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EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS
TO SYSTEMS OF NONLINEAR HAMMERSTEIN INTEGRAL
EQUATIONS

XIYOU CHENG, ZHAOSHENG FENG

ABSTRACT. This article studies the existence and multiplicity of component-
wise positive solutions for systems of nonlinear Hammerstein integral equa-
tions. In this system one nonlinear term is uniformly superlinear or uniformly
sublinear, and the other is locally uniformly superlinear or locally uniformly
sublinear. Discussions are undertaken by means of the fixed point index
theory in cones. As applications, we show the existence and multiplicity of
component-wise positive solutions for systems of second-order ordinary dif-
ferential equations with the Dirichlet boundary value conditions and mixed
boundary value conditions, respectively.

1. INTRODUCTION

We consider the nonlinear Hammerstein integral equations:

um:[mmme@mwm%xeﬁ
2 (1.1)

vm:ém@memmwm%xeﬁ

where Q C R" is a bounded domain, k; € C(Q2 x Q,RT), f; € C(Q x RT x Rt RY)
(i =1,2) and Rt = [0,+00). In the past decades, considerable attention has been
drawn to the study of the existence of nontrivial solutions of nonlinear Hammerstein
integral equations [2 B, 4, 12 13} 14, [16], especially in component-wise positive
solutions for system [1Tl, 15, 18 19, 20} 22], 23] 24]. A survey of the existing
results in the literature was presented in [I§]. The existence of nontrivial solutions
for systems of perturbed Hammerstein integral equations and Hammerstein integral
equations with singularities was established in [, 2], [Tl 5] 17, I8, 19, 23]. For
the systems of second-order ordinary differential equations, some results on the
existence and multiplicity of component-wise positive solutions were derived by
applying the fixed point index theory in cones [5l [7, [6, [8, [I].

In this article, we are concerned with the existence and multiplicity of component-
wise positive solutions for system , in which one nonlinear term is uniformly
superlinear or uniformly sublinear and the other is locally uniformly superlinear or
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locally uniformly sublinear. In order to make the paper sufficiently self-contained
and present our discussions in a straightforward manner, let us recall some basic
definitions related to system .
Definition 1.1. Let C*(Q) = {u € C(Q)|u(z) > 0, Vo € Q}. We say that (u,v) is
one positive solution to system (L.I)), if (u,v) € [CT(Q) x CT(Q)]\{(0,0)} satisfies
system . We say that (u,v) is one component-wise positive solution to system
(L), if (u,v) € [CT(Q)\{0}] x [CT(2)\{0}] satisfies system (L.I]).
In this study, we suppose that the kernel functions k;(z,y) (i = 1,2) satisfy the
following three conditions:
(i) ki(z,y) = ki(y,x), for all 2,y € Q;
(i) there exist p; € C(Q2) and 0 < p;(x) < 1 such that k;(z,y) > pi(2)ki(2,y),
for all ,y,z € Q; and
(iil) max,.q [qki(z,y)pi(y) dy is positive.
Proposition 1.2. Let B; : C(Q) — C(Q) be defined by

Bou(z) = /ﬁ k(e p)u(y)dy (i=1,2).

Then the spectral radius of B;, denoted by r(B;), is positive.

Proof. In view of definition of B; and the given conditions (i)—(iii) about k;, we
have

Bipi() = /ﬁ i, v)pi(y) dy > pa(2) /ﬁ ki(zy)piy) dy, =@,
Bipi(x) > Pi(l’)HBiPiH’ S Qv

where || Bip;|| = max, . [ ki(2,y)pi(y) dy > 0.
By mathematical induction, we see that Bp;(z) > p;(z)||B;pi||" for z € Q and
n € N, thus || BP*|| > ||B:pi|]|™. Using the formula of spectral radius, one deduces
that
r(Bi) = lim | BF[Y" > || Bipil > 0.
(]

Definition 1.3. Suppose that f; and fo in system ([1.1) satisfy the following two
hypotheses, respectively:

(H1)
lim sup max hi@uv) < < lim inf min M
u—0+t z€Q U r(B1) U—=+00 ey (7
uniformly w.r.t. v € RT;
(H2)
1
lim inf min folz,u,v) > lim sup max faz,u,0)
v—=0t £cQ v T(BQ) v—+oo zEQ v

uniformly w.r.t. u € [0, M], where M € RT is arbitrary.

