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RESONANT (p,q)-EQUATIONS WITH ROBIN
BOUNDARY CONDITION
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Communicated by Mitsuharu Otani

ABSTRACT. We consider a nonlinear nonhomogeneous Robin problem that has
the sum of a p-Laplacian and a g-Laplacian (a (p, ¢)-equation). The reaction
term is a Caratheodory function which is resonant at +co with respect to any
nonprincipal variational eigenvalue of the Robin p-Laplacian. Using variational
methods and Morse theory (critical groups), we show the existence of at least
three nontrivial smooth solutions.

1. INTRODUCTION
Let © € RY be a bounded domain with a C? boundary 9. In this paper we
study the following nonlinear nonhomogeneous elliptic equation
—Apu(z) — Aqu(z) = f(z,u(z)) inQ,
0

g Bi(2)|[ulP~?u + Bo(2)|u|? 2u=0 on IN.

ONpg
Here 1 < ¢ < p < 400, and for 1 < r < oo by A, we denote the r-Laplace
differential operator

Ayu = div(|Du\T_2Du) for all u € WI’T(Q).

(1.1)

The reaction term f(z,z) is a Caratheodory function (that is, for all z € R
z — f(z,x) is measurable and for a.a. z € Q © — f(z,2) is continuous). We
assume that f(z,-) exhibits (p — 1)-linear growth near +oco and interacts with the
non-principal part of the variational spectrum of the Robin p-Laplacian (resonant
problem). In the boundary condition 8‘?1“ denotes the conormal derivative of u

defined by extension of the map

prq

Oou

%a

with n(-) being the outward unit normal on 92. This generalized normal derivative
is dictated by the nonlinear Green’s identity (see Gasinski-Papageorgiou [9, p.210]).
It is also used by Lieberman [I4].

ClQ) s>u— (|Du\p72 + \Du|q*2)
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In this article combining variational methods based on the critical point theory
and Morse theory (critical groups), we prove a multiplicity theorem, showing the
existence of at least three nontrivial smooth solutions. Note that the differential
operator u — Apu + Aju is nonhomogeneous.

Equations driven by the sum of a p-Laplacian and of a ¢-Laplacian are known as
(p, 9)-equations and arise in problems of mathematical physics. We refer to Benci-
D’Avenia-Fortunato-Pisani [4] (quantum physics) and Cherfils-Ilyason [7] (plasma
physics). There have been existence and multiplicity results for such equations. We
mention the works of Aizicovici-Papageorgiou-Staicu [2], Benouhiba-Belyacine [5],
Bobkov-Tanaka [6], Cingolani-Degiovanni [§], Gasinski-Papageorgiou [10], Marano-
Mosconi-Papageorgiou [15], Marano-Papageorgiou [16], Mugnai-Papageorgiou [19],
Papageorgiou-Radulescu [20], [21], Papageorgiou-Winkert [25], Sun [27], Sun-Zhang-
Su [28], Tanaka [29], Yang-Yin [30] (Dirichlet problems) and Papageorgiou-Radu-
lescu [22] (Neumann and Robin problems). From the aforementioned papers reso-
nant problems are examined in Gasinski-Papageorgiou [10], Papageorgiou-Radulescu
[20] and Sun [27] and the resonance is with respect to the principal eigenvalue of
(=2, Wo™(Q)).

2. PRELIMINARY RESULTS AND HYPOTHESES

Let X be a Banach space and X* its topological dual. By (-,-), we denote the
duality brackets for the pair (X, X*).

Let ¢ € CY(X,R). We say that ¢ satisfies the “Cerami condition” (the “C-
condition” for short), if the following property holds: “every sequence {up }n>1 € X
such that {¢(un)tnen C R is bounded and (14 ||un )¢’ (un) — 0in X* as n — oo,
admits a strongly convergent subsequence”.

This is a compactness type condition on the functional ¢. It leads to a de-
formation lemma, from which one can derive the minimax theory for the critical
values of . Prominent in that theory, is the so-called “mountain pass theorem”
of Ambrosetti-Rabinowitz [3]. Here we state the result in a slightly more general
form (see Gasinski-Papageorgiou [9] p.648]).

Theorem 2.1. If ¢ € CY(X) satisfies the C-condition, ug,u; € X, p >0, ||uy —
UOH > P,

max{p(uo), p(u1)} < inflo(u) : lu —uol = p] = m,
and ¢ = infcr maxo<i<1 @(y(t)) where I' = { € C([0,1], X) : v(0) = ug,¥(1) =
ui}, then ¢ > m, and c is a critical value of ¢ (i.e., there exists u* € X such that
O (u*) =0 and p(u*) = c in X*).

For the analysis of problem (1.1)) we will use the Sobolev spaces W17 (Q) 1 <
r < 0o. We know that this is a Banach space with norm

lull = [lull? + [Dufr]"" for all u € W (Q).

The Banach space W17 () is uniformly convex, thus reflexive. B
We will also use the subspace C'*(€). We will exploit the fact that C1(Q) is an
ordered Banach space with positive (order) cone

C,={uecC'(Q):u(z) >0 forall zecQ}
This cone has a nonempty interior containing the set
Dy ={ueCy:u(z) >0 forallzecQ}
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On 09 we consider the (N —1)-dimensional Hausdorff (surface) measure o(-). Using
this measure on 0f2, we can define in the usual way the boundary Lebesgue spaces
L7(092) 1 <7 < 0.

From the theory of Sobolev spaces, we know that there exists a unique continuous
linear map 7o : WH7(Q) — L7(99), known as the “trace map” such that

Yo(u) = ulag  for all w € WHT(Q) N C(Q).

The trace map assigns boundary values to any Sobolev function. We know that

Yo(+) is compact into L(9Q) for all ¢ € [1, (Zyvip)p) if 7 < N and into LY(09) for

all 0 € [1,400) if 7 > N. Moreover, we have

1 1
=1) and ker~yy = Wy ().

imryy = W=7 (99) -+

In what follows, for the sake of notational simplicity, we drop the use of the trace

map g. All restrictions of Sobolev functions on 952, are understood in the sense of
traces. For 1 <7 < oo, let A, : WL (Q) — WL (Q)* be defined by

(Ap(u),h) = / |Du|""%(Du, Dh)gr dz  for all u,h € WH"(Q).
Q
For this operator we have the following result (see Motreanu-Motreanu-Papageorgiou
[T, p.40]).

Proposition 2.2. The map A, : WL (Q) — W™ (Q)* is bounded (that is, maps
bounded sets to bounded sets), continuous, monotone (hence maximal monotone
too) and of type (S)4, that is

Uy S u in WE(Q)  and  limsup(A,(un), up —u) < 0= u, — u in WH(Q).

