e—0

i.e.,
W (T¢).—0) # T°|.=0, Um(T|.=y) # T|.—1.
e—0 e—0

This leads to the appearance of the boundary layers of the scalar temperature.
Then we turn to derive the initial conditions of u°. Because of the singularity

of perturbation, generally speaking, the limit of u§(z,y,2) as € — 0 can not be

satisfied by the velocity u’(t = 0) in the limit system. Restricting (2.1]), and

(2.4) to t = 0 gives

1
VpU(t =0) + FRes X u’(t = 0) = Au’(t = 0) + RaesT°(t = 0),
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u0|z=071(t = O) =0.

By solving above system, we know that the value of u°(t = 0) is determined by
the initial data of the temperature, while lim._,o u§ can be given arbitrarily and
independently of T°(t = 0), so lim._,q u§ # u’(t = 0). This leads to the appearance
of an initial layer of the vector velocity. Hence, the infinite Prandtl number limit of
the initial and boundary value problem f is a singular problem involving
boundary layers and an initial layer.

3. MAIN RESULTS

Let (u,p¢,T€) be the global weak solution of (1.1)—(1.6) in the Leray’s sense.
We assume that the initial data has an expansion up to the 0 order as follows

(s, T)(t = 0) = (ug + ugp, T5) (2, ¥, 2), (3.1)

where u) and T are all C*°(X) functions, u§, denotes the remainders except for
0 order term for the initial data of u¢, u§, € C°°(X) satisfies

Theorem 3.1. Assume that holds. Also, assume that u) and T € C*°(X),
ag,a; € C®(T? x [0,4+00)) satisfy some compatibility conditions as and
(us,pS, TS) is an approzimate solution of the system 7. Then, as € — 0,
for any 0 < S < oo, we have

[(u® = ug, T = T5) | Lo (0,8;22(x)) < Ce'/t, (3:3)
|V (u® — UZ)H%Z(O,S;L2(X)) + €| V(T — T§)||2L2(0,5;L2(X))
< CVe, [|uf — ulllr2 (0,50 (x)) < Ce'/?,

where HY(X) = W12(X), for some positive constants C independent of e.

(3.4)

The functions uf, T, and p{, are defined in Section 4. By a standard method
[6, 19, 29], we formulate any m*, m=0,1,2,..., order compatibility conditions.

4. APPROXIMATE SOLUTION

In this section, we construct the approximate solution including the inner ex-
pansion away from z = 0,1, initial layer expansion near ¢ = 0 and the boundary
layers expansion near z = 0,1. Some useful properties of approximating solution
are also derived. It is easy to see that

oo
(U/e7p€7 T€)<.'E, Y, %, t) ~ Z(\ﬁ)i(uln7i(xa Y, %z, t) + uLi(x? Y, %, T)7
i=0
PN,y 2, t) + ph (2, Y, 2,7),
TI’L’i(gc, y,z,t) + f(Z)T+B7i($7 y, Z,t) + h(z)Tf’i(x, v, Z, 1)),

z 1—=2

where 7 = t/e is the fast time variable, Z = NG and Z = 7 are the fast space

variables. € and /€ are the lengths of the initial layer and boundary layers, respec-
tively. (ul™? pfmi TIm)(x y, 2,t) are the inner functions for the velocity field,
pressure and temperature field, respectively, independent of e. (ul?, p!")(x,y, z, )
are the initial layer functions near ¢ = 0 for the velocity field and pressure, respec-
tively. The initial layer functions satisfy that u’-*, p!"* decay to zero exponentially,
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as T — oo. Tf’i(m, y, Z, t) represents the lower boundary layer function of temper-
ature field near z = 0. Tf’i(:ﬂ, y, Z,t) stands for the upper boundary layer function
of temperature field near z = 1. The boundary layer functions satisfy that Tf’i
decays to zero exponentially, as Z — oo, and TP decays to zero exponentially, as
7 — oo.