Then we say that f; is uniformly superlinear at both ends (i.e., u = 0, +00) with
respect to v, and that fs is locally uniformly sublinear at both ends (i.e., v = 0, +00)
with respect to .

Definition 1.4. Suppose that f; and fs in system ((1.1)) satisfy the following two
hypotheses, respectively:
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(H3)

T, U,V 1 T, U, v
lim inf min hi@ u,v) > > lim sup maxM
u=0T 2@ u 7(B1) ~ ustoo zen u

uniformly w.r.t. v € R¥;
(H4)

lim sup max fal®, v, v) < lim inf min M
10+ zEQ v r(B2) V=400 30y v

uniformly w.r.t. u € [0, M], where M € RY is arbitrary.

Then we say that f; is uniformly sublinear at both ends (i.e., u = 0,4+00) with
respect to v, and that fs is locally uniformly superlinear at both ends (i.e., v =
0, +00) with respect to u.

We now summarize our main results regarding the case that the nonlinear term
is so-called “super-sublinear”.

Theorem 1.5. Assume that f1 is uniformly superlinear at w = 0 and u = +o00 with
respect to v, and that fo is locally uniformly sublinear at v =0 and v = +o0 with
respect to u. Then system (1.1)) has at least one component-wise positive solution.

In particular, when f; and fo are independent of v and u, respectively, Theorem
[I.5] incorporates into the well-known results on the nonlinear Hammerstein integral
equations.

Corollary 1.6 ([21]). If hi,ha € C(Q x RT,RY), and satisfy the following two
conditions:

(H1*)
h 1 h
lim sup max — (z,) < < lim inf min I, u)
u—0t+ xzEQ u 7"( 1 U=+0 2 (%
(i.e., superlinear case);
(H2%)
h 1 h
lim inf min 2(@, ) > > lim sup max M
u—0t 2eQ u T(B2) u—+oo zeQ u

(i.e., sublinear case),
then the integral equation

U(SL’) :‘Lkl(xvy)hl(yvu(y))dyv (EEﬁfOT'Z:LZ,
Q
has at least one positive solution.

The “sub-superlinear” case is different from the “super-sublinear” case, since the
uniformly sublinear term f7 needs to be controlled at infinity for a priori estimates
of the solution component w. For this purpose, we impose the condition (H5) in
the following theorem.

Theorem 1.7. Assume that fo is locally uniformly superlinear at v =0 and v =
400 with respect to u, and f1 is uniformly sublinear at u = 0 and u = +oo with
respect to v and satisfies
(H5) limsup,,_, o, max, g f1(z,u,v) = g(u) uniformly with respect tou € [0, M]
(for all M > 0), where g is a locally bounded function.
Then system has at least one component-wise positive solution.
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From the proofs of Theorems [I.5] and [I.7] presented in Section 3, it is not difficult
to derive the following results immediately on the mixed case of “super-superlinear”
and “sub-sublinear”.

Theorem 1.8. Assume that fi is uniformly superlinear ot u = 0 and u = 400
with respect to v, and fy is locally uniformly superlinear at v =0 and v = 0o with
respect to u. Then system (1.1)) has at least one component-wise positive solution.

Theorem 1.9. Assume that fi is uniformly sublinear at u = 0 and u = +o0
with respect to v and satisfies condition (H5), and fo is locally uniformly sublinear
at v =0 and v = +oo with respect to u. Then system has at least one
component-wise positive solution.

Definition 1.10. For u*,v* € C(Q), (u*,v*) is said to be a strict upper solution
of system (1.1)), provided it satisfies

mm>ﬁMmme@w@m%xe@
@ (1.2)

Wm>é&@MMwﬂwN@M%meﬁ

Otherwise, (u.,v.) € C(Q) x C(Q) is called a strict lower solution of system (1.1,
provided it satisfies the reverse of the above inequalities.

Theorem 1.11. Suppose that fi and fo satisfy the following three conditions:
(H6) fi(z,u,v) < filx,u,0) asx € Q, andu < U and v <, i = 1,2;

(H7) liminf, ¢+ min, g 22&20 > k=, and liminf, o+ min, 5 hzly) -,
1.
r(B2)’
o . u,0 . . ,0,
(H8) liminf, 4 mmx@ﬁ% > r(}Bl) and liminf,_, yoo min g 7&(2 2>

1
r(B2)*

If system (1.1) has a strict upper solution (u*, v*), then system (1.1) has at least
two component-wise positive solutions.

