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AN ELEMENTARY METHOD FOR OBTAINING GENERAL
SOLUTIONS TO SYSTEMS OF ORDINARY DIFFERENTIAL
EQUATIONS

MARIANITO R. RODRIGO

ABSTRACT. An analytical method is proposed for finding the general solution
of a system of ordinary differential equations (ODEs). The general solution
is expressed as a series which in some cases can be summed to give an ex-
pression in closed form. A sufficient condition for the series to converge is
derived. Illustrative examples are given for scalar first-order ODEs (Riccati,
Abel, homogeneous, Bernoulli, linear, separable) and for higher order ODEs
(Airy, linear oscillator, Liénard, van der Pol). The method relies only on a
calculus background.

1. INTRODUCTION

Consider a system of ordinary differential equations (ODEs)

dy; .
T;:fj(wvylayZ,"'»yd)v ]:1a27"'ada
where y; = y;(z) for j =1,2,...,d. In matrix form this system can be expressed
as q
Y
— =1 1.1
dl’ (.’I;,y), ( )

where y = (y1,¥2,...,y4) and £ = (f1, fa,..., fa). An important special case of
(1.1)) is the scalar first-order ODE (i.e. d = 1)

d

== f.y). (1.2)

It is well known that a scalar mth-order ODE can always be rewritten in the form
[T1).

There are a number of techniques for finding particular solutions of , most
notably using symmetry methods [2, B, 4], [7]. A good compilation of techniques for
obtaining exact and approximate solutions of ODEs is given in [9]. The reader is
also referred to the encyclopedic treatises [5] [§] on exact solutions of ODEs. It is to
be noted that in most cases the solution techniques tend to be ad hoc, i.e. specific
to the type of ODE being considered. However, Lie group analysis can be quite
general but is arguably non-elementary.
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The main objective of this article is to propose an elementary analytical method
to find the general solution of . The term “elementary” here means a calculus
background is sufficient. By “general solution” we mean a solution of with
d arbitrary constants. The general solution is expressed as a series which in some
cases can be summed to obtain a closed-form expression. A convergence condition
for the series is derived and yields an approximate solution when a closed form is
difficult to obtain.

A secondary objective of this article is pedagogical in nature. In a first course
on differential equations, students are taught “recipes” for solving different types of
ODEs. A solution technique may be valid for one ODE but not for another. This
is of course to be expected. However, it would be useful for the students to realize
that many of these techniques can be considered under a unified framework.

The outline of this paper is as follows. The derivation of the proposed solution
method is given in Section 2. Illustrative examples for the scalar ODE (1.2]) are
provided in Section 3, namely (i) separable equations, (ii) Bernoulli and first-order
linear equations, (iii) homogeneous equations, (iv) Riccati equations and (v) Abel
equations of the first and second kind. In Section 4 we apply the solution method
to (i) second-order linear equations and (ii) Liénard equations. Brief concluding
remarks are given in Section 5.

2. DERIVATION OF THE SOLUTION METHOD

Before giving the derivation of the method for the system of ODEs (L.1)), it is
worthwhile to look at the scalar ODE (1.2)) to elucidate the underlying idea. The
general solution of (|1.2)) can be expressed implicitly by

z(z,y) = ¢,

where ¢ € R. This can be viewed as a level curve of the function z = z(z,y).
We wish to define sequences (z,)%2, and (S5,)52, of functions z, = z,(z,y) and
Sn = zn(x,y), respectively, such that

Sn(l'7y) = Zo(may) +Z1(may) + +Z7‘L(x7y)
and
li_>m Sn(z,y) = 2(x,y) = c.

Thus S, (z,y) is an approximation to z(z,y). This is reminiscent of the idea in
[6] but a different convergence criterion will be derived here that is amenable to a
generalization to systems of ODEs.
Returning now to (|1.1), we can express the general solution as
e,y =cj, j=1,2,....4

where c¢1,co,...,cq € R. These can be thought of as level surfaces of the functions
20 = 20)(z,y) for j =1,2,...,d. Define the operator

g 0 0
Vy=—,—,...,— ).
Y ((9:(/1 8y2 8yd>
Using (|1.1)), we see that

529

o V2D £=0, j=1,2,...,d (2.1)
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Define the sequences (z,(lj))zozo, where 2{) = z,(Lj)(:c, y) for each j =1,2,...,d, such
that ‘
82,(1]) ;
= ~v,2 9 f n> 1 (2.2)
Assume that z(()j) for j =1,2,...,d are given. Define also the sequences (Sy(lj))zozo,

where S = Sﬁlj)(x,y) for each j = 1,2,...,d, such that
SU)(x,y) = z(()j)(x7y) + z§j)(9c,y) 4+ 429 (2, y)

L0 : (2.3)
=Y (,y), j=12....d
k=0

Since S,Sj)(x, y) is desired to be an approximation to z\)(x,y), it must be true that
lim Sflj)(sc,y) = z(j)(ac7y), ji=1,2...,d.
n—o0