Let fo: 2 x X — R be a Caratheodory function such that
Ifo(z,2)| < ap(2)[1 + |z|77!] foraa. z€Q,all x € R,
with ag € L®(Q); = {a € L®(2) : a(z) > 0 for a.a. z € Q} and 7 € (1, p*] where
o= NN—f;) ifp<N
400 N <p

(the critical Sobolev exponent for p). Also, let kg € C%"(9Q x R) with n € (0,1)
and

0 <ko(z,z) <ecr(Jz|? + |z|P) for all (z,2) € 90 X R,
with ¢; > 0,1 < ¢ < p. We set

Fy(z,z) = / fo(z,8)ds and Koy(z,z) = / ko(z, s)ds
0 0
and consider the C'-functional ¢g : W1P(Q) — R defined by
1 1
wo(u) = };||Du||5+§||DU||Z+/ Ko(z,u)do—/ Fo(z,u)dz for all u € WHP(Q).
0 Q

The next proposition is a special case of a more general result of Papageorgiou-
Radulescu [24].
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Proposition 2.3. If ug € W1P(Q) is a local C*(Q)-minimizer of @q, that is, there
exists pg > 0 such that

o(uo) < wolug +h)  for all h € CH(Q) with ||k o1 gy < po,

then ug € C*(Q) and ug is a local WHP(Q)-minimizer of o, that is, there exists
p1 > 0 such that

vol(uo) < po(ug +h)  for all h € WHP(Q) with ||h|| < py.

As we already mentioned in the introduction, one of our tools, are critical groups.
So, let us recall their definition. Let X be a Banach space, ¢ € C'(X,R) and ¢ € R.
We introduce the following sets:

K,={ueX:¢'(u)=0}, K;={ucK,:p(u)=c},
e={ue X:pu) <c}

Suppose that (Y7,Y3) is a topological pair such that Y C Y} C X and k € Np.
By Hi(Y1,Y2) we denote the kth-relative singular homology group with integer

coefficients for the pair (Y1,Y2). Let u € K¢ be isolated. The critical groups of ¢
at u are defined by

Cr(p,u) = He (e NU, o NU\{u}) for all k € Ny,

where U is an isolating neighborhood of u, that is, K,Np°NU = {u}. The excision
property of singular homology, implies that the above definition of critical groups
is independent of the particular choice of the isolating neighborhood U.

Suppose that ¢ satisfies the C-condition and assume that inf p(K,) > —oo. Let
¢ < inf p(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hp(X,¢°) for all k € Ny.
This definition is independent of the choice of the level ¢ < inf ¢(K,). Indeed, let
d < ¢ < infe(K,). From Motreanu-Motreanu-Papageorgiou [I7, Corollary 5.3.5,
p.115], we have that: if gocl is a strong deformation retract of ¢, then

Hiy(X, %) = Hy(X, ) forall k € Ny

(see Motreanu-Motreanu-Papageorgiou [I7), Corollary 6.15, p.145 of]).
The next result is a useful tool for computing the critical groups at infinity. It
extends an earlier analogous result for Hilbert spaces of Liang-Su [13].

Proposition 2.4. If X is a Banach space, (t,u) — hy(u) belongs in C*([0,1] x
X,R), maps bounded sets to bounded sets, the maps u — (hy)' (u) and t — d¢hi(u
are both locally Lipschitz, ho, hy satisfy the C-condition

|Oche(u)| < co([[ul|? + [[ull”)  for all u € X,
with co >0, 1 < g < p < oo and there exist 0y € R and 69 > 0 such that
he(u) < 0o = (1+ [ul) | (he) (W)ll« = do[llull® + ullP}  for all t € [0,1],
then Ci(hg, 00) = Ci(hy,00) for all k € Ny.

Proof. Since h € C1([0,1] x X, R), it admits a pseudogradient vector field v;(u) (see
Gasinski-Papageorgiou [0, Theorem 5.1.19, p.616]). In fact from the construction
of the pseudogradient vector field, we have

Ue(u) = (Ophe(w), ve(u)),
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with v;(+) being a pseudogradient vector field corresponding to the function hg(-).
Therefore, for all ¢ € [0,1] and all w € X\K},, we have

[(he) (@)3 < ((he) (w), ve(w)) and [ve(u)]| < 2] (he)' (u)]]« (2.1)
For ¢ € [0,1] we consider the vector field g; : X\ K}, — X defined by
|0 (u)]
gt(u) = 7m’l/t(u) for all u € X\K}Lt' (22)

This is a locally Lipschitz vector field. Choose 6 < 8y such that
RS #0 or hi#0
If no such 0 < 6y can be found, it means that both hg, h1 are bounded below. Since
by hypothesis they satisfy the C-condition, we have
Ci(hg,00) = Ck(h1,00) = di,0Z for all k € Ny

(see Motreanu-Motreanu-Papageorgiou [I7, Proposition 6.64, p.161]). Hence the
conclusion of the proposition holds.

To fix things, we assume that hY # () (the reasoning is similar if h{ # 0). Let
u € h§ and consider the abstract Cauchy problem

lef =gi(&) on [0,1], 7(0) = w. (2.3)

Since the vector field is locally Lipschitz, problem admits a local flow (see
Gasinski-Papageorgiou [9, Theorem 5.1.21, p.618]). We denote this local flow by
&(t,u). For the sake of notational simplicity, in the next calculation we drop the
u-dependence in the expression of the local flow, since it does not play any role.
We have

= () (€0, %) + Dune()

= (1) (€(0), TSR o) + AhE(D) (o @) and @)
)

( *
< —|0ehe(E(1))] + Brhe (£(1)) (see (2.1))

<0.
Hence for ¢ > 0 small, we have

he(§(t)) < ho(£(0)) = ho(u) < 0 < 6o
(see (2.3)) and recall that u € hf), which implies

(L + DG €D = So [l + @), (2.4)
Therefore,
oumlE®)]
IS0 < e €] (see @)
< e T 211 (€O~ (o hypothesis and @)
262

/\

< 5o LHIEDN) - (see @24)
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It follows that the local flow £(-, u) is in fact global on [0, 1] (see [9, theorem 5.1.22,
p.618)).