As mentioned in [12} 13| [16], it is usually difficult to find a strict upper solution
for such kind of systems. For the sake of applications to the associated systems of
ordinary differential equations, we give the following useful lemma.

Lemma 1.12. If there exist constants My, Mz > 0 such that fi(z,u,v) < My and
fQ(xvua 'U) < M2 for all (LC,’LL, U) €O x [07 ” fQ kl('uy) dyHMl} X [07 H fQ k2('7y) dy” :
M), then system (1.1)) has a strict upper solution.

Proof. Let

u(z) = /7M1k:1(gc,y) dy, z€Q,
@ (1.3)
v(z) = /ﬁMgkg(l',y) dy, z€q.

It follows that |[ul| < || [o,k1(,y)dy|[M1 and |lv|| < || [ k2(- y) dy||Ms. Hence,
fi(z,u(x),v(z)) < My and fa(z,u(z),v(x)) < My for x € Q.

We choose (u*,v*) = (u+ ¢, v + ¢), where € > 0 is sufficiently small such that
filz,u(x) +e, v(x)+e) < My and fo(z,u(z) +¢, v(z) +¢€) < My for x € Q. Thus,
it is easy to see that (u*,v*) is a strict upper solution of system . [
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This article is organized as follows. In Section 2, we present some preliminary
results on the fixed point index. In Section 3, we show the proofs of our main
results. Section 4 is dedicated to the existence and multiplicity of component-wise
positive solutions to systems of second-order ordinary differential equations with
the Dirichlet boundary conditions or mixed boundary conditions.

2. PRELIMINARIES

Let C(Q) be a Banach space with the maximum norm [|ul| = max_ g |u(z)], and
CT(Q) be a total cone of C(Q2). Choose bounded domains ; C Q (i = 1,2) such
that

(52' = mlll pl(l') > 0,
x€EQ;

which is feasible by the hypotheses of p;. We now construct sub-cones and subsets
as follows:

K ={ueCt@Q)|u(z) > &lull, Ve e} (i=1,2),
K, ={ue K|u| <r}, 0K, ={uecK|ul=r}, Vr>0.
From Proposition and the Krein-Rutman theorem (see [I7]), we know that

r(B;) is one of eigenvalues for B; and there exist positive eigenfunctions correspond-
ing to r(B;).
Lemma 2.1. Let 1;(x) be the positive eigenfunctions of B; corresponding to r(B;)
with fﬁwi (z)dz = 1. Then the following three statements are true.

(a) fﬁwi(z)u(x) dz < |Jul|, for allu € K;.

(b) ¥i(x) > pi(@)|[il, for all x € Q.
(c) There exist constants ¢; > 0 such that [svi(x)u(z)dz > cllul|, for all
u € K;.

Proof. (a) Obviously,
[ty de < [ vita)do- Jul = ul.
Q Q

(b) Notice that k;(x,y) > pi(2)ki(z,y), for all z,y, z € Q. So it is straightforward
to obtain

/, kil yi(y) dy > ﬁ pi(@)ki(z,y)i(y) dy, Y,z € T,

Q
(Bi)vi(x) = r(B;)pi(2)vi(2), Yo,z € Q.

This implies that ¥;(z) > p;(z)||¢], Vz € Q.
(¢) It follows from (b) and the definition of K; immediately. O

For 7 € I :=[0,1] and u,v € CT(Q), we define the mappings 17 (-,-), 75 (+,-) :
CT(Q)x CH(Q) - CT(Q) and T7(-,+) : CH(Q) x CT(Q) = CT(Q) x CT(Q) by

T7 (u,0) () = [ (2, 9) 7 Fa (9, u(w), v(w)) + (1 — 7) fa (3, u(y), 0)] d,

<

15 (u,v)(x) = /ﬁkz(%y)[Tf2(y7U(y),v(y)) + (1= 17)f2(y,0,v(y))] dy,
T7 (u,v)(x) = (T] (u,v)(x), T3 (u,v)(x)).

Lemma 2.2. T7 : K1 x Ky — K1 X K5 is completely continuous.
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Proof. For (u,v) € K1 x Ko, we show that T7 (u,v) € Ky x Ko, i.e., T{ (u,v) € K3
and T7 (u,v) € Ks. It follows from the definitions of k;(x,y) that

T (u, v)(z) = /ﬁkl(%y)ﬁfl(y,U(y)vv(y)) + (1 =7)f1(y, uly),0)] dy

> pi(x) /ﬁkl(Z»y)[Tfl(y, u(y),v(y)) + (1 = 7)f1(y, u(y), 0)] dy
= p1 ()T} (u,v)(z), Vz,z€Q,
which implies that T7 (u, v)(x) = 61|77 (u, v)]|| for € ;. Similarly, one can obtain
T3 (u,v)(x) = 82|75 (u, )|, @ € Qa.