Here f(z) and h(z) are smooth C? cut-off functions [23], near 2z = 0, we define

)1, ze]0,1],
f=) = {0, z € [3,1].
Similarly, near z = 1, we define
0, z€l0,1],
h(z) = [1 il
17 z € [571],

which, in turn, imply that f(0) = A(1) =1 and
f) = f/(1) = f"(1) = f(0) = £(0) = h(0) = 1'(0) = h"(0) = K'(1) = K" (1) = 0.

We assume that the asymptotic expansion of the system (|1.1)—(1.6]) including initial
and boundary corrections is of the form

(g, Pos Ta) (2,9, 2, 1)

= (uln’o(x, y,z,t) +ul(z,y, 2, 7), p"™0 (2,9, 2, 1)

a2, D) T2 ) + FOT e Zt)
+ h(2)TP%(2,y, Z, t)).

Moreover, to match the boundary and initial conditions ([1.4)—(L.6)), we impose the
following restrictions
(u'™° +u"%)[,—0,1 = 0, (4.2)
In,0 B,0 o
Z=0 :a0($ayat)7 " |z=1 +T- |7:0 —al(m7y7t)a (43)
u!™0(t = 0) + w0 (1 = 0) = u,
(T 4+ f(TE0 + (TP = 0) = 15,

We discuss the construction of the inner, initial layer and boundary layers functions

In,0 B,0
T o + T

(4.4)

(uZ,pZ,T;) = (uinﬂlﬁanIEn) + (uiapiTg)a (45)
where
(u?n,pﬁn,Tfn) = (uIn,07pIn,O’TIn,O)7 (4.6)
(5, %) = (u',p"0), (4.7)
Tg =TP0 = f(2)TP° + h(2)TP°. (4.8)
First, we study inner expansion away from the boundary z = 0 and z = 1

in Section 4.1. Then, we study the initial layer expansion near ¢ = 0 and lower
boundary layer expansion near z = 0 in Section 4.2 and the upper boundary layer
expansion near z = 1 can be used by the similar method in Section 4.3. Finally, we
consider the approximating solution in Section 4.4.
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4.1. Inner expansion. Away from the boundary z = 0 and z = 1, from (4.1)), the
solution to (|1.1)—(1.5) has the expansion

o0

<u€7p67T6) (xa y>Z7t) ~ Z(\/E)i(uf7z,i7p1n,i7TIn,i)(x7y7 Z7t)
=0

First, inserting above expansion into (|1.1))—(1.5) and using direct calculations, we
obtain

Z(ﬁ)i(e[atuln,i + Zuln,j ) vuln,i—j] 4 vplmi
i=0 §j=0
1 : , )
+ ﬁeg x ulmt — Aglmt — RaegTI"") =0,
0 . .
S WA i =,
i=0
Z(\/E)1 (8tTIn,1 + Zuln,j . VTITL,’Lf] _ €ATIn,z) — O,
i=0 §j=0
> (Veu™ .m0 =0,
i=0
S (AT = 0) = 3.
i=0
Then (u$,,,p5,,T5,) satisfies
1
6[875’&?” + (u;n : V)u;n] + vPi’n + ﬁei)’ X u;n = Au?n + Rae3TI€n + R?nﬂu (49)
V-u%, =0, (4.10)
u;u|z=0,1 = 07 (412)
Tf,(t = 0) =Ty, (4.13)
where the remainders are
in,u - _ Z(\/g)i(e[atuhz,i + Zuln,j . vuln,ifj] + vpln,i
i=1 =0
1 In, In, In,i
+ﬁegxu t— Au'™" — RaesT"™"),
and
—— Z(\/E)i(atTIn,i i Zuln,j STimi-i GATIn,i)'
i=1 =0

So we know that Rj, , and Rf, r satisfy the estimates

||(R§n,u7R?n,T)HLm(O,S;HS(X)) < C\ﬁ7 (414)

for S > 0 and s > 1. Denote C by a positive constant, independent of e.
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We now set the coeﬁi(:lent of O((v/€)?) in (4.9)—(4.11) as zero and use the initial
and boundary conditions (4 7- We obtain a system for (ufm0, pln0 TIn0)

Vplm0 4 ﬁed x ul™® = Au"™" + Raes 770, (4.15)
V.m0 =, (4.16)

B TI™0 1 (IO . )T In0 =, (4.17)
u[n,0|Z:071 -0, (4.18)

Tt 0) = T(w,,2). (@.19)

The rotating system (4.15) - ) has stationary Stokes equations via a buoy-
ancy force proportional to temperature coupled with heat advection of the tem-
perature. Hence, the existence of the smooth solutions is the same to those of the
incompressible Stokes equations. Since the proof is basic, we omit the details.