Therefore the exact general solution of (1.1)) is given implicitly by

Zz,(cj)(x,y):cj, i=1,2,...,d. (2.4)
k=0
To evaluate how “close” S{ )(a:,y) is to 2(9)(z,y), let us compare the gradient
vectors associated with Sﬁlj)(x, y) and 2\ (z,y) at each (z,y). Observing (2.1)), the
following conditions must hold:
as(j) )
lim [ (0,y) + V, 89 (@) £@y)] =0, j=12...d  (25)

n— oo

It can be seen from (2.3]) and (2.2]) that

aSY) . PRONPWO _ n _
o —l—VyS?(f) f= ;70_’_2 “k —l—VyZ((J]) 'f""z(vyzl(cj) -f)
k= k=1

T ox
1

az(j) ) n . .
= 4 V) £y (Ve £V, ).
k=1

But the last term on the right-hand side is a telescoping sum that collapses to
n

Z(Vyzl(j) f— Vyzlij)l ) = vyzgj) f Vyz(()j) 3

k=1
Thus
aSU) ‘ 8Z(j) )
n (). f = 220 (). f.
o7 + VS5 O + Vyzy

Therefore the convergence condition (2.5)) is equivalent to

m [020 () :

In general, (2.6) may be valid only for all (x,y) belonging to some region in RI+!.

Remark 2.1. If z(()j) does not depend on z for j = 1,2,...,d, then (2.6) becomes
lim Vyz,(f)(x,y) f(x,y)=0, j=1,2,...,d. (2.7)
n—oo
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In particular, when d = 1, (2.7) simplifies further to
. Oz
nh—>r2<> Ty(x’ y) =0.

This is different from the convergence condition obtained in [6], where

L (020/09)(z,)
n=o0 (05, /9y)(z,y)
The reason is that the tangent vector was considered in [6], while here the gradient

vector is used. The latter allows the solution method to be generalizable to systems
of ODEs.

3. EXAMPLES: SCALAR CASE

In this section several illustrative examples are given for some classes of scalar
first-order ODEs (i.e. d =1).
3.1. Separable equations. Consider the separable equation

dy _g(=)
1= flx,y) = W) (3.1)

Take
zo(x,y) = /h(y) dy

in , so that
021 g(z) 0z
— = =— dx.
ox h(y) 81/ or Zl(.’lf, y) /g(l‘) €L
Then (2.2)) yields z,(z,y) = 0 for n > 2 and therefore
Sn(f,y):ZO(-T,y)“er(l',y), n > 1.

Equation (2.4)) gives the general solution of the separable equation (3.1) as

[rway- [gz)ar=c.

as is well known. It is obvious that the convergence condition in (2.7) is always
satisfied.

3.2. Bernoulli and first-order linear equations. Let us take a look at the ODE

% = f(z,y) = g(z)y + h(z)y". (32)

Without loss of generality, we may assume that p # 1, otherwise (3.2 reduces to a
separable equation. Equatiion (3.2) is a first-order linear equation when p = 0 and
a Bernoulli equation when p # 0. Choose zo(z,y) = y'~P. We claim that

Zn(2,y) = Fp(2)y' P+ Gu(x), n>1, Folz)=1, Go(x)=0, (3.3)
where F,, = F,,(z) and G,, = G,(x) for n > 1 are to be determined. Substituting
into , we have

Fi(x)y' ™" + Gy () = (p = Dg(@) Faor (2)y" ™" + (p — Dh(z) Fama (),
which implies that

F(z) = (p— Dg(@)Fra(z), Gp(z)=(p—Dh(z)Fos(z), n=1.
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By induction on n, we can show that
— 1" n
Fo(z) = u{/g(x)dx] . on>1
n!

and therefore

and so (2.3) yields
_ e F
Suta) =4y S ] [ gy adl

k=1

n ok .
+1;/ ((Z—l))[ [/g(ﬂc)df}k h(z) dx

1 k+1

=ylP zn: (;7;7!1)’“ [/g(x) dx} - nz_:l % {/g(ﬂc) dfvrh(flf) dz.
k=0 k=0

As n — 0o, we see that

exp ((p -1) /g(w‘) dw)yl"’ +(—1) /eXp ((p -1) /g(m) da:)h(x) dz =c.

Solving for y above recovers the well-known solutions to the Bernoulli and first-order
linear equations in one go. By comparison, the standard technique is to first solve a
first-order linear ODE using an integrating factor, and then transform a Bernoulli
equation to a first-order linear equation. Note that the convergence condition

holds since

lim %(Ly) =(1—-p)y P lim l' [(p -1 /g(x) dxr = 0.

n—oo Oy n—oo Nl

3.3. Homogeneous equations. A homogeneous equation has the form
=@y —g(x :
Take zo(z,y) = —log(|y|). Define
Faw) =~ [w gy du, Faa) =~ [ug =
G(u) / L4
u) = — du.
g(u) —u

Then it is straightforward to show that

Fy(u) = —u™""lg(u)", F_y(u) = —u""g(w)" ™", F}(u) =

n

(3.5)
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For later use we note that

—log(|ul) +ZFk Z/

:*/ul— gty =

where we used the geometric series expansion and assumed that |g(u)| < |u|. We
claim that

(3.6)

zn(z,y) = Fn(%), n > 1.