Hence, T7(K; x K3) C K1 x Ky. By Arzela-Ascoli theorem, we know that 77 :
Ki x Ko — K7 x Ky is completely continuous. O

Lemma 2.3 ([IL 12, 25]). Let E be a Banach space and P C E be a closed convex
cone in E. Forr > 0, let P, = {u € P||u| < r} and 0P, = {u € P||u| =
r}. Suppose that A : P — P is completely continuous. Then the following two
statements are true.
(1) If pAu # u for every u € P, and p € (0,1], then i(A, P., P) = 1.
(IT) Suppose that the mapping A satisfies the following two conditions:
(a) infyeop, |Au|l > 0; and
(b) pAu # u for every uw € 0P, and p > 1.
Then i(A, P., P) = 0.
Lemma 2.4 ([0, 8]). Let X be a real Banach space, P; C X be a closed convex
cone, W; be a bounded open subset of X with the boundary OW; (i = 1,2), and
P=P xPy,and W = W; x Wy. Assume that T : PN W — P is completely

continuous, and that there exist compactly continuous mappings A; : P, N W; — P;
and H : (PNW) x [0,1] — P such that
(a) H(-,1) = T and H(-,0) = A, where A(u,v) := (Aju, A2v) and (u,v) €
PNnWw;
(b) Asu; # g, for all u; € PN OW;; and
(¢) H(w,7) # w, for all (w,7) € (PNOW) x (0,1].
Then we have

i(T,PNW,P) =i(A1, PLNW1, P1) -i(Az, P, N Wa, Py).

3. PROOFS OF MAIN RESULTS

Proof of Theorem[I.5. Choose a bounded open set D = (Kpg,\K,) X (Kgr,\Kr,)
in the product cone K; x K, where R; > r; > 0 (j = 1,2) are to be determined
such that the family of operators {T7},¢; satisfies the sufficient condition of the
homotopy invariance of the fixed point index on 0D. We will in turn determine
r1, R1,72 and Ry in the following process.

(A) From the uniformly superlinear assumption on f; at u = 0, there are ¢ €
(0,1/r(B1)) and r1 > 0 such that

Tfi(z,u,v) + (1 —7)f1(z,u,0) < (1/r(B1) — €)u, (3.1)
for all x € Q, (u,v) € [0,71] x RT. We can obtain
wI7 (u,v) #u, Vyue (0,1] and (u,v) € 0K, x K. (3.2)
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Otherwise, there exist po € (0, 1] and (ug, v9) € 0K, x Ko such that poT7 (ug, vo) =
ug. In combination with (3.1]), it follows that

uo(x) < T (o, vo)(x) < | _ka(z,y)(1/r(B1) — €)uo(y) dy.
Q
Multiplying both sides of this inequality by ;1 (z) and integrating it on Q yields

éwwmwm<ww@m[m@m@®. (3.3)

Q
Since [guo(x)y1(z)dz > 0 and r(B1) > 0, by (3.3) it gives 1 < 1 — r(By)e. This
apparently leads to a contradiction.

(B) Because of the uniformly superlinear hypothesis on f; at u = 400, there exist
e > 0 and m > 0 such that

Tfi(z,u,v) + (1 = 7) fi(z,u,0) = (1/r(B1) + €)u, (3.4)
for all z € Q, (u,v) € [m, +00) x RT. So we have
Tfi(z,u,v) + (1 —7) fi(z,u,0) > (1/r(By) + &)u — Cq, (3.5)

for all z € Q, (u,v) € RT x R, where Cy = (1/r(By) +¢)m.
Then there exists an Ry > r; such that

pT{ (u,v) #u and  inf |77 (u,v)|| > 0, (3.6)
u€OK R,
for all u > 1, (u,v) € 0Kg, x Ks.

