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MULTIPLE POSITIVE SOLUTIONS FOR SINGULAR
SEMI-POSITONE DELAY DIFFERENTIAL EQUATION

XIAN XU

ABSTRACT. In this paper, we obtain new existence results for multiple positive
solutions of a delay singular differential boundary-value problem. Our main
tool is the fixed point index method.

1. INTRODUCTION

Singular differential boundary-value problems arise from many branches of basic
mathematics and applied mathematics. Many techniques have been developed to
establish the existence of positive solutions of various classes of singular differential
boundary-value problems; [1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13] and the references
therein. In particular, the authors of [1, 5] obtained some existence results for
positive solutions of some singular functional differential equations. Motivated by
[1, 5], in this paper we will consider the following singular delay differential equation

y'+ [t y(t—a)) =0, te(0,1\{a},

y(t) = p(t), te[-a,0], (1.1)
y(1) =0,
where 0 < a < 1,
u(t) € Cl—a,0], w(0)=0, w(t)>0, Vte]l—a,0), (1.2)
and the nonlinear term f(¢,y) satisfies
Bo(t)ho(y) — p(t) < [(t,) < H(B)(9(y) + h(y), (13)

¢, o, p are in C((0,1], RT), g is in C((0,+00), R"), hg, h are in C(RT, RT), and
RT =0, +00).

Problem (1.1) is a singular semi-positone boundary-value problem because p is
allowed to be nonnegative on interval (0,1) and f may have singularity at t = 0
and y = 0. Recently, there have been many papers considered the singular semi-
positone boundary-value problems; see [2, 8, 13, 11, 7] and the references therein.
But most of these papers paid attention to the existence of positive solutions of the
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singular semi-positone boundary-value problems and there were fewer papers that
discuss the existence of multiple positive solutions of the singular semi-positone
problems. To cover up this gap, in this paper we will establish some existence
results for multiple positive solutions of singular delay differential semi-positone
boundary value problem (1.1). It is difficult to show the existence and multiplicity
results for positive solutions of semi-positone problems. For our purpose, a special
cone will be needed to establish the multiplicity results for positive solutions of
semi-positone problems.

Let P = {z € C[—a,1] : z(t) > Oforallt € [—a,1]}. It is well known that
C[—a, 1] is a real Banach space with the maximum norm ||z| = max,cj_q 1) [2(t)],
and P a normal cone of C[—a, 1]. By a positive solution of (1.1) we mean a function
x € P satisfying (1.1) and z(t) # 0.

Throughout this paper, we will assume that (1.2) and (1.3) hold.

2. PRELIMINARY LEMMAS
Let us list some assumptions to be used.

(H1) g : (0,400) — R* is continuous and decreasing, h, hy : RT — RT are
continuous and increasing.
(H2) For any constant kg > 0,

/Oa[¢(3)9(ﬂ(3 —a)) + g(kos) + p(s)]ds < 4o0.

(H3) There exists Ry > 2 fol p(s)ds such that

Ro — 2¢/B(Ro) > A, (2.1)

where
4= /oa[qb(s)(g(”(s —a)) + h(u(s —a) +1)) + p(s)]ds + /a ¢(s)9(%Roa(s — a))ds,

Ro 1
B(Ro) = 2 sup [6(t) + p(t)] / l9(55) + hls + 1) + 1]ds.
tela,l] 0

(H4) There exist u3 > Rg and [«, 8] C (a,1) such that
1 B+a
a(l - - a)h0<§u1)/ do(8)ds > u;.
a+a

Remark 2.1. The nonlinear term f of the form (1.3) in the case ¢o(t) = p(t) =0
for all ¢ € [0,1] has been studied by many authors [1, 10, 5, 11].

