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ABSTRACT. This article studies the existence and nonexistence of global so-
lutions to the initial boundary value problems for semilinear wave and heat
equation, and for Cauchy problem of nonlinear Schrédinger equation. This
is done under three possible initial energy levels, except the NLS as it does
not have comparison principle. The most important feature in this article is a
new hypothesis on the nonlinear source terms which can include at least eight
important and popular power-type nonlinearities as special cases. This article
also finds some kinds of divisions for the initial data to guarantee the global
existence or finite time blowup of the solution of the above three problems.
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1. INTRODUCTION

We consider the following three problems: the initial boundary value problem of
semilinear hyperbolic equation

uy — Au = f(u), ze€Q, t>0, (1.1)
u(z,0) = up(x), w(x,0)=ui(z), z€€Q, (1.2)
u(z,t) =0, €0, t>0; (1.3)

the initial boundary value problem of semilinear parabolic equation
u—Au= f(u), z€Q, t>0, (1.4)
u(z,0) = up(z), =€, (1.5)
u(z,t) =0, €I, t>0; (1.6)

and the Cauchy problem of semilinear Schrédinger

g + Au= f(u), x€R" ¢t>0, (1.7)
u(z,0) =up(z), =zeR", (1.8)

where €2 C R" is a bounded domain. The motivation of this paper is try to extend
the nonlinear term to a more general case as follows:

(A1) (i) f € C*, there exists a constant p > 1 such that
u(uf'(u) —pf(u)) 20, YueR;
(ii) there exist constants ¢ > 1, a > 0 and 1 < k <[ such that

l
ul” < [f(w)] <) axlul™,
k=1

n+2
1<pl<p171<"'<p1<72 for n > 3;

n—
l<p<p-1<---<pp<oo forn=12.

The three model equations considered in the present paper are all the important
well-known classical model equations. During these years, these model equations
attract so many attentions and it is impossible to mention all of them. Especially,
these established results for each of these three model equations seem to be “par-
titioned” into equivalence classes, as there are many different apparently unlinked
methods for each of these three equations. In particular, we mention the potential
well method introduced by Payne and Sattinger [20] and its applications on these
three model equations in the present paper.

1.1. Wave equations. Based on mountain pass theorem and the Nehari manifold,
Sattinger [24] firstly studied problem (L.I)-(1.3) with nonlinear source |u[P~2u by
introducing potential well method. Using the same method, Payne and Sattinger
[20] extended the results to the following semilinear hyperbolic equation

uge — Au = f(u) (1.9)

with a general source f(u), where f(u) satisfies some assumptions, which will be dis-
cussed later. They studied a series of properties of energy functional and invariant
sets, and also proved the finite time blow up of solutions. Under the same assump-
tions on f(u) as in [20], Liu and Zhao [I8] introduced a family of potential wells and
obtained global existence and blow up of solutions for the initial boundary value
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problem of with sub-critical initial energy, i.e. E(0) < d. They also proved the
global existence of solutions with critical initial energy E(0) = d. After that, Liu
and Xu [I7] extended the results to the initial boundary value problem of with
combined nonlinear source terms of different sign 22:1 ag \u|p"‘_1u—2;:1 bilult Y
which can not be included by the assumptions of f(u) in [20]. They obtained the
global and blow-up solutions with sub-critical initial energy and proved the global
existence of solution with critical initial energy. Subsequently, Xu [28] proved the
blow up of solutions for the initial boundary value problem of with critical
initial energy and gave the sharp condition for global existence of solution. In [26],
Wang considered the finite time blow up of solution for nonlinear Klein-Gordon
equation with the same source f(u) as in [20] with arbitrary high initial energy, i.e.
E(0) > 0. Some others interesting results at positive initial energy can be found in
21, 2]

1.2. Heat equations. For problem (1.4)-(1.6]) with nonlinear source term |u[P~!u,
TIkehata and Suzuki [7] investigated the parabolic equation

up — Au = [ulPtu. (1.10)

Depending on the initial datum wug, it was shown that the problem admit both
solutions which blow up in finite time and globally exist to converge to u = 0 as
time tends to infinity with sub-critical initial energy, i.e. J(up) < d. In [I8], Liu
and Zhao extended these results to a general source f(u) in [20]

ug — Au = f(u). (1.11)

By introducing a family of potential wells, they proved the finite time blow up of
solution and gave a sharp condition of global existence of solution with sub-critical
initial energy. Liu and Xu [I7] considered problem with combined nonlinear
source terms of different sign 22:1 ap|ulPe =ty — Z;:l bjlu|% 1, they showed that
the global existence conclusions of wave equation with this nonlinearity also hold
for reaction-diffusion equation, and they proved the blow up of solution with sub-
critical initial energy, i.e. F(0) < d. Then Xu [28] continued to study problem
with critical initial energy, i.e. J(ug) = d, he obtained the blow up of solution
with critical initial data and also gave the sharp condition of global existence of
solutions. Gazzola and Weth [IT] investigated problem , they used comparison
principle and variational methods to obtain the global solution and finite time blow
up solutions in arbitrary high initial energy level, i.e. J(ug) > 0. Later, these works
attracted a lot of attentions [16] 4] [14].

1.3. NLS equations. In [I2], Ginibre and Velo studied the nonlinear Schrédinger
equation
g + Au = |u|Pu,

u(0,x) =uo(x), =z e€R",
they established the local well-posedness of this Cauchy problem in the energy space
HI(R™). After that, Zakharov [31], Glassey [13], Ogawa and Tsutsumi [19] proved
that when p > 1+ %, the solution of problem blows up in finite time for some
initial data, especially for negative energy. Weinstein [27] gave a crucial criterion in
terms of L2-mass of the initial data for p = 1+ %. Zhang [32] investigated problem
and gave the sharp sufficient condition of blowup and global solutions in R?

(1.12)
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and RY separately. Tao, Visan and Zhang [25] systematically studied the following
nonlinear Schrédinger equation with combined power-type nonlinearities

tup + Au = A|ulP u + Aa|ulP?u,

u(0,x) = ug(z), (1.13)
they obtained local and global well-posedness, asymptotic behaviour (scattering),
and finite time blow up of solutions. More precisely, they proved these phenomena
under different conditions of parameters A1, A2, p; and p2. We also recommend the
readers [3] and the references therein to get more conclusions about the nonlinear
Schrédinger equations.

As mentioned above, the established results not only extend the conclusions from
negative energy blow up to positive energy blow up, from sub-critical initial energy
to critical energy then to sup-critical energy, but also extend the nonlinear term
to more general form. By observing the nonlinearities considered in the literatures
we can list the following popular cases, which frequently appear in the physical or
mathematical models:

(i) alulP~tu, a >0, p > 1;

i) alulP, a>0,p>1;
—alulP; a >0, p>1;
22:1 agluP*tu, ar, >0, 1<k <L, 1<p <p_1<-<pi;
Zﬁc:l agluPr =ty — Z;”:l bilul% tu, ap >0,1<k<Il,b;>0,1<j<m,
L<gm <gm-1<--<q<p<pr—1<---<pi;

(vi) alulP™ u £blulP, a>0,b>0,p>1;

(vii) +alulP —blu|P~lu, a>0,b>0,p>1;
(viii) Sh_qaplul*utalul?, ap > 0,1 <k<l,a>0,1<p<p <p_i<

e < pl;
(viiii) *alu|P — Z;nzl bilul ", a > 0,05 >0,1<j<m1<qgn<gn<
< g S

(%) hmy alulP*tu = aful? — T byful9 e, ap > 0, 1<k <1,b;>0,1<
JE<m,a>0,1<gn<gm-1<- <@ <p<p<p-1<--<p <22
forn>3,1<gn<gm-1<--<qa<p<p<p-1<--<p <oo for
n=1,2.

Clearly, a very general nonlinear term was introduced by the hypothesis (see [20,
18])

(A2) (i) f €Ct, £(0) = f'(0) = 0;
ii) (a) f(u) is monotonic and is convex for u > 0, concave for u < 0, or
b) f(u) is convex for —oco < u < +00;

iii) (p+1)F(u) < uf(u), [uf(u)] < r[F(u)|, where

S~~~ ~

n+2

2<p+1<r< for n > 3.

n—
We also found that only (i), (ii) and (iv) can be included in (A2). So it is the right
time to find a new assumptions system to define a much more general nonlinear
term to include all these possible and important nonlinearities listed as above from
(i) to (x). In the present paper, we introduce a new assumptions (Al) to take this
task.
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It is important to mention that the new assumptions (A1) further extend the
former assumptions (A2) such that the general source f(u) can include all nonlin-
earities listed above, which means that f(u) in the present paper is a more general
nonlinearity. And as far as we are concerned, this is the first work in the literature
that consider wave equation, heat equation and NLS equation at the same time in
a uniform frame.

In this article, for the wave equation, we introduce the potential well and some
manifolds, and then we give a series of their properties. Through these properties,
we not only prove the invariant property of these manifolds under the flow of —
, but also get the threshold condition of the global existence and nonexistence of
solution under low initial energy level F(0) < d. At the critical energy level E(0) =
d, combining the scaling method we obtain the global existence results, furthermore,
by establishing a new invariant manifold, we obtain the global nonexistence of
solution. Considering the idea in references [30, 26], we obtain the finite time blow
up results at arbitrary positive initial energy level E(0) > 0. For the heat equation,
we found that the properties of these manifolds also hold, and by the usage of
the Galerkin method and concavity method, we prove the global existence and
nonexistence for problem — under low initial energy level E(0) < d. Then
we use the scaling method to extend the results about low initial energy to the
critical initial energy level. When we discuss the arbitrary positive initial energy
case E(0) > 0, inspired by the method in [29] [I1], we construct the comparison
principle corresponding to the steady state equation to problem (L.4)-(L.6), then
we obtain both solution of problem — which blows up in finite time and
global solution which converge to u = 0 as time tends to infinity. Through the
improved concavity argument in [I5], we show the results of the finite time blow
up of solution without help of the comparison principle. Finally, for the nonlinear
Schrédinger equation, we reintroduce the potential well and prove the properties
of the corresponding invariant manifolds, then we prove the global existence and
nonexistence for problem — at only the low initial energy level E(0) < d
and leave other cases open as the failure of the comparison principle. The current
main results of this paper can be summarized by the following table.

TABLE 1. Main results. (/) indicates result obtained here, (?)
indicates open problem

=
=

T

VAN
U

E(0)=d | E(0

Hyperbolic Global existence

Finite time blow up

Parabolic Global existence

Finite time blow up
NLS Global existence

Finite time blow up

S RN =

1.4. Open problems.
e For problem (|1.1)-(1.3) (semilinear hyperbolic equation), the existence of
global solutions is still open at high energy level even for the classical non-
linear terms like u?, |u|? and |u[P~'u.
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e For problem (1.7)-(1.8) (nonlinear Schrédinger equation), the question then
arises as to what happens for large energy data E(0) > d. It is well-
known that such results will be obtained if one could get the a priori bound
(spacetime estimate) for all global Schwarz solutions w.

The outline of this article is as follows. In Section 2, we mainly consider the
global well-posedness of the semilinear hyperbolic equation with general source
term. Then in Section 3, we deal with the semilinear parabolic equation. In Section
4 the nonlinear Schréodinger equation is considered.

In this article || - ||, = || - [lzec), || | = |1 - lz2(0), (u,v) = [, uvdz, and (-,-)
denotes the duality pairing between H~1(Q) and Hg ().

2. SEMILINEAR HYPERBOLIC EQUATION

Before stating our results, we summarize here some definitions and auxiliary

lemmas for problem (1.1))-(1.3) and problem ([1.4)-(1.6). Then we prove the exis-

tence and nonexistence of solutions of the initial boundary value problem of the
hyperbolic equation.

To deal with problem (1.1])-(1.3)) and problem (|1.4))-(1.6)) let us introduced the

potential energy functional

1

Iw) = I9ulP = [ Flds, £ = [ feas

the Nehari functional
1) = [VulP = [ uf(u)s
Q
and the depth of potential well mountain pass level
d= inf J
Jnf J(w),
where
N ={uc H}Q): I(u) =0, u#0}.

From (A1) we can derive the following lemma, which provide a connection between
J(u) and I(u), further the depth of the potential well d.

Lemma 2.1. Suppose that f(u) satisfies (A1l). Then it holds
uf(u) > (p+1)F(u), uekR. (2.1)

Proof. We divide the proof into the following two cases:
(i) If u > 0, then (i) in (A1) yields

uf'(u) > pf(u)
and

which gives

and
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(ii) If w < 0, then from (i) in (A1) we obtain
uf'(u) < pf(u)
and Y .
/ sf'(s)ds > p/ f(s)ds = pF(u), u <0,
0 0
which gives
uf(w) = [ 1(s)as = pF

and
uf(u) > (p+ 1)F(u), u<0.

Inequality (2.1]) follows from ([2.2)) and ([2.3).