Proposition 4.1. Assume that T) € C*°(X) satisfies some compatibility condi-

tions like (2.6]). There is a unique and global C*=(X x [0,+00)) smooth solution to
the system (4.15)-(4.19).

Now we turn to the construction of the initial layer and lower boundary layer
function.

4.2. Initial layer and lower boundary layer expansion. We now derive the
systems satisfying the initial layer and lower boundary layer function, which is
divided into six steps.

Step 1. Near t =0,z =0, f(z) =1 and h(z) = 0, equation (4.8) turns into

Tg =TB0 =120 (x,y, Z,1). (4.20)

Step 2. Inserting (4.5) into (|1.1)—(1.3]), then using direct calculation yields

elopug + (ug, - V)us] + Vi, + Eke?’ X ul, — Aul, — RaegTy

1
+ T X (ufy +uf) — Alug, + uf) = Raes(Tr, + Tf) (4.21)

+ Vpt + o ui — Au§ — RaesTg,
V-u, =V-(uf, +uj) =0, (4.22)
0TS + (ug, - V)Ts — eATy
=0T, + Tg) + ((ug,, +ug) - V)(T7, + Tp) — eA(Tt, +T5) (4.23)

= Ry, r+up - VT, +0,Th + (up, - V)T — eATp +up - VT
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Step 3. We deduce after plugging (4.7] , ([@.20) into ([#.21)) that

eloug, + (ug, - V)us] + Vi, + ﬁe;; X ul, — Auf, — RaegTy

EJDE-2020/31

+ Vpi + Ekeg x uf — Au§ — RaesTq (4.24)
1
= Rin,u + (87'“]’0 + VPI’O + E7k63 X uI’O - Aul’o)

+ e[(uI”’O . V)uI’O + (uI’O . V)(uI’O + uI"’O)] — Raeng’O.
Step 4. Now we set the coefficient of order O in as zero and use
., . - the boundary condltlons 1 ) 4.18)) and 1n1t1a1 condition
Then we have the following system for the 1n1t1al layer function (u!°, p!:%)(z, y, z, 7')

1

aTULO + Eikeg X uI’O —+ va’O = AUI’O, (425)
V-ul? =0, (4.26)
u|.—o1 = 0, (4.27)
w0 —o = u) — u?O(t = 0), (4.28)
u'® =0, asT — +oo. (4.29)

As in [27], we obtain the property of the initial layer function.

Proposition 4.2. Let the assumptions of Theorem [51] hold. There is a unique
and smooth solution ( 5o phs 0) of - 9)) satisfying the exponential decay to

ZET0 aS T —» o0,
HuI’O(WT)HHS(X) < Ce_ATv

for some positive constants C, \ and any s > 1.

Step 5. We deduce after plugging (4.7)), (4.20]) into (4.23]) that
WTy + (uy - V)Ty — eAT:
= Ry, r+ui - VT, + 0T + (uy, - V)T — eATp +up - VTg

— R;n,T + (’U,I’O . V)Tln,o + atTf,O + (uln,o . V)Tfﬁ _ eATf,O + (uI,O . V)Tf 0

where
T + (u™0 . V)T — AT
1
— 8,5TBO + ( In Oa _|_ ITL 08 )Tf,o + 7U§n’082Tf70

\@
— (O + By )T — 87,2

:&sTf’O—&-[( 1m0 (2, 4,0,t) + Vedul" (2 = 0)Z + - )8,
+ (B0 (2, 9,0, 1) + Vedut" (2 = 0)Z + - -- )ay] 750
+—< §0(2,9,0,1) + Vedouf (2 = 0)Z + - )07

