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PSEUDODIFFERENTIAL OPERATORS WITH GENERALIZED
SYMBOLS AND REGULARITY THEORY

CLAUDIA GARETTO, TODOR GRAMCHEV, MICHAEL OBERGUGGENBERGER

ABSTRACT. We study pseudodifferential operators with amplitudes ac(z, §)
depending on a singular parameter ¢ — 0 with asymptotic properties measured
by different scales. We prove, taking into account the asymptotic behavior for
e — 0, refined versions of estimates for classical pseudodifferential operators.
We apply these estimates to nets of regularizations of exotic operators as well
as operators with amplitudes of low regularity, providing a unified method for
treating both classes. Further, we develop a full symbolic calculus for pseudo-
differential operators acting on algebras of Colombeau generalized functions.
As an application, we formulate a sufficient condition of hypoellipticity in
this setting, which leads to regularity results for generalized pseudodifferential
equations.

1. INTRODUCTION

This paper is devoted to pseudodifferential equations of the form
Ac(x, D)ue(x) = fe(x),

where x € 2 C R, depending on a small parameter ¢ > 0. Equations of this type
arise, e. g., in the study of singularly perturbed partial differential equations, in
semiclassical analysis, or when regularizing partial differential operators with non-
smooth coefficients or pseudodifferential operators with irregular symbols. We take
the point of view of asymptotic analysis: the regularity of the right hand side and of
the solution as well as the mapping properties of the operator will be described by
means of asymptotic estimates in terms of the parameter ¢ — 0. We will develop
a full pseudodifferential calculus in this setting, with formal series expansions of
symbols, construction of parametrices and deduction of regularity results. Our
investigations will naturally lead us to introducing different scales of growth in the
parameter €, rapid decay signifying negligibility and new classes of e-dependent
amplitudes, symbols and operators acting on algebras of generalized functions. As
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another motivation we mention the recent results on the calculus for generalized
functions and their applications in geometry and physics, cf. [I5] 16}, [17].

Before going into a detailed description of the contents of the paper and its
relation to previous research, we wish to exhibit some of the essential effects by
means of a number of motivating examples.

Example 1.1. Singularly perturbed differential equations. The appearance of scales
of growth and decay can be seen from two very simple equations on R,

(—626%22—#1)1;6:]‘ (1.1)
and
(—e%g;—1)&=f- (1.2)

Suppose, for simplicity, that f € £'(R) is a distribution with compact support and
that we want to solve the equations in .%/(R), the space of tempered distributions.
Let

1 1 x
= e le/el :,-G)
Ue(x) 5 ¢ , Ve(x) —sin { = H(z)
where H denotes the Heaviside function. The (unique) solution of (1.1)) in .’/(R)
is given by
ue(z) = Ue  f(z),
while ([1.2]) has the solutions

ve(z) = Ve * f(z) + Cy sin (%) + C5 cos (%) .

The basic asymptotic scale - growth in powers of % - enters the picture, when we
regularize a given distribution f € £'(R) by means of convolution:

fe(x) =[x @e(x)a (13)
where p. € C2°(R) is a mollifier of the form
1 rx
e@) = ¢ (3), (1.4)

with [ ¢(z)dz = 1. Then the family of smooth, compactly supported functions
(fe)ee(o,1) satisfies an asymptotic estimate of the type

Va € N, 3N € N:sup |0°f.(z)| = O(e V). (1.5)
R

If we replace the right hand sides in ([L.1]) and (L.2]) by a family of smooth functions
fe enjoying the asymptotic property (1.5) then an estimate of the same type (1.5))

holds for the solutions u,. and v..
On the other hand, a family of smooth functions (fc).c(0,1) satisfying an estimate
of the type
Va € N, Vg € N, sup|90®fe(x)] = O(e?) (1.6)
z€R

as € — 0, will be considered as asymptotically negligible. Clearly, if f. as right

hand side in (1.1)) or (1.2)) is asymptotically negligible, so are the solutions u,. and
ve (with C; = Cy = 0 in the latter case). The condition

IN € N: Va €N, sup |0“f.(z)] = O(e™™) (1.7)
z€eR
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signifies a regularity property of the family (fc)ce(o,17; it is known [34] that if the
regularizations of a distribution f satisfy then f actually is an infinitely
differentiable function.

Now assume the right hand sides in and are given by compactly sup-
ported smooth functions satisfying the regularity property . We ask whether
the corresponding solutions will inherit this property. This is true of the solution
Ue tO , as can be seen by Fourier transforming the equation. It is not true of
the solutions v, to ; already the homogeneous part C sin £ + Ca cos £ destroys
the property.