(2.3)
([l

Remark 2.2. We see that Lemma i.e. (2.1)), is essential in the proof of global
existence and nonexistence of solution for nonlinear evolution equation by using
potential well method since it reveals the relation between f(u) and F(u) and
connects J(u), I(u) and d, which are very important to prove all of the following
main results. In the previous work, is often given as an additional independent
assumption. In the present paper, we do it in a different way by taking out

from (A1), which helps us weaken the conditions on the nonlinearity f(u).

Next we construct the relation between ||Vul|| and I(u) by the following lemma.

Lemma 2.3. Suppose that f(u) satisfies (A1), u € H}(Q). Then
(i) If 0 < ||Vul| < ro, then I(u) > 0;
(i) If I(u) < 0, then ||Vul|| > ro;
(iil) If I(u) = 0 but u # 0, then |Vul|| > ro,
where 1o s the unique real root of equation g(r) =1,

l

g(r) = ZakC,f’“Hrprl, and Ci = sup Hu”p’“ﬂ.

1 wert@\foy IVl

Proof. (i) If 0 < || Vul| < ro, we can write

l l
g(Ivul) = Y e ValPet < 3 apop et = 1
k=1 k=1

Hence from (ii) in (A1), Sobolev inequality and (2.4) we obtain
1
/uf(u)dx < Zak/ |ulP* Tt de
Q 1 Je

l
+1
=Y alul; ]
k=1

< D aCp T Ve

MN

k=1
= g(IVul)IVul* < [[Vull?,
which implies I(u) > 0.

(2.4)
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(ii) If I(u) < 0, then from the definition of I(u) and (ii) in (A1) we can write
IVul? < [ ufds < oI Val) | Tul?

which gives g(||Vul|) > 1. Then

l l
g(IVul) = Zakclfkﬂwu”pkq > Zakcgkﬂrgrl’
k=1 k=1

which implies | Vul|| > 7.
(iii) If I(u) = 0 but u # 0, same as (ii) we deduce

IVul? = / uf (u)de < g(|Vul)[Vul?,
which gives g(||Vu|) > 1. Then

l l
g(Ivall) = > arCR [ Vul? =t > " arCpethegs
k=1 k=1

which ensures |Vul|| > 7. O
Here we estimate the depth of potential well.

Lemma 2.4. Suppose that f(u) satisfies (A1). Then

p—1 2
d>dy =
=0Ty

where 1o is defined in Lemmal[2.3

(2.5)

Proof. For all uw € N, by (iii) in Lemma we know ||Vu|| > rg, then by Lemma
and I(u) one gives

() = %||Vu||2 —/QF(u)d:c

1, 1
> IVl —m/ﬂuf(u)dm

11 , 1
= (- - — — 7T
L

V

p—1
2(p+1)
p—1 r2
“2pp+ 1)
which gives . (I

For the sake of proving the blow up of solution, we introduce a scaling to I(u).

IVul?

Lemma 2.5. Suppose that f(u) satisfies (A1), u € H} () and I(u) < 0. Then
there exists a A\* € (0,1) such that I(A\*u) = 0.

Proof. Set

p(A) = %/ uf(Au)dz, A > 0.
Q
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Then
() =32 Va2 — / Nuf (vu)da
Q

=X (|l - %/Q uf (hu)de)

=22 ([[Vull? = o (n).

Applying I(u) < 0, we derive [, uf(u)dz > |[Vul|?, which combining with (ii) in
Lemma [2.3] gives

e(1) > | Vul* > rg.
On the other hand, by (ii) in (A1) we deduce

1
o =5 | PufOlds
Q
1 l
< A pk+1d
< f peeer

-3 aon it
k=1
then we obtain that ¢(A) — 0 as A — 0. Hence there exists a A* € (0,1) such that
e(\*) = [|[Vul|? and I(X\*u) = 0. O
In the following lemma, we give a more precise estimate on I(u).

Lemma 2.6. Suppose that f(u) satisfies (A1), u € HY(Q) and I(u) < 0. Then

I(u) < (p+1)(J(u) — d). (2.6)
Proof. Lemma [2.5| implies that there exists a A* € (0,1) such that J(A*u) = 0. Set

h(A) = (p+ 1)J () — I(Wu), A > 0.

Then by J(u) and I(u) we have

h(A) = p%l)\QHVuH2 —l—/Q ()\uf()\u) - (p+ 1)F()\u))dx,
combining (i) in (A1) with (ii) in Lemma[2.3] we derive
WX = (p—1)A|Vul® + /Q (Au? /(M) + uf(du) = (p+ Duf (Au)) dz

—(p = DMl + 5 [ (s Oa) - pf ) do
Q

> (p— DAVl

> (p—1)Arg > 0.

Hence h(\) is strictly increasing for A > 0, which gives h(1) > h(A\*) for 1 > \* > 0,
namely

(p+1DJ(u) = I(u) > (p+ 1)J(Nu) = I(Xu) = (p+ 1)J(X\u) > (p+1)d,
which gives (2.6 immediately. a
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To deal with problem (|1.1)-(1.3]) let us introduce
Wy ={uec H3(Q): I(u) >0}U{0}, Vg = {uc Hy(Q): I(u) <0}
Definition 2.7. The function u = u(x,t) is said to be a weak solution on 2 x [0,7)
for problem ([1.1)-(1.3), if u € L>(0,T; H} () and u; € L>=(0,T; L?(R)) satisfying

t

(%w+fwmmw:/g@@m+%m,

0 0 (2.7)

Yo e HY(Q), 0<t < T
u(z,0) = ug(z) in Hy(Q); ue(2,0) =uy(x) in L*(Q); (2.8)
B() = 3l + 5IVul = [ Flde=B©), 0<t<T.  (29)

For convenience of the reader, we use the following common assumption in Sub-
section 2.1-2.3.

(A3) Let f(u) satisfy (A1), uo(z) € HE(Q) and ui(z) € L*(Q).
Next we state a local existence theorem that can be established by combining the
arguments of [I0, Theorem 3.1] with slight modification.

Theorem 2.8 (Local existence). Let (A3) hold. Then there exist T > 0 and a
unique solution of problem (1.1)-(L.3) over [0,T]. Moreover, if

T =sup{T > 0:u = u(t) exists on [0,T]} < oo,
then limy_,p ||u(t)||q = oo for all ¢ > 1 such that ¢ > n(p — 2)/2.

2.1. Low initial energy. By using (2.9) and the similar arguments in [I8] we can
attain Theorem and Corollary

Theorem 2.9 (Invariant sets). Suppose that E(0) < d. Then both sets Wy and
Vi are invariant along the flow of (L1.1))-(1.3) respectively.

The following corollary can help us derive the negative energy blowup without
any cost after we have the supcritial energy blowup theory.

Corollary 2.10. Suppose that E(0) < 0 or E(0) = 0 and ug(z) # 0. Then all
weak solutions of problem(|1.1)-(1.3)) belong to V.

The global existence and nonexistence results for problem (L.1)-(1.3)) under low
initial energy F(0) < d are listed as below.

Theorem 2.11. Suppose that E(0) < d, ug(x) € Wy. Then there is a global
weak solution to problem (L.1)-(1.3) satisfying u € L>(0,00; H}(Q)) with u; €
L>(0,00; L3(Q)) and u € Wy for 0 <t < oco.

Proof. We choose {w;(x)}32, as a system of basis in Hj (). Construct the follow-
ing approximate solutions u,,(x,t) of problem (1.1))-(1.3) as

U (2,1) = Zgjm(t)wj(x)7 m=12...

satisfying
(Umtt»ws)+(vumavws) = (f(um>7ws)7 s=1,2...m, (2'10)
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U (2,0) = Zgjm(O)wj(m) — up(x) in H(Q), (2.11)
Ume(z,0) = Zg}m(())wj (x) — uy(z) in L*(Q). (2.12)

Multiplying (2.10) by g.,,(t) and summing over s = 1,2,...,m yields & E,,(t) = 0,
i.e.,

En(t) = Em(0), (2.13)
where

1
En(t) = 5llwmel® + 7 (wm).

From FE(0) < d, (2.11) and (2.12)) we see that F,,(0) < d for sufficiently large m.
Combining (2.13)) we have

1
5\|umt||2 + J(um) <d, 0<t<oo (2.14)

for sufficiently large m. By ug(x) € Wy and (2.11), we obtain u,,(0) € Wy for
sufficiently large m. Furthermore by (2.14) we prove (see [18]) un,(t) € Wy for
(2.14]

0 <t < oo and sufficiently large m. From (2.14)) we can obtain

1 , p—1 , 1
= —_— m —7 d, 0<¢t .
3t 2+ 5o [Vt T () < d, 0t <00
Together with u,, () € Wy we obtain
1 2 p—1 2
—||ume || + =—=||Vunl||* <d, 0<t< o0, 2.15
3 2+ 5o V0 (215)
2 1
V| < L‘Ll)d, 0<t< oo, (2.16)
p—
umt|? < 2d, 0<t< oo, (2.17)

l l
1 )l < anflum |2 <Y axCP* [ Vum [P < C, 0<t<oo,  (2.18)

9k —

k=1 k=1
where C, appearing in (2.18]) is the best embedding constant and
1+1 1+1
r=1 g =l <pi+1L
P P

Denote 2 as the weakly star convergence. Then from (2.16))-(2.18) we can find a
x and a convergent subsequence {u,} C {u,} as v — oo satisfying the following:

Uy 2w in L>(0, 00; H3 (Q)) and a.e. in Q = Q x [0, 00);
u, — v in LP*T1(Q) strongly for t > 0;
e sy in L(0, 005 L3(9Q));
flu) == x = f(u) in L2(0,00; L7 ().
Integrating ([2.10) over 7 € [0, ¢] yields

(umhws)—i—/o (Vum,sz)dT:/O (f (um), ws)dT 4+ (um(0), ws) (2.19)
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for all 0 <t < co. Let m = v — oo in (2.19) we obtain

(ut,ws)Jr/O (Vu,VwS)dT:/O (f(u), ws)dr + (u1,ws),

then
(ug,v) + /t(Vu, Vu)dr = /t(f(u),v)dr + (u1,v), v € Hy(Q), t>0.
0 0

It follows easily from and that u(z,0) = ug(x) in H(Q), w(z,0) =
uy(z) in L?(Q).

Next we show that u satisfies for 0 <t < oo. First we prove that for the
above subsequence {u,} it holds

lim [ F(u,)dz = / F(u)dz, t>0. (2.20)
Q Q

V—00

In fact we have

/QF(ul,)dx—/QF(u)dx S/Q|F(u,,)—F(u)|dx

- / ()l — uldz
Q

<)l llun = wllpy 41,

where ¢, = v+ 0(uy, —u), 0 < § < 1. From |lu, — ul|p,41 — 0 as v — oo and

I (pu)|lr < C we obtain (2.20]). Thus from (2.13) we have

1 1 1 1
Sludl + SVl = m (5l + 511V |?)

= lim (EZ,(O)—i-/QF(u,,)dx)

V—00
=F(0) +/ F(u)dz.
Q
Hence w satisfies (2.9)) for 0 < ¢ < co. Finally by Corollary we obtain u € Wgy
for 0 <t < o0. O

Now we are in a position to state the global nonexistence result for the solution

of problem (I.1)-(1.3)) under low initial energy E(0) < d.

Theorem 2.12 (Global nonexistence for E(0) < d). Suppose that E(0) < d and
uo(x) € V. Then problem (1.1))-(1.3) does not admit any global weak solution.

Proof. For each weak solution u € L°(0,T; H}(Q)) with u, € L>(0,T;L*())
defined on maximal time interval [0,7) for problem (L.I)-(L.3). Our goal is to
prove T < oco. Arguing by contradiction, we suppose that T = +o0o. Then u €
L%°(0,00; H} () and uy € L*(0,00; L?(Q)). Set

My (t) = [Jul?, 0 <t < oo, (2.21)

then
My (t) = 2(us,u), 0<t< oo, (2.22)
M (t) < Allue|?[lel® = 4Mr (8) w1 (2.23)
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From ([1.1)) we have us; € L>°(0,00; H=1(Q2)). Hence from (2.22)) and ([1.1]) we obtain
My = 2||ug]|? 4 2(wg, u) = 2||ug||> — 21(u), 0 <t < oo (2.24)
and

My ()N (1) — P2 N1 1

> My (t) (2[luel® — 21(u) = (p + 3)|[ue]*)
=Mu(t) (—(p+ 1) |Jue||* = 2I(u)), 0 <t < oo.
From the energy inequality (2.9) we know that

1
E(0) > Sluel +J(w), 0<t<ox,

which gives
—(p+ Dwel? = 2(p + 1) (J () — E(0))
and

p+3

My (t) Mg (t) — —

N3 (1) 22M (1) (p + 1)(J () — E(0)) — I(u))
>2My (1) (p + V(I () — d) — I(w).