We go back in denoting the flow by £(t,u). For every t € [0,1], £(¢,u) is an
homeomorphism. Hence £(1,-) is a homeomorphism of A onto a subset Dy of h.
Reversing the time (that is replacing ¢ by 1 —t) and using the corresponding global
flow &, (t,v), we have that h{ is a homeomorphic to a subset D; of hj. We set

n(t,u) = &.(t,&(t,u))  for all (t,u) € [0,1] x Y.
We have that
n(0,-) is homotopy equivalent to id|p,(-) and n(1,-) = (&)1 0 &1 (2.5)
In a similar fashion, if we set
N (t,v) = E(t, & (t,v))  for all (¢t,v) € [0,1] x hY,
then we have that
7.(0, ) is homotopy equivalent to id|p, (-) and 7n.(1,) = & o (£4)1. (2.6)

Recall that
{Dy,h%} and {D;,hf} are homeomorphic pairs. (2.7

Then from (2.5), [2.6)), (2.7) it follows that: hY and hf are homotopy equivalent,
which implies that

Hyp(X,h8) = Hi(X,hY) for all k € Ny
(see Motreanu-Motreanu-Papageorgiou [I'7, Proposition 6.11, p.143]), which implies
Ck(hg,00) = Ck(hy,00) for all k € Ny
(choosing 6 € R even smaller if necessary). O
Next let us recall some basic facts concerning the spectrum of the Robin r-

Laplacian. So let 3 € C%%(99), 0 < a < 1, #(z) > 0 for all z € 92 and consider
the nonlinear eigenvalue problem

—Avu(z) = Nu(2)"2u(z) in Q,

ou o (2.8)
o + 6(2)|ul""“u=0 on ON.

This eigenvalue problem was studied by Papagerogiou-Radulescu [23]. A number

AeRisan eigenvalue of the negative Robin r-Laplacian, if problem (2.8)) admits a
nontrivial solution %. The nontrivial solution @ is an eigenfunction corresponding

to the eigenvalue . There is a smallest eigenvalue Xl (r) which has the following
properties:
o\ (r) > 0 and it is isolated (in fact if § = 0, then 1 (r) =0, while if 5 # 0,
then //\\1(7") > 0)
e\ (r) is simple (this means that, if @, v are eigenfunctions corresponding to
A1 (r), then @ = ¢© for some ¢ € R\{0}).
[ ]
[Dully + Joq B(2)|ul" do

[[ell7

M (r) = inf [ u e WIT(Q), u # o] (2.9)
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In (2.9) the infimum is attained on the corresponding one dimensional eigenspace.
From ([2.9)) it is easy to see that the elements of this eigenspace have fixed sign. By
u1(r) we denote the L"-normalized (that is, ||u1(r)||, = 1) positive eigenfunction
corresponding to A1(r). The nonlinear regularity theory and the nonlinear maxi-
mum principle (see for example, Gasinski-Papageorgiou [9], pp.737-738]) imply that
u1(r) € D4. Since the spectrum & (r) of (2.8]) is closed and A (r) is isolated, then
the second eigenvalue Ay (r) is well defined by
Xa(r) = inf[A € 5(r) : A > Ay (r)]-
By ind(:) we denote the Zs-cohomological index of Fadell-Rabinowitz (see [g]).

Using ind(:) and the Ljusternik-Schnirelmann minimax scheme, we can define a
whole sequence {A;(r)}ren of dinstict eigenvalues of (2.8)), by setting

Xk(r) = inf[sup{||Du||}. +/ B(z)|ul" do} : A C M symmetric, ind(A) > k, k € N]
u€A o

with M = {u € WH"(Q) : ||lu|,. = 1}. Evidently M is a C'-Banach manifold. We
have Xk(r) — 400 as k — 400 and these eigenvalues are known as “variational
eigenvalues” of (2.8). If k& = 1,2, then Xk(r) are as defined earlier. We do not
know if this sequence exhausts o (r). This is the case if » = 2 (linear eigenvalue
problem) and if N = 1 (ordinary differential equations). We mention that, if @ is
an cigenfunction corresponding to the eigenvalue Ay (r), k > 2, then u € C1(Q) (by
the nonlinear regularity theory) and it is nodal (that is, sign-changing),

Also, for the nonprincipal eigenvalues, the corresponding eigenspaces are only
cones and not linear subspaces of W17 (Q) and the latter cannot be expressed
as a direct sum of these eigenspaces. For these reasons, when r # 2 (nonlinear
eigenvalue problem), it is difficult to deal with problems resonant with respect to
any nonprincipal eigenvalue.

As an easy consequence of the properties of the principal eigenvalue Xl(r), we
have the following result (see Mugnai-Papageorgiou [I8, Lemma 4.11]).

Lemma 2.5. If 6 € L>(Q), 0(z) < Xl(r) fora.a. z€Q and 0 £ A (r), then there
exists ¢ > 0 such that

1Dl + [ Bl do ~ [ 6l d= = elul”
o Q
for all u € WHP(Q).

For z € R, let 2% = max{+xz,0}. Then for u € W17 (Q) we set u™(-) = u(-)*.
We know that
uF e W (Q), u=ut —u", [ul =uT +u”
Let us introduce our hypotheses on the data of (1.1).

(H1) f:Q xR — R is a Caratheodory function such that f(z,0) = 0, for a.a.
z €  and
(i) for every p > 0, there exists o, € L°°(£2)4 such that

|f(z,2)| < ay(z) foraa. zeQall|z|<p;

(ii) there exists an integer m > 2 such that

f(z,2)

T—+o00 |1‘|p_2$

= Am(p) uniformly for a.a. z € Q;
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(ili) if F(z,2) = [ f(z,s)ds, then

_pF
0 < ¢ < liminf 127 —PF(2,7)
r—+oo |x‘p*1

uniformly for a.a. z €

(iv) there exists a function 6 € L*(Q), such that 0(z) < Xl(q) for a.a.
z € Q, with strict inequality on a set of positive measure,

F
lim sup (W < 6(z) uniformly for a.a. z € Q
z—0
note that if B = 0, then \; (¢) =0).

Remark 2.6. Hypothesis (H1)(ii) implies that at +co we have resonance with
respect to a nonprincipal variational eigenvalue. We can write that

F(z2) = M (p) 22 + fo(z, @) (2.10)
with a Caratheodory function fy(z, ) such that
fo(z,7) = 0 uniformly for a.a. z € Q. (2.11)

r—+o0 ‘;L‘|p_2;[;
If we set Fy(z,2) = [y fo(z,s)ds. Then

F(z,x) = )\n;(w|m|p + Fy(z,x)

and we have

— pF
0 < ¢g < liminf folz,2)x — pFo(2,2)
r—+oo |gj‘p*1

see hypothesis (H1)(iii).

uniformly for a.a. z € €; (2.12)

Example 2.7. The following function satisfies hypotheses (H1). For the sake of
simplicity we drop the z-dependence

Olz|12x if 2] < 1
f(.’E) =33 —92 T—92 ~ .
Am(P)|xP 22 + |z|" 2z +C if 1 < |z
with 0 < 0 < Ai(q), =0 — Am(p)+1), 1 <q<p,p—1<7<p.

The hypotheses on the boundary coefficient §(-) are the following

(H2) By € C%¥(09), By € CO1(9N) with 0 < a,n < 1 and B1(z), B2(z) > 0 for
all z € 09Q2. R
(H3) For every p > 0 there exists {, > 0 such that

f(z,z)x + Ep(mp +1]z[7) >0 foraa. ze€Q, |z <p.