Substituting this into (2.2]) and recalling (3.5]) gives
azn Yy 827171 Yy Y
93T F()*()F’()=0~
3x+g(x) Jy :172”:c+ =1\ g

This proves the claim. The left-hand side of (| can be written with the aid of

(3.6) as

— log(|y)) ZFk( ) =—tog (12]) + ZFk() log(|])

)
= G(E) — log(|z]).
Hence the general solution of the homogeneous equation (3.4) from (2.4)) is

Y 1
G<f)—l —¢, G :/701. 3.7
2) ~tos(leh = e G) = [ (37)
By comparison, (3.7]) can be also be obtained by a dependent variable transforma-
tion and solving the resulting separable equation. The convergence condition (2.7))
is
. 0z, Lo rgy/z)m
A gy () == i [W} =0,
provided |g(y/x)| < |y/z|, which is what we assumed for g. Note, however, that
(3.7) is valid even without this assumption.

3.4. Riccati equations. A general Riccati equation has the form (see [8, Sec-
tion 1.2.1])
d

d% = g2(2)y* + g1 (2)y + go(2),

which can be transformed to a second-order linear ODE with variable coefficients.
A general Riccati equation can also be transformed to the canonical form [§]

Y Fla) =9+ g(a). (39

Unlike the previous examples, the solution to (3.8 for an arbitrary g is not known.
Take zo(z,y) = y. We claim that

2n—2‘
Zon—1(,y) E FnJ 7

ZQn x y ZG ,j 2n_2j+17 n > 17
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where the functions F,, ; = F,, j(z) and G, ; = Gy j(z) forn > 1and 0 < j <n
are to be determined. Define G o(z,y) = 1. We infer from the second equation of

that
Zon—2(,y) ZG” 1,i(z 2"_2j_1, n > 2. (3.10)
Equation is
=+ g@) T mz (311)

From (3.11)) we see that
21 (z,y) = —ay? — /g(az) dz.

Therefore we deduce from that

Fio(z)=—z, Fii(z)=- /g(x) dz.
Moreover, gives

2(z,y) = 2%y + 2y/xg(x) dz.

Thus yields

Gio(x) = z2, Gii(z) = 2/xg(x) dz.

Suppose that m = 2n in , ie.

O0zap 029n—1
e = W el (3.12)
Substituting (3.9) into (3.12)), we have
Z sz,j (x)y2n72j+1 — _[y2 + g(x)] (2n o 2j)Fn,j (x)y2nf2j71
— =
n—1
= (=20 +2j)F j(a)y* 2T
7=0
n—1 ‘
+ Y (=2n+2j)g(x)F, j(x)y*" 2L
§=0
However,
n—1 n
> (=204 2))g(@) o (@)y” 77 = 3 (<204 2) = 2)g(@) F o (@)™,
j=0 j=1
so that
n—1
G @y I G ()T + G ()
j=1

_ (—2n+2j)Fn7]( )y2n 2j+1 2nFn’O(x)y2"+1
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n—1

+ Y (<2042 — 2)g(@) Fy j1 (2)y™ 2 = 2g(2) Py (2)y,
j=1

Equating coefficients of terms of like powers gives
:L,O(x) = _2nFn,0($)» n > 2,
G;w-(x) = (=2n+2j)F, ;j(x) + (—2n+2j — 2)g(x)F, j—1(2),

n>2 1<j<n-—1, (3.13)
G (@) = =2¢(x)Fppno1(z), n>2.
Now suppose that m = 2n — 1 in (3.11]), i.e.
0zan—1 O0zap—2
Sl =+ gl (314
Substituting (3.9) and (3.10) into (3.14) gives
n n—1
Z Fl @)y ™% = —[y* + g(2)] Z(Zn —2j = )Gy j(x)y* 2
§=0 §=0
n—1 ,
= Z(—2n +2j + 1)Gpo1,j(z)y*" ¥
§=0
n—1 )
+ ) (=20 +2j + 1)g(2) G j(2)y*" 272
§=0
However,
n—1 n
> (20424 1)g(2) G g (2)y™" 272 = (=204 2j-1)g(2) Cur jr (2)y™"
j=0 j=1
which implies that
n—1
S OF @)y 4+ F o (x)y?t + F ()
j=1
n—1 .
= (=204 2j + )G @)y + (=204 1)Gr10(2)y™"
j=1
n—1 )
+ > (=2n+2j = 1)g(2)Gn1j-1(x)y”" ¥ = g(2)Gp_1n-1(z).
j=1
Equating coefficients of terms of like powers gives
Ffl'L,O(x) = (72n + 1)Gn—l,0(x), n 2 27
F/z,j(x) = (—Qn + 2] + l)Gn,Lj(x) + (—2n + 2] - 1)9($)Gn71,j71($), (3 15)
n>2 1<j<n-—1, '

F'I/L,n(x) = 7g(x)Gn—l,n—l(l')7 n > 2.