By Theorem [2.9| we have u € Vi and by (ii) in Lemma [2.3] it holds ||Vu|| > 7o for
0 <t < oco. Hence we have My(t) > 0 and from (2.6) in Lemma we attain

(p+1)(J(u) —d) — I(u) > 0, which gives
y +3
My (8) 85 (1) - 2=
In addition, combining ([2.24) and (2.6) we have
>2(p+1)(d - J(u))
>2(p+1)(d— E(0))
=Cp>0,0<t< 00

M%(t) >0, 0<t<oo. (2.25)

and
MH > Cot—|-MH(0), 0<t<o0.

Finally, there exists a large enough to > 0 which ensures Mg (to) > 0, together with
My (to) > 0 and (2.25)) gives that there exists a T} > 0 such that

lim Mg (t) = +oo,
t—T1
which contradicts T = +o0. O

From Theorem and Theorem a sharp condition for global well-posedness
of solution can be shown for problem (1.1f)-(1.3) as below.

Theorem 2.13 (Sharp conditions). Suppose that E(0) < d. Then we have the
following alternatives:

() If I(uo) > 0, problem (L.1)-(1.3) possesses a global weak solution;
T1)-(T3)

(it) If I(ug) < 0, problem ( has no global weak solution.
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2.2. Critical initial energy. The global existence result for problem (1.1])-(1.3)
under critical initial energy E(0) = d is listed as below.

Theorem 2.14. Suppose that E(0) = d, up(x) € Wy. Then there is a global
weak solution to problem (L.1)-(1.3) satisfying u € L>(0,00; HE(Q)) with u; €
L%°(0,00; L2(Q)) and u € Wy for 0 <t < oco.

Proof. We prove this theorem by the following two cases (i) and ( )
(i) |[Vuol| # 0. Let A\, = 1 — L and ugm = Amuo, m = 2,3,.... Consider the
initial data
uw(z,0) = uom (), w(z,0)=1ui(x) (2.26)

and corresponding problem ([1.1))-(1.3). From I(ug) > 0 and Lemma we have
A* = A*(up) > 1. Hence I(ugm,) > 0,

I \/

1
*||Vu0m||2 - ﬁ Uom f (Uom )dz
1

= (- — w2 + ——I(ugm) >0
(5 pH)H wom||? + +1<“° ) >

and J(ugm) = J(Amug) < J(ug). Also

J(Uom)

1 1
0< Bn(0) = 5l + J(uom) < 5l + I (o) = E(0) = d.

So it follows from Theorem that for each m problem (1.1)), (2.26]) and (1.3) ad-
mits a global weak solution w,, (t) € L (0, 00; H3 (2)) with w,,; € L>(0,00; L*(Q))
and uy, (t) € Wy for 0 <t < oo satisfying

(umt,v)—i—/o (Vum, Vo)dr
(2.27)

t
:/ (f (um),v)d7 + (u1,v), Yo € HE (), 0<t< oo
0

1
§\|umt||2 + J(tm) = En(0) < d. (2.28)

The remainder of proof is similar to that of Theorem [2.11
(ii) [[Vuo || = 0. Note that ||Vugl|| = 0 implies J(ug) = 0 and §||uy||> = E(0) = d.
Let A\, =1 — %, U () = Apur(x),m = 2,3,.... Consider the initial data
u(z,0) = uo(x), w(x,0)=un,(z) (2.29)

and corresponding problem (1.1)),(1.3). From ||Vugl|| =0,
1 1
0< B 0) = g sl + T o) = 5| Aman | < E(0) = d

and Theorem it follows that for each m problem , and admits
a global weak solution w,,(t) € L(0, 00; H}(Q)) with u,,: € L>(0,00; L?(2)) and
U (t) € Wi for 0 <t < oo satisfying and . The remainder of proof is
the same as that in the part (i) of proof of this theorem. O

Next we obtain the invariant set Vi along the flow of problem (|1.1)-(L.3)) with
E0) =d.

Theorem 2. 15 Suppose that E(0) = d and (uo(z),u1(z)) > 0. Then all solutions
of problem (1.1] . belong to Vi, provided ug(z) € V.
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Proof. Let u(z,t) be any weak solution of problem (L.I)-(1.3) with E(0) = d,
ug € Vi, and (ug(x),u1(x)) > 0, T be the maximum existence time of u(x,t). Let
us prove u(z,t) € Vi for 0 < t < T. Arguing by contradiction, we suppose that
there exists the first tp € (0,7") such that I(u(tp)) = 0 and I(u) < 0 for 0 < t < 1.
Then ||[Vu(to)|| > ro > 0 and ||Vu|| > ro for 0 <t < t5. By the definition of d we
obtain J(u(tp)) > d. From Lemma [2.4] and

Slhualto) P + T(u(to)) = Blto) < B(0) =4,

we obtain J(u(tg)) = d and ||u.(tp)||*> = 0. Recall the auxiliary function My (t)
defined as (2.21)), then we have (2.22)) with
M (0 = 2(uo(z), uy (z)) > 0,
M (t) = 2|Jue||? + 2(up, u) = 2|uel|* — 2I(u) >0, 0 <t <tg.

Hence M (t) is strictly increasing with respect to ¢ € [0, o], which together with
My (0) = 2(up(x), ur(x)) > 0 gives

My (to) = 2(ug, u) > 0.
This contradicts ||u.(tp)||* = 0. So this completes this proof. O
Next we display a finite time blow up result at critical energy level E(0) = d.

Theorem 2.16 (Global nonexistence for E(0) = d). Suppose E(0) = d, ug(x) € Vg
and (uo(x),ui(x)) > 0. Then problem (L.1)-(1.3) does not admit any global weak
solution.

Proof. Recall the auxiliary function My (t) defined as and the proof of The-
orem we have
. +3 .
Mp (t)Mp(t) — pTMfz(t) >2Mp (t) ((p + 1)(J(u) — E(0)) — I(u))
=2Mp(t) (p+1)(J(u) —d) = I(u)).

As in Theorem[2.11] from (2.6)) in Lemma2.6) we attain (p+1) (J(u) — d)—I(u) > 0.
Hence we obtain (2.25)), by the concavity argument, we conclude the result. ([l

2.3. High initial energy. In discussing the global nonexistence result for problem
(1.1)-(1.3) at high energy level, we shall introduce some lemmas as follows.

Lemma 2.17. Let u be a solution of problem (1.1)-(1.3). If initial data ug(z) and
uy(x) satisfy
(uo(x), ur(x)) =0, (2.30)

then the mapping {t — ||u(t)||?} is strictly monotonically increasing with respect to
t as long as u(z,t) € Vg.

Proof. Recalling , since u(t) € Vi, we attain that for any ¢ € [0,T),
My (t) = 2jug||* — 2I(u) > 0. (2.31)
Combining (2.30), we have M (0) = (ug(z),ui(x)) > 0. Then, by ([2:31)), we have
Mp(t) > My (0) > 0,

which tells that the mapping {t — ||u(t)||?} is strictly monotonically increasing
with respect to t. ([
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Attention is now turned to the invariance of the unstable set Vg along the flow

of problem (L.1)-(1.3)) at high energy level.
Lemma 2.18. Suppose that the initial data satisfy (2.30) and
[[uol* > E(0), (2.32)

where o = 2Cpoin(1 + %) and Choin 15 the coefficient of the Poincaré inequality
Cpoin||Vul|? > |[ul|?. Then the solution of problem (L.1)-(L.3)) with E(0) > 0 belongs
to Vi, provided that ug(x) € V.

Proof. To prove u(t) € Vi we argue by contradiction. By the continuity of I(u(t)),
we suppose that ¢y € (0,7 is the first time such that I(u(t9)) =0, and I(u(t)) <0
t) are

for t € [0,t9). Hence from Lemma we obtain that Mg (t) and Mpg(
strictly increasing on the interval [0,%p). And then by (2.32), we have

My (t) > |luol|* > aE(0), 0<t<t.
Moreover, from the continuity of w(t) in ¢, we obtain
My (to) > aE(0). (2.33)
On the other hand, from and the definition of E(t) and I(u), we obtain
E(0) = E(to)

> 5IVutto)| = | Flufto))ds

> IVulto)|? - ]ﬁ [ uto) uto)az

> (5= =) IValto) P+ —T(ulto)).
Then the fact I(u(tg)) = 0 directly gives
IVu(to)l? < 2(1+ -25) E(0).
Combining this with Poincaré inequality, we have
Mir(t0) < Cooin[Vu(t0) < 2Cpain (14 ~=5) E(O) < aE(0),
which contradicts . Hence this lemma is proved. (I

Theorem 2.19 (Global nonexistence for E(0) > 0). Suppose E(0) > 0, ug(z) €

Vi, (2.30) and (2.32)) hold. Then problem (1.1)-(1.3) does not admit any global
weak solution.

Proof. Let u(xz,t) be any weak solution of problem (1.1)-(1.3) with E(0) > 0,
ug € Vy satisfying and (2:32). Then from Lemme have u(t) € V.
Next let us prove that u(zx,t) blows up in finite time. Arguing by contradiction, we
suppose that u(z,t) exists globally. Recall the auxiliary function My (t) defined as
(2:24), where t € [0, Tp), Ty > 0. Obviously for any t € [0, Ty], we know M (t) > 0.
By the continuity of My (t), there exists a constant p > 0 independent of T such
that

Mu(t) = p, 0 <t <Tp. (2.34)
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At the same time, (2.22)) and (2.23]) also hold for ¢t € [0,Tp]. Again from (2.24]) and
B23), we see

My (8) M (t) — ”%3 L (t) =My () (M (8) = (0 + 3) e ) (2.35)
=Mp (t)(=21(u) — (p + 1) [Jue]|?).
Let
E(t) := =21 (u) — (p+ 1)lue|*.
Combining the energy E(t), Lemma 2.1 and I(u), we obtain
B() 2 gl + (5~ ) Vull? + () (2.36)
p+1 p+1
Making a simple transformation of the inequality , we have
—2I(u) 2 (p+ Dlu]* + (p = DI Vu(®)|* = 2(p + DE(). (2.37)
From and , we have
£(t) = (p = DI Vu(®)|* - 2(p + 1) E(0).
Let
9(t) = (p = DI[Vu®)|* - 2(p + 1) E(0),
then from , Lemma and Poincaré inequality, we obtain
2Coin (1+ p%l)E(O) < Jluoll* < llull* < Cpoin|Vull?,
which says that ¥(¢) > 0. Then there exists a constant ¢ > 0 such that
&(t) >0 >0.
Then
My (t) Mg (t) — Z%3]\'4};,(15) >po >0, 0<t<Ty. (2.38)

Substituting Zg (t) := (MH(t))f% into (2.38) gives

_ 1 p+7

po(My (1)), 0<t< oo,

ZH(t) < _P

which shows that lim;_,7- Zg () = 0, where T* is independent of the choice of Tp.
Then we choose T* < T}, such that

lim Mg(t) = 4o0.
t—T*

This completes the proof. (I
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3. SEMILINEAR PARABOLIC EQUATION

This section states the existence and nonexistence of global solutions for problem

(1.4)-(L.6). We denote the invariant sets for the solution of problem (|1.4)-(1.6]) by
Wp ={ue HJ(Q): I(u) >0} U {0},
Vp = {u € Hy(Q) : I(u) < 0},

where the definitions of J, I and d are the same as those in Section 2. To meet the
need for high initial energy, we add the following definition, the unbounded sets
separated by N

Ny ={ue H}(Q): I(u) >0},
N_={uec H}(Q): I(u) <0} := Vp.
We define the cone of nonnegative functions
K={uec Hj(Q):u>0ae. in Q}.
For any u € HJ (), its positive part and its negative part are
vt = max{u(r),0}, wu~ :=min{u(z),0}.
First we claim that all the lemmas in Section 2 also hold in this section.

Definition 3.1 (Weak solution). Function u = u(x,t) is said to be a weak so-
lution on Q x [0,T) for problem (1.4)-(1.6), and u € L>(0,T; H}(Q)) and u, €
L2(0,T; L?(2)) satisfying

(ug,v) + (Vu, Vo) = (f(u),v), Vo€ HEQ), 0<t<T, (3.1)
u(z,0) = ug(z) in Hy(Q), (3.2)
/0 s [2d7 + J(u) = J(ug), 0<t<T. (3.3)

For later convenience, similarly as above Section 2, we use the following common
assumption in Subsection 3.1-3.2.

(A4) Let f(u) satisfy (A1), uo(z) € HZ ().
Next we show the local existence theorem of problem (1.4])-(|1.6)), whose proof is
similar to proof of [5] Theorem 1] with slight modifications.
Theorem 3.2. Let (A4) hold. Then there exists T € [0,00) such that problem
(1.4)-(1.6) possesses a unique solution u € C°([0,T); HE(Q)) N C((0,T); L*(£2))
which becomes a classical solution fort > 0.