Remark 2.8. Note that when 8 = (2 = 0 in (H2), we recover the Neumann
problem. Also note that the example given earlier satisfies (H3).

In what follows for 7 € (1, +0c), we introduce the C'*-functional v, : WH7(Q) —
R defined by

~vr(u) = || Dul|Z +/ B(2)|u|"do  for all u € WHT(Q).
o9
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Let ¢ : WHP(Q) — R be the energy functional for problem (1.1]) defined by
1 1
o(u) = E’yp(u) + 6’yq(u) — / F(z,u)dz for allu € WHP(Q),
Q

vp with 8 = (8 and v, with 3 = 32. Evidently ¢ € C*(W'P(Q)).

3. SOLUTIONS OF CONSTANT SIGN
We introduce the following truncations-perturbations of the reaction term f(z, -):
-~ 0 ifx <0
z,x) = i
f+(z2) {f(z,x) +P7l i 0 < a
(3.1)

~ z,x) + |z|P722 ifx <0
Pl {ED
0 ifo<z

Both are Caratheodory functions. We set
Fi(za) = / fi(z,8)ds and F_(z,z)= / F—(z, s)ds
0 0

and consider the C'-functionals @4 : W1P(Q2) — R defined by
1

—~ 1 1 ~
o+ (u) = E%(U) + a’yq(u) + 5”””2 — / Fi(z,u)dz forallue Wl,p(Q.>
Q

Proposition 3.1. If hypotheses (H1)(i)—(iii), (H2) hold then the functionals $y
satisfy the C-condition.

Proof. We do the proof for the functional @y the proof for »_ being similar. So,
let {un}n>1 € WHP(Q) be a sequence such that

|+ (un)| < My for some M; >0, and all n € N, (3.2)
(1 + Jun )@ (un) — 0 in WHP(Q)* asn — oo,
From ([3.3) we have
(o) + Alen)s )+ [ (G Ntal? 2+ Bl anl 2o
I9)
—I—/ tn [P~ 2unh dz —/ ﬁr(z,un)hdz’ (3.4)
Q Q
enl|hl]

< " forall h € WHP(Q) with &, — 0.
L+ [Jun|

In we choose h = —u,, € Wh?(Q). Then
1D 2+ 1D 2+ s |2 < & for allme N
(see and hypothesis (H2)) which implies
u, — 0 in WP(Q) as n — oo. (3.5)

Claim 1: {u} },eny € WHP(Q) is bounded.
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We argue indirectly. So, suppose that Claim 1 is not true. Then by passing to a
+

subsequence if necessary, we may assume that ||u}|| — oco. We set y,, = ”21” neN.
Then |ly,|| =1, y» > 0 for all n € N and so we may assume that
Yn =y in WHP(Q) and vy, — y in LP(Q) and in LP(99). (3.6)

From and (3.5), we have
(A o)+ g + [ (Bl + Bale) ) Yhdo
o0
+/Q(u:g)19—1hdz—/Q]?Jr(z’u:)hdz‘

<eéh|h| forall n € N, with ¢/, — 07,

which implies

- p—1 - q—1
- J?Jr('z?u-i_)
+/yﬁ ‘hdz — 7nhdz’
Q o [lunllP~t
;A
< nW for all n € N.

(3.7)
In (3.7) we choose h = y,, —y € WP(Q), pass to the limit as n — oo and use (3.6
and the fact that ¢ < p. Then

lim (Ap(Yn),yYn —y) =0

which implies
Yn —y in WHP(Q) as n — oo, (3.8)
thus [|y|| = 1 and y > 0, see Proposition [2.2]
Hypotheses (H1)(i),(ii) imply that
If(z,2)| < c3(1+ |z|P7!) for a.a. 2 € Q, all z € R and some c3 > 0,

which in turn implies

{ﬁ(»ﬁ())

[P~

} , C L”' () is bounded (see (B.1))).
ne
Therefore using hypothesis (H1)(ii) we have (at least for a subsequence) such that

Fol (. N ,
ﬁ%ﬂpinHnwﬂmmmmMﬁw (3.9)

(see Aizicovici-Papageorgiou [II, proof of Proposition 30]).

If in (3.7) we pass to the limit as n — oo and use (3.8)) and (3.9) and the facts
that ¢ < p, y > 0, then

(Ap(y), W)+ | Bi(z)y? thdo = Xm(p)/ y?"thdz for all h € W'P(Q) (see (3.1))
o9 Q
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which implies
—Apy(2) = An(P)y(2)[P2y(2) for aa. 2 €Q,
9y
Oy
(see Papageorgiou-Radulescu [23]). Since m > 2, from (3.10) we infer that y must
be nodal, which contradicts (3.8). This proves Claim 1.
From (3.5) and Claim 1, we have that {u,},>1 € WP(Q) is bounded. So, we
may assume that
Uy, 2w in WHP(Q)  and  w, — u in LP(Q) and in LP(99). (3.11)
In (3.4) we choose h = u,, —u € WHP(£), pass to the limit as n — oo and use
(3.11). Then we have

nILH;O[<Ap(un)>un —u) + (Ag(un), un —u)] =0,
= limsup[(A4,(un), un — u) + (A4(w), up — w)] <0,

n—oo

+B(z)y*"1 =0 on 9Q (8.10)

(recall that A,4(-) is monotone), which implies

lim sup[(Ap(un), up —u) <0 (see (B.11)),

n—oo
= u, —u in W"P(Q) (see Proposition 2:2).

This proves that the functional @ satisfies the C-condition. Similarly for the
functional @_. O

Proposition 3.2. If hypotheses (H1)(i)-(iii), (H2) hold, then the energy functional
@ satisfies the C-condition.

Proof. Let {uy}n>1 € WHP(Q) be a sequence such that

lo(un)] < My for some My > 0,and all n € N, (3.12)
(14 |un])¢ (un) — 0 in WHP(Q)* as n — oo. (3.13)
From ([3.13)) we have
[ Caa). B+ Ay ) )+ [ (Br(Dual? 2+ Ba(2) a2
o0
- [ Fteunhds] (3.14)
Q
_enllhll for all h € WhP(Q), with e, — 0.
T 1+ luall
In (3.14) we choose h = u,, € W1P(Q). Then
— p(Un) — vq(un) +/ f(z,up)u,dz <e, forallneN. (3.15)
Q
Also from (3.12)) we have
p(Un) + g'yq(un) - / pF(z,u,)dz < pMsy for all n € N. (3.16)
Q

Adding (3.15) and (3.16)), we obtain

(g — 1) yg(un) + /Q[f(z,un)un —pF(z,up)]dz < M; (3.17)
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for some M3 > 0 and all n € N,
/ [f(z,upn)up — pF(z,u,)] < Mz for alln € N,
Q