The recursive equations in (3.13)) and (3.15]) together provide determining equa-
tions for F), j(x) and G, j(z) for n > 2 and 0 < j < n. If we set

F,o(x) = —g2n—l Grolz) = 2", n>2,
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then
;L,O(x) +2nkF, o =0, FAO(.’L‘) +(2n—1)Gp_1,0(z) =0
and the first equations in (3.13]) and ([3.15)) hold. The other equations in (3.13]) and

(3.15)) can be solved recursively once g has been specified. In summary, we have

Goolz,y) =1, Gio(z)=2% Gi1(2)= 2/569(37) dx,

Fio(z)=—z, Fii(z)= —/g(x) dax,
Fn,O(x) = _$2n_17 Gn,O( ) xQn n > 2,
Flj(2) = (=20 +2j + 1)Gporj(x) + (=20 + 2 — Dg(2)Gpr jor (z),  (3:16)
n>2 1<j<n—-1,
G;z,j(x) = (=2n+2j)F, () + (=2n +2j — 2)g(2) F, j-1(2),
F;L’n.(x) = —9(2)Gn-1,n-1(), G/nn(x) = —29(x)Fypn-1(z), n>2.
The general solution of the canonical Riccati equation 3.8]) from ([2.4)) is

oo k
y+ZZFkJ(‘T 2k— 2j+ZZGk 2k 2j+1

k=14=0 k=14=0 (3.17)
—y+ZZFk] )+ yGhj(2))y* ¥ = c.
k=1 j=0

The convergence condition (2.7)) for the canonical Riccati equation (3.8]) is

n
lim 37[(20 = 2) Fy ()52~ + (20 — 2 + )Gy ()y>" ] = 0. (3.18)
7=0

3.4.1. Particular example: canonical Riccati equation with g(x) = 0. In this case

(3.16) simplifies to
Goolz,y) =1, Giole)=2? G 1( ) =0, F1 0( )=—x, Fii(x)=0,
Fn,o(x) = 7:p2n71, (x) "> 2,

Fy (@) = (-2n+2j +1)G nlj() n>2 1<j<n-—1,
G(@)=(—2n+2j)F,;(z), n>2 1<j<n-1,
Flo@)=0, G\, (e)=0, n>2.

It follows that F,, o(x) = —2?" 71, G, o(x) = 2*" and F, j(x) = G, j(x) = 0 for all
n>1and 1 < j <n. The general solution (3.17)) of dy/dx = y? simplifies to

o (o)
1 Yy
y= DSy (- 1) S = e

k=1 k=1

provided |zy| < 1. Solvmg for y gives the explicit general solution
c

V=1

Note that this remains a solution even if the the condition |xy| < 1 is removed, as
a direct substitution into the ODE shows.
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3.4.2. Particular example: canonical Riccati equation with g(x) = x. In this case

(3.16) becomes
2
Goolz,y) =1, Gio(z)=2° Gii(z)= §CE3 du,

1
Fio(z) = -z, Fii(z)= —§x2,
Foo()=—2""" Gpo(z) =2, n>2,
Fp (@) = (=2n+2j + )G j(x) + (=204 2j — )G -1 (2),
n>2 1<j<n-1,
G (@) = (=2n+2))F, j(2) + (—=2n +2j — 2)zF, ;1 (2),
n 2 2, 1 S ] S n— ]-7
Fr/L,n(l') = —.’EanLnfl(ZL'), G/n,n(x) = _Zan,nfl(x)v n>2.
Then
Foj(@) = an 270 Gy () = by a®™t, n>1, 0<j<n,

where a, ; and b, ; are defined recursively by

2
=1 =——, boo=1, biog=1, bj1=-
a1,0 , 11 9’ 0,0 y 1,0 y 1,1 3’
a’n,o = _17 bn,O = 17 n Z 2’
—2n+4+25+1 —2n+4+25 -1 .
ng = —s————bp 1+ ———"""bp 1,1, >2, 1<53<n-1,
. 2n+j5—1 b 2n+j5—1 L=t 1 J=n
—2n 4 2j —2n 425 —2 )
bnj = — —anj-1, n>2 1<j<n-1,
J 2n—|—ja’j+ M+ an,j—-1, N Z SJsn
1 2
nn — bn— n—1; bnn:_i n,n—1s 22
on, 3n — 1 "hntb O g o
From (3.17) the general solution of dy/dz = y? + x is
o~ k
y+ ZZ(ak,j$2k+j_ly2k_2j + bk’jx2k+jy2k—2j+1) —
k=1j=0

The convergence condition (3.18) is

. 9a,  2ntj—1, 2n—2j—1 Y 204, 2n—2j] _
Jim. ZO[(Qn 2j)an, Yy +(2n — 2§ + 1)by, ja*" Iy ]=0.
=
3.5. Abel equations. An Abel equation of the first kind has the form (see [8]
Section 1.4.1])
dy

1, = 8@y + 920)y” + 01(2)y + g9o(@),
which can be transformed to the canonical form [8]

d

o= fay) =y +g(@). (3.19)
Similarly, a canonical Abel equation of the second kind has the form (see [8, Section
1.3.1])

% = f(z,y) =1+ g(zx)y~". (3.20)
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As with the Riccati equation (3.8]), the solution to an Abel equation for an arbi-
trary g is not known. Here we will just consider (3.19)) since ([3.20) can be similarly
handled.