Let Q ={z € P:x(t) > |z|t(1 —t) for ¢t € [0,1]}. It is easy to see that @ is a
cone of C[—a, 1]. For each x € P, let

[z(t — a)]" = max{z(t —a) + xo(t —a) —w(t —a),Zo(t —a)}, Vtel0,1],
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where

sol®) = {u(t% te a0,

0, t € (0,1],
~ 0, t € [—a,0],
t =
To(t) {;Rot(l —t), te(0,1],

w(t) = 0, t € [—a,0],
Ji G(t, 9)p(s)ds, t € (0,1],

Gt 5) = {5(1 —1), s<t,

t(l—s), s>t
For each positive integer n, let us define an operator T;, : P — P by

t € [—a,0];

0,
LG ) (s, (s — ) +n) 4 (s, te @1, O

(Tnz)(t) = {

Lemma 2.2 ([6]). Let X be a retract of the real Banach space E and X, be a
bounded convex retract of X. Let U be a nonempty open set of X and U C X;.
suppose that A : X1 — X is completely continuous, A(X1) C Xy and A has no
fized points on X1\U. Then i(A, U, X) = 1.

Lemma 2.3. Suppose that (H1) and (H2) hold. Then T, : P — Q is a completely
continuous operator for each positive integer n.

Proof. Let n be a fixed positive integer, and y = T,,x for some z € P. Suppose
that ||yllj0,1] = y(to) for some ¢y € (0, 1), where ||y||j0,1] = max;co,1] |y(t)|. Since

y(t) 2 y(S) = Oa le [_a7 1]7 s € [—CL,O],
it follows that ||y|| = [|y|lj0,1)- It is easy to see that
y'(t) = —f(t, [a(t —a)]" +n7") = p(t) <0, ¥t € (0,1].

Therefore, the graph of y(¢) is concave down on (0,1). For any 0 < ¢ < to, we have

t t
y() = y((L = 2-) - 0+ —to) = [lylit(1 — ).
0 0
Similarly,
1-1 1—t
y(t) = y( to+(1———)- 1) >|yllt1—¢t), Vo<t<1
1—to 1—to

Hence, T), : P — Q.

Now, we show that 7T, is a completely continuous operator for every positive
integer n. It is easy to see that T}, is a continuous and bounded operator for every
positive integer n. Let B C P be a bounded set such that ||z|| < L for all z € B
and some L > 0. Then, we can easily see that

zo(t—a)+ao(t—a) < [z(t—a)]” < [lz]+lwl+[|lull+Ro, Vo e B, t €[0,1]. (2.3)
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Thus, for any t1, ty € [0, 1], we have

(Tn)(t1) = (Tn)(t2)]

/|Gu, G(t2, 9)|[6(5) g5 — a) + Fo(s — a)) (2.4)
S R(L+ ]l + [lall + o + 1)) + p(s)]ds.

Then the uniform continuity of G(t,s) on [0,1] x [0,1], (2.4) and the assumption
(H2) imply that T,,(B) is an equicontinuous set on [0,1]. Obviously, T, (B) is
equicontinuous on [—a,0]. Thus, T, : P — @ is a completely continuous operator.
The proof is complete. O

Lemma 2.4. Let Qy = {x € Q : ||z|| < Ro}. Suppose that (H1)-(H3) hold. Then
for every positive integer n,

i(Th,Q0,Q)=1.
Proof. We claim that
z# Nz, A€0,1], z € 08p. (2.5)

where 0 denotes the boundary of Q in Q. In fact, if (2.5) is not true, then there
exist Ag € [0,1], 2o € 9, and positive integer ng such that zg = A\gT),20. From
20 € @, we have

20(t) > ][t — £) = Rot(1— 1), t € [0,1]. (2.6)
On the other hand, using the fact that G(¢,s) < t(1 —t) for (¢,s) € [0,1] x [0,1],

we have

/ G(t, 5)p(s)ds < (/O pls)ds)i(L—1), Vel (27)
It follows from (2.6) and (2.7) that
20(t) —w(t) > %zo(t) > %Rot(l —t),Vt € [0,1]. (2.8)

From zp = AgTh, 20, by direct computation, we have
20 (8) + Mol f(t [20(t = a)]" +n7") +p()] =0, te(0,1],
20(t) =0, t¢€[—a,0), (2.9)
zo(1) = 0.
By (2.8) and (2.9), we get that
[20(t —a)]" = {50(215_?) —w(t - a), i E E?zci]] (2.10)

It follows from (2.9) that z{/(t) < 0 for ¢t € (0, 1]. Thus, the graph of z(¢) is concave
down on (0, 1), and so, there exists ty € (0,1) such that

20l = z0(to), 2'(to) =0, 24(t) =0 on (0,t0),
andz'(t) <0 on (to,1).