(recall that ¢ < p and v, > 0).
Claim 2: {u,}, > 1 C WP(Q) is bounded,

We argue by contradiction. So, suppose that Claim 2 is not true. We may
assume that ||u,| — oco. We set y, = HZ—:H n € N. Then ||y,|| =1 for alln € N
and so we may assume that

Yn — yin WHP(Q) and vy, — yin LP(Q) and in LP(99). (3.18)
From (3.14) we have

(0 + g Aol 1)

p—2 52(2) q—2 hd _ f(z,un)hd
e G T A e A L LR I e = (I CRT)

[[un|P=a [[n [P~
enl|hl]

= (L [lun ) a1

In (3.19) we choose h = y,, —y € W1P(Q), we pass to the limit as n — oo and use
the fact that ¢ < p. Then lim, oo (Ap(Yn); Yn —y) = 0 which implies

Yo —y in WHP(Q) and so [ly[| =1 (see Proposition [2.2) (3.20)

From (3.20) it follows that we can find D C  measurable with |D|y > 0 (here
| - | v denotes the Lebesgue measure on RY) such that

for all n € N.

|un(2)] — 400 for all z € D. (3.21)
Hypotheses (H1)(i), (iii) imply that we can find ¢4 > 0 such that
—cy < f(z,x)x — pF(z,2) fora.a. z€Q, all R. (3.22)

Then
/ [f (2, tun)un — pF(z,up)|dz
Q

= / [f(z,upn)upn — pF(z,up)]dz + / [f(z,upn)un — pF(z,uy,)] dz (3.23)
Q\D

D
> —C4|Q\D|N + /D[f(z7un)un —pF(Z,Un)] dz

for all n € N (see (3.22))). From (3.21)), hypothesis (H1)(iii) and Fatou’s lemma, we
have

/ [ (2 tn)tim — PP (2, un)] dz — 400,
D

which implies
/[f(z,un)un —pF(z,up)]dz — +oo  (see (3.23)). (3.24)
Q

Comparing (3.17) and (3.24]) we have a contradiction. This proves the claim 2.
Using the claim 2, we may assume that

Uy % win WHP(Q)  and  w, — u in LP(Q) and in LP(99). (3.25)
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In (3.14) we choose h = u,, —u € WHP(£2), we pass to the limit as n — oo and use
(3.25). Then

lim [(Ap(un), tun — u) + (Ag(un), un —u)) =0,

= limsup(A,(un),un —u) <0, (using the monotonicity of A,(-) and (3.25)),
=u, —»u in W"P(Q) (see Proposition [2.2),
Therefore ¢ satisfies the C-condition. O

Hypotheses (H1)(i), (ii) imply that
If(z,2)] < es(1+ |z|P7Y) fora.a. 2z € Qall 2 € R, some c5 > 0. (3.26)
Proposition 3.3. If hypotheses (H1)(iv), (3.26) and (H2) hold, then uw = 0 is a

local minimizer of the functionals o+ and of ¢.

Proof. We do the proof for the functional @, the proofs for ¢_ and ¢ being similar.
Hypothesis (H1)(iv) implies that given € > 0, we can find 6 = d(¢) > 0 such that

1
F(z,2) < —[0(2) +¢]|z|? for a.a. z€Q, all |x| <4. (3.27)
q

On the other hand, given r > p > ¢, using (3.26)) we see that we can find cg =
cg(g) > 0 such that

F(z,x) < cglz|” fora.a. ze€Q, all |z| > 4. (3.28)
Since 6 € L>(Q) 4, from (3.27) and (3.28) it follows that

1
F(z,x2) < g[Q(z) +e]|z|? + clz|” for a.a. z € Q, all z € R. (3.29)
For u € W1P(Q) we have
~ 1 1 1,
Bilu) = 2w + 20 + Sl = [ Feuwt) dz - (see @)
p q p Q
1 1 _ _
> —p (™) + — [ (u7) + [lu”[IF]
p p
1 r
+6[vq(u+ - [otyra: —snu*H‘l} ~ erlu]

for some ¢7 > 0 (see ). Using Lemma and choosing € > 0 small, we have
P (u) = *Ilu I” + . S| = erljul”
for some cg > 0. If |Jul| < 1, then ||u™||, [[«~|| <1 and so ||u™||? > |[u™||P. Hence
P4 (u) = %Ilu_\l” + %IIU*IIP — crlul]”
> collul|P — cr|lu|”  for some cg > 0.

Since r > p, if we choose p € (0,1) small, then from ([3.30) we see that
Py(u) >0 for all u € WHP(Q) with ||ul| < p,

(3.30)

which implies that u = 0 is a local minimizer of @. Similar argument works for the
functionals _ and ¢. O
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Remark 3.4. We can avoid the use of (3.26) and instead assume that
|f(z,2)] < c10(1 + |z[P"~Y) for a.a. z € Q, all z € R, some ¢19 > 0.
For u € C1(Q) with [ull i) < 6, we have

_ 1
B (w) > =[lu [P+ Z[ut|? (see (B2 and Lemma )
p q

By taking § > 0 even smaller, we have

~

1, _
Pr(u) 2 Sl + enl[ut[” > exafull”

which implies that u = 0 is a local C'*(Q)-minimizer of @, and that v = 0 is a
local W1P(Q)-minimizer of ¢ (see Proposition [2.4)).

Now we are ready to produce two constant sign solutions (one positive and the
other negative).

Proposition 3.5. If hypotheses (H1)-(H3) hold, then problem has at least

two nontrivial constant sign smooth solutions
up € Dy and vy € —Dy.
Proof. Using and the nonlinear regularity theory of Lieberman [14], we have
Kz, €Cy and Kjz C-Cy. (3.31)

So, we assume that both sets are finite or otherwise we already have two sequences
consisting of distinct positive and negative solutions which in fact belong in D,
and D_ respectively (see the last part of this proof).

First, we prove the existence of a positive solution. Since Kg, is finite and u = 0
is a local minimizer of @ (see Proposition [3.3)), we can find p € (0,1) small such
that

$4(0) = 0 < inf[@ (u) : [Jul = p] =7} (3.32)
(see Aizicovici-Papageorgiou-Staicu [I, proof of Proposition 29]). Also because
m > 2 and ¢ < p, we see that

Py (tuy(p)) — —o0  ast — +oo. (3.33)
Then (3.32)), (3.33) and Proposition permit the use of Theorem (the

mountain pass theorem). So, we can find ug € WP (Q2) such that
up € Kz, € Cy (see B31)) and m} <@y (uo),

which implies ug € C\{0} (see (3.32)).