3.1. Low initial energy. By using (3.3) and the similar arguments in [I§] we can
obtain the following result.

Theorem 3.3 (Invariant sets). Suppose that J(ug) < d. Then both Wp and Vp
are invariant along the flow of (L.4)-(1.6) respectively.

The global existence result for problem (1.4)-(|1.6)) under low initial energy E(0) <
d is listed as below.

Theorem 3.4 (Global existence for J(ug) < d). Suppose that J(ug) < d and
uo(x) € Wp. Then there is a global weak solution to problem (L1.4)-(1.6]) satisfying
u € L%(0,00; HE () with uy € L?(0,00; L2()) and u € Wp for 0 < t < oo.
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Proof. We choose {w;(z)}72; as a system of ba31s in H}(Q). Construct the follow-
ing approximate solutions um(:r t) of problem (|1.4] . as

- Zgjm(t)wj(:c), m=1,2...

satisfying
(Ui, ws) + (Vm, Vws) = (f (um),ws), s=1,2...m; (3.4)

= Zgjm(o)wj(x) —ug(z) in Hy(Q). (3.5)

Multiplying (3.4) by ¢~,,(¢t) and summing over s = 1,2,...,m gives
d
e+ () =0,
ie.,
t
/ e 247 + T (1) = T (i (0)), 0 <t < ox. (3.6)
0
From J(ug) < d and (3.5) we obtain J(unmo) < d and
t
/ it |27 + T () < d, 0 < £ < 00 (3.7)
0

for sufficiently large m. By ug(z) € Wp and (3.5) we obtain u,,(0) € Wp for
sufficiently large m. Furthermore By (3.7) we can attain u,, (t) € Wp for 0 <t < oo
and sufficiently large m. From (3.7) and the definitions of J(u) and I(u) we obtain

t -1 1
[ e 7 S IV + = T () <,

which together with w,,(t) € Wp gives

/ O )||Vum||2 <d. (3.8)
From (3.8), (ii) in (A1) and Sobolev inequality we can get the following estimates
1
Vanl? < 22505 0 <t < oo (3.9)
p—1
¢
/ |tmr|[2dT < d, 0<t< oo; (3.10)

l
£ () || < ZakHumH‘Z’k‘ <Y apCl||[Vu [P <C, 0<t<oo;  (3.11)
j=1
where C, is the embeddmg constant and
_pt+1
P1

+1
) Qk:pkpl <p+1
D1

Denote % and > as the weakly convergence and weakly star convergence respec-
tively. From (3.9)-(3.11]) we can find a x and a convergent subsequence {u, } C {um,}
as v — oo satisfying the following:

Uy Y in L>=(0,00; H3(Q)) and a.e. in Q = Q x [0, 00);
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u, — v in LP*TH(Q) strongly for t > 0;
e uyin L2(0,00; LA(); f(uy,) > x = f(u) i L=(0,00; L' (9)).
Integrating (3.4)) over 7 € [0, ¢] yields
t t
(mew) + [ (Vam, Vudr = [ (Flu) w) a7+ (n(0)w). (312)
0 0
Let m = v — oo in (3.12)) we obtain
t t
(u, ws) —I—/ (Vu, Vwg)dr z/ (f(w), ws)dT + (ug, ws ),
0 0
t t
(u,v) +/ (Vu, Vo)dr = / (f(w),v)dT + (ug,v), Yo € HY(Q), 0 <t < oo.
0 0
By (3.5) we obtain u(z,0) = ug(x) in Hg ().
Now we turn to verify that u satisfies @D for 0 < t < oo. In deed, as a

consequence of Theorem we have (2.20). Hence from the convergence of u,,,
Uy, (3.6) and the definition of J(u), we obtain

1 ¢ 1 t
fHVuHQ—l—/ ur|2dr < lim inf S [V |2 + lim inf/ |27
2 0 V—00 2 v—00 0
1 t
< lim inf (§\|VUD|\2+/ Hul,TH2dT)
V— 00 0

< lim (J(u,(O))+ /Q F(ul,)d:r)

V—00

=J(up) + /Q F(u)dz,
from which we derive
/Ot |ur]|2dr + J(u) < J(ug), 0<t< 0.
Consequently, according to Theorem [3.3] we can ensure u € Wp for 0 <t < co. O

Now we state the global nonexistence result for the solution of problem (1.4))-(1.6))
under low initial energy E(0) < d.

Theorem 3.5. Suppose that J(up) < d and ug(x) € Vp. Then problem (1.4)-(L.6)
does not admit any global weak solution.

Proof. Let u € L>(0,T; H}(2)) be any weak solution defined on maximal time
interval [0,7) with u, € L?(0,T;L*(Q)) for problem (T.4)-(L.6). The key is to
prove T < oco. Arguing by contradiction, we suppose that T = +oo, then u €
L%°(0,00; H} (2)) and u; € L2(0, 00; L2(9)). Set

Mp(t) = /0 ul|2dr. (3.13)

Then
Mp(t) = |[ul?, (3.14)
Mp(t) = 2(ug, u) = —2I(u), 0 <t < oo. (3.15)
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By (3.3), combining I(u) and J(u), one has

t _1 1 t
PPdr + -2 V|2 + ——1 </ JIPdr + J(w) < J(ug),
[ a4 Pl + =51 < [ lfar ) < )

hence
t
2I(u) > 2(p + 1) / s 27+ (p — D) Vall® — 20p + 1) (uo),
0
then

Mp(t) > 2(p + 1)/0 [ur |27 + (p — V)| Vul|* = 2(p + 1) (uo)
(3.16)

—2(p+ 1) / lur 27 + (p = D)ANp () — 2(p + 1) (u0),

denote by A; the related first eigenvalue for —Ap = Ap, © € Q, ¢log = 0. In
addition, from

t t
1 d 1
[t =5 [ Slullar = 5 (ul® = ol
we obtain
! 2 1 4 2 2 4
([ @eudr)” =7 (lul* = 2ljuol® ull* + uo|1*)
0 (3.17)
= L2 (1) — 2w M1t 1
= 1 (VI3(8) = 2ol "M (t) + uo]*)-
Hence by (3.16]) and (3.17) we know that
.. +1 .
Mp(t)Mp(t) - =03 (1)

> 200+ 1) / ulPar / JurlPdr - (/Ot(“”“)‘”)g) (3.18)

+(p = DA Mp(t)Mp(t) — (p+ 1)||uo|*Mp (¢)
+1

—2(p+ 1)J (u0) Mp (1) + T2 [lug||*,

then by Schwartz inequality,

t t t 9
| taliar [ uripar = ([ (wewar)” > o,
0 0 0

combining this with (3.18)) we obtain

AR A0
. _ (3.19)
> (p— DAMp(t)Vp(t) — (p+ 1) ol 2N (£) — 2(p -+ 1) (o) Mn(2).

From Theoremwe have u € Vp and I(u) < 0 for 0 <t < co. Thus from Lemma
[2.6] one has

Mp(t)Mp(t)

—2I(u) > 2(p+1)(d—J(u)), 0<t< 0.
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By (3.15)) and we have
>2(p+1) (d— J(u))

(3.20)
>2(p+1) (d — J(uo))
=C71 >0, 0<¢t< o0,
Mp(t) ZClt+Mp(0):Clt+HUQHZ >Chit, 0<t< oo,
C C
Mp(t) > ?1# + Mp(0) = 71152, 0<t< .
Therefore,
tlim Mp(t) = +o0o, tlim Mp(t) = +oo.
Hence there exists a ty > 0 such that
1
3@ =DM Mp(t) > (p+ Dlluoll?, to <t < oo,
1 .
i(p — 1))\1Mp(t) > 2(p+ 1)J(UO), to <t < o0,
which combined with (3.19) give the inequality
. +1
Mp(t)Mp(t) = =03 (1)
1 .
> (50— DM Mp(t) — (p+ 1)lluol?) Mp (1)
1 .
+ (§(p — DA Mp(t) — 2(p+ 1)J (uo)) Mp(t) >0, to <t < oo.
Then there exists a 77 > 0 such that lim;_,7, Mp(t) = 400, which contradicts
T = 4o0. (I

From Theorem [3.4]and Theorem [3.5] a sharp-like condition for global well posed-
ness of solution will be shown for problem (|1.4)-(1.6) as follows:

Theorem 3.6 (Sharp conditions). Suppose that J(ug) < d. Then we have the
following alternatives:

(i) If I(ug) > 0, problem (1.4))- (1.6) possesses a global weak solution;
T3)- (L)

(i) If I(ug) < 0, problem ( has no global weak solution.

3.2. Critical initial energy. The global existence and nonexistence results for
problem ([1.4))-(1.6) under critical initial energy F(0) = d are listed as follows.

Theorem 3.7. Suppose that J(ug) = d and ug(x) € Wp. Then problem (1.4)-
(1.6) possesses a global weak solution which satisfying u € L>(0,00; H}(Q)) with
ug € L?(0,00; L?(Q)) and u(t) € Wp for 0 <t < oo.

Proof. First J(ug) = d implies that ||Vu|| # 0. Pick a sequence {\,,} such that
0<A<1l,m=1,2,... and A\, — 1 as m — oo. Let ug,, = A\pug and consider the
corresponding initial boundary value problem

up — Au = f(u), x€Q,t>0,
u(z,0) = uom(z), =€, (3.21)
u(z,t) =0, z€dNt>0.
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From I(ug) > 0 and Lemma [2.5] we have \* = A\*(ug) € (0,1). Thus, we obtain
I{uom) = I(Amuo) > 0 and J(uom) = J(Amuo) < J(ug) = d. The remainder proof
of global existence for the solution is similar to that in the proof of the low initial
case, i.e. Theorem |3.4 [l

Theorem 3.8 (Global nonexistence for J(ug) = d). Suppose that J(ug) = d and
uo(x) € Vp. Then problem (1.4)-(1.6)) does not admit any global weak solution.

Proof. Let u be a solution of (L.4)-(1.6) with J(ug) = d > 0 and I(ug) < 0, T
be the maximum existence time of u(t). We can deduce that T' < oco. From the
continuities of J(t) = J(u(t)) and I(t) = I(u(t)) with respect to ¢, we know that
there exists a sufficient small ¢; > 0 with ¢; < T such that J(u(t1)) > 0 and
I(u(t)) < 0 for ¢t € [0,¢1]. Thus we have (u;,u) = —I(u) > 0 and |ju]| > 0 for
t € [0,t1]. From this and continuity of fg ||lu.||?dr, it follows that we can choose
such ¢; that

t1
0 < J(u(ty)) = d —/ ua|[2dt = dy < d. (3.22)
0

Testing ([1.4) by u; and integrating with respect to t from ¢; to t gives

J(u)Jr/t ue|2dt = J(u(ty)). (3.23)

Taking t = t; as the initial time and by Theorem we have u(t) € Vp, for t > ;.
Thus from Lemma 2.6 we obtain

“21(u) > 2p+ D(d - J(u(t)), b <t< o,
then (3.20) turns into
Mp(t) = —2I(u)
> 2(p+ 1)(d — J(u))

> 2(p+ 1)(d — J(u(tr)))
=Cy >0, t; <t<oo,

Mp(t) > Cot + Mp(ty) > Cot, t; <t < oo, (3.24)
C C
Mp(t) > 72152 + Mp(t1) > 7%2, t <t < oo. (3.25)

From (3.24) and (3.25) it follows that for sufficiently large ¢ we have

1
i(p — 1))\1Mp(t) > (er 1)||UO||2, t; <t < oo,

1 .

Thus (3.19)) yields
_p+l
2

The remainder proof of blow up for the solution is similar to that in the proof of
the low initial energy case, i.e. Theorem O

Mp(t)Mp(t) M]%(t) > 0.
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3.3. High initial energy. In fact, when the parameters of the equation are fixed,
whether u global exists or blows up in finite time is just determined by the initial
data ug(z). Following this consideration, let us introduce some sets, where 7™ (u)
denotes the maximal existence time of the solution with initial datum wo(z) €
Hy (),

Bp = {ug(x) € H}(Q) : the solution u(t) of blows up in finite time},
Gp = {uo(z) € Hy(Q) : T*(uo) = o0},
Gpo = {uo(z) € Gp :u(t) — 0in Hy(Q) ast— oo}
Furthermore, we need to define the open sub-levels of J,
JV={ue H}(Q): J(u) < h}.

Hence,
No=NnJ"={ueN ] [Vu|]? < %} # () for all h > d.
The above alternative characterization of d shows that
dist (0, NV) = ixéi/{l[HVuHQ = %ﬂl) > 0.

We now define
Ap = inf{||lul|® :u € N, J(u) < h},
Ap = sup{|ul/? : u € N, J(u) < h}
for all & > d. Clearly we have the following monotonicity properties
h — MAp is nonincreasing and
h+— Ay is nondecreasing.