However, let us consider equation with a different scaling in €, say

(— w0 1)u. = 1. (18)

with w(e) — 0. If v, is a solution, we may express the higher derivatives by means
of its 0-th derivative and the derivatives of the right hand side:

a1 i 1
a2 w(e2’e T wie2 e
LA S P WY
Azt T w(€)2de?’ " w(e)? da? Ve
1 d? 1 1
— w(e)? @fs ~ w(e)? Je = w(e)t ve

and so on. Thus if f. satisfies the regularity property (1.7) and the net (w(€))ce (0,1

satisfies 0. (wze)>p0(1> (1.9)

as € — 0 then every solution (vc)cc(o,1) satisfies as well. We shall refer to
property by saying that 1/w(e) forms a slow scale net.

This example not only shows the appearance of different asymptotic scales, but
also that regularity results in terms of property depend on lower order terms in
the equation and/or the scales used to describe the asymptotic behavior as € — 0.

Example 1.2. Regularity of distributions expressed in terms of asymptotic esti-
mates on the regularizations. Let f € /'(R"), s € R and ¢, a regularizer as in
(1.4). The following assertions about Sobolev regularity hold:

(a) If f € H*(R™) then
Va € N™: [|0%f * el p2ny = O (e~ 12179)+) (1.10)
where (-)4+ denotes the positive part of a real number.

(b) Conversely, if f € &(R™) and (1.10) holds, then f € H*(R") for all ¢t <
s—n/2. In addition, f belongs to H*(R™) in case s is a nonnegative integer.

Indeed, it is readily seen that f belongs to L*(R™) if and only if || f % ¢c||L2rn) =
O(1). Part (a), for s < 0, follows easily by Fourier transform, while for s = k + 7
with £ € N,;0 < 7 < 1 the observation that f belongs to H*(R"™) if and only if 0% f
is in L?(R") for |a| < k and in H™~}(R") for || = k+ 1 may be used. Part (b) for
s < 0 is derived along the lines of [34], Thm. 25.2] by showing that (1 + |£])® times

the Fourier transform f(§) is bounded. For s > 0, a similar observation as above
concludes the argument.
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An analogous characterization for the Zygmund classes C2(R™) has been proven
by Hérmann [22]. Further, given a distribution f € D’(2), it was already indicated
above that f is a smooth function if and only if the regularizations f x @, satisfy
property (suitably localized with the supremum taken on compact sets of Q).

Example 1.3. Regularization of operators with non-smooth coefficients. Consider
a linear partial differential operator

A(z,D) = Y aq(x)D".

laj<m

If its coeflicients are distributions, we may form the regularized operator

Ac(z,D) = Z G * @c(x)D®.

la|<m

The regularized coefficients will satisfy an estimate of type , at least locally on
compact sets, and the action of A(z, D) on nets (ue)ce(o,1] Preserves the asymptotic
properties (1.5) and ; that is, if (uc)ee(o,1) enjoys either of these properties, so
does (Ac(-, D)uc)ee(o,1]-

However, the regularity property will not be preserved in general, unless
the regularization of the coefficients is performed with a slow scale mollifier, that is,
by convolution with ¢, where w(e)~ ! is a slow scale net. For example, consider
the multiplication operator

Me(z, D)u(x) = @u(e)ulx)-

Then (Mc(z, D))ce(o,1) maps the space of nets enjoying regularity property
into itself if and only if w(e)~! is a slow scale net. Indeed, the sufficiency of the
slow scale condition is quite clear. To prove its necessity, take a fixed smooth
function u identically equal to one near x = 0. Then the derivatives 0%(Mcu)
have a uniform asymptotic bound O(¢~") independently of a € N™ if and only if
w(e)~lel = O(e=N) for all o; that is, if and only if w(e) ™! is a slow scale net.

Example 1.4. L%-estimates for pseudodifferential operators in exotic classes. Con-
sider first a symbol a(z,£) in the Hormander class S o(R?") (for simplicity, we
restrict our discussion to global zero order symbols here). It is well known that the
corresponding operator a(z, D) maps L?(R") continuously into itself, with opera-
tor norm depending on a finite number of derivatives of a(x, ). More precisely, an
estimate of the following form holds (see e. g. [27, Sect. 2.4, Thm. 4.1] and [19,
Sect. 18.1], see also [26] and the references therein):

la(z, DYulZ2@n) < c3llulllLs @y + cipi (@)lull |7z @n) (1.11)

where cg is a strict upper bound for the L>-norm of the symbol a on R?” and p;
signifies the norm
p(a) = max sup |080%a(x,&)|(€)e.
(@)= max, swp (00 alz, )