Ve
— €(Ora + ayy)Tf’O - aZZTf’(J’

(4.30)
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In,0  In,0  In,0 . I
where u/™0 = (uy"", uy™", uz""). Here the Taylor series expansion is used

uIn,O(x, Y, z, t) = uln,0($7 Y, \Ezv t) = uIn,O(x, Y, 07 t) + ﬁazuIn,O(Z = O)Z e

Step 6. Now we set the coefficients of order O ((v/€)*) (k = —1,0) in (4.30) equal
to zero. First, collecting O((y/€)™!) terms we have

ué"’o(z = 0)82Tf’0 =0,

from which, together with (2.4), we cannot obtain more properties of 8ZTf’O.
Next, collecting O((1/€)?) terms we obtain

T + Z0,uy" (2 = 0)9,TE0 = 0,,T7°. (4.31)
Restricting (2.2)) to z = 0, one gets
v . UI"’0|Z:O — 0’

from which, with (2.4]), we have

d.ut™(z=0) = 0. (4.32)
Plugging (4.32)) into (4.31)), we obtain
TP = 0z,T7. (4.33)

Finally, by using the boundary condition (2.7)) (4.3) and the initial condition (4.4]),
equation (4.19)) yields

vao|Z=0 :ao(x7y7t) 70’0(:177y7t:0)7 (434)
B,0
T."(t=0)=0. (4.35)
Thus, the lower boundary layer function Tf’o(ac, y, Z,t) satisfies the system
8,5Tf’0 = 822Tf’0,
TE’O|Z:O - (l()(fl?,y7t) - ao(%y,t = 0)7
B,0
T"r i (t = 0) = 07
Tf’o — 0, as Z — +o0.
Now we state the property of the lower boundary layer function.

Proposition 4.3. Let the assumptions of Theorem [3.1) hold. Then there exists a
unique and smooth solution Tf’o(ac, y, Z,t) of the above system satisfying
B B
(T2, 20T °) | e (0,5:02(x)) < Ce'/?,
for any t € [0, S], positive constant C independent of €.

Proof. The proof in a straightforward and consists of two steps.
Step 1. First we estimate ||Tf’0(x,y, Z, )| L= (0,5:22(x))- Multiplying (4.33) by
Tf’o(m, y, Z,t) and integrating over X, we obtain

1d

5aHTf’OHiz(X) :/ A7 TP°TE dedydz =: J. (4.36)
X
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For J; we have

1
Jp = /T 2 /O d77,TP°TE0 dz dy da
- /T 2 /0 A7 TP°TP dz dy dx
Ve B,0B,0
:ﬁ/Q/ 877T7°T7° dZ dy dx
T2 J0 B (4.37)
:ﬁ/ (0212°T20)|, 77dydm—\// /f (0,TP°) dZ dy dx
T2
= /e / (0,TBOTE0)| =57 dyda / / (0,TF)? dz dy da
T2 T2 JO

=\ / (0,TBOTB0)| =57 dyda — / (0,TP)? da dy dz,
T2 X

where we have used integration by parts. Here o is a sufficiently small positive
constant. Then, inserting the estimates derived in (4.37) into (4.36) leads to the
inequality

ld, 5o B,0\ 2
3 T¥ 1Z20x) + /X(BZT+ )" dx dy dz
2 27 s 438
<We [ [ Pt 5 dya (4.35)
0 0
< Cye

Finally, integrating (4.38) with respect to ¢ over [0,¢], for any ¢ € [0,.5] and any
fixed S > 0, together with (4.35]), yields

t
175132 x) +2/ /X (02TE0)? da dy dzde < Cv/e,
0

which implies

||Tf’0||Loo(o,s;L2(X)) < Ce/H,

Step 2. We now prove an estimate for ||Zasz’0HLoc(o,s;L2(x))- First, multiplying
(4.33) by 8tTf’0 and integrating it over X, by integrating by parts, yields

2
0= / (at:r’fvo) o dydz — / 020, TP du dy d=
X
— /X (8tTf’O) dxdydz%—fd— / (0,TP°)? da dy d= (4.39)