Firstly, let us discuss the stationary problem and comparison principle for problem

—Au= f(u), in Q,
u=0, on 9. (3.26)

Lemma 3.9 ([IL2]). Suppose that ug(z) € Gp. Then the solution u(t) = S(t)uo(x)
of problem (1.4)-(1.6) converges to the solution of (3.26) as t — oco. Here, S(t)

denotes the corresponding nonlinear semigroup associated to (1.4) which maps an
HY(Q) neighborhood of ug continuously into C§ () for all t € (0,T*(ug)), where

Co() :i={uec C'Q) :u=0o0ndN} =C"Q) N H(Q),
endowed with the standard norm || - ||cx of C1 ().
Furthermore, if T*(ug) = 0o, we denote by
w(ug) := Nyzo{u(s) : s > t}
the w-limit set of ug(z) € HL(Q).

Lemma 3.10 (Gronwall inequality). Let y(t) : RT™ — R be a nonincreasing
function, and assume that there is a constant C > 0, such that

+oo
/ u(t)dt < Cy(s), 0<t< +o0,
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then for all t > 0, we have
y(t) < y(0)e'"E.
We now prove the comparison principle.

Theorem 3.11. Let ug(z), vo(x) € Hg(2)\{0} be such that ug(x) — vo(z) € K.
Then (S(t)ug(z) — S(t)ve(z)) € K for all t > 0. Moreover, if ug(x) # vo(x), then,
for t > 0 we obtain

S(t)ug(z) — S(t)ve(z) >0 in Q. (3.27)
Proof. Throughout this proof we put u(t) := S(t)uo(x) and v(t) = S(t)vo(z).
u, v € C(Q x[0,T]) for all T < T := min{T™*(ug), T*(vp)}. By subtracting the
two equations for v and v, we see that z := u — v satisfies

2 —Az=H(t)z inQx(0,7),

2(0) = ug(x) —vo(z) > 0 in €, (3.28)

z2=0 ondQx (0,T).

Here H(t) := H(-,t) is given by

1
H(x,t) = /0 fu(z,t) + sz(z,t))ds forz e Q, t >0,

where s € (0,1). Since u, v are continuous functions, for all T € (0,T) we have

My := sup H(z, t) < oc.
Qx(0,T)

Taking this into account, if we multiply by z~ and integrating over ) we
obtain

1d, _

parl?
for all t € [0,7]. By Lemma and by the arbitrariness of T', this proves that
27 (t) = 0. Since 2(t) = S(t)uo(x) — S(t)vo(z) satisfies the equation z; — Az =
H(t)z >0 on [§,T) together with homogeneous Dirichlet boundary conditions, the
strong parabolic maximum principle for initial data in C}(Q) implies that z(¢) > 0
in Q for t € (6,7). O

O = -1V~ + /Q H(t)|z™ (t)]*dz < Mr|l=~ (t)]|?

To deduce the following lemma, we denote the corresponding Gateaux derivative
Ju(u){h} of J(u) with respect to u at u € Hg(f2) in the direction h € H}(Q) as
follows

Ju(u){h} = iii’%% (J(u+eh) — J(u)).

If J has a continuous Gateaux derivative on €2, then J € C'(Q). The second
Gateaux derivative at u is denoted by

1
Juu(w){h,h} :=2 liH(l) = (J(h+¢eh) — J(u)).
Further we show the Gateaux of Taylor’s theorem which will be used later.

Lemma 3.12 ([9]). Suppose that the line segment between uw € U C HJ(Q) and
u + eh lies entirely within U C HY(Q). If F is C*, then

62

Flu+ch) = F(u) + eFy(u){h} + S Fua(w){h, h} + ..
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Ekfl

- k—1 k=1y
+ Gy P (B + ol )
Lemma 3.13. If u is a nontrivial solution of problem (3.26), then J,(u){u} =
0, Juu(u){u,u} <0 and the first eigenvalue of the eigenvalue problem
—AY — fu(w)p = p,  in Q,
¥ = fulw)p = M (3.29)
=0, ondf

18 negative.

Proof. Let u(x,t) be a nontrivial solution of (3.26). So it is easy to check that
[Vull> = [, uf(u)dz, then

Tulw) ) = T Z(T((1+ <)) — T(w)
= tim (5 [ (9042l = 9uP) = [ (P +2)u) - Fw)).

recalling the definition of Gateaux derivative and the integral mean value theorem,
we obtain

Fu(u){u} = lim L (F(1+ £)u) — F(u)

(3.30)
(14e)u
L ps)as
e—0 £
= lim ﬂiﬂ = f(u)u,

where u < & < (1 + €)u, combining with (3.30) and the aid of Lemma we can
continue to get

1/1
Ju(uw){u} = lim 7(7 / (|Vu® + 26| Vul? + €2 Vu* — |[Vul?)
e—=0¢ 2 Q

= [P+ eusu) + o) - Fw)
Q

1
< lim f(/ £|Vul? —/Euf(u))
e=0e N Jo Q
— [ Vulf? - / wf(u)dz = 0,
Q
As before, and using the condition (i) in (H1) we can write

Juw(w){u, u}
m J(1+e)u) — J(u)

2 1i
e—0 52
iy 2 VA e)ul? — [[Vul?) = (Jo F(A +e)u)da — [, F(u)dz)
e—0 52

. 1/1
= 21im — (5(IVul® + 26 Vul* + 2| Vu* — | Vul]?

—/Q<F((1+€)u)—F(u))dm>
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o L1 2, 2 2
=21lim 82(2(25\|vu|| + | Vu)?) /Q<F((1+s)u) F(u))dx)
— 2 lim + (1(2s\|vu||2 +2|Vul?) — [ cuf(u) + ~(eu)f (u)de )
e—0e2\2 O 2 “
I T 1 2 2 2
= tim 5 (1Vul? ~ [ (cw?fuu)de)
= I7ul? = [ o fu(wis
Q

< || Vul? —p/Quf(u)dx < 0.

By a simple computation, we have the corresponding eigenvalue of problem ((3.29)
as follows

IVall = [ et = Al
Thanks to Jy,(u){u,u} < 0, then we assert that the eigenvalue X is negative. [
Lemma 3.14. Suppose that ui, uy € HE(Q) \ {0} are solutions of (3.26) with
uy < ug. Then, either uy <0 < ug or uy = us.

Proof. Assume that u; # wuy. By comparison principle, we have u; < wug in .
Considering the following eigenvalue problem

— G — fulu)d = M. (3.31)

From Lemma [3.13] we know the first eigenvalues A,, and A, are negative, and its
corresponding positive first eigenfunctions (; and (, satisfying

Juu(ul){CD Cl} < 07
Juu(u2){C2; G2} < 0.

Because of the continuity of Jy,, taking J(u; +d¢;) as a functional with a value of
uy + 01, according to Lemma [3.12] we have

J(u1 + 0¢1) = J(u1) + %Jw(ul){g, G} +0(6%) < J(uq) (3.32)
for sufficiently small § > 0. Similarly, we also have
J(ug —6G2) < J(ua). (3.33)
Now we define a closed set
Q:={pe€ H)(Q) :u <p<upae in Q}

and

= inf J(p). 3.34
mp = inf (1) (3.34)

Find a small § > 0 satisfying u; < u; + 0(1 < ug — {2 < ug, that is uy + 6(; € Q
and ug — Iz € Q, thus (3.34) tells mp < min{J(u1 + (1), J(ug — 0(2)}, further
(3-32) and (3.33) help get

mp < min{J(u1), J(u2)}. (3.35)
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Next we prove that the minimum mp is achieved by a function 4 € Q. Taking a
minimizing sequence {fi, }, C Q for J|g := J(1)|pco. As ui and us solve problem
(3.26]), due to their existence and u, € Q, we see

IV pnl? = 27 1) + 2 / F(pn)da < C,

where constant C' does not depend on the choice of n. Selecting subsequences to
make p, — p € H} () (weak convergence) and

fn — [ a.e. in / F(up)de — [ F(up)dex,
Q Q

we can attain g € Q, and one infers from Fatou’s lemma that

70 = 51901 = | Pz

IN

1
iliminfnwnn% lim /F(pn)dx
n—oo n—oo Q
= liminf J(u,) = mp.
n—oo

Hence we have

J(u) =mp (3.36)
and p is minimizer of J|g. Also (3.35) tells u # w1 and p # us, which combining
the comparison principle and p € Q gives for any fixed ¢ = ¢y that S(to)u; <
S(to) < S(to)uz, ie. up < S(to)u < ug, that is S(¢)u € Q. According to the

definition of mp for any fixed t = to, J(S(t)n) > mp. As ty is chosen arbitrarily,
S(t)p € Q and

J(S(t)p) = mp (3.37)
hold for any ¢ > 0. On the other hand, testing (1.4]) by u; gives
d
CTu(®) = . (339)

which says that ¢ — J(S(¢t)p) is strictly decreasing along nonconstant trajectory,

and from (3.38]) we see that
J(St)p) <mp fort>0 (3.39)

as the initial datum is p. In combination with the above conclusions (3.36)-(3.39)),
one gets that

J(S#)u) =J(pu) =mp forallt >0,
which implies that S(¢)u = p for all ¢ > 0. Hence, p is a solution of stationary

problem (3.26) and by the comparison principle we have u; < p < ug in Q. For
sufficiently small |e|, we have

(1+e)peQ.
Hence, from the minimum property of p we obtain

J(1+e)p) — J(n)

Jun(){p, 1} = 21_1% >0

)

which combined with Lemma |3.13|imply p = 0. (]
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Before the following lemma, we define some sets
0
Sy ={ueC;():+u>0in Q;:I:a—z < 0 on 99}, (3.40)

where v is the exterior unit normal vector, and
S, = {u € Cj(Q) : u(z) < 0 < u(y) for some points z,y € N}, (3.41)
which are both open and disjoint in C3(Q).

Lemma 3.15. Let u; € gp\gp,(). It holds:
(i) if w(ur) C S US,, then us € Bp for every us > uy, uy Z us;
(ii) if w(u1) C S—US,, then us € Bp for every us < uy, uy # usg.

Proof. From the Hopf boundary lemma, every nontrivial solution of ([3.26]) lies
either in S;,S_ or in S,,. We only prove (i); the proof of (ii) is similar. Let
u; € Gp\Gp,o,uz > uy,u1 # uz. Denote

u(t) = SH)uy, a(t) := S(t)us.

From comparison principle and the definition of w(uy), we attain a(t) > u(t), i.e.
uz & Gpo. Then we are going to prove that us € Bp, considering us & Gp o, arguing
by contradiction, we suppose that us € Gp\Gp,o and distinguish the following two
cases:

Case 1: There are an € > 0 and a time sequence t,, — oo such that ||G(z,t,) —
u(x,ty)||cr > € for all n;

Case 2: ||a(z,t) — u(z,t)||cr — 0 as t — oo.

If Case 1 happens, from compactness of w(u;) and w(usg), there exist subse-
quences such that u(t,) — u*, i(t,) — @* in C3(Q), where u* and 4* are nontrivial
solutions of problem . By comparison principle, we have 4* > u*, where the
solution u* is not negative by the assumption w(u;) C St U S, of this lemma.
Further by Lemma [3.14] we have ¢* = u*. But this is impossible, since

i~ ullor = Jim [alta) — u(ta)lor > e
Then Case 1 does not hold.