Therefore, we have the following two cases:
Case (a): tp < a. By (2.9) and (2.10), we have

—25(t) < ¢(t)(g(u(t — a)) + h(u(t — a) + 1)) + p(t), 'Vt € (0,to).
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Integrating from (¢t € (0,%0)) to to, we have

2(t) < /O [0(s)(g(s — @) + (s — @) + 1)) + pls)lds, ¢ € (0,t]
Then integrating from 0 to ¢y, we have
20(to) < / " S[0(s)(guls — @) + hlu(s —a) + 1)) +p(s)lds < A, (211)

Case (b): ty > a. By (2.8), (2.9) and (2.10), we have
—20 () < o(t)(g(20(t — a) —w(t — a)) + h(z0(t — a) + 1)) +p(t)
1
S(1) (o
Since z{(t — a) > z{(t) for t € [a,to], we have
= (0)24(0) < [0 ol 0(t — ) + Azoft — a) + 1)) + p(D]4(t — a),

for all ¢ € [a,tg]. Integrating from t(t € [a, to]) to to, we have

—_— o~

g(zz0(t —a)) + h(zo(t —a) + 1)) + p(t), VtE [a,to]

[20()]°
o q /
<2 sup [0(0) + (0] | [9(50(s — a)) + hlaols — ) + 1) + Lsh(s — ads
t€la,1] t
zo(to—a) 4
<2 sup (o) +p(0) [ lg(59) +hls+ 1)+ Uds
tea,1] z0(t—a)
zo(to) 7
<2 sup (o) +p(0) [ lo(50) + hls+ 1)+ 1)ds
t€la,l] 0
= B(Ro)
and so
t) </ B(RO)7 Vit € [a,to}. (212)
Then integrating from a to ¢y, we have
z0(to) < 20(a) + v/ B(Ro). (2.13)

On the other hand, by (2.9) and (2.10), we have
t—

—20 () < o(t)[g(u(t — a)) + h(u(t — a) + D] + p(t), Vt € (0,a].
Integrating from t(t € (0,a)) to a, by (2.12), we have

2(t) Szé(a)Jr/Oa[gb(s)(g(u(sa))+h( (s —a)+ 1)+ p(s)]ds < v/B(Ry) + A.

Then integrating from 0 to a, we have

o(a) < +/B(Rp) + A. (2.14)
It follows from (2.13) and (2.14) that
Zo(to) < 2\/ B(RQ) + A (215)

Since z(tg) = Ry, from (2.11) and (2.15), we have

Ry < 2v/B(Rp) + A,
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which is a contradiction to (H3). Thus (2.5) holds. By the properties of fixed point
index, we have

Z(Tna QO) Q) = 7’(07 QO» Q) =1
The proof is completed. U
Remark 2.5. The inequality (2.1) played an important role in the proof of Lemma

2.4. This type of inequality has been employed extensively in the literature [1, 5, 9].
The main idea of our proof of Lemma 2.4 is derived from [1].

3. MAIN RESULTS

Theorem 3.1. Suppose that (H1)-(H4) hold. Assume that

lim M

Tr—+00 €T

= 0. (3.1)

Then (1.1) has at least two positive solutions.