In estimate ([1.11)), { is an integer depending on the type of symbol, but generically
is strictly greater than zero. However, if a(z, &) is positively homogeneous of order
zero with respect to & the L2-continuity holds provided 8?(1(95,5) is bounded in
R™ x S*~1, cf. [A].
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If the symbol a(z, £) belongs to the exotic class S, (R*") then a(z, D) will not
map L?(R™) into itself, in general [4, Thm. 9], [38]. However, if we regularize by
convolution in the z-variable,

ae(x’g) = a(~,§) * 906(:E)7

we get a family of symbols each of which belongs to the class S?VO(RQ"), thus
maps L?(R") continuously into itself, but with an operator norm that behaves
asymptotically like eV where N is some integer less or equal to [ in ; note
that the convolution with the mollifier ¢, does not increase the constant cg.

Classically, there is a pseudodifferential calculus (including e. g. composition)
for symbols in S? ,(R*"), but not for exotic classes, like S? ; (R*"), in general. The
regularization approach bridges this gap: we will develop a full pseudodifferential
calculus for classes of regularized symbols in this paper. Estimate remains
valid with uniform finite bounds in € for symbols a.(x, &) obtained by convolution
from symbols in S?VO(R%), but we will have to face asymptotic growth as ¢ — 0 in
exchange for the lack of L?-continuity in the case of exotic symbols.

Remark 1.5. Algebras of generalized functions. The families of smooth functions
(Ue)ee(o,1) Satisfying estimate , globally or possibly only on compact sets, form
a differential algebra; the nets (uc)cc(o,1) of negligible elements form a differential
ideal therein. The space of distributions can be embedded into the corresponding
factor algebra by means of cut-off and convolution, with a consistent notion of
derivatives. The fact that for smooth functions f, the net (f — f * ¢c)cc(o,) is
negligible for suitably chosen regularizers ¢, was discovered by Colombeau [6] [7];
thus the multiplication in the factor algebra is also consistent with the product of
smooth functions. The factor algebras of nets satisfying modulo negligible
nets is a suitable framework for studying families of pseudodifferential operators
and the asymptotic behavior of their action on functions or generalized functions.
We note that a condition similar to the asymptotic negligibility was considered
by Maslov et al. [29] [30] earlier in the context of asymptotic solutions to partial
differential equations.

In introducing factor spaces of families of amplitudes and symbols (modulo negli-
gible ones) as well, we will succeed in this paper to establish a full symbolic calculus
of operators acting on generalized functions. This is a new contribution to the field
of non-smooth operators. Our essential tools for describing the mapping properties
and regularity results will be asymptotic estimates and scales of growth.

We now describe the contents of the paper in more detail. Section 2 serves to
introduce the basic notions - asymptotic properties defining the algebras of gener-
alized functions on which our operators will act, the notion of regularity intrinsic to
these algebras (the so-called G*°-regularity, indicated in ), some new technical
results needed, and a basic theory of integral operators with generalized kernels.
In Section 3 we start our theory by studying oscillatory integrals with smooth
phase functions and generalized symbols, introduced as equivalence classes of cer-
tain nets of smooth symbols modulo negligible ones. Section 4 employs these tech-
niques to introducing and studying pseudodifferential operators with generalized
amplitudes, their mapping properties, pseudo-locality with respect to the notion of
G>°-regularity mentioned above, and their kernels in the sense of the algebras of
generalized functions. The full symbolic calculus of our class of generalized pseu-
dodifferential operators is developed in Section 5. It starts with formal series and



6 C. GARETTO, T. GRAMCHEV, M. OBERGUGGENBERGER EJDE-2005/116

asymptotic expansions of equivalence classes of symbols, proceeds with the con-
struction of symbols for (generalized) pseudodifferential operators, their transposes
and their compositions. The paper culminates in the regularity theory presented
in Section 6. We generalize the notion of hypoellipticity to our class of symbols
and construct parametrices for these symbols. We show that the solutions to the
corresponding pseudodifferential equations are G*-regular in those regions where
the right hand sides are G*°-regular. Here the importance of different scales of
asymptotic growth becomes apparent.

What concerns previous literature on the subject, we mention that G°°-regularity
was introduced in [34] where it was already applied to prove regularity results for
solutions to classical constant coefficient partial differential equations. Completely
new effects arise when the coefficients are allowed to be generalized constants, de-
pending on the parameter ¢ > 0. These effects and a regularity theory for such
operators was developed in [24], see also [31], and extended to the case of partial
differential operators with generalized, non-constant coefficients in [25]. The study
of pseudodifferential operators in the setting of algebras of generalized functions
was started in [33], developed in a rudimentary version in [32] B6]. A full version
with nets of symbols and a full symbolic calculus, albeit for global symbols and in
the algebra of tempered generalized functions is due to [I1]. Our contribution is the
first in the literature containing a full local symbolic calculus of generalized pseudo-
differential operators, equivalence classes of symbols, strong G*°-regularity results
and the incorporation of different scales (the necessity of which was demonstrated in
[24]). For microlocal notions of G*-regularity we refer to [20, 21}, 23] 32, B9]. Moti-
vating examples from semiclassical analysis can be found in [3] B7]. Further studies
of kernel operators in Colombeau algebras including topological investigations are
carried out in [9, [12] [13].