We now suppose that Case 2 happens. For every v € w(uy), let A, be the first
eigenvalue of Dirichlet eigenvalue problem

—Af0— f,(v)8 =A,0 inQ,
# =0 on 09,
and let e, denote the unique positive L°*° normalized eigenfunction corresponding
to Ay. By Lemma and the compactness of w(uy) in C¢(£2), we have

Ao:= sup A, <0. (3.43)

vEw(uy)

(3.42)

Moreover, let y € C(£2) denote the distance function to the boundary 952, that is,
x(x) =dist(z,0Q) for x € Q. Then, again by compactness, there are C1,Cy > 0
such that

Cix(z) <ey(x) < Cax(z) forall v € w(uy),x € Q. (3.44)

Let n(t) := n(x,t) = 4(t) — u(t), then in aid of comparison principle and the spirits
of Theorem n(x,t) >0 for z € Q,¢t > 0, and 7 solves the problem

ne = An+ H(t)n, (3.45)
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where H (t) = fol fulu(z, t) + sn(z,t))ds, for x € Q, t > 0. Now fix 7 > 0 such that

2ol

Cy<Cie 27, (346)

which will be used later.
We claim that

inf  sup ||H(s) — fu(V)|leo = 0 ast— oo. (3.47)

vew(ul) t<s<t4r

Actually, arguing by contradiction we suppose that there exist some € > 0 and a
sequence t, which converges to infinity, such that

inf sup  ||H(s) = fo(V)|loc > € for all n. (3.48)
vew(ur) ¢, <s<t,+7

From Lemmal[3.9] there exist v € w(u1) and a subsequence (still denote by ¢,,) such
that

sup  Jju(s) —v]jec = 0 asn — oco.
tn<s<tn+T

In addition, when ||1(¢)||c1 — 0 as ¢ — oo occurs (Case 2), we obtain

sup  [[H(s) = fu(v)]loc — 0.

tn <s<tn+T
These contradict ((3.48) and prove (3.47)). We may therefore take T > 0 such that
A
inf s [H(s) = fu(v)]l < 20 (3.49)
vEw(u1) t<s<t4r 2

for t > Ty, which will be used in the estimate of (3.52)) later.
Next, we claim that

/ n(t + 7)x(z)dx > / n(t)x(z)dx for t > Ty. (3.50)
Q Q

Indeed, by (3.49) and compactness, for all ¢ > Ty it is easy to find v € w(uy)
verifying
Ao
1H) = fu(@lle < 22, (351)
for all s € [t,t + 7]. Using (3.45)), Green’s Formula, (3.42)), (3.43) and (3.51), for
n(z,t), we have
d

ds Jo

n(z,s)e,de = [ (An(x,s) + H(z, s)n(x, s)) e,dz

n(z, s)(Ae, + H(z, s)e,)dx

I
S—S— 5

77(95, S)GU(H(xv 5) - fv(v) - )\v)dx (352)
> / n(x,s)ev(—@ — Ay)dz

“Ja
> M/ n(z, s)e,dx
2 Ja

for s € [t,t + 7]. Integrating (3.52)) over [t, ¢+ 7] gives

A A
o] [ ate, 4 e <n] [ oo ests] 2 2l my - Pl
Q O 5 5
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that is,
/ n(x,t + 7)e,dz > elATOlT/ n(z,t)e,dx.
Q Q
Combining this with (3.44)), one sees that
CQ/ n(t + 7)x(z)dz > / n(t + 7)e,dx
Q Q

Aol Aol

zeﬁ*/WQMszCwﬁ”/W@M@M%
Q Q

From the relationship between C7 and Cs we required in (3.46)) and above estimate,
we obtain ([3.50), which easily indicate that

[ 0o+ erx(a)de = [ T > o, (3.53)
Q Q

for the fixed Tp in (3.49) and every ¢ € N. It is obvious that (3.53) contradict the
hypothesis that ||n(t)||ct — 0 as ¢t — co. This completes the proof. O

Lemma 3.16. Let v € HE(2) be a nontrivial solution of (3.26), and ug(z) €
HY(Q), up(x) # +v.
(i) If vt £ 0 and uo(z) > v, then ug(z) € Bp;
(ii) If v~ £ 0 and ug(x) < wv, then ug(x) € Bp;
(iii) If 0 < wgp(z) < v, then up(z) € Gpy.

Proof. (i) Obviously, v is the nontrivial stationary solution of problem —,
ie. v € Gp\Gpo. If vT # 0, considering (i) in Lemma we have ug(z) € Bp.

(ii) Analogously, if v~ # 0, considering (ii) in Lemma we have ug(x) € Bp.

(iii) Since 0 < wup(x) < v by comparison we have ug(z) € Gp. Therefore, from
Lemma we obtain S(t)ug(z) — o* in H}(Q) as t — oo. Suppose v* is a
nontrivial solution of by contradiction. By comparison principle, we also
know 0 < v* < v. Due to v* # 0 (nontrivial solution), combining 0 < ug(z) < v,
ug(x) # +v with Lemma we derive the following two cases

(a) v¥ <0<w,or

(b) vt =wv.
As ug(z) > 0 and ug(x) £ 0, case (a) is impossible. Due to the fact that S(t)ug —
v, ug(r) < v, we deduce vf # v that kills case (b). Thus v* is a trivial solution of

(3-26), ie., w(ug) = {0}, that is uo(z) € Gpy. O

Theorem 3.17 (Global existence and nonexistence for J(ug) > 0). For every
positive M, there exist up, vp € Ny NK N CYH(Q) satisfying the following two
conditions:

(1) '](UP) > Ma J(UP) > M;'

(ii) up € gp70, vp € Bp.

Proof. Let M > 0 and v denote a positive solution of problem (3.26]). Assume that
QO ={reQ:vecH}Q),v>e CO

is an open subset for a sufficiently small ¢ > 0. Now, for any h > 0, choose a
positive function ¢, € C}(€2’) and make a continuous zero extension to 2\’ such
that

IVonl| = b and  [[dp[le < e
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For a fixed h > 0 we put g4 := v+ ¢y and g_ := v — ¢p. Then o1 € K, and (ii) in
(A1) gives

/ 0iflon)dr <Y an [ Jos s

k=1 ¥

+1 +1
S Zak(”vuiﬁvk+l(9/) + ||¢h||12?0k+1(91))

< Zak ||v\|§*;ji1m, )

where aj,, pj, are same in condition (ii) in (A1). From Lemma 2.1]and (i) in (A1)
we have

1
Hew) =3IV esl = [ Flos)is

1
:§</ |VQi\2dx+/ |VQi|2d33>
Q o\
- (/ F(o+)dz + F(Qi)df)
o\

/ Voi[*dz — 7(/9 @if(gi)dwr/ﬂ\w Qif(@i)dﬂf)-

Obviously, consider that v is a positive solution of problem (3.26) and the contin-
uous zero extension property of ¢, € CL(€'), we know that fQ\Q, o+ f(ox)dz =

fQ\Q/ vf(v)dr is bounded in Hg () and independent of t. Therefore,

1 C(e)
J de — 2252
(02) 250 oy = = | 0xfles)da— 25
1
1 2 +1 +1 C(e)
25(’“||W||L2<9'>) prH(n 5500 @y + ) = 25
where C(e fQ\Q, 0+ f(o+)dz. Similarly, we can also deduce

I(o+) =[|Vox|? _/Q‘Qif(gi)dx

:(/Q |Vg¢2dx+/ﬂ\ﬂ, IVgi\de)
- ([ eettesytot [ oesiosgas)

>V 0s 22 — /Q 0xf(ox)dz — C(0
l

2 o .
> (b= IVollzen)” = 3 a (IolBsit g + € 11) = o),
k=1

Hence, for h sufficiently large that both J(p+) > M and I(p+) > 0 are satisfied,
therefore o+ € N, automatically holds. For such a number h, take o_ = up and
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0+ = vp. Since 0 < up < v we have up € Gpg by Lemma 6] (iii). On the other
hand, by 0 < v < vp, we obtain vp € Bp by Lemma (1). O

Next we show a crucial condition for vanishing or blow-up of solution at arbi-
trarily high energy level to problem (1.4)-(1.6) as follows.
Lemma 3.18. Suppose that u € H}(Q), then

(i) For every u € Ny, we obtain J(u) > 0;
(i) For allu € N, we show that J(u) = maxy>o J(Au);
(iii) For each h > 0, we assert that J" N N is bounded set in H(Q).

Proof. (i) For v € N, we have I(u) > 0, and make use of Lemmam we obtain

I = 5IVal? = [ Fayde > =100+ 2

(ii) For u € N, we can get I(u) = 0. Hence, combined with Lemma [2.5] we have

> 0.

d
d—J()\u) =I(A\u) =0,

which infers that A = 1, and J(u) = maxy>o J(\u) for u € N.
(iii) Since J(u) < h and I(u) > 0, we obtain

h> J(u) = |Vu||2 /F
I(u)+

S

||V

p+1 2p+2

p—=
> —
2p+ 2

which yields ||Vu|? < h%”%f. Then proof is complete. O

Theorem 3.19. Suppose that ug(x) € Ny and ||ug||* < Aj(uy)- Then ug(z) € Gpo;
and assume that uo(x) € N_ and |luol|* > Aj(u,), then ug(x) € Bp.

Proof. Let u(t) := S(t)ug(z) for t € [0,7*(ug)). Recalling the definition of J and
1, testing (1.4) by u (respectively u;) and straightforward computations give us

Sl = ~21(), € [0, 7" (uo)), (3.54)

C o) = P, e 0,7 (o). (3.55)

Firstly, if uo(z) € N} satisfies |[ug||? < Aj(u,), We assert that u(t) € N for any
t € [0,7*(up)). Assume by contradiction that there exists the ﬁrst t1 € (0,T*(uo))
such that u(t) € N for 0 <t < t1 and u(t;) € N. with this, ) and (3.55) one
deduces that

lu()I? < luoll* < Ascuo)s (3.56)
J(u(t1)) < J(uo). (3.57)

As u(t;) € N and (3.57), the definition of ;) gives [[u(t1)[|* > Xj(u,), which

contradicts (3.56)), hence u(t) € Ni. Combining (3.56) and (iii) of Lemma
J7(0) \ Ny is bounded in H}(Q) for ¢t € [0,T*(ug)) such that T*(ug) = oo, i.e.

uo(x) € Gp.
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Further, for any w € w(uy), it follows from (3.54)) and (3.55) that [|w(|* < A (u,)
and J(w) < J(ug). And it was just proved above that w(ug) C Ny, which tell us
that

w(ug) NN = 0. (3.58)

As Lemma ensures that the solution w(t) = S(t)uo(x) of problem (1.4)-(L.6)
trends to the so-called stationary solution of ([3.26)) as t — oo, and also N contains

the nontrivial solutions of problem (3.26) except zero, (3.58) directly gives that
w(ug) = {0}, i.e. up(z) € Gpp.

Finally, if ug(z) € N_ satisfies |lug||* > A j(y,)- A similar contradiction as before
indicates that u(t) € N_ for all ¢t € [0, T*(ug)). Now suppose the contrary T*(ug) =
0o. Thus for any w € w(ug) we derive that |w|* > Ay, and J(w) < J(ug) by
and . By definition of A y(y,), similar to the above, we can deduce that
w(ug) C N and w(ug) NN = 0. As N contains the nontrivial solutions of problem
and Lemma tells that S(t)ug(x) converges to the solution of as
t — oo, the fact w(ug) NN = 0 gives w(ug) = {0}. However, as dist(0, N_) > 0 and
w(ug) C N_, it can be seen that 0 & w(ug). Consequently, we conclude w(ug) = 0.
This contradicts the assumption that w(t) is a global solution. So we assert that
T*(up) < oo, this finishes the proof. O

Lemma 3.20. Let assumption (A4) hold. Suppose that J(ug) > 0 and the initial
datum satisfies
p—1
2Cpoin(p + 1)
where Cpoin 15 the coefficient of Poincaré inequality
Cpoin | Vuul|* = [lul|*. (3.60)

Then the map t +— ||u(t)||? is strictly increasing as long as u(t) € Vp.

luolI> > J (u), (3.59)

Proof. We introduce the following auxiliary function
F(t) = Jut) (3.61)
Then from Equation it follows
F'(t) = 2(ug, u) = —21(u). (3.62)
Hence by u(t) € Vp we arrive at
F'(t) > 0 for t € [0,7%(uo)). (3.63)
Furthermore, from and J(ug) > 0 it implies that

2C0in 1
F(0) = [Juol®> > %J(uo) > 0. (3.64)
Therefore from (3.63) and (3.64) we can see that F(t) > F(0) > 0, which tells us
that the map ¢ — ||u(t)||? is strictly increasing. O

Remark 3.21. As the condition (3.59) of Lemma is over strong and beyond
what the conclusion of Lemma |3.20| needs, the condition of this lemma can be
weaken, but we keep it to make this lemma work for the following Lemma and

Theorem [3.23] where (3.59)) is necessary.

Next, we show the invariance of the unstable set Vp under the flow of problem
(1.4)-(1.6) at arbitrarily positive initial energy level J(ug) > 0.
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Lemma 3.22 (Invariant set Vp). Let assumption (A4) hold and u(x,t) be a weak
solution of problem (1.4))-(1.6) with mazimum existence time interval [0,T), T <
+oo. Assume that the initial datum satisfies (3.59). Then all solutions of problem
(1.4)-(1.6)) with J(up) > 0 belong to Vp, provided ug(z) € Vp.