Proof. For each positive integer n, let us define the operator T, by (2.2). It follows
from Lemma 2.3 that T}, : @ — @ is a completely continuous operator for every n.
Let § be a positive number such that

1
0 <6 < min {1, (/ d(s)ds)™"}.
0
It follows from (3.1) that there exists R > w; such that h(z) < dz for all x > R.
Since h : Rt — R is increasing, then
h(z) < §x+ h(R), Yz € R'.
By (H4), there exists @; > u; such that
1. B+a _
a(l—p0 - a)h(Eul)/ do(s)ds > uy. (3.2)
a+ta
Put
1
2[A + JJw]| + ([[w]| + el + Bo + 1+ h(R)) Jy ¢(s)ds]
1-— §f01 o(s)ds

R1 = max {2&1,

L (3.3)

Qo ={z€Q:|z|| < Ro},
O ={zecQ:|z]| <R},
Qo1 ={z € Q:||z|]| < Ry, inf x(t) > wui},
te[e,f]

)

Un={zeQ:|z|| <R inf z(t)>uw}.
te[a,f]

It is easy to see that Qg, 21, Qg1 and Uy, are bounded open convex sets of @), and
that

Qo CQ, QuuC, UnCQ, QNQi=0, Un CQo.
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For each positive integer n and = € Q;, by (2.3) and (3.3), we have
(Th)(?)

1
< [ Gt nloalats — ) )+ hlla(s = a)l +n7) +ps)ds
a 1 1
< [ oo atuts —anas+ [ o)a(zFoats —a)as
1
bl + wll+ 1l + Bo+ 1) [ o()ds + ol (3.4)
< At ]+ 80l + ol + il + Ro + 1)+ (R) [ a(s)ds

1
< A+ ||w|| 4+ [0Ry + ||w|| + ||p]| + Ro + 1+ h(R)]/ o(s)ds
0
< Ry, Vte[O,l].

Since (T,,z)(t) = 0 for t € [—a, 0], it follows that || T,,z|| < Ry for all x € Q. Hence,
T, (Q1) C 2 for all positive integer n. By Lemma 2.2, we have for each positive
integer n

(T, Q1,Q) = 1. (3.5)
For any = € Qqy, by (3.4), we have | T,,z|| < Ry. It is easy to see that for = € Qq;

1 1
[t —a)]" =a(t —a) ~w(t —a) 2 ga(t—a) 2 gui, telata,f+al
Then the assumption (H4) implies

B+a

(Tuz)(t) > / G(t, 5)do(s)hol[z(s — a)]")ds

a+ta

B+a
> a(l= - aho(zu) [ ools)ds

+a
>uy, VtE|a,pf],

and so, T}, (Qo1) C Qo1 for every positive integer n. Also by Lemma 2.2, we have

Z(T'ru QOh Q) =1 (36)
for every positive integer n. Similarly, by (3.2) we can show that
Z(Tna UOlu Q) =1 (37)

for every positive integer n. It follows from (3.7) that for every positive integer n,
T, has at least one fixed point Z,, € Up;. It is easy to see that

[En(t — a)]* = {N(t —a), t€[0,q]

Tp(t—a) —w(t—a), te(a,l]

Y

{,u(t—a)7 t e (0,d]

1Tn(t—a), te(a,1]
> xo(t —a) +Zo(t —a), te€]0,1],
and so
9([Tn(t — a)]" +n7") < glao(t — a) + To(t — a)),t € (0,1]\{a}. (3.8)
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Using essentially the same argument as in Lemma 2.4, we see that there exists
t, € (0,1) such that z (¢,) = 0, and

—T(t) < ¢(t)[g(xo(t — a) + To(t — a) +n7") + h(Ry + 1)] + p(1),
for all t € (0,1]. Integration yields

|20, ()] < /O [6(s)(g9(zo(s — a) + Zo(s — a)) + h(R1 + 1)) + p(s)]ds,

for all ¢ € (0,1]. This means that {Z,,} is equicontinuous on [0, 1]. Since Z,(t) =0
for t € [—a,0], {T,} is equicontinuous on [—a,0]. Therefore, the Arzela-Ascoli
Theorem guarantees the existence of a subsequence {Z,,} of {Z,} and a function
291 € Upy with ,, converging uniformly on [—a,1] to x¢; as i — oo. From
Ty = Tyy, by (3.8) and using the Lebesgue dominated convergence Theorem, we
have

0,
0= {fol G(t,8)[f (s, [zo1(s — a)]*) + p(s)]ds, t€(0,1].
0, t € [—a,0];
= [ G(t,9)[f(s,z01(s — a) + (s — a)
—w(s —a)) +p(s)lds, te(0,1].
Let yo1(t) = wo1 () + wo(t) — w(t) for t € [—a, 1]. Then, we have

_ [u. telad
yor(t) = {fol G(t,s)f(s,y01(s —a))ds, € (0,1].