2. BASIC NOTIONS

In this section we recall the definitions and results needed from the theory of
Colombeau generalized functions. For details of the constructions we refer to [I} [7]
8, [16], 132, B4]. In the sequel we denote by £[2],  an open subset of R™, the algebra
of all the sequences (uc)ce(o,1) (for short, (uc)e) of smooth functions u. € C>(£2).

Definition 2.1. &,,(R) is the differential subalgebra of the elements (u¢)e € £[]
such that for all K € Q, for all @ € N™ there exists N € N with the following
property:
sup [0%uc(z)] = O(e™™) ase— 0.
reK
Definition 2.2. We denote by N () the differential subalgebra of the elements
(ue)e in E[Q] such that for all K € Q, for all « € N” and ¢ € N the following
property holds:
sup [0%u(z)| = O(e?) ase— 0.
zeK

The elements of £,/(Q) and N (Q) are called moderate and negligible, respec-
tively.

The factor algebra G(Q) := En () /N () is the algebra of generalized functions
on . As shown e. g. in [34], suitable regularizations and the sheaf properties of
G(Q), allow us to define an embedding ¢ of D’(Q2) into G(Q) extending the constant
embedding o : f — (f)e + N(Q) of C*(Q) into G(Q2). In the computations of this
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paper, the following characterization of A/(2) as a subspace of £3/(f), proved in
Theorem 1.2.3 of [16], will be very useful.

Proposition 2.3. (u¢)c € En(Q) is negligible if and only if
VK €Q, Vg e N, sup|uc(z)]=0(e) as e¢—0.
reK

We consider now some particular subalgebras of G(2).

Definition 2.4. Let K be the field R or C. We set
En ={(r)c € KOV 13N €N: Jre| = O(c™N) as e — 0},
N ={(rdc e K@ :VgeN: |r[=0(e") as e — 0}.

K:=¢& v /N is called the ring of generalized numbers.

In the case of K = R we get the algebra R of real generalized numbers and for
K = C the algebra C of complex generalized numbers. R can be endowed with
the structure of a partially ordered ring (for r,s € I@, r < s if and only if there
are representatives (r¢). and (s¢)e with r, < s, for all € € (0,1]). C is naturally
embedded in G(2) and it can be considered as the ring of constants of G(Q) if 2 is
connected. Moreover, using ((NZ, we can define a concept of generalized point value
for the generalized functions of G(€2). In the sequel we recall the crucial steps of
this construction, referring to Section 1.2.4 in [I6] and to [35] for the proofs.

Definition 2.5. On
Q= {(x)e € QON 3N €N, |z | =0(N) ase— 0},
we introduce an equivalence relation given by
(T)e ~ (ye)e & Vg EN, [z —y| =O0(e") ase—0

and denote by € := Qy;/ ~ the set of generalized points. Moreover, if [(z) ] is the
class of (z¢)e in Q then the set of compactly generalized points is

Qe={i=[(z)]e€eQ:IK€Q, In>0:Vee (0,], z. € K}.

Obviously if the (Zc—property holds for one representative of & € Q then it holds
for every representative. Also, for & = R we have that the factor Rys/ ~ is the
usual algebra of real generalized numbers.

In the following (u). and (x). are arbitrary representatives of u € G(Q) and
T € (NZC, respectively. It is clear that the generalized point value of u at z,

u(Z) = (ue(ze))e + N (2.1)

is a well-defined element of C. An interesting application of this notion is the
characterization of generalized functions by their generalized point values.

Proposition 2.6. Let u € G(Q). Then u = 0 if and only if w(@) = 0 for all & € Q..

We continue now our study of G(£2) with the notions of support and generalized
singular support.

Definition 2.7. We denote by &, as(€2) the set of all the elements (u¢)e € Ear(£2)
such that there exists K € Q2 with suppu. C K for all € € (0, 1].
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Definition 2.8. We denote by N.(Q2) the set of all the elements (u.). € N () such
that there exists K € Q with suppu, C K for all € € (0, 1].