If there exist (ug,vo) € K1 x Ko and po > 1 such that ug = poT7 (ug, vo), from
(3.5) we deduce that

1mm>wamm>ﬁngmwwﬁ+wmm@—a
It follows that
éw@%@®?ﬂ+WM®ﬂw@%@®—Q

Q
which yields

C
<
/ﬁuo(i)%(f@) dz < ~(B1)e
In view of Lemma (c), we obtain
C
< —— = R". .
ool € s = (37)

Thus, when R > R*, u # uTY (u,v) holds for all (u,v) € 0Kr x Ky and > 1. In
addition, if R > m/d1, by (3.4) we know that for all (u,v) € dKgr x Ka, it holds
175 (w0l > [ 17 () )i () da

Q
> [ b a)1/r(B0) + ) dy s )

><1+ruﬁky/ w(y) e (y) dy

951
> (1+7(By)e)mes()67|[v1 || R.
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That is,

inf |77 0.
Wa8E T (u, )| >

Hence, we choose R; > max {r1, R*,m/d1}.

(C) Based on the locally uniformly sublinear assumption on fy at v = 0, there exist
€ > 0 and ro > 0 such that

T fo(z,u,v) + (1 — 7) fa(x,0,v) = (1/r(Bs) + €)v, (3.8)
for all z € Q, (u,v) € [0, Ry] x [0,72]. Then we have
HTF () £ and | iut T 0, 0)] > 0 (3.9)

for all > 1, (u,v) € Kg, x 0K,,.
(D) Given the locally uniformly sublinear hypothesis on fo at v = +o00, there exist
e € (0,1/r(B2)), n > 0 and C > 0 such that

Tfo(z,u,v) 4+ (1—7) f2(2,0,v) < (1/r(B2) —e)v, Vo € Q, (u,v) € [0, Ry] x [n, +00)
(3.10)
and

Tfo(x,u,v) + (1 — 7) fo(x,0,v) < (1/r(Bg) —e)v + C, (3.11)
for all z € Q, (u,v) € [0, R1] x RT.
As we did in the discussion of (3.7)), one can prove that if vg = ugTy (ug, vg) for
(ug,v0) € Kr, X Ko and pg € (0, 1], then
C

<SRY 3.12
ol o (312)
Hence, we take Ry > max{rq, R'}, and have

uT3 (u,v) £v, Vyu e (0,1 and (u,v) € Kr, X OKg,. (3.13)

Now, we choose an open set D = (Kg,\K,,) x (Kg,\K,). By using (3.2), (3.6),
(13.9) as well as (3.13), we see that {T7},¢ satisfies the sufficient conditions for the
homotopy invariance of the fixed point index on 0D. By virtue of Lemmas and

[2:4] we have

i(TY, D, K x Ky) =

IS

i(T), Kr\K,, , K;)

<.
N
—

[Z(TJO) KRj ) Kj) - i(T]Q’ KTj ) KJ)]

j=1
=(0-1)x(1-0)=—L.

Consequently, system ([1.1) has at least one component-wise positive solution. [

Proof of Theorem[I.7. Similar to the arguments described in the proof of Theorem

[1.5] we separate our discussions into four steps and determine rq, Ry, 72, Ry one by
one.

Step 1. Given the uniformly sublinear assumption on f; at u = 0, there are ¢ > 0
and rq > 0 such that

Tfi(z,u,v) + (1 = 7) fi(z,u,0) > (1/r(B1) + €)u, (3.14)
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for all z € Q, (u,v) € [0,71] x RT. We can obtain
uT (u,v) # u, eiél}f( T (w,v)|| >0, VYp>=1, (u,v) € 0K, x Ko. (3.15)

T1

Otherwise, suppose that there exist uo > 1 and (ug, v9) € 0K,, x Ky such that
Mon(UQ,Uo) = Uup.
It follows from ([3.14) that
uo(z) = 17 (uo, vo)(x) 2 /7k1(93,y)(1/7“(31) + &)uo(y) dy.
Q

Multiplying both sides of this inequality by 11 () and integrating it on Q, we obtain

[uolayin(@rde > [14+1(B [ wo(w)in(w) (3.16)

Q Q

Since [5uo(x)y1(x)dz > 0 and r(By) > 0, by (3.16) it gives 1 > 1+ r(B1)e, which
is obviously a contradiction.
By (3.14]) we know that for all (u,v) € 0K, x K», it holds

175 w0l > [ 17 (0, 0) )i () da
Q
> ﬁ ﬁ (9, 2)(1/r(B1) + e)uly) dy 1 (2)dz
> (14 (B2 [ uly)un(o) dy

> [l + r(By)e]r.