It is easily verfied that yo; is a positive solution of (1.1). It follows from (3.5), (3.6)
and Lemma 2.4 that for every positive integer n

Z‘(T'nan\(QOl U QO)?@) = Z(TnaglaQ) - i(Tn,Qm,Q) - Z(TTL?QO>Q) =-1

Therefore, T}, has at least one fixed point Z,, € €;\(Q01 U Q) for every positive
integer n. For every positive integer n, there is at least one point ¢, € [a, (]
such that Z,(t,) < uw;. In a similar way as above, we can show that there exist
a subsequence {Z,,} of {Z,}, 1 € Q:\(Qo1 UQp) and a point ty € [a, ] such
that Z,, convergence uniformly on [-a,1] to 21 as i — oo, and z1(tg) < uy. Let
y1(t) = 21(¢t) + xo(t) — w(t) for t € [—a,1]. Then y; is a positive solution of (1.1).
Since
r1(to) < up <y < woi(to),

yo1 and y; are two distinct positive solutions of (1.1). O

Theorem 3.2. Suppose that (H1)-(H4) hold, and that there exists Ry > uy such
that

1
A+ [wll + h(By + [lwl] + [l + 1)/ ¢(s)ds < Ry,
0

lim M =400

r—+00 I

Then (1.1) has at least three positive solutions.



EJDE-2005/70 MULTIPLE POSITIVE SOLUTIONS 9

Proof. For every positive integer n, let us define an operator 7}, by (2.2). By (3.2),
there exists a positive number R; > Ry such that

1
A+Hw||+h(R1+Hw||+Hu||+1)/ 6(s)ds < Ry. (3.9)
0

Let us define the open sets o, 01, 1 and Up; as in Theorem 3.1. Let Uy = {z €
Q : ||z|| < R1}. Tt is easy to see that for any x € Q; and t € [0, 1]

* :u(t_a)7 te [Oaa];
Rq + ||w|| + > lx(t—a)|* >
Bl + > [t — o) {é&mﬁw,tEMJL
Since h : Rt — R™ is increasing, we have
h(lz(t — a)]* +n~") < h(Ry + [lw]| + [|ull + 1),V € [0,1].

Therefore, by (3.2), we have

1
|(Thz) ()] < A+ |lwl| + h(R1 + [[w] + |l + 1)/0 o(s)ds
<Ry, YreQ,tel01]

for any positive integer n. This means that T),(€1) C ;. Similarly, by (3.9), we
can show T, (Uy) C Uy for every positive integer n. By Lemma 2.2, we have

In a similar way as Theorem 3.1, we can show that (1.1) has at least two positive
solutions y; and yp; such that

y1(t) = z1(t) + wo(t) —w(t),  yor(t) = zo1(t) + xo(t) —w(t), Vte€[-a,l],
where 1 € Ql\(Q()l U Qo) and xg € U()l.
Now, we shall show the existence of the third positive solution of (1.1). Let
B+a
M > 2(a(l — 3) sup / G(t,8)po(s)ds) ™ . (3.11)
t€[0,1] Ja+a

By (3.2), there exists R > R, such that ho(y) > My for any y > R. Set Ry =
2Ra™1(1-B)71, Qo = {z € Q : |lz|| < R2}. Let 1o € Q\{0}. We claim that for
every positive integer n

y# Ty + Ao, A>0, ye . (3.12)
If not, then there exist ng € N, yg € 95 and A\g > 0 such that
Yo = ThoYo + Aoto
It is easy to see that
[vo(t —a)]" = yo(t —a) —w(t —a)

> lyoll(t — a)(1 — ¢+ a)

Y

%Rga(1—5)>§, tela+a,f+al.
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Therefore,

1
Ro > yolt) > / G(t, 5)0()ho(yo (s — a)]*)ds

B+a
> / G(t,8)po(s)ho(yo(s — a) —w(s —a))ds
a+ta
B+a
MRoa(1 - () /+ G(t, s)po(s)ds, t€[0,1].