Ge(Q) := & m(Q)/NL(Q) is the algebra of compactly supported generalized func-
tions. Since the map [ : G.(2) — G(Q) : (ue)e + No(Q) — (ue)e + N () is injective,
G.(2) is a subalgebra of G(£2) containing £'(2) as a subspace and C°(Q2) as a
subalgebra. Recalling that for u € G(2) and €2’ an open subset of Q, u|q/ is the
generalized function in G(€’) having as representative (u¢|o/)c, it is possible to
define the support of u, setting

Q\suppu = {x € Q: IV(x) CQ, open,z € V(z): ulyy) =0}

The map [ identifies G.(€2) with the set of generalized functions in G(£2) with com-
pact support. It is sufficient to observe that if u € G(Q) with suppu € Q, and
Y € CX(R) is identically equal to 1 in a neighborhood of suppu then Yu :=
(Yue)e + No() belongs to G.(Q) and u = I(ypu). If we consider an open sub-
set Q' of Q, the map G.(Q') — Go(Q): (ue)e + Ne(') — (ue)e + N(Q) allows us to
embed G.(€) into G.(£2).

A generalized function u € G(€2) can be integrated over a compact subset of €,

using the definition
/ u(r)dr = (/ ue(x)dx) + N;
K K €

in particular, a generalized function u € G.(§2) can be integrated over Q by means

of the prescription
/ u(z)dx := (/ ue(x)dx> + N,
Q 1% €

where V is any compact set containing supp u in its interior.

Definition 2.9. We denote by £37(€2) the set of all the elements (u.). € £[€] such
that for all K € Q there exists N € N with the following property:
Va e N":  sup |0%(z)| = O(e ™) as e—0.
zeK

G (Q) := E () /N (Q) is the algebra of regular generalized functions. Theorem
25.2 in [34] shows that G(Q) N D/(Q) = C(Q). Finally, if £5,(2) = £53(2) N
Eem (), G2 (Q) 1= E29,(1) /N(?) is the algebra of regular compactly supported
generalized functions, and G (2) N E'(Q) = C(Q).

As above, it is possible to define the generalized singular support of u € G(Q)
setting

Q\ singsupp,u = {z € Q: IV (x) C Q, open, x € V(z): uly) € G (V(x))}

Using the sheaf properties of G (Q2) we can identify the algebra of regular general-
ized functions with the set of generalized functions in G(£2) having empty generalized
singular support. In the same way G2°(2) is the set of generalized functions in G(2)
with compact support and empty generalized singular support.

Definition 2.10. Let #[R"] := Y(R")(o’l]. The elements of
Es(R™)

={(ue)e € ZR": Vo, B €N", AN e N: sup |20 uc(z)] = O(c V) as e — 0}
TER™
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are called .¥-moderate. The elements of

£5 (R")
= {(u)e € SR": 3N € N: Va,3 € N", sup |220%uc(x)] = O(e V) as € — 0}
TER™
are called .-regular. The elements of
Ny (R™)
= {(ue)e € ZIR" : Vo, €N, Vg€ N: sup [270%uc(z)| = O(e?) as e — 0}
:EGR7L

are called .-negligible.

The factor algebra G (R"™) := £ (R™)/N.9(R™) is the algebra of .#-generalized
functions while its subalgebra G (R") := E2(R")/N.y(R") is called the algebra
of .#-regular generalized functions. Obviously, G.(2) C G»(R™) and G () C
G2 (R™). For u € G (R™) there is a natural definition of Fourier transform, given
by @ = (u.)e + No(R™). The Fourier transform maps G»(R™) into G (R"),
G2 (R") into GF(R"), Gc(Q2) into G (R™) and G2°(2) into G (R™).

In the sequel, given ¢ € C°(R"), t € Q. and 7 € R, 0 < 7 invertible, we denote
by ¢; - € Ge(R") the generalized function

Further, we let
To(p) ={pi:: TE R., 0 < 7 invertible, € Q., supp(pzz) C Q}

Proposition 2.11. Let u € G(Q). If there is ¢ € C(R™), ¢ > 0, [@(x)dz =1
such that

/u(x)v(x)dx =0 inC
for all v € Ta(p) then u =0 in G(Q).