Clearly, this implies

inf ||T7 0.
BT ()] >

Step 2. Under the uniformly sublinear hypothesis on f; at u = +o0 and condition
(H5), there exist € € (0,1/r(B1)), m > 0 and C > 0 such that

Thi(z,u,v) + (1= 7) fi(z,4,0) < (1/7(B1) — €)u, (3.17)
for all z € Q, (u,v) € [m, +00) x R, and
Tfi(z,u,v) + (1 = 7) fi(x,u,0) < (1/r(B1) —e)u+ C, (3.18)

for all z € Q, (u,v) € RT x R*.
Using (3.18)) and processing in like manner as we did in the discussion of (3.7)),
one can see that if ug = poT7 (ug, vo) for (ug,vo) € Ky x Ky and o € (0,1], then

C
<R =—— . 1
Juoll < B = — (3.19)
Choosing Ry > max{r;, R*}, we then obtain
uTf (u,v) #u, Vu e (0,1] and (u,v) € 0Kg, x Ks. (3.20)

Step 3. By the locally uniformly superlinear assumption on fy at v = 0, there are
e € (0,1/r(Bg)) and r9 > 0 such that

T fo(z,u,v) + (1 — 7) fa(x,0,v) < (1/r(Bs) — €)v, (3.21)
for all z € Q, (u,v) € [0, R1] x [0,72].
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We claim that
pTy (u,v) #v, VYu € (0,1 and (u,v) € Kg, x 0K,,. (3.22)
Otherwise, there exist o € (0,1] and (ug,vo) € Kg, x 0K, so that uoTy (ug,vo) =
vg. In combination with (3.21)), it follows that

vo() < T (o, 00) () < /, ka(z,9) (1/r(Ba) — €)o(y) dy.
Q
It follows that
ﬁ vo(@) () de < (1 — r(Ba)e) [ vo(y)a(y) dy. (3.23)
Q Q

Since [gvo(x)2(z)dz > 0 and r(By) > 0, it follows from (3.23) that 1 < 1—r(Bsy)e,
which yields a contradiction.

Step 4. By utilizing the locally uniformly superlinear hypothesis on fo at v = +o0,
there exist € > 0 and n > 0 such that

Tfo(z,u,v) + (1 — 7) fa(z,0,v) = (1/r(B2) + €)v, (3.24)
for all z € Q, (u,v) € [0, R1] x [n, +00). It gives
Tfa(z,u,v) + (1 —7) fo(z,0,v) = (1/r(B3) + €)v — Cq, (3.25)

for all x € Q, (u,v) € [0, Ry] x R, where Cy = (1/7(Bg) + €)n.
We now prove that there exists an Ry > 75 such that

uTy (u,v) v and inf |73 (u,v)|| >0, (3.26)
vEIK R,

for all p > 1, (u,v) € Kg, x 0KR,. If there are (ug,v9) € Kg, X Ky and pg > 1
such that vg = peTy (ug,vo), then it follows from (3.25)) that

vo() > T (o, v0) () ﬁ ka(e,g)(1/r(Bo) + oo(y)dy — . (3.27)

Moreover,

L vo(@in(e) de > (11 r(By)e) /, Vo) a(y) dy — C.

Q Q
It further leads to

C
< .
/ﬁvo(if)%(x) dz < (B
In view of Lemma (c), we know that
C
<R =——F—+—. 3.28
Jonll < R = —o (3.25)

When R > R, v # pT3 (u,v) holds for all (u,v) € Kg, x 0Kg and p > 1. In
addition, if R > n/ds, then by (3.24) we know that for all (u,v) € Kr, x 0KR, it
holds

173 (u,0)]| ﬁ TF (u, 0) (2)iba(z) d
> L [ ko, 2)(1/r(Ba) + €)o(y) dy o) da

Qo

> (14 r(Ba)e) /, o(y)n(y) dy

2
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> (14 7(Bz)e)mes(Q2)83 |92 R.
This indicates that
1nf ||T2 (u,v)|| > 0.

Hence, we choose Ry > max{rg, R , n/52}.

Based on (3.15)), (3.20), (3.22) and ([3.26)), one can easily verify that {T7},c;
satisfies the sufficient conditions for the homotopy invariance of the fixed point
index on 0D, where D = (Kg,\K;,) X (Kg,\K,). It then follows Lemmas [2.3|and
2.4 that

2
i(T", D, Ky x Ky) = [ [ i(T}, Kr\K, , K;)

Jj=1

:H[i(T’]Q;KijK) (T Krij)]

j=1
=(1-0)x(0—-1)=-1.
Hence, system (|1.1]) has at least one component-wise positive solution. ([l

Proof of Theorem|1.11]. Let € > 0, and
Wi ={ueKj:—e<u(z)<u*(z), x € Q},
Wy ={veKy:—c<v(z) <v*(x), x € Q},
W = W1 X WQ.