Take zo(z,y) = y. Equation (2.2)) here is

0zy, . 0zp—
= — 3 + g(2)] 3 Lon>1. (3.21)
It is easy to see that
821 3 3
o WP re@] o alwy) =~ [ g(e)de
and
0z 3 2 3 95 2
o —[y® + g(2)](—3zy®) or zo(z,y) = 5:10 y° + 3y zg(x) dx.
We claim that
= Fojx)y™ 9% n>2, (3.22)

where F,, ; = F,, j(z) for n > 2 and 0 < j < n — 1 are to be determined. We see
that

3
Fyo(z) = 53527 Frq(z) = S/xg(x) dz.
Furthermore, (3.22) implies that
Zn-1(2,y) ZFn (@) n >3,

Thus, taking n > 3 and substltutlng into (3.21]), we obtain

ZFJL,j(x)y2n_3j+l — y +g Z 2n—3j—1 Fn717j(m)y2n—3j—2
j 7=0

n—2
= (=2n+3j + 1) Fp_y j(2)y* !
7=0
n—2
+ (=2n+3j + 1) g(x) Fo1j(z)y* %2
j=0
However,
n—2
(—2n +3j + 1)g(z) Fq j (z)y*" > 72
§=0
n—1
= Z 20+ 3j — 2)g(2) Fan joa ()57,
Hence

Z E, (z)y* ¥ 4 Fé,o(x)y%-‘_1 + Fr/L,nfl(ilc)il/_7l-~_4
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n—2

= 3720 +3j + DFus1j(@)y® ¥ 4 (<20 + 1) g o)y
j=1

n—2
+) (=204 35 — 2)g(x) Fooy jo1 ()y*n =
j=
+(n—5)g(x)Fr_1.n_o(x)y "
Equating coefficients of terms of like powers gives
Fpo(@) = (=2n+1)Fy_10(z), n>3,
Fpi@) = (2n+3j + DFy(@) + (=20 +3) = 2)g(2) Frn i1 (2),
n>3, 1<j3j<n-2,
Fpo1(x) = (n=5)g() Fuo1,n—2(2), n>3.

Recall that Fyo(x) = 322/2. We claim that

—_

(3.23)

3
Foo(x) =anoz", n>3, axo= >

where (an,0)52 5 is to be determined. Substituting into the first equation in (3.23)),
we see that

1
nan et = (—2n+ )ap_102" " or ano= (* 2+ *)an—l,o, n=3.
n

It follows that

n

amO:;H(—QJr%), n>3.

k=3

The expressions F), j(z) for n > 3 and 1 < j < n — 1 can be computed recursively
from the second and third equations in (3.23)). From (2.4) we deduce that the
general solution of the canonical Abel equation of the first kind (3.19) is

y—axy® — /g(x) dz + ngyE’ + 32 /acg(x) dz

o] n n—1
3 1 ,
+) bx”y%“ [] (— 2+ %) +) Fw(x)yzn‘?”“} =c
n=3 k=3 j=1

The convergence condition (2.7)) for the canonical Abel equation of the first kind
given in (3.19)) is

(3.24)

n—1

: _as _ 2n—3j _

lim ZO(% 35+ 1)E, (2)y 0. (3.25)
iz

3.5.1. Particular example: canonical Abel equation of the first kind with g(x) = x.
First we claim that

Foj(@) =an;a"7, n>3 1<j<n-L
Substitution of this ansatz into the second equation of (3.23]) yields
(n+5)an 2" 77 = (<2043 + Dap—1,;2" " + (=20 +3j — 2)zap_1 ;12" 7,
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so that ) ]
a __—2n+3]+1a _ —2n+3]—2a _
n,j — n +j n—1,j n +] n—1,7—1» (326)
n>3 1<j<n-2
Moreover, substituting the ansatz into the third equation of (3.23)) gives
-5
(2n — 1)an7n_1x2n_2 =(n— 5)xan_17n_2x2"_3 Or Gpp-1= %an_Ln_g.
n—
Since Fy1(x) = 23, we see that az,1 = 1. Define b, = a,,—1,n,—2 for n > 3. Hence
n—>=5
bn+1 = 27’17—117”’ n 2 3, b3 =1
and we deduce that
k-5
bn:kli[?'%:_l, n > 4.