- / 078,700, TP ") dx dy dz.
X
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Let us consider the last term on the right-hand side of (4.39)), one has
- / 970, 0,TL°) dx dy d»
X
= —/ / az(atTf’Oﬁsz’o)dz dy dx
i (4.40)
Ve
= —\/E/ / d7(0TE 0, TP ) dZ dy dx
T2 Jo
Z—_o
= —ﬁ/ (0, TF 00,170 5_y dyda.
TQ
Substituting the above estimate into (4.39)), we obtain
1d
/ (8tTf’o)2 drdydz + =— / (8sz’0)2 dx dy dz
Z—_a
_ e / (0,TB0,TP0) 22 dy da
TZ
Z—_a
< Ve [ 0o mE) 155" dy s
’]1‘2
< CVe,

which leads to
||3tTf’O||Loo(0,S;L2(X)) < 061/4. (441)

Then, one multiplies (4.33) by Z20,T f’o and integrates it over X, integrating
by parts we obtain

2
0= / 72 (atTf’O) dz dy dz — / 220,12 0, ,TE° dx dy dz
X X
— / 72TV de dy dz — / 97(7220,T2°0,T2°) dx dy dz
X X
+ / 97(2*0,17°)0, T2 da dy dz
X

— / 72T dedy dz — / 97(220,T2°0,T2°) dx dy dz
X X

1d
+§$ XZQ(GZTE’O)2 dmdydz—I—?/XZaZTf’OatTf’odxdydz-

his can be reduced to

1d
/ ZQ(8tTf’O)2da:dydz+§% 72(0,T5°)? dw dy d2
X X

= / / 97(220,12°0,TP°) dz dy dx — 2 / 28,200, T2° dx dy d=
T2 JOo X
= /e / / " 02(220, P00, TE0) dZ dy du — 2 / 20;T7°0,T° da dy dz
T2 J0 X

=
= Ve / (220,17°0,TF %) ,_s" dydz — 2 / 208,T°0, 77" dx dy d=
T2 X

< Ve / (220,70, TP°)(Z = 2= dy dal
72 Ve
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+ 12 / 28, T2°0, T2 dx dy dz|
X

< CVe+m)| 20T F2(x) + Com) 0T |72 x), (4.42)

where we apply Holder inequality and Young inequality. 7; is a small constant,
C(m) > 0 is a constant independent of e.

Finally, plugging (4.41)) into (4.42) and using Gronwall’s inequality that
12T | 120,8:020x0) + 120277 | = (0,502 (x)) < O/,
This completes the proof of ||Z82Tf’0||Lm(O7S;Lz(X)) < Cel/4, O
4.3. Initial layer and upper boundary layer expansion. Near z =1, f(z) =0
and h(z) = 1, instead of T = T50 = Tf’o(x,y,Z, t) in (4.8), we obtain T =
750 — Tf’o(x,y,f, t). The upper boundary layer function T80 (ac,y777 t) has

corresponding results with minor difference in some equations.

e[Opus, + (ug, - V)ug] + Vi, + Eikeg x ug, — Auf, — RaesT;
— A(u§,, + uy) — Raes(Ty,, + T5)
= Ry, o + €0rug + (up, - V)ug +uf - V(ug, +uj)]
+ Vpi + ﬁeg x uy — Au§ — RaesTg,
V-ul =V (uf, +uf) =0,
0Ty + (u, - V)T — eAT;
= Ry, v +uy - VTi, +0Th + (up, - V)T — AT +uf - VITg.
By a similar method, we have
WTy + (uy - V)T — eAT:
=Ry, + (@ V)T 4 9,150 + (/™0 V)TPO — eATPO 4 (u10 . )P0,
where
9,15 + (Wm0 . v)TB0 _ (AT
= 3,TEO 4 (™8, + ul™09,)TEO — %ugwa?ﬁ’o
— (O + Oy ) T2 = 07772
= 0,15 + (w2, y,1,t) — Ved.ui™ (2 = 1)Z + ---)d,
+ (ug™°(z,y,1,t) — Vedub™(z = 1)Z + ---)3,|T""
- \%(ugn’o(z, y, 1, t) — ﬁazuén’o(z =1)Z+--- )(%Tf’o
— €(Oq + Oy ) TP — 05T,
Here, we also use the Taylor series expansion
w0z, y, 2,t) = ™0 (x,y, 1—Ve Z,t) = u!™O(z,y,1,t) —V/edu!"0(z = 1) Z+- - - .
Applying a similar approach to the one in Section 4.2, we find that the upper
boundary layer function T2 (xz,y, Z,t). It satisfies