Proof. We may assume that u is real valued. If u # 0 then there exist a represen-
tative (u.) of u, a natural number ¢ and a sequence €, — 0 such that

[tey (ter )] = GZ
for all £ € N. On the other hand, there is N € N such that
sup |Vaue(z)| < eV
zeK

for sufficiently small € € (0, 1], where K is a compact subset of Q containing ().
in its interior. Then

1
Iuek (x)| = |u€k (tEk) + (l‘ - tek) : /O Vuek (tek + 0’(.13 - ték))da|
1

ZEZ_ |$—fek|€;§N > §6Z

provided |z — t, | < 3¢, N+4 Noting that

xr — te

?(Frar1) =0
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when |[z—t| > 1€V eventually and that u,, () does not change sign for [z—t,, | <
1eNT4, we see that

T —t.
q+n(N+q+1)
[t oG] 2

Thus, with £ as above and 7. = €V 19*! we have that

/u(x)gpii(x)dx 40 inC
contradicting the hypothesis. O

In the sequel, we denote by L(G.(Q2), ) the space of all C-linear maps from
G.(Q) into @ It is clear that every u € G(Q) defines an element of L(G.(Q),C),
setting j(u = Jou(z)v(z)dx for v € G.(Q). As an immediate consequence of
Proposmon we have that the map 5 : G(Q) — L(Ge(Q),C) : u — y(u) is
injective. Our interest in L(G.(2), (E) is motivated by some specific properties. We
begin by defining the restriction of T € L(G.(2), C) to an open subset € of , as
the C-linear map

Tig, - Ge() — C:u— T((ue)e +Ne().
By adapting the classical proof concerning the sheaf properties of D’'(2), we obtain
the following result.
Proposition 2.12. L(G.(Q),C) is a sheaf.

Thus it makes sense to define the support of T € L(G.(Q2),C), suppT, as the
complement of the largest open set Q' such that 7} , = 0.

Proposition 2.13. For all u € G(2), supp u = supp 7(u).

Proof. The inclusion Q \ suppu C Q \ supp j(u) is immediate. Now let xg € Q '\
supp j(u). There exists an open neighborhood V' of xy such that for all v € G.(V),
J(u)(v) = 0. Therefore, from Proposition up, = 0in G(V) and 29 € Q\
Supp u. O

We conclude this section with a discussion of operators defined by integrals. In
the sequel, m; and 7o are the usual projections of 2 x  on .

Proposition 2.14. Let us consider the expression
Ku(w) = [ bl (2.2)

i) If k € G(Q x Q) then defines a linear map K : G.(Q) — G(Q):
u — Ku where Ku is the generalized function with representative
(Jo kel y)uc(y)dy) ;
) ifk e g°°(Q x Q) then K maps G.(Q) into G (Q);
) if k€ G.(2 x Q) then K maps G(Q) into G.(Q);
iv) if k € G (2 x Q) then K maps G(Q) into G°(Q);
) if k€ G(QAx Q) and w1, : supp k — Q are proper then supp(Ku) € Q for
all u € G.() and K can be uniquely extended to a linear map from G(Q)
into G(Q) such that for all u € G(Q) and v € G.(Q)

/Ku dx—/ﬂu(y) 'Kou(y) dy (2.3)
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where "Kv(y) = [, k( x)dx;
vi) if k € g“(Q >< Q) and 771,7r2 :suppk — Q are proper then the extension
defined above maps G(Q) into G=(Q).

The conditions on 71 and 7o of v) and vi) say that supp k is a proper subset of
Q x Q.

Proof. We give only some details of the proof of the fifth statement. The inclusion

supp(Ku) C 71 (75 H(suppu) Nsupp k), u € Go(Q), (2.4)
leads to supp(Ku) € , under the assumption that m,m : suppk — Q are proper
maps. Let Vi C Vo C ... be an exhausting sequence of relatively compact open
sets and Fj = mo(mr; *(V;) Nsupp k). From (2-4) it follows that

suppu CQ\ F; = supp(Ku) CQ\V;, u€ G.(Q). (2.5)

Let u € G(©2). We define K;u € G(V;) by K(¢;u )‘VJ_ where 1; € C(Q), ¥; =1
in an open neighborhood of F;. By the sheaf property of G(f2), there exists a
generalized function Ku such that K uy, = Kju, provided the family {K,u} ey is

coherent. But from (12.5) we have that
(Kju— K, = K((¢¥; — v¥i)u), =0

for ¢ < j, noting that v; —1); = 0 on F;. In this way we obtain a linear extension
of the original map K : G.(Q2) — G.(2), which satisfies (2.3). In fact for u € G(Q2),
v € Go(R?) and suppv C V; we have

/Ku v(x) d:c:/QKu‘vj (z)v(x)dz:/QK(z/)ju)(:c)v(x)d:c
= [ wsuto) [ ayota)dsdy

:/Qu(y)/ﬂk(:c,y)v(m)dﬂ?dy:/Qu(y) "Kv(y)dy.