We have
—Apup(z) — Aquo(z) = f(z,up(z)) for a.a. z€Q,
3.34
Gup + ﬂl(z)uﬁ‘l + ﬂz(z)ug_l =0 on 9. (3.34)
Onpg

(see Papageorgiou-Radulescu [23]). Hypotheses (H1)(i),(iv) and (H3) imply that
given p > 0, we can find £, > 0 such that

f(z,2)x +£Ap[|:c\p +1]z[? >0 foraa. z€Q, all |z|<p
Let p = ||ug||co- Then from (3.34) we have
Apug(z) + Aqup(z) < gp[uo(z)pfl +ug(2)? '] for a.a. z € Q,
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which implies ug € Dy (see Pucci-Serrin [26], Theorem 5.4.1, p.111 and Theorem
5.5.1, p.120]). Similarly, working this time with @_, we produce a negative solution
Vo € —D+. [l

4. THREE SOLUTIONS THEOREM

In this section, using Morse Theory (critical groups), we produce a third non-
trivial smooth solution. For this purpose, using Proposition [2:4] we compute the
critical groups of ¢ and of @+ at infinity.

Proposition 4.1. If hypotheses (H1)(i),(ii),(iii), (H2) hold and K, is finite, then
Proof. Let A € (Xm(p),xmﬂ(p)),/\ ¢ o(p) and consider the C!-functional ¢ :
WLP(Q) — R defined by
1 A 1
P(u) = ];’yp(u) - EHqu for all u € WHP(Q)).
We consider the homotopy h¢(u) defined by

he(u) = (1 —t)p(u) +tp(u) for all t € (0,1), all u € WHP(Q).

Note that ho(-) = ¢(-) and by Proposition ¢ satisfies the C-condition. Also
hi(-) =4(-) and since A ¢ d(p), we see that 1) satisfies the C-condition.

Claim 3: There exist 8p € R and dg > 0 such that
he(u) < 6o = (L + [lul)[I(he) (w)[l« = do([[ull? + [Ju]|?) for all £ € (0,1).

As before we argue by contradiction. Since (¢, u) — hy(u) maps bounded sets to
bounded sets, if Claim 3 is not true, we can find {t,},>1 C [0,1] and {up}n>1 C
WLP(Q) such that

tn — 1, ”unll — 400, ht, (un) — —oo, and

a1 +
(b, ) ()l <
)l < )

Without loss of generality we assume that ||u,| > 1 for all n € N. From (4.1)) we
have

’<Ap(un) + (1 —tn)Ag(un), h) + /ém(ﬁl(z)|un|p72un +(1— tn)ﬁZ(z)(“n)p72un)hd0

(4.1)
for all n € N.

+(1—tn)/f(z,un)hdz—tn/\/ U [P~ 2, h dz
Q Q

[[wn |7 + Jlun |[”

(L + [[unl])

2
e T

n

(4.2)
for all n € N (recall ||u,| > 1 for all n € N, ¢ < p).
Let y, = up/||unl||. Then ||y,|| = 1 for all n € N and so we may assume that

Yn =y in WHP(Q) and vy, — y in LP(Q) and in LP(99). (4.3)
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From (4.2) we have
1-1¢
Ap(yn) + ——=Ay(yn), h
[(Ap om) + [ Aaln): )
_ 1—tn)Ba2(z _
[ (B + B o2y Yo
o0 [[wan| (4.4)
J(z,u,) / )
— (=t [ B g e gl ynhdz‘
T = a !
gz for all n € N.
n
From ([3.26)) we have
S un() foy
S UnA)) CIP ) )
{ Tan P }nZI C L? (Q) is bounded (4.5)

On account of (4.5) and by passing to a subsequence if necessary and using
hypothesis (H1)(ii) we have

W B A @)yP2y in L (Q). (4.6)

If in (4.4)) we choose h = y,,—y € WHP(Q), pass to the limit as n — oo and use (4.1)),
(4.3), (4.5) and the fact that ¢ < p, we obtain that lim, oo (Ap(Yn),yn —y) = 0
which implies

Yo —y in WHP(Q), hence |ly|| =1 (see Proposition 2:2)). (4.7
So, if in (4.4)) we pass to the limit as n — oo and use (4.1)), (4.6]), (4.7) and the fact

that ¢ < p, then
<&@M+AﬁMMwa=Aw4ﬂwHWMHWW

for all h € WHP(Q), which implies

—Apy(2) = M|y (2)[P?y(z) for a.a. z€Q,
Ou
Onpg

Bty =0 on 9. (48)

o~

where Ay = (1 — ) A (p) + tA.

If X ¢ 5(p), then from it follows that y = 0, which contradicts (4.7). So,
suppose that \; € &(p). Since y # 0 (see (4.7))), we can find D C 2 measurable
with |D|y > 0 such that

[un(2)] — 400 for all z € Q. (4.9)
From (2.12) we see that we can find ¢;3 > 0 and M > 0 such that

fo(z,2)x — pFy(z, x)
T

From (4.9)), (4.10) and Fatou’s lemma, we have

n)Wn — F y Un —
0<liminf/ Jo(z un)tn = pEO(2:Un) oo g (4.11)
Q

n—oo |Un|p_1

0<c3< for a.a. z € Q, all |z| > M. (4.10)
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Note that on account of (4.1]), we can find ng € N such that

Yp(un) + (1 — tn)QVQ(un) —(1—tn) / pF(z,upn) dz — tn)\Huan <0 (4.12)
q Q

for all n > nyg.
Also, using ({#.2) with h = u,, € WHP(Q), we obtain

)= (=t )+ 0 =10) [ F et 4t Al < Sl (4.13)
for alln € N. Adding and and recalling that ¢ < p, we obtain
(1= ) [ [FGruun = pF ()l ds < 20 for all > o,
which implies
(1) /Q[fo(z,un)un — pFy(z,un)] dx < %nunnp*l for all > .
Evidently t < 1, otherwise from y = 0 which contradicts (4.7). So
[ ol = pFo(e. ) ds < 28 )

for all n > ng, some c14 > 0, which implies

/ fO Z un Up — pFO(Zvun)

|un [P~

n n F ) n —
hmsup/ ol ) ,p ol )\ynl” Ydz <0,

n—oo

2
! d < S,

which contradicts (4.11)). This proves Claim 3.
On account of Claim 37 we can use Proposition and have

Cr(p,00) = Cr(,00) for all k € Ny. (4.14)
Next for r > 0 we define the following two sets
Cp = {u € WH(Q) 3 (u) < Mfullp, |lull =},
D= {uecWr(Q): ~vp(u) > )\||u|\§}.