B0 _ B.,0
T2 = 8,15,
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Tf’0|§:o =ai(z,y,t) — a1 (z,y,t = 0),
TPt =0) =0,
20 - 0, as Z — 4oo.
Now we state the property of the upper boundary layer function.

Proposition 4.4. Let the assumptions of Theorem [3.1] hold. Then there exists a
unique and smooth solution Tf’o(x,y, Z,1) to the above system satisfying

(T2, Z07T5°) || L (0.5:02(x)) < Ce/*,
for any t € 0, 5], C is a positive constant independent of e.

4.4. Approximate solution. Now we study approximate solution (4.1]). The com-
bination of inner function, initial and boundary layers expansions in Sections 4.1-4.3
implies

1

e[Opug, + (ug, - V)us] + Vp, + BRE3 X u, — AuS — RaezT?
1

= RY, , + (0:u"0 + Vp0 + TR w0 — Aul0)

+ e[ (u"™0 - V)ul 0 + (w0 V) (u! 0 4 uI™0)] — RaesT?°
=Ry, .+ el(u™ - W)ul? 4 (w0 V) (u + u!™0)] — RaesTP°
=: Ry + R
and
Ty + (uf, - V)Ty — eATS
= RS, g+ (ul0 - V)TIm0 4 9B 4 (w0 7)TP0 — e ATBO 4 (410 . )75
=Ry, 7+ @0 -V 4 (W0 )TEO — (0,40 + 0,y ) TP + (w0 - V)TPO

€ €
=: Ry, r + Rer,s

where T80 = f(2)TF° + h(z)T2°, the remainders R, , and R, 7, caused by the
initial layer and the boundary layer, are given exactly by

Cu = el(uh? - V)ul™0 4 (w0 WV)ul 0 + (uh0 - V)ul0) — RaesTBO,  (4.43)
EC,T — (uI,O . V)TI"’O + (uln,O A V)TB’O _ 6(89393 + ayy)TB,O + (uI,O . V)TB’O.

(4.44)
Therefore, (uf,pS,T<) solves the initial-boundary problem
1
elowi + (ug - V)ug] + Vi + s x )

= Aug + Rae3T; + Ry, , + Rt
Vug =0, (4.46)
OTy + (ug - V)T = eAT; + Ry, v + Re ( )
ug|=0,1 =0, (4.48)
Til:=0 = ao(z, Y, 1), Tyls=1 = a1(2,y, 1), (4.49)
(ug, Tg)(t = 0) = (ug, T7), (4.50)
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where the remainders Ry, , and Rj, r satisfy the estimate (4.14), and R, RG 7

defined by and respectively satisfy
IRE (8| 2(x) < Cee™ + Ce'/4, (4.51)
IRE 7 (t)|L2(x) < Ce™ ™ + Ce'/4, (4.52)
for some positive constants C and A. The estimates , can be obtained
by (4.43)—(4.44) and Propositions
5. PROOF OF MAIN RESULTS

In this section, we use the classical L2-energy method to prove Theorem [3.1
Without loss of generality, in the following, we denote C' by a positive generic
constant independent of €. Noting that C may depend upon S for any fixed S > 0.
We divide the proof into six steps.

Step 1. We define the error functions
UZZUE_U‘Z7 pz:pe_pfp TeGZTE_T;a
which satisfies

1
€[Orug + (ug - V)ug + (ug - V) (ug +ug)] + Vpe + —res X ug

Bk (5.1)

= Aug + Rae3T; — Ry, ,, — Rt
V-ui =0, (5.2)
O TE + (ug - VTS + (ug - V(TG + T7) = eATE — Ry, p — Rgp, (5.3)
ug]=01 =0, (5.4)
T¢]:=01 = 0, (5.5)
(ug, TE)(t = 0) = (w5, 0), (5.6)

where R%, .., RS, .. R&., and R - are the remainders, ufy is defined in Section
3.