Finally, let us assume that there exists another linear extension K’ of the operator
K defined on G.(€2) such that for all u € G(Q) and v € G.(2)

/ K'u(z)o(z)dz = /Q u(y) K o(y)dy. (2.6)

Combining (2.3) with we have that [, (K — K')u(z)v(z)dx = 0 for all v €
G.(9Q). Thus, from Proposition Ku=K'uin G(Q). O

Remark 2.15. The generalized function & € G(2 x Q) is uniquely determined
by the operator K : G.(Q) — G(Q). In fact, if K is identically equal to zero,
Jaxa k@, y)v(@)u(y) dedy = 0 for all u,v € G(2), and so, as a consequence of
Proposition k=01in G(2 x Q).

3. GENERALIZED OSCILLATORY INTEGRALS

In this section we summarize the meaning and the most important properties of
integrals of the type

/ 9w a, (y, €) dy de,
K xRpP
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where K € , Q an open subset of R™. The function ¢(y, &) is assumed to be a
phase function, i.e., it is smooth on Q x RP\ 0, real valued, positively homogeneous
of degree 1 in £ and V¢(y,£) # 0 for all y € Q, £ € RP\ 0. In the sequel we shall
use the square bracket notation S7;[€ x R?] for the space of nets 57 (€2 x RP)(®:1]
where ST (2 x RP), m € R, p, 0 6 [0 1], is the usual space of Hormander symbols.
For the classical theory, we refer to [2, 10} 18] 28] [40].

Definition 3.1. An element of S \;(€2 x R?) is a net (ac)e € S)%5[Q2 x RP] such
that

VaeRP, VGeN" VK €Q, AN €N, In € (0,1], 3¢ >0:
Vy € K, VE € RP, Ve € (0,n], [0800ac(y, &) < c(g)mrloltolble=N

where (£) = /1 +|£]2.

The subscript M underlines the moderate growth property, i.e., the bound of
type eV as e — 0.

Definition 3.2. An element of N}"5(Q x RP) is a net (ac)e € S;'5[Q x RP] satisfying
the following requirement:

Vae NP VB eN'" VK €, Vge N, Ine (0,1], J¢>0:
Yy € K, VE €RP, Ve € (0,7, |0800ac(y,&)| < c(g)mrleltolfler,
Nets of this type are called negligible.
Definition 3.3. A (generalized) symbol of order m and type (p,d) is an element
of the factor space S7;(Q2 x RP) := S (2 x RP) /N 75(Q2 x RP).
In the following we denote an arbitrary representative of a € S;% (Q x RP) by

(ae)e-

Definition 3.4. An element a € S’ '5(Q2 x RP) is called regular if it has a represen-
tative (a¢)e with the following property

VK €, 3N eN: Vae NP, Ve N dne(0,1], Ie>0:
Vy € K, V& € RP, Ve € (0,n], [0800ac(y,&)| < c(g)mrloltalble=N
We denote by Sp,a,rg(Q x RP) the subspace of regular elements of g’g?é(ﬂ x RP).

(3.1)

If the property (3.1) is true for one representative of a, it holds for every rep-
resentative Consequently, if 7 (Q x RP) is the space defined by (3.1), we can

p,5,rg(
s.e (2 X RP) as the factor space S7%5 |, (< RP) /N7 (< RP). Tt is easy
m . . o m—pla|+o .
to prove that (ac)e € S (€2 xR?) implies (5§ a,). € Sp@l\p/[‘ I+ "EI(QXRP) and if
(a0)e € S (RXRP), (b). € ST, (X RP) then (a, +b), € SEE™ ™ (2 RP)
and (acbe)e € S;"(;K/IT"Z (€ x RP). Since the results concerning derivatives and sums

hold with S, 5., and N, 5 in place of S, s5m, we can define derivatives and sums
on the corresponding factor spaces. Moreover, (ac)e € S)'5 (€2 x RP) and (be)e €

oo (OXRP) imply (acbe)e € ./\/'7'L1‘~'7"2 (2 xRP), thus we obtain that the product is a
Well defined map from the space S (€2 x RP) x sz (Q x RP) into Sm1+m2 (O xRP).
Similarly, it is well-defined as a map from S™ (Q x RP) x x 8M2 (©Q x RP) into

p,0.rg p:6,rg)
S™+mz2 () 5 RP). The classical space 7'5(€2 x RP) is contained in O x RP).

p:0,rg

introduce

pérg(
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Let us now study the dependence of N;%(Q x RP) on the open set O C R™. We
can define the restriction of a € gg}(;(Q x RP) to an open subset ' of 2 by setting
)y, = (ae),, ) + N5(Q < RP).

Following the same arguments adopted in the proof of Theorem 1.2.4 in [I6], we
obtain that 5;’}5(9 x RP) is a sheaf with respect to Q. This fact allows us to define
supp,, a as the complement of the largest open set Q' C Q such that a,, =0.