The set 9B, = {u € W'?(Q) : |lu| = r} is a C'-Banach manifold hence it is
locally contractible (see Lee [12]). The set C.. is an open subset of dB,., hence it is
locally contractible too. Similarly the open set W1P(Q)\D is locally contractible
t00. Since A € (Am(p), Am+1(p))\G(p), we have

ind C, = ind(W"?(Q)\D) =

So, using [8, Theorems 3.2 and 3.6], we have C,,(v,0) # 0.
However, since Ky, = {0}, we have

Ci(1,0) = Ci(1h,00) for all k € Ny
(see Motreanu-Motreanu-Papageorgiou [I7, Proposition 6.61, p.160], which implies

Cin(¥,00) # 0, = Cp(p,0) # 0 (see ([4.14)). O

Next we compute the critical groups at infinity for the functionals @.

Proposition 4.2. If hypotheses (H1), (H2) hold, then C(p+,0) = 0 for all k € Ny.
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Proof. As before let A € (A (D), Ami1 (9))\G(p) and let ¢4 : WIP(Q) — R be the
C-functional defined by

- 1 1 1 A
i (u) = —p(u) + =~ lu” || + */ Br(2)|ul? do — =[Ju* ||} for all u € W'P(Q).
p p P Joo p

We consider the homotopy (h4)¢(u) defined by
(h)i(w) = (1= )3 (u) + 13+ (u) for all ¢ € [0,1], u e W (@),
We have (h+)0 = $4 which satisfies the C-condition (see Proposition 3.1)). Also

(hy)1 = ¢ and since A ¢ 5(p), U, satisfies the C-condition.
Claim 4: There exist 6y € R and &g > 0 such that (hy):(u) < 0y which implies

(T [ulDII(h)e) ()l = Solllull? + [Juf]?]) for all £ € [0, 1].

As in previous occasions, we proceed by a contradiction argument. So, suppose
that Claim 4 is not true. Since (¢,u) — (h4):(u) maps bounded sets to bounded
sets, we can find two sequences {t,}n,>1 C [0,1] and {u,},>1 € WHP(Q) such that

th = t, |lunll =00, (), (Un) — —o0  and
[un |+ [lun]” (4.15)

(At )t,) () |« < —m——is- for all n € N.
(L + [[un])
From inequality (4.15)) we have

[ (Ap(un), 1) + (1= ) (Ag (1), 1)

* / (ﬁ1(2)|un|p_2u" + (]‘ - tn)62(2)|un|q_2un)hd0' - A(U;)p_lh dz

(4.16)
(1—tn /f FVhdz —t )\/( )p_lhdz‘
Q
< _enflhll for all h € W'P(Q) with ,, — 0.
(1A [fun |
Choosing h = —u,, € WHP(Q) in the above inequality, we have
Yp(uy ) + (1 = tn)yg(uy, ) + |lu, |5 < e, forallmeN (4.17)

see (3.1]), which implies u,, — 0in W?(£2) (see hypothesis (H2) and recall v, > 0).
From (4.15) we know that ||u,| — oco. Hence (4.17) implies that

lluf|| — +oo asn — oo. (4.18)

+
Let y, = ”Z—%”, n € N. Then ||y,| =1, yn, > 0 for all n € N. We may assume that

Yn =y in WHP(Q) and vy, — y in LP(Q) and in LP(99). (4.19)
From (£.16) and (4.17)), we infer that
— tn
‘<Ap(yn)7 h) + W("lq(yn% h)
_ 1—1,)B2(2 _
+ [ @l LDy 2y s
o9 [[un [P~ (4.20)
—(1—ty) ﬁc( T 1hdz—t )\/ 1hdz
un ||P~

< |n| for all h € WHP(Q) with ¢/, — 0‘*‘,
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In this inequality we choose h = y,, —y € WP(), pass to the limit as n — oo and

use (4.18)), (4.19) and the fact that ¢ < p. Then
Jim (Ap(yn),yn —y) =0

which implies

yn —y in WHP(Q), hence ||ly|| =1, y > 0 (see Proposition [2.2) (4.21)
As before (see the proof of Proposition , hypothesis (H1)(ii) implies that
ut(- ~ /
w L An()yP™t in LP (Q) as n — oo. (4.22)
[ [P~

So, if in (4.20) we pass to the limit as n — oo and use (4.18)), (4.21)), (4.22) and the
fact that ¢ < p, then

(Ap(y), 1) + ﬁ(z)y”‘lhdaz/[(1—t)Xm(p)+tA]yp—1hdz
a0 Q

which implies
—Apy(z) = \y(2)P™ for aa. z € Q,
Yy

_J p—1 _
on, + B(2)y 0 on 09.

(4.23)

where Ay = (1 — )\ (p) + tA.

If \; ¢ o(p), then from we have y = 0, contradicting .

If \; € 5(p), then since Ay > A (p) and m > 2, from we infer that y must
be nodal, contradicting . This proves Claim 4. Using Claim 4 and Proposition
2.4 and we have

Cr(P4,00) = Cr(thy,00) for all k € Ny. (4.24)

Now we introduce the homotopy

~ o~

(hy)e(uw) = ¥4 (u) — t/ udz for all t € [0,1], and u € W'P(Q).
Q

Claim 5: ((hy);)'(u) # 0 for all t € [0,1], all u € WP(Q), u # 0.
Note that for ¢ € [0, 1] we have

((hy)e) =¥ (w) —tp*  in WHP(Q)*, (4.25)
with n* € W'P(Q)* such that (n*,v) = [, vdz for all v € W'P(2). Also Ky, =
{0}. Indeed, if u € K7 , then @’_/;; (u) = 0 which implies

(Ap(u), h) = /Q<u‘>”‘1hdz+ /a @l Pl dz = X / (ut )P hdz

for all h € WHP(§2). Choosing h = —u~ € W1P(Q), we obtain
[Du= |5 + [[u~ [l <0
(see hypothesis (H2)), which implies w > 0. Then we have
—Apu(z) = du(2)P~" for a.a. z € Q,
ou

an, +B(z)uP"t =0 on 0.
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which implies © = 0 since A ¢ 5(p). Therefore K G, = {0} and from this and (4.25)),
Claim 5 follows.

The homotopy invariance property of singular homology groups implies that for
p > 0 small,

Hy((hs)o()° N By, (hy)o()° N B,\{0})
= Hi(h )1 ()° N By, (hy)1(-)° N BA{0})  for all k € No.