Then, W is an open subset of Ky x Ks and (0,0) € W.

We first show that

T (u,v) # (u,v), Y(1,u,v) € [0,1] x OW. (3.29)
In fact, if there exists some (79, ug, vo) € [0, 1] x W such that T (ug, vg) = (ug, vo),
then (ug,vg) € OW71 x Wy or (ug,vg) € Wi x 0Ws. Without loss of generality, we
assume that (ug,vg) € W7y x Wa, then vy < v*, ug < u* and ug(zg) = u*(xg) for
some zo € Q. Hence, by (F}), in view of the definitions of 77 and the strict upper
solution, it yields
u*(w0) = uo(wo) = Ty (uo, v0) (o) < T (u*,v*) (o) < Ti (u*,v*)(20) < w*(wo).

This is obviously a contradiction.

To prove that 77 (u v) # pu, for all p > 1 and all uw € OWy, we let p > 1 and
u € OW;. Then u < u*, and there is an 7o € Q such that u(zg) = u*(z¢). Thus it
follows that

7 (u,v) (o) = 17 (u, 0) (o) < T7 (u*,0)(x0) < u*(w0) = u(zo) < pu(zo).

Similarly, we find that 79 (u,v) # pv for all g > 1 and all v € 9W,. It then

follows from Lemma 23] that

‘(TP, Wl,Kl) = z’(TS, Wy, Ky) = 1. (3.30)

In view of (3.6), (3.9), (3.15) and (3.26), we choose 71, r» small enough and
Ry, R, large enough such that

0 <r; <minu*(x) < ||u*|| < Ry,
€N

0 <7y <minv*(z) < ||[v*|| < Ra.
e
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Combining (3.29) and (3.30)), by Lemmas [2.3] and we obtain
(T (WK, ) x (Wo\Kp,), K1 x Ka)

= [T, W)\K.,, K;)
(3.31)

and further deduce that
i(TH, D\(Wi\K,.,) x (Wa\K,,), K1 x K3)
=i(TY, D, K| x Ky) —i(T, (W1\K,,) x (Wo\K,,), K1 x K>)

2 . (3.32)
(10, K g, K;) —i(T0, K, K;)] — 1

j=1

=0-1=-1.

Thus, system (|1.1) has at least two component-wise positive solutions. [

4. APPLICATIONS

Consider the existence and multiplicity of component-wise positive solutions for
the following system of second-order ordinary differential equations

77.L”({ZZ) = fi(z,u(z),v(z)), z€(0,1),

~'(x) = (e u(e)o(@), @€ (0.1) oy
subject to the Dirichlet boundary conditions
u(0) = u(1l) =v(0) =v(1) =0, (4.2)
or the mixed boundary conditions
uw(0) = u(1) = v(0) =2'(1) =0, (4.3)

where f1, f2 € C([0,1] x RT x RT,R*).
4.1. Dirichlet boundary value problem.

Theorem 4.1. Assume that fi and fo satisfy the following two conditions:

(H9)
lim sup max M < 72 < liminf min M
u—0+ z€[0,1] u u—+00 z€[0,1] U
uniformly w.r.t. v € R*;
(H10)
T, U, i T,U,
liminf min fal@,u,0) > 72 > limsup max Folz,u,v)
v—0* 2€[0,1] v v——4oo x€[0,1] v

uniformly w.r.t. u € [0, M|, where M € RY is arbitrary.
Then problem (4.1)-(4.2)) has at least one component-wise positive solution.
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Proof. Tt is clear that system (4.1)) subject to (4.2)) is equivalent to the system of
nonlinear Hammerstein integral equations

1
u(x) = / k(e y) fa(youly) o() dy, € 0,11,

1
@) = [ kel ) ol )o@ dy. € 0.1),
0
where
z(1—y), ifz<y,
ki(x,y) = ka(x,y) =
1(z9) 2(2,9) {y(l—x), ify <z
It is easy to verify that the kernel functions k; and ks satisfy all conditions (i)—(iii).
According to Theorem we only need to prove that r(B;y) = r(Bs) = 7 2.
To this end, it suffices to observe that the following linear eigenvalue problem
—u(x) = Mu(z), =€ (0,1),
u(0) =u(l) =0,
has the minimal eigenvalue A\; = 72. O

4.2. Mixed boundary value problem.

Theorem 4.2. Assume that f1 satisfies condition (H9), and that fo satisfies
(H11)
2
liminf min M > S lim sup max M
v—0t+ z€[0,1] v v—+oo z€[0,1] v
uniformly w.r.t. u € [0, M], where M € R™ is arbitrary.