Step 2. Testing the velocity equation (5.1) by u¢ and integrating over X with
respect to (z,y, z), we obtain

[ (elowu o (u - Wy (- 9+ ) + 9
X
+ e x f)eddd (5.7)
T3 X Ue e du dy dz .
= / (Auf + RaesT; — R0 — Recu) us drdydz.
X

First, by the divergence formula, divergence theorem, (4.46)), (5.2)) and the boundary
condition (4.48)), (5.4), we deal with the left-hand side terms of (5.7)).

€, € € d €
/X €drugug dr dydz = 5%”“@”%2()()’
/ e(ug, - Vugus de dy dz
p's

€)2 €)2
:/ eV - (ufl@) dxdydz—/ eV-uZ@dmddeZO,
X 2 X 2
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/ e(ug - V) (ug + ug)ug de dy dz
X

€)2
:/ e(u?V)uZudedydz—i—/ eV - (uz () ) dx dy dz
X b'e 2
€\2
—/ eV-uZdedydz
X 2
—/ (ug - V)ugus dedydz

|/ )usu dxdydz‘

< e‘lvuaHL“’(X)||UZH2L2(X)7
/ Vpiuéda:dydzz/ V- (pS )dxdydz—/ Vuips dedydz =0,
X
1
/ 763 X ’LL dI dy dz = / 7(_u§eauie70)(uieaugevuge)T dz dy dz =0.
Bk

Next, we deal with the right-hand side terms of ([5.7):

/Au dxdydzf/ Z Oz + Oyy + 022 ui us, do dy dz
b'e
2w 3 2m
/ / > (Guutcnt 128 - | @uirar)dyd:
0

2w 3 2m
o[ JAD I CHAT =y ORI e
0
/ Z O us us,| / (0, us )dz) dx dy
0

:—/ (Vus)? da dy dz,
b'e

/ RaesTug dxdydz < ‘/ RaesTsul dxdydz|

b's b's
< alluglZax) + Clme) Ra? | TE |2 x),

and

[ R+ B us dwdyds < [ (i + B do dy i
b's b's

< msllugla ) + Cs)lI R + REulli2(x)
< malluclfiz(x) + Clns) (O™ + e /2) |

where we have used Holder inequality, Young inequality and estimates (4.14)), (4.51]).
Here n; > 0, (i = 2,3) are small constants, C(r;) > 0 is a constant which is
independent of e.
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Then, putting the above equations into (5.7])), we obtain that
ed
5@”“2”%?(){) + [ Vuelzacx
< €||VUZ||L°°(X)HUZ||2L2(X) + TI2||UZH%2(X) + C(U2)Ra2||T§||%2(x)
sl g3 x) + Clm) (C2e™7 4+ Cel/?).

With the help of the Poincaré inequality, restricting € to be sufficiently small such
that €| Vug| = (x) < Ce < 1 and taking 72, 13 to be sufficiently small (nz + 13 =
1/4) but independent of €, one obtains

ed . 1 .
5%”“6”%2()() + §||Vue||2p(x)

(5.8)
< Clm)Ra? | TE |3 x) + ) (Cete™ 4 Cel/?),
which implies
d € €
6@”%”%?(){) + ||UeH2L2(X)
< 20(p) Ra? | T¢|[3a ) +20(m) (Cee ™7 4 C01/2),
ie.,
d, .
(e lluglZ2xy)
dt (0 (5.9)

< [200m) Ra? I TE |2 x) + 20 () (Ce2e™ 4 Cel/2) | et
Integrating (5.9) with respect to t over [0,t] for ¢ € [0, 5] and any fixed S > 0, we

have
lug()1172(x) < llug(t = 0)[|72(x) + 2C(02) Ra* | TE ()17 o 0,412 x)

5.10
+ 20(773)061/2. ( )