Using Claim 5 and Motreanu-Motreanu-Papageorgiou [17, Corollary 5.35, p.115
and Corollary 6.15, p.145], we have

Hi(h)1()° N B, , (hy)1()° N B,A\{0}) =0 forall k € Np. (4.27)
On the other hand from the definition of critical groups, we have
Hi((h4)o()° N By, (hi)o()° N B\{0}) = Cr(t4,0) for all k € No.  (4.28)
From (4.26)), (4.27)) and (4.28]), we have
Cr(1hy,0) =0 for all k € Ny. (4.29)
But recall that Kz = {0}. Therefore

(4.26)

Ci(thy,00) = Cr(ths,0) for all k € Ny

which implies C’n(zzJ\+,oo) = 0 for all & € Ny (see (4.29))); this in turn implies
Cr(P4,00) =0 for all k € Ny (see (4.24))). Similarly we show that C(p_,00) =0
for all £ € Np. Il

From the proof of Proposition we know that the positive solution ug € D4 (resp.
the negative solution vy € —D,) is a critical point of mountain pass type for the
functional @ (resp. The functional @_). So, we have

Cl (@JF,UO) 7é 0 and Cl (@,7’00) 7é 0, (430)

(see Motreanu-Motreanu-Papageorgiou [I7, Corollary 6.81, p.168]). In general to
describe more precisely these critical groups, we need a Hilbert space setting and
C?-regularity of the functionals. Nevertheless, here using Propositions and
and some tools from Algebraic Topology (Homological Algebra), we are able to
compute exactly the critical groups of the energy functional ¢ at ug and at vyp.
Note that since ug € Dy, vo € =Dy and ¢'|c, = @\ |c, ¢'|-c, = @ |-c,, (see
(3-1)) we have ug,v9 € K,. We assume that K5, = {0,uo}, Kz_ = {0,v0} or
otherwise we are done.

Proposition 4.3. If hypotheses (H1)—(H3) hold and ug € D4, vo € —D4 are the
two constant sign solutions of (1.1 produced in Propositon then Ci(p,up) =
Cr(p,v0) = 0k1Z for all k € Ng. Here 0y, denotes the Kronecker symbol defined

by
1 ifk=m
5km: .
’ 0 ifk#m.

Proof. We will do the proof for the pair {¢, ug}, the proof for the pair {¢, vo} being
similar.
Let n <0 < a <mf (see (3.32)). We consider the following triple of sets

).
Pl C oy cwhr(Q).
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To this triple corresponds a long exact sequence of singular homology groups (see
Motreanu-Motreanu-Papageorgiou [I7, Proposition 6.14, p.143]). So, we have
PO 0. o
= HU(WHP(Q),81) B Hu(WH(9),85) & Hi(@L,81) — - (431)
with i, being the homomorphism induced by the inclusion i : (W'*(Q),31) —

(WhP(Q),$%) and 0, is the composed boundary homomorphism. From the rank
theorem we have

rank Hy,(W'?(Q), $%) = rank ker 0, + rankim@,
= rankimi, + rankim6, (since is exact)
Since a € (0, ) and Kz, = {0,uo}, we have
Hy(WhP(Q)3%) = Cr(@4,up) for all k € Ny, (4.33)
(see Motreanu-Motreanu-Papageorgiou [I7, Lemma 6.55, p.157]).
Similarly since n < 0 = $4.(0), we have
H, (W' (Q),27) = C($4,00) forall k € Ny (recall K5, = {0,uo})

which implies Hy(W'?(Q),$7) = 0 for all k € Ny (see Proposition . This in
turn implies

(4.32)

imi, = {0} (see (4.31))). (4.34)
In a similar fashion, we see that Hy,_1(9%, 9] ) = Cr_1(@+,0) for all k € Ny, which
implies
Hy (9%, 97]) = 0k—1,0Z = 631 Z for all k € Ny (see Proposition . (4.35)
We return to and use (4.33)), (4.34)), (4.35). Then
rank Ci (@4, up) < 1. (4.36)

Note that on account of (4.35]) only the tail of (4.31]) is nontrivial (that is, the
terms for k > 2 are all zero). So, from (4.36)) and (4.30) it follows that

Cr(P4,u0) = 0x1Z for all k € No. (4.37)

Next consider the homotopy ﬁt(u) defined by
hi(u) = (1 —t)p(u) + t@(u) for all t € [0,1], all u € WHP(Q).
Suppose that we could find {t, }nen C [0,1] and {up, }neny € WHP(£2) such that
tp —tin [0,1], u, — up in WHP(Q) and (R, )(u,) =0 for allm € N, (4.38)
From equality we have

(Ap(un), h) + (Ag(un), h) + /dﬂ(ﬁl(z)lun‘p_gun + ﬁg(z)|un|q_2un)hd0
—tn/Q(u;)p_ hdz

=(1- tn)/ f(z,un)hdz + tn/ f(z,uH)hdz  for all h € WHP(Q),
Q Q
which implies

*Apun(z) - Aqun(z) = (1 - tn)f(Z,un(Z)) + tn[f(z,u:{(z)) + Uy, (Z)]
for a.a. z € Q,
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From Papageorgiou-Radulescu [24], we know that we can find My > 0 such that
lunlloo < My for all n € N.

+ B1(2)|tn )P 2tn + B2(2)|tun]? *un =0 on Q.

Then the nonlinear regularity theory of Lieberman [I4] implies that we can find
a € (0,1) and M5 > 0 such that

u, € CH*(Q) and [unllcrag < M5 foralln € N. (4.39)
The compact embedding of C1*(Q) onto C*(Q) and ([4.18)) imply that u, — ug in

C1(Q), thus
un, € Dy forall n >mngy (recall that ug € D).

But as we already pointed out ¢'|c, = @ |c, (see (B.I)) implies that {u}n>n,
are distinct positive solutions of (L.I]), a contradiction (recall K5, = {0,uo}). So
can not occur and from the homotopy invariance of critical groups (see for
example Gasinski-Papageorgiou [I1, Theorem 5.125, p.836]), we have

Cr(p,u0) = Ci (@4, uo) for all k € Ny,
= Cr(p,ug) = 0x1Z for all k € Ny (see (4.37)).
Similarly, using this time the functional @_, we show that
Cr(p,v0) = 0 1Z for all k € No.
O

Now we can produce a third nontrivial smooth solution for problem (|1.1) and
formulate our “three solutions theorem”.

Theorem 4.4. If hypotheses (H1)—(H3) hold, then problem (1.1) admits at least
three nontrivial smooth solutions

ug € Dy, wvo € Dy, yo€CHQ).
Proof. From Proposition we already have two constant sign solutions
ug € Dy, wvo€ —Dy.
From Proposition [£.3] we know that

Ci(p,u0) = Cr(p,v0) = 01 Z for all k € No. (4.40)
Also, from Proposition [3.3] we know that u = 0 is a local minimizer of ¢. Hence
Ci(p,0) = 0k0Z for all k € Ny. (4.41)

From Proposition we have that Cp, (¢, 00) # 0 (m > 2). So, we can find yo € K,
such that Cy, (¢, yo) # 0 and yo ¢ {0, ug, vo} (see Motreanu-Motreanu-Papageorgiou
[T7, Proposition 6.89, p.172]). Then gy, is a third nontrivial solution of and
the nonlinear regularity theory of Lieberman [14] implies that yo € C1(€). |
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