Then system (4.1]) with the mized boundary condition (4.3) has at least one com-
ponent-wise positive solution.

Proof. We know that system (4.1) subject to (4.3)) is equivalent to the system of

nonlinear Hammerstein integral equations
1
u(e) = [ ko) i ul) o) dy, € 0,1
0

o(z) = / ka(z, ) foly, u(w), v(w)) dy, € [0, 1],

where
T — I(l 7y)a €
() {y(l—x), y

It is easy to verify that two kernel functions k; and ks satisfy conditions (i)—(iii).
From the proof of Theorem [{.1 we find that r(By) = 7~2. Since yy = 72/4 is
the minimal eigenvalue of the linear eigenvalue problem

—v"(z) = po(z), x€(0,1),
v(0) ='(1) =0,

<
Y, and kQ(l‘,y) — {I7 XY,
x Yy <.

) )

one can derive that r(By) = 472, Hence, we obtain the desired result according
to Theorem [L.5 O



14 X. CHENG, Z. FENG EJDE-2019/52

Remark 4.3. There are many types of functions f; and f; satisfying conditions
given in Theorems and For instance, let fi(z,u,v) = max{u,u?}(1 +
tan=1v) and fao(z,u,v) = Jvet. It is easy to see that f; satisfies condition (H9),
and fy satisfies conditions (H10) and (H11). Thus system subject to or
has at least one component-wise positive solution.

Theorem 4.4. Suppose that fi and fo satisfy the following three conditions:
(H12) fi(z,u,v) < fi(z,u,0) asx € [0,1], u <T@ and v <7, fori=1,2;
(H13)

0 0 2
liminf min M > 72 and liminf min M > 7T—;
u—0t z€[0,1] U v—0t z€[0,1] v 4
(H14)
2
liminf min M > 72 and liminf min M > TL.
u—+400 2€[0,1] U v——+00 2€[0,1] v 4

In addition, if there exist constants My, My > 0 such that fi(z,u,v) < M; and
fa(x,u,v) < My for all (x,u,v) € [0,1] x [0, M1/8] x [0, M2/2], then system (4.1)
subject to (4.3) has at least two component-wise positive solutions.

Proof. Similar to the arguments in the proof of Theorem one can derive that
r(B;) = 72 and r(Bg) = 47~ 2. In addition, it is straightforward to calculate that

max]/kl(x,y)dyzl/S and  max /kg(x,y)dyzl/z
Q o

z€][0,1 z€[0,1]
The desired result follows Theorem [L.11] and Lemma [L.12l O
Remark 4.5. As an illustration of Theorem [4:4] we consider
%tan_l(v—i— 1), u € 10,1],
fi(z,u,v) = (77“ - 3) tan~t(v+1), we(1,2),
u?tan~!(v + 1), u =2,
%e“, v € [0,1],
folz,u,v) = 9 (132 — Dev, ve(l,2),
v2e?, v = 2.

It is easy to see that f; and fy satisfy all the conditions given in Theorem [.4]
by choosing My = Ms = 1. Thus system (4.1]) subject to (4.3)) has at least two
component-wise positive solutions.

Remark 4.6. Note that Theorems can also be applied to system
subject to conditions or in a similar manner. Here, we omit the details
for the corresponding results on the existence and multiplicity of component-wise
positive solutions for such kind of systems. It is worth mentioning that the ideas
described herein are also applicable to nonlinear systems of Hammerstein integral
equations with weighted functions. We will consider this problem in a subsequent
work.

Remark 4.7. It is notable that assumptions (H12), (H13) and (H14) are also
satisfied for coupling functions f;(x,u,v) which are negative for small values of u
or/and v. Such type of couplings often arises in Chemical Engineering, see [10] and
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references therein, and leads to solutions such that may be zero in a subset of the
interval (0,1), or at least may have zero derivative in some of the boundary points
(the so called “flat solutions”).
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