Proof. We prove u(t) € Vp for t € [0,T). Arguing by contradiction we assume that
to € (0,T) is the first time such that I(u(tp)) = 0 and I(u(t)) < 0 for ¢t € [0, o).
From Lemma it follows that the map t + ||u(#)||? is strictly increasing on the
interval [0,¢0), which together with (3.59) gives
2Cpoin(p+1)

-1

Further, from the continuity of w(¢) in ¢, we obtain

2Cpoin(p +1)
-1

On the other hand, recalling the definition of J, (3.3) and Lemma we see

J(uo) =T (u(to)) + / s 2dr

lu(®)]* > [luol* > J(uo), t € (0, to). (3.65)

luto)|* > fuoll* >

J (o). (3.66)

>3 IVulto) = | Flutto)is
1 1
5

1
(- — to)|I2 + —— I (ult
(2 p+1)||Vu( o)l +p_|_1 (u(to)),
which together with I(u(t9)) = 0 and Poincaré inequality shows that
p—1 2 p—1 2
J > —||Vu(t > —————|lu(to)|, 3.67
(1) > S Va0 > s ) (3.67)
which contradicts (3.66)). So the proof is complete. O

Theorem 3.23 (Global nonexistence for J(ug) > 0). Let (A4) hold, and suppose

that J(ug) > 0 and ug(x) € Vp. Then problem (1.4)-(1.6) does not admit any global
weak solution provided that

2C,0in(p + 1)J (uo)
-1 ’
where Cpoin 15 the coefficient of the Poincaré inequality (3.60)).

ol >

(3.68)

Proof. Arguing by contradiction we suppose that u(z,t) exists globally. Testing
(1.4) by v and from Lemma we obtain

1d, /
——ul|* = | wudx
5 3 Il e
:—||Vu||2+/uf(u)dx (3.69)
Q
p—1
> 9 .
> J(u)—&—erl Quf(u)dac

For the sake of clarity, the proof will be separated into two cases.
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Case I: J(u) > 0 for ¢ > 0. By considering (3.68)), we take 3 such that

(p — D)|[uo|”
2C'poin (p + ].)J('Ll,o) )

Combining with (3.69)), (3.3) and Lemma we see

1d 9 p—1
= > _ L
2dtHu” > 2J(u)+p+1 /Quf(u)dx

1<p8<

(3.70)

= — u) — u p;l ufrlu)ar
= 2(6- 1)) ~287(0) + 25 [ ufwya

Y

t —
_QﬁJ@m)4—25]€|hhﬂ2d7+—§qj%/£ufhﬂdx (3.71)

v

t
_ 2y _P—1 p—1 2
267w0) +28 | ur|Pdr = P ) + L9l

t
p—1 2
> —28J +2 /‘ A1Pdr + ——= || Vu|%
Bu0) +26 | urlPar + L vu)

An application of Poincaré inequality leads to

p—1 2 p—1 2
— |V > . 3.72
LIVl > ol (372)
Substituting (3.72)) into (3.71)) gives
d 9 ! 2(p—1) 2
—||ul]® > —48J (u +45/ ur ||Pdr + = ||ul|?, 3.73
Gl > ~470) 45 [ uPar + ZLSh (37

then 4 ( )
2p—1

2 2

— - > —43J ,

i~ eyl > 48 w)

which yields

28Ch0in(p +1)
p—1

Substituting (3.74]) into (3.73)) and recalling the auxiliary function Mp(t) in (3.13)

yields

. t —
Mp(t) > 48 /0 lur|Pdr + (6%

Now we take a small enough number € > 0 and pick ¢ > 0 large enough that

2 2 Cz@?pljrl)t _ cz(-”?plint
[[ull® > [luol["e “per» + J(ug) (1 — eroin : (3.74)

2(p—1)

ol = 48 (o) ) e TooT0". (3.75)

> %—2”%”4. (3.76)

We define a new auxiliary function

Np(t) i= ME(®) + =~ uol2Mp(t) + .
Hence,

Np(t) = (2Mp(t) + e o) M (1), (3.77)

Np(t) = (2Mp(t) + & uo|*) Mp(t) + 2Mp(1).
Set & := 4c — e~ 2||lug||*, then indicates § > 0. Hence we have
N (t) = (4MP(t) + de ™ |luol*Mp () + &2 [luo||*) ME(t)
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= (AMB(t) + 47 uo||* Mp(t) + 4c — 6) MA(t)

= (4Np(t) — 6) Mp(t),
which tells us that

4Np(t)MAE(t) = NA(t) + SM3(t). (3.78)
By (3.69), Holder and Young inequalities, we estimate the term M3 (t) as follows

M () =ull*

(1wl +2 [ [ atryur(ryaaar)”
<ol +2( [ Tutozar) ([ untoiar) )’
ol + sl ([ futeiPar) ([ hueerar) g

t
+4Mp(t)/ |, (7)]|2dr
0
t
SIIUoII4+2€HUOH2MP(?5)+26’1Huo||2/ [ (7)[*dr
0

+4Mp(t)/ [ ur (7)]2dr.
0
Bearing in mind relation , we obtain
2Np(ONp (1) = 2 (2Mp(t) + & lluol|?) Np(t) + 283(8) ) Np(t)
=2 (2Mp(t) + e Y|uol|?) Mp()Np(t) + ANp(H)ME(t)  (3:80)
=2 (2Mp(t) + & uol*) Mp(t)Np(t) + NB(t) + OMp(t).
Now, from (3.78)-(3.80) and (3.75)), we can write
2Np(t)Np(t) — (1+ B)NE(1)
=2 (2Mp(t) + & Huol?) Mp(t)Np(t) + OME(t) — BNE(1)
=2 (2Mp(t) + e Huo||?) Mp(t)Np(t) + SME(t) — BANR(t) — 8) MA(t)
=2 (2Mp(t) + e Huo||?) Mp(t)Np(t) — 4BNp(t)Mp(t) + 5(1 + B)Mp(t)
> L1y — L]y,

where

I :==2Np(t) (2Mp(t) + e Huol?),
K 2(p—1) 2(p—1)
I =4 / w,12d7 + (=22 720 g l1? — 487 (ug) ) e Trom @D
2 =403 ; [Jur ]| <Cpoin(p+1)H ol BJ( 0))

I = 4BNp(2),

t
Iy :=luo||* + 2elluoll* My (t) + 28_1||’LL0||2/0 [ur(r)|[*dr

42 (0) [ ur ()P
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Taking v = %HUOH2 —408J(up), then (3.70) ensures v > 0. Choosing ¢ that

2(p—1) 4
ye Cpoin (P+1)
€< o,
23] |uoll
2(p—1)

and with the facts that e%on® 0" > 1 and Np(t) > 0, we obtain
2Np(t)Np(t) — (1 + B)Np(?)

t 2p=1) 4
~h (45/ lur [[2dr + ye T @D ) — 1314
0
t
>1, (45/ Jur l%dr + 28euo |2) = sy
0
t
—16Np(0)(2Mp(0) + = uolP) (2 [ e Pdr + o) 1T
0

t
L (2Mp(®) +< uol?) (2 [ e Pdr + fuol) 1) =
0

Therefore 115
.. + 4.
Np(t)Np(t) — TNIQD(t) >0,
which implies that
. _B-1 6—1 .. 140 .-
Np 2 (t)= —T(Np(t)]\fp(t) - TNI%(t)) < 0.
2Np2 ()

Since Np(0) = ¢ > e 2||ug||* > 0 and Np(0) = e Hug||* > 0, therefore, we can
conclude that there exists some T < oo such that
-1

: 2 —0-
th_)n% Np 2 (t) =0;
that is,
lim Np(t) = 0.
t—T

Now, by considering the continuity of both Np(t) and Mp(t) with respect to ¢, we
can conclude that

thﬂn% Mp(t) = +oo.

Obviously, it contradicts T' = +o00.

Case II: J(u) < 0 for some ¢ > 0. In this case, by considering and the conti-

nuity of J(u) in ¢, considering J(ug) > 0, there exists ¢y > 0 such that J(u(tp)) =0

and J(u(t)) < 0 for ¢ > tg. According to Lemma we shall deduce u(t) € Vp.

Then similar to the proof of Theorem we can attain the results of blowup.
Thus, by considering the above two cases, the desired assertion immediately

follows. ]

Subsequently, according to Theorem [3.23] we will establish a criterion to guar-
antee the blowup of solutions in a finite time when the initial energy is arbitrarily
high.

Theorem 3.24. For every M > 0, there exists up; € N_ satisfies the following
conditions:
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(i) J(unr) = M;
(ii) uy € Bp.

Proof. Let M > 0, and we take two disjoint open sets Q; (¢ = 1,2), which are
arbitrary subdomains of 2. Moreover, choosing v € HJ (1) C H} () be an arbi-
trary nonzero function. Then it is easy to check that ||xv|? > %;%WM and
J(kv) < 0 for sufficiently large x > 0. Fix such a real number x > 0 and select a
function ¥ € HE () to ensure J(¥) = M — J(kv). Then uys := kv + © verifies

1 1, . -
Hung) = 5190l = [ Flroide+ 51Vl = [ P

1 Qo2

= J (V)| wveri @) T J(O)|seni ) = M

and
IVun|® > =—flun|®
poin
1 2 =112
= & (Invlitea,) + 1020,
P (3.81)
> @HHUH%%QQ
2(p+1)
> .
Z 1 J(upr)
On the other hand, by Lemma [2.1| and the definition of I(u), we have
2(p+1 2(p+1
A2 Huag) = 222D (G19uailP — [ Flaanas)
p—1 p—1 Q
1
> 200D (C1vunl? - [ uaeS(uane)
2(p+1) (
> - v )
> 20D (9unl? - 1 (19l — Z(aan)
> HVuMH2 + LI(UM)
- p _ 1 9
combining with (3.81]) it is sufficiently to obtain I(uys) < 0. Hence, upr € N_NBp
by Theorem [3.23] O

4. NONLINEAR SCHRODINGER EQUATION

The main aim of this section is to consider problem (1.7)-(1.8), where f(u)
satisfies the Common assumption

(A5)

l
= arlul
k=1

4 n+2
1+—<p<p_1<--<p<—— forn>3;
n n—2

4
1+B<pl<pl_1<~--<p1<oo forn=1,2.
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By introducing a new potential well Wg and its corresponding outside set Vg, we
attain some sharp conditions for global existence of the solution with the initial
data satisfying J(ug) < D.
In this section for problem (|L.7])-(1.8)), we define
H'=H'R"), H={ueH" :|ull=|uol},

Y ={uec H :|zluc L*(R")},

Ts(w) = 5IVal + [ Plyde, P = [ " fs)ds

1 1 1
3w) = IVl + 5l + [ Fluyde = Jst) + 5l
Q) = lafull®,

where || - [l = [ - [lo@ny, [ = 1 - [l2-
In addition we redefine the Nehari functional I(u), the potential well depth d
and the corresponding Nehari functional as follows

1)

I(u) = [Vl + [Jull +Zpk—+1) uf (u)dz

= 1r€1£IJ(u), N={uecH":I(u) =0,u #0}.

The following Proposition [f.1}{4.3] are well known. Although Proposition [£.2] and
Proposition [.3] were widely used, it is not easy to find a literature to be cited.
Especially the arguments will be very different for different nonlinear terms, hence
in the present paper we give the proofs of these two propositions.

Proposition 4.1 (Local existence [3]). Let assumption (A5) hold, ug(z) € H'.
Then problem ([1.7)-(1.8) possesses a unique solution v € C([0,T); H') defined on
mazimum time-interval [0,T) such that either

(i) T = +o0, or
(ii) T < oo and limy_,p ||u|| g2 = +o00.

Proposition 4.2 (Conservation law). Let assumption (A5) hold, ug(z) € H?,

u e C([0,T); HY) be a unique solution to problem (1.7)-(1.8), then
() [lull = [luoll, t € [0,T);
(b) Js(u) = Js(ug), t €[0,T).

Proof. (a) . .
&(/n |u|2dx) - (/ uudx)

dt
/ Uy + uut dx

(4.1)
:/ (wug + wug)dx
= 2Re/ uugde.
From (1.7) we have
1
Uuy = i(ﬂAu + Z ak|u|p’“_1uﬂ). (4.2)

k=1
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Substituting (4.2)) into (4.1) we obtain
d 1
a(/ |u\2dx) =2Re/ i(aAu—l—ZaHu\pk_luﬂ)dx
n RTL k:l

!
= —2Im (ﬂAu+Zak|u|pk_luﬂ)dx
R”L k:1

l
-9 Im/ (ﬂAu +) ak|u|pk+1>dx 43)
R k=1
= —2Im uwAudzx
R’IL
=2Im VuVudz
R”L
=2Im |Vu|*dz = 0.
Rn

VuVadz + / F(u)dx)

n

R™

d uw !
- &(% - VuVﬂdx—/Rn/O ;Gké’p’“_lsdsdx>
= 5i(3 [, voved Sy [ i)
de\2 wvudr e+ 1 nu T

R™ k=1

d 1
i |ua] = dz

l

1
=— VuVa + V V‘d—g _—
2/n( vV " Ut) * kzlpk} l‘ldt R

l
_ _ ag _ome=3, _ O(ua)
I /ﬂ(VutVu + VuVa,)dz — kgil 5 /n ||z (u) 5 dz

1
= 7/ (VuVa + VuViag)de — Z a?k / \uﬂ\p’“waum(uﬂt + wu)de
" k=1 R
1
= — / (VutVﬂ + VuVﬂt)dx — Z a?k / ‘uﬂ‘pk% (U'L_Lt + ’Ll,t’l_t)dl'
n = n
1 _——— L
= 5/ (VuVi, + VuVia)de — Z ?k/ Ju[Pe Y (wy + wttg)da
" k=1 "
=Re (

l
VuVidr — Zak/ |u\pk—1uﬁtdx)
k=1 J/R7

1
Auvidr — E ak/ |u|pk—1uatdm).
k=1 R

Rn

:Re(—
R
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Again from(L.7) we obtain

l
i|ug|? = ( — Autiy — Zak|u|pk_1uﬂt). (4.5)

k=1

Inserting (4.5) into (4.4) we can reach

d

a(Js(u)) = Re/ i|ug|2dx = 0. (4.6)
Thus we conclude the claims (a) and (b). O

Proposition 4.3. Suppose that ug(z) € X, then the solution u(t) with initial data
uo(x) for problem (L.7)-(1.8) belongs to ¥ and satisfies