>

DO =

Hence
B+a
M <2(a(l — ) sup / G(t,8)po(s)ds) ™,

t€[0,1] Ja+a
which is a contradiction to (3.11). Hence, (3.12) holds. From the properties of the
fixed point index, we have

Z(Tnv 927 Q) =0.

It follows from (3.10) and (3) that

i(Tn7Q2\UlaQ) = Z(TrHQQvQ) - Z(TTH UlaQ) =-1

for every positive integer n. Hence, T}, has at least one fixed point ,, € Q\U;.
Using essentially the same argument as in Theorem 3.1, we can show that there
exist a subsequence {7,,} of {Z,}, and w3 € Q,\U; such that Z,,, — x3(i — +0o0),
and y3 = x3 + ¢ — w is a positive solution of (1.1). The proof is completed. O

Corollary 3.3. Suppose that (H1)-(H3) hold. Moreover, there exist R;, u;(i =
1,2,...,n) with Ry <u; < Ry <uz < Ry < -+ < uy < R, such that

1
A+ [Jwll + PR + [lwl| + (el + 1)/ ¢(s)ds < Ry, i=1,2,....m,
0

1 Ata
a(l—ﬁ—a)ho(iui)/ do(s)ds >wu;, 1=1,2,...,n,
a+ta

lim ho(x)

r—+00 I

= 4-o00.
Then (1.1) has at least 2n + 1 positive solutions.

Corollary 3.4. Suppose that (H1)-(H3) hold, and lim,_, hUT(T) = +oo. Then
(1.1) has at least one positive solution.

We remark that the multiplicity results for positive solutions of singular semi-
positone delay differential equations are new. Obviously, we can use the ideas of
this paper to establish multiplicity results for positive solutions of the more general
delay equation.

Example. Consider the delay differential boundary-value problem
1 1 1 1
Y+ 40 ——=+h(y(t — )] = 777, t€ (0, 1\{=},
1 4 L/ 4
y(t— 1)
1
y(t)=—t, te [—Z,O],

y(1) =0,

(3.13)
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where h : Rt — R* is increasing, h(y) = y*/* for y € [0,2 x 10*], and
h(x)

lim —= =0.
r——+oo I

Claim: If there exits u; > 2x10%* such that h(%ul) > 2u1, then the boundary-value
problem (3.13) has at least two positive solutions.

Proof. Let ¢(t) = ¢o(t) = 40 for t € [0,1], a = 1/4, g(y) = 1/, p(t) = 1/t/4,
p(t) = —t for t € [—1,0]. It is easy to see (H1) and (H2) hold. Set Ry = 10,
Then, we have

1/4 1 1 1
Ag/0 [40(7+h(1—s+1))+Sﬁ]dw/1

1_
1—S

/1 0 5 4 320
<804/ — ‘ 10h(=)+ -+ —
- 4 81/4+ (4)+3+\/R0

! 40

B )

5. 4 320
:4O+10h(1)+§+ﬁ§80,
0

B(Ry) =2 x (40+\/§)/0R0 (\/;72+(s+1)i +1)ds

4
< 84(2y/2Ro + - (Ro + 1)>* + Ry)
< 340v/Ro + 80(Ro + 1)°/* + 84R, < 8875040,

and
Ry — 2¢/B(Ro) > Ry — 2V/3875040 > 80,
which implies (H3). Put [a, ] = [%, 1], h(y) = ho(y) for y € RT. Tt is easy to

372
check that (H4) holds. Thus, by Theorem 3.1, the conclusion holds. The proof is
completed. ([
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