Thus

T k-5
_ = = —_— > .
anm 1 bn—i—l 161:132]@*17 7’7,_3
We see from ([3.24]) that the general solution of dy/dz = 33 + x is

co n—1

1 3 ) )
3 2 2.5 3.2 ontj, 2n—35+1 _
y—ay — 5% +§xy + 7y +ZZanJ$ Ty T = ¢,
n=3 j=0
where
3 - 1 ~ k=5
n,0 — 3§ -2 7); n,n—1 — YR 23
@n.0 21}:[3( YA ]}:[32k—1 "

and a, ; for n > 3 and 1 < j < n — 2 are calculated recursively from (3.26)), while
the convergence condition ([3.25)) is

n—1
lim_ > (20 =35 + Dag jz" Py ¥ = 0.
=0

4. EXAMPLES: SYSTEM CASE
Let us now turn to some examples of systems of ODEs with d = 2.

4.1. Second-order linear ODEs. Consider the second-order linear ODE
2
% + g(x)y =0. (4.1)

The general solution of is not known for an arbitrary g. If one nontrivial
solution can be found, then another linearly independent solution can be obtained
through the method of variation of parameters and hence the general solution can
be determined. However, there is no general procedure for finding a particular
solution when g is arbitrary.

To express as a system of the form , define y; = y and y, = dy/dz,
yielding

dy
dil = fl(xaylva) = Y2,
. (4.2)

d
% = fa(x,y1,92) = —g(x)y1.
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Take

1 2
Z(() )(1‘,2/1792) = Y1, Z(() )(33,:9173/2) = Y2
We claim that

A (@1, y2) = D (@)ya, 250 (g1, 40) = GO @)y, n>1

and

Zén) 1($ y17y2) 1&2)(x)y17 Zéi)(xayl,yQ) = Gg)(l')yg, n Z ]-7

where F{Y) = F(J)( ) and GY = Gslj)(x) for j =1,2and n > 1 are to be determined
such that G’((J1 () =1 and G((J2)(x) = 1. Equation (2.2)) becomes

8252)71 _ 8252)72 +g(2) 52&),2
or 2 o g Y2
32(1) _ 82’511)—1 (.T) 8'2511)—1
or P2 oy g 0y
azéi)—l _ 8Z§31)—2 ( ) azéfb)—g
o 7 Oy e Ay
8%1) . az;i),l (@) Bzéi),l
9z 2 oy u dya
It follows that
9z
811' = —Yz Or Z](_l) <x7y1a y2) = —TY2
and
52(1)
82: = —zg(x)y1 or zé )( Y1, Y2) = *yl/xg(x) dz.

This allows us to identify

F @) =2, 6(@) =~ [aglo)ds.
Similarly, we see that

32(2)
87; =g(@)y or 22 (z,y1,y) =m /9(93) dz

and

922
gZx = *yz/g(x) dz or z§2)(x,y1,y2) = *yg/ [/g(x) dx] dz,

from which we identify

FO(z) = / g(z)dz, GP(z)=— / [ / () dx} de.

More generally, for n > 2, we obtain

d
—(FM)ys —y GV

n—1

d
a(GS))yl = gla)y F{Y,

d
—(EPy = g(2)n G, —(GP)ys = —ypF2.

dz
d
dz =y
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These are equivalent to
2
1 1 1
3 FY 4 g@)FY, =0, n>2 FY@) =-uz,
d2

1200 Hg@G2 =0, nz2 @)= - /[ / g(e)de]dz,  (43)

GO () = / g(@)FO(@)de, FP () = / 9@\ (x)dz, n>1.
Therefore (2.4]) in this case is
pAd FV@+n ) GP@) =pn Y V@) +pd F@) =a,
n=1 n=0 n=1

n=1

vty Y FP@ 4y GP@=n) FP@+y) GP)=c.
n=1 n=1 n=1 n=0

But (4.4) is a linear system in y; and yo, and whose solution is
€1 Yoy O (1) — 2 o) iV (@)
x) —

Y1 = = - = _ ,
ano G'Ell)(x) Zn:() G%Z)( Zn:l FT(LI) (1') Zn:l F,(LQ)(:v)
b e n M@ rerr,ds

oo 1 0o 2 oo 1 0o 2 :
St G (@) 02y G (@) = Yooty iV (@) 02, i ()
Recalling that y; = y, the general solution of the second-order linear equation (4.1
is therefore

oG (@) — e o B
Y= C1 Zn:() (ZE) C2 ZnZI (1’) R (45)

S22 Gn (@) 202 G (@) = 0y B () 0y i ()
where F,gj)(x) and ng)(ac) for j = 1,2 and n > 1 are as given recursively in (4.3).
Note that Gél)(a:) = Géz) (z) =1 by assumption.
It is easy to see that

o4y 4
T b b G(l) b L ) ) - 07
e (7, y1,92) n () e (7, y1,Y2)
az(i) 8252)_1
852 (I7y1ay2) - G%Z)('r) an (‘Tay17y2) - O
Therefore sufficient conditions for the convergence condition (2.7)) to be valid are
; D) () = ; (2) () =
nh—>H;oGn (x) =0, nlLII;OGn (z) = 0. (4.6)
4.1.1. Particular example: second-order linear equation with g(x) = 1. Suppose

that we take g(z) = 1 in (4.1)), giving the classical oscillator equation [9]. It is
straightforward to show that the solution of (4.3)) is