I
Q" (t) < 8</Rn |Vu|?dz — Z ZE;):J_FB /Rn ak|u\pk+1dx).

k=1

Proof. From the definition of Q(t), taking the first derivative of Q(t), we have
Q'(t) :/ |2 (utty + tug)dw
= /n 2|2 (duy + uttg)da (4.7)
= 2Re/ || 2t da.
From , becomes

!
Q'(t) = 2Re/]R || (Auﬂ + Zak\u|p"_1uﬂ>dx
" k=1

!
= —2Im |x\2(Aua+Zak|u|p’“+l)daﬁ
R P (4.8)

= —2Im || (Aua)da
Rﬂ,

= 2Im |z|? (uAw)da.
RTL

Furthermore, continuing to take the derivative of @Q’(t) and using Green’s formula
we obtain

Q//(t) = 2Im . \x|2(utAﬂ+uAat)dx

= 2Im (|z|*ueAu + A(|z[Pu)a) dz
R'ﬂ,

— 2Im /R <|:c\2utAﬂ + ; a—x%(|x|2u)>dz

"0 /0]x|?
= 2Im <|x\2utAa+utZ ( u+ |z
Rn =1 al'z 8(EZ

))de

0

ou
£
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= 2Im || utAu+uth: (8282x1x u+\m|2%)>dx

. (
= 2Im/n (| utAu—i-utZ (szu—i— |x|2a$ ))dx
<|x\ utAu+ut<2nu+4sz —|—| | Z ))

= 2Im (|z[Pus At + |25 Au + Gy (2nu + 42Vu)) dz
R"'L

= 2Im

= 2Im <|x\2utAﬂ + |z|2u At + @ (2nu + 4:EVu)) dz
R"L

= 4Im a¢(nu + 2zVu)de. (4.9)
R"L
Here, replacing u; by 4; in Eq.(1.7), we have
l
= (—i) (Aa+ Zak\u|p’“_1ﬁ), (4.10)

then (4.9) becomes

!
Q"(t) = 4lm . (=) (Aﬁ + Z ak|u|p’“_1ﬂ) (nu + 22Vu)de
" k=1
l (4.11)
= —4Re/ (Aﬂ(nu +2zVu) + Z ag|ulP*~ta(nu + 2xVu))dx
" k=1
—4(I + 1),

where

I, :==Re At(nu + 2zVu)de
RTL

!
I = Re/ Zak\u|p’°_1ﬂ(nu + 2zVu)dz
" k=1

Then we consider I; and [Is separately. First, we calculate I; by using Green’s
formula as follows

= Re/ Atd(nu + 2zVu)dz

= Re/ (—n|Vul> = 2V(2Vu)Va) dz
n a a,
_Re//<—n|Vu|2—ZZ (Z%TQZ)T;)(M
9 au ou
_Re/ <—n|Vu| —2226% ]81"3 axz)dx
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ax 3u 8%u ou
o Re/ <_ n|Vu|2 B 22 Z axz Ox;j jaxiaxj) c%ci)dx

=1 j=1

n

" Ou 0u 0%*u Ou
- _n/Rn \vude—mc/ (Z e ZZ Sy ('“)xz)dz
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Similarly,
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Combining (4.12)) and (4.14]), we have
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(4.14)

l
Q') < 8(/" |Vul?dz — Z Zgj:_'__i)) /n ak|u|p’“+1dx>dx. (4.15)

k=1

O

Lemma 4.4. Let assumption (A5) hold. Assume thatu € H* and 0 < ||jul| g1 < 7o,

then I(u) > 0, where

l

l
1 T llullp+1 n(py — 1)
ro = E _ , Ci= su , 4= E —_—.
0 ( aaka’“Jrl) b 2(pr + 1)

1 weH uzo [|ullm

Proof. Using 0 < ||u||g: < r¢, we obtain
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Then
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Rn
1
:a§ ol
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thus, we claim that I(u) > 0.
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Lemma 4.5. Let assumption (A5) hold. Assume that u € H* and I(u) < 0, then
||U||H1 >Tg.

Proof. Obviously, I(u) < 0 implies |ju|| # 0. Hence from

lul%: < a / fuf (u)|da
— azak”uupﬁ-l

l
<a > a P B a3
k=1
we obtain ||ul| g1 > 7. O

Lemma 4.6. Let assumption (A5) hold. Assume that uw € H'\{0} and I(u) = 0,
then ||ul|g1 > ro.

Proof. Utilizing Sobolev inequality and I(u) = 0, we obtain

i =a [ fuslds
l
= aakHu|]’;’;
k=1

1
< 3 aarCP ullp ul 3
k=1
which together with u # 0, yields ||u|| g1 > ro. O

Lemma 4.7 (Depth of potential well). Let (A5) hold. Then
1

l _2
DzDO:G—Z pk—l)(zaaka’“Jrl) e (4.16)

1
Proof. From u € N we obtain ||ul|g: > ro and
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which gives (4.16)). a
For problem ((1.7)-(L.8)), let us denote
Ws = {ue H' : I(u) > 0},
Vs = {u € H' : I(u) < 0}.

Theorem 4.8 (Invariant sets). Let (A5) hold, and J(ug) < D. Then the invariance
of both sets Wg and Vg are ensured along the flow of problem (1.7))-(1.8) respectively.

Proof. (i) Let u to be an any solution for problem — with ug € Ws and T be
the maximum existence time of u(t). Next we show that u(t) € Wg for 0 < ¢t < T.
Arguing by contradiction, we assume that there exists a first tg € (0,7") such that
u(t) € Wg for t € [0,19) and u(ty) € OWsg, i.e., I(u(ty)) = 0. From Proposition
(b) we know

Juw) =J(ug) <D, 0 <t <T. (4.18)
By Proposition (a), we obtain u(tyg) # 0. From the definition of D we see
J(u(to)) > D, which contradicts (4.18).

(ii) By a similar argument above, we can guarantee that Vg is invariant under

the flow of problem (|1.7))-(L.8). O

Next, we give the proofs of the well-posedness of solution and show the sharp
conditions for global existence of the solution to problem (1.7])-(|L.8]).

Theorem 4.9 (Global existence). Let (A5) hold, and assume that J(up) <D and
uo(x) € Ws. Then the solution u(t) of problem (1.7)-(1.8]) globally exists and
u(t) € Wg for 0 <t < co.

Proof. Notice that Proposition shows that the unique solution u(t) defined
on maximum time-interval [0, exists locally in C([0,T); H') for problem (L.7))-
(1.8). It only remains to verify T' = +oc0. Having Theorem in mind, we ensure
u(t) € Wg for 0 <t < T. First, implies

D> J(u) = %Hun%p + / F(u)de
>(;_i(2>“u|H1 (El:np _1) (), 0<t<T.

Pk
Since I(u) > 0, (4.19) yields
l

1 2 -1
2
B < (o3 -2 )b asier
|| HHl 2 e n(pk — 1)
then by Proposition we have T = +4o00. Furthermore, Theorem ensures
u(t) e Wgfor 0 <t <T. O

Corollary 4.10. Let assumption (A5) hold, ||uo| € H, J(uo) <D and ||jup||z: <
ro. Then problem (1.7)-(1.8)) possesses a unique global solution u(t) € C([0,T); H)
and

l
2 1 2 -1
s < (3 k; =D 1)) J(ug), 0<t< oo (4.20)
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Proof. Notice that ||ug||g: < ro gives |Jug|lgr = 0 or 0 < |lug||gr < ro. Hence we
shall complete this proof by dividing it into two cases:

(1) If [Juo|| g2 = 0, then ||up|| = 0. And we infer from ||u|| = ||uo|| that ||ug||gr =0
for 0 <t < T. Then Proposition gives T' = 4o00.

(i) If 0 < |Ju|| g1 < 7o, by Lemma[£.4] we have I(ug) > 0. While by Theorem [4.9]
we know that problem possesses a global unique solution u(t) € C([0, 00); H)
and u(t) € Wg for 0 <t < co. And follows from Theorem immediately.

O

Theorem 4.11 (Finite time blow up). Let (A5) hold, and assume that J(ug) <D

and ug(x) € Y. NVs. Then the solution u(t) to problem (L.7)-(1.8)) blows up in
finite time. More precisely, for some T < 0o

Tim ()] g1 = +oo.

Proof. Since Proposition shows that the unique solution u(t) defined on maxi-
mum time-interval [0, T") exists locally in C([0,T); H') for problem (1.7)-(1.8). Our
goal is to prove T' < oco. Arguing by contradiction, we suppose that T' = 400 and
define

Q) = [ fofuPda.

Then from Proposition [£:3] we have

l
I 2 n(px — 1) pr+1
Q"(1) < 8(/]R [Vl dx—Zm/Rn anful?+da) (4.21)

k=1
< 8M(u) — 8|lull?, 0<t< oo
Theorem [4.8] ensures u(t) € Vg for 0 < ¢ < oo, which tells I(u) < 0 for 0 < ¢ < oo.
Hence from we obtain
Q"(t) < —8llull* = ~8lluol? = ~Cp, 0 <t < oo,
Q'(t) < —Cot +Q'(0), 0<t< oo,

where Cy > 0 is a constant. Thus for sufficiently large ¢ we have Q'(t) < Q'(tg) <0
for t > tg and

Q(t) < Q'(to)(t —to) + Q(to)- (4.22)

And also for sufficiently large ¢ we have Q(t) < 0, as Q(0) > 0 by I(ug) < 0, there
exists a 17 > 0 such that

lim Q(t) = 0. (4.23)

t—T
Note that

Re/ zuVudzr = —Re V(zu)udz
n Rn

=— Re/ (Vzu 4+ 2Va)uder

=— Re/ (ntu + zuVa)der

= fn/ ﬂudfoe/ rzuVudr,
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which implies —n [, [ul*dz = 2Re [p, 2uVudz and apply the Cauchy-Schwarz
inequality, we obtain

luoll? = Jlull* < %HVU||H|$|U||~ (4.24)
From and

luoll* = Jlull* < *HVUHQUQ(t)v

we realize that lim sup, ., [|Vu|| = +o00, which contradicts 7' = +o0. By combining
T < 400 and Proposition we achieve

limsup ||u(¢)|| g2 = +o00.
t—T
O

From Theorems [£.9] and the following theorems have its own interest about
the global existence and finite time blow-up for the solution of problem (1.7))-(1.8]
as follows.

Theorem 4.12 (Sharp conditions I). Let (A5) hold and assume ug(z) € ¥ and
J(up) < D. Then for problem (1.7)-(1.8]) we have the following alternatives:

(1) IfI(up) > 0, the solution u(t) is a unique global solution in C ([0, 00); HNX);
(ii) If I(uo) < O, the solution u(t) blows up in finite time.

Note that (4.16]) gives
l l _2
p2po= (3 )( )"
=0 Z n D — 1 Z aakcpk-‘rl

k=1 =1

1
1 2 9
N (5 a Z n(px — 1))T0'
k=1
Hence we have the following another sharp condition.

Theorem 4.13 (Sharp conditions II). Let (A5) hold and assume that ug(xz) € X
and J(ug) < Dg. Then for problem (L.7)-(1.8) we have the following alternatives:

(1) If ||uol|gr < ro, the solution u(t) is a unique global solution in C([0,00); HN
¥);
(ii) If ||luo|| g2 > 7o, the solution u(t) blows up in finite time.

Proof. I ||ug||zr < 70, Corollary gives the existence of the unique global
solution u(t) € C([0,00); HNX). If ||ug|| g2 > ro, then by

(;ijwf_)||u@nm+(§ljn ) 1w)
=t l =t (4.25)

1 2
:J(UO) < DO = (5 ];n(pk—l))rg’

we obtain I(ug) < 0. Hence by Theorem [4.12) u the solution of problem (/1.7 .
blows up in finite time.

Noting that J(uo) < %|luol|%: for ug # 0, we obtain the following corollary.
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Corollary 4.14. Let assumption (A5) hold. Assume that ug(z) € H' and

1 < 2 1 2t
ol < (5 -3 v 1)) (> prwe Tl Cfﬁl) e (4.26)

k=1 k=1
Then it possesses a global unique solution u(t) € C([0,00); H) for problem (L.7)-
©3).

Proof. If ||ug||g: = 0, then from Theorem we know that the unique global
solution u(t) = 0. If |lug||gr # 0, then (4.26) gives J(up) < Do and |luo|lgr <
ro. Again by Theorem problem lb thus has a unique global solution
u(t) € C([0,00); H). O
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