Step 3. By performing the L?-inner product of temperature error equation (5.3)
with T¢ and integrating over X with respect to (z,y, z), we obtain

1d, .
55”@”%2@()

= / eATSTS dae dy dz — / (Rip 1+ Ror)T dxdydz
X b

(5.11)
- / (ug, - V)TsTs dedydz — / (ug - V) (T + THTS de dy dz
=:J3i(|—J4+J5+J6. :
Using Green’s first formula and the boundary condition , we have
Js = 74% eTgaT;dS— e/ \VT|? da dy dz
roc o X (5.12)

= —e/ |VTE|? do dy dz,
p's

where I denotes the boundary surface.
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In view of Holder inequality, Young inequality and (4.14), (4.52), we have the
estimate
|l < | TE 220y + C)ll(Ri r + RE)Z2(x)

N (5.13)
< 774||T€€H%2(X) + C(na) (Ce 7 + 061/2),

where 74 > 0 is a small constant, and C(n4) > 0 is a constant which is independent
of e.
It follows from the divergence formula, divergence theorem, (4.46|) and the bound-

ary condition (4.48)) that

2

T6
J5:—/ u;-v(( ) )dxdydz
X
, , (5.14)
 (T%) )
=— V-(ua )dxdydz—i— V. u,——dxdydz = 0.
X 2 X 2
Similarly,
Jg = —/ (ug - V) T;T;dxdydz—/ (ug - VTSTS dedy dz
p'e X
=— ug - VTETS dedy dz
/x( ) (5.15)

<| —/ (ug - V)TETS da dy dz|
p's
< nslluglliexy + COs)IVTEIT 0 x ITE N2 x),

where we used Holder inequality and Young inequality. 75 > 0 is a small constant,
and C(ns) > 0 is a constant which is independent of e.

Finally, using (5.12)—(5.15)) in (5.11)) yields
1d
2dt
< lTE ey + Clm) (O™ + 0 2)

+ nsllugl| 72 xy + Cs) IV Tel e ) I TE 72 (0 -

1Ty + € /X VT2 da dy d
(5.16)

Step 4. Combining (5.8) and (5.16) yields

ed, . 1 . 1d,, . .
5@”%”%’2@() T3 /X(Vue)2 dx dy dz + 5@”%”%2()() + 6/X VTS| da dy dz

< msllugllie xy + mallTE 72 x)

+ [C(n2)Ra® + C(ns) IV T |17 ) I TE N2

+C(ns) (cée*?” + 061/2) + () (ce*W + 061/2)
<nsllugll7eoxy + CrllTe 72 (x) + Co [e77 (2 +1) + €'/7],

where C1 = 14 + C(n2)Ra® + C(m,)”VTjH%m(X) and Cy = (C(n3) + C(m))C.
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Using the Poincaré inequality and restricting 75 to be sufficiently small indepen-
dent of ¢ we have

d € € € €
= (el Iy + 1Ty ) + (190 R ) + eIV T 2 )

(5.17)
< C (ellutyn 3200y + 1T Mo x) ) + CLe™ (e +1) + €/2].

Step 5. It follows from , and Gronwall’s inequality that
ellullZ2xy + TR x) < 0 O [ellu(t = 0)Fx) + ITE(E = 0) 132
N /tc(e_Z)\T(EZ +1) +€1/2)d§] (5.18)
<ove

which leads to
6||“Z||%°°(0,S;L2(X)) < Cet/?,

and

IT¢l Lo 0,5:22(x)) < Cet/t, (5.19)
Using this inequality in (5.10]) yields

lluell Lo 0,5:L2(x)) < Cel/t, (5.20)

Step 6. Using (5.18)) in (5.17) and integrating (5.17) with respect to ¢ over [0, ]

yields

IVuelie0,5:02(x)) + €IVTENT20,5.02(x)) < CVe. (5.21)
This, with (5.19) and (5.20]) imply
[ug] L2 (0,5:m1 (x)) < Cet/™. (5.22)

Collecting estimates (5.19)—(5.22)), we complete the proof of Theorem (3.1
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