2n—1 2n

F{M(z) = (—1)nm> GP(x)=(-1)" o n>1
and
GO = (c1 = 6P (),
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2n—1
FO () — (-1 g -
Moreover, we obtain
> 2n
(1) (2) r _
;Gn ZG ;f D" gyt = €05(@)
and
[e%S) o0 2n—1
>R =~ 3 ) = Y
" (2n —1)!
n=1 n=1
o N x2n+1 )
=-> (-1 Gnri) —sin(x).

n=0
Using (4.5)), we deduce that the general solution of d?y/dz? +y = 0 is
y = ¢1 cos(x) + cosin(z)

as to be expected. Note that (4.6]) is satisfied since

1’2”
lim (—1)" =
4.1.2. Particular example: second-order linear equation with g(x) = —x. Assume

that g(x) = —z in (4.1)), which yields the Airy ODE [} @] whose general solution is
y = c1 Ai(x) + ¢ Bi(x),

where Ai and Bi are the Airy functions. Define the sequences (a,,)52; and (b,)22
by

1
n — n—1; > 2, =-1,
= Bn-2)@Bn—3) " “
1 1
bn = 55— bn-1, =2, b=
3n(Bn—1) " ! " 76

We can verify by direct substitution that the respective solutions of these difference
equations are
n—2

1 1
n — — PSR b'n - = YY) Z 2~
¢ ]1;[) (35 +3)(3) + 4) 6],1;[0 3j+5)@3j+6)
Again by direct substitution we can show that the solution of (4.3)) is
FW(2) = ana®2, GP(2) =b,2®, n>1

and ) )

GO(@) = —g-ana™, FP(a) =
Thus from (4.5) the general solution of the Airy ODE d?y/dz? — 2y = 0 can also
be expressed as

bp_12®7l, n>1.

y=c1Ri(x) + caRa(),
where
ZZO:O Gg?)(x)
S0 G (@) 00 G () — 00 BV (2) 000, B (x)

R1 (Z‘) =

)
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Sy i (a)
) 0 2 oo 1 oo 2 :
St G (@) o0y G (@) = 302y i (@) 02, i (@)
In principle, it should be possible to express Ai and Bi as linear combinations of
R; and R,, and vice versa. Equation (4.6 is satisfied if

Rg(x) = —

- 1 n—2 1 . . 1n72 1 .
Jim [mgww}ﬁ =0, lim [GEWMW =0.

These are achievable, for instance, if —1 < z < 1.

4.2. Liénard equations. A Liénard equation [8, [9] has the form

d?y dy
= 0. 4.
T o) L+ h(y) =0 (4.7
A particular case is the van der Pol oscillator [9], where g(y) = —a(1 — y?) for

a € R and h(y) = y. Exact analytical solutions to such nonlinear ODEs are not
known in general.
Let y; = y and yo = dy/dz, so that a Liénard equation has the equivalent form

d
% = fl(x,yl»yz) = Y2,
. (4.8)
dya ’
Q= fa(z,y1,92) = —9(y1)y2 — h(y1)-
Take
Z(()l)(xayhyQ) = Y1, Z(()Q)(xayhyQ) = Y2.
For n > 1, (2.2)) becomes
9250 82\ 82
D=y [g(y)ye + ()]
Or dy 0y (4.9)
05 Ly + )
or Y2 By 9g\y1)y2 Y1 D
In particular,
62(1) az@)
8; = —yo, 8; = g(y1)y2 + h(y1)
imply that
A @y ) = —ays, A7 (@) = 2lo(un)ys + (),
while
8z§1)
= — h
D z[g(y1)ye + h(y1)],
025" : ,
e =~ 2veld’ (yn)yz + 1 ()] + 29(y1)lg(y1)yz + hlyy))
imply that

1
25" (@,y1,0) = —52%lg(y ) + Ay,

1
25 (@ v2) = 52° =g (983 — W ()2 + 9(u1) w2 + 9(w)h(w)]
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Define Fy(y1,y2) = y1 and Go(y1,y2) = y2. We claim that

1 n
20 (@, y1,p2) = —Fu(y1,y2)a", o)
! 4.10

1
ZgLQ)(Iaylva) == EGn(ylny)xn; n 2 1;

where F,, = F,(y1,y2) and G,, = G (y1,y2) for n > 1 are to be determined. It is
not difficult to see that

Fi(yi,y2) = —y2,  Gi(y1,92) = g9(y1)y2 + h(y1),
Fy(y1,92) = —g9(y1)y2 — h(y1),
Ga(y1,y2) = —g' (y1)y3 — h'(y1)y2 + 9(v1)*y2 + g(y1) h(y1).-
Substituting into and equating coefficients of like powers, we obtain

OF, _ OF, _
Fu(y1,y2) = —yo——(y1,y2) + [9(y1)y2 + h(y1)] —— (y1,92),
8y1 8y2

(4.11)
OG_ 0G,—
Gn(y1,92) = —¥2 “(yy2) + [9(yn)ye + h(y)] == (y1, y2)-
Oy )
Suppose that
n (Y1, Y2) wa y)Yh,  Gnlyr,y2) Zgn,j (y)yd, n>1, (4.12)

where f,; = fn,(y1) and gn; = gn,(y1) for n > 1 and 0 < j < n are to be
determined. Then

fioy) =0, fii(y1) =1, gr0(y1) =h(y1), g1,1(v1) =9g(y),
f2o(y1) = —h(y1), fea(y1) = —9(y1),  fa2(4n) =0,
g20(y1) = g(y)h(y1),  ga1(yr) = = (y1) + 9(v1)?  g22(y1) = —¢' (1)
Substitution of the first ansatz in into (4.11)) gives

n n—1 n—1
D Faiys = —y2 > fro1 W0+ [9wn)ye + hy)] D G fa-i(y)yd
7=0 7=0 §=0
= _an 1,7 yl +ng 1/1 fn l,j(yl)
j=1
+ Zjh(ynfn,l,j(yl)yé*l
j=1
However,
an 1,5 yl J+1 an 1,5—1 yl
and

(V)

n—

n—1
> ih) faer 0BT =) G+ D) fa1g+1 (0183

j=1 =0

BN
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so that

n—2

an,j yl y2+fn0(y1)+fnn l(yl) 5 +fn n(yl)

j=1

= - Z féfl,jfl(yl)y% - f;717n72(y1)y371 - 'rlzfl,nfl(yl)yg
j=1
n—2 )
+ 339w fari ) + (n = Dg(yn) fa1n-1(yr)ys
jfl

+ Z G4 Dh(y1) fa1,541 (W1)y3 + h(y1) far1(v)-

Equating coefficients of like powers, we obtain

Tnon) = h(y1) fuo11(y1), n >3,
Frgn) = =Fho1jo1(n) +39W) fa1i (1) + G+ Dh(yn) fuo1v1 (1),
n>3 1<j<n-—2,
Jam—1(y1) = =fro1n—a() + (0 = 1)g(y1) fa—1,n-1(y1), 1 >3,
fnn(y1) = _f'rlzfl,nfl(yl)v n = 3.

In a similar manner, substitution of the second ansatz in (4.12)) into (4.11)) and
replacing all occurrences of f,, ; by g ; gives

In,0(y1) = h(y1)gn-1,1(y1),

9nj (1) = —Gn_1-1(y1) + jg(y1)gn—1 j(yl) (7 + Dh(y1)gn-1,4+1(y1),

gn,n—l(yl) = 79;—1,n—2(y1) + (n - l)g(yl)gn—l,n—l(yl)a n Z 33
gn,n(yl) - 79;—1,n—1(y1)» n 2 3.
Hence from ([2.4)) we get the general solution of (4.8), namely

[e'S) kK
x _
vy + ) o Y By =a
pr Al

[e%s) kK
x
yo + [g(y1)y2 + hy1)] + 7 E ?/2916,3 Y1) = ca.
k=2 7=0

Identifying 4, = y therefore gives the general solution of the Liénard equation (4.7
from the above pair of equations. Since

9zt 92 " —
i (91, y2) !Zygf g (Y1) Tyz( s Y15 Y2) Z v i (),

the convergence condition ({2.7)) is satisfied if

. z" - . i—1
nlggoﬁZygfng n) =0, Tm — >y gni(y1) = 0.
j=1
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5. CONCLUDING REMARKS

In this article we proposed an elementary analytical method for finding the
general solution of a system of ODEs given by . The exact analytical solu-
tion is expressed as a series and a convergence criterion was derived for
the series solution. The criterion determines a region in (z,y)-space for which the
series will converge. By choosing different expressions for the “initial seeds” z(()j )
for 5 = 1,2,...,d, other regions of convergence can be obtained. In some cases,
the series can be summed and a closed-form expression for the general solution can
be deduced. When this is not possible, approximate analytical formulas for the
general solutions can nevertheless be written down. A careful error analysis of such
analytical approximations is outside the scope of this article but will be investigated
in future work.

We gave several illustrative examples in one and two dimensions. In particular,
for Riccati, Abel and Liénard equations, analytical solutions are not known in the
general case (cf. [8] for a compendium of solvable special cases). The proposed
method here is an alternative to Lie symmetry analysis and is a useful addition to
the applied mathematician’s toolbox. It was also shown that many known solvable
ODEs (e.g. separable, first-order linear, homogeneous, Bernoulli, Airy and other
second-order linear equations) can be handled with the same methodology and can
thus be introduced in a differential equations class at a more elementary level.
Another future research direction will be to extend the proposed method here to
fractional-order ODEs and certain classes of partial differential equations.
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