We assume from now on that p > 0 and § < 1 and return to the meaning of the
integral

/ 00 0, (y,€) dy de. (3.2)
K

xRP
Obviously, if (ac)e € S \ (€2 x RP) then makes sense as an oscillatory integral
for every e € (0,1]. Since our aim is to estimate its asymptotic behavior with respect
to €, we state a lemma obtained as a simple adaptation of the reasoning presented
in [10], p.122-123], [18) p.88-89], [40}, p.4-5]. We recall that given the phase function
¢, there exists an operator

P b n o
2ol g+ 0O,

such that a;(y,&) € S%(Q x RP), bi(y,&) € STHQ x RP), c(y,&) € S7LH(Q x RP),
and such that ‘Le’® = e!®, where ‘L is the formal adjoint.
Lemma 3.5. Let s = min{p,1—38} and j € N. Then the following statements hold:
i) if (ac)e € S5\ ( x RP) then (Liac)e € SI'5 7 (Q x RP);
ii) 1) is valid with S, 5+¢ in place of S, 5.m;
iii) 4) is valid with N, 5 in place of Sp5m-
For completeness we recall that for m — js < —n and x € C°(RP) identically

equal to 1 in a neighborhood of the origin, the oscillatory integral Iy x (a.), at fixed
€, can be defined by either of the two expressions on the right hand-side of (3.3)):

Iy k(ac) == / WS a,(y, &) dy dE
K xRP

:/e”’(y’f)Ljae(y,g) dy d¢ (3.3)
K xRp
= lim e a(y, §)x(h€) dy d,

h—0% J g «Rp
where the equalities hold for all € € (0, 1].

Proposition 3.6. Let K be a compact set contained in (). Let ¢ be a phase function
on Q x RP and a an element of Sg?(;(ﬂ x RP). The oscillatory integral

I¢,K(a) = /6i¢(y7£)a(y’§) dy d§ == (Id?,K(ae))e +N
K xRpP

is a well-defined element of C.

Proof. From Lemma if (ac)e € S)% (2 x RP) then (Lia,). € SZ(;&S(Q x RP)

for every j € N. Taking m — js < —n, it is easy to see that (I x(ac))e € En.
Analogously, if (a.). is negligible, we have that (I x(ac))e € N. O
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Definition 3.7. Let a € §)%(2 x RP) with supp, a € 2. We define the (general-
ized) oscillatory integral

Lﬂa):=[%wwf%dwf)%u%:=L/ewwéhdyﬁ)dyd&

21X RP K xRP
where K is any compact subset of 2 containing supp,, @ in its interior.

It remains to show that this definition does not depend on the choice of K. Let
K, Ky @  with supp, a C int K7 Nint Ko and put K3 = K1 UK,. But fori =1,2
and j large enough

[ 090ty dyde ~ [ 0ty €)ayas
K3 xRP K; xRP

_/ |Lia.(y,€)\dy d = O(e?)
K3\int K; xRP

for arbitrary ¢ € N since K3 \ int K; is a compact subset of Q\ supp,, a, as desired.

It is clear that for each compact set K containing supp, a in its interior, we
can find representatives (a.). with supp, ac C K for all e. For such a repre-
sentative of Iy(a), its components are defined by the classical oscillatory integral

Jowrs €W ac(y, &) dy dc.

Remark 3.8. A particular example of a generalized oscillatory integral on €2 x RP
is given by
1¢(au):::J/ e a(y, E)uly) dy de,
QxRP

where a € gm 5(Q X RP) and u € G.(2). We observe that the map Iy(a) : Go(2) —
C:u— I¢(au) is well-defined and belongs to L(G,(€2),C).

We consider now phase functions and symbols depending on an additional pa-
rameter. We want to study oscillatory integrals of the form

To(@)(@)i= [ o0 a(z, . €) dyae,
K xRpP

where 2 € Q', an open subset of R™ . Obviously, if for any fixed z € €/, o(x,y,€)
is a phase function with respect to the variables (y,£) and a(z,y,£) belongs to
Sm 5(Q x RP), the oscillatory integral I x(a)(x) defines a map from ' to C. The
smooth dependence of this map on the parameter x is investigated in the following
Remark and in Proposition [3.10)

Remark 3.9. Let ¢(z,y,&) be a real valued continuous function on ' x  x RP,
smooth on Q' x  x R? \ {0} such that for all z € ', ¢(z,y,&) is a phase function
with respect to (y,£). As in Lemma we have that for all j € N, (a.). €

s () x QX RP) implies (Lac(z,y,§))e € S;?(;&S(Q’ x Q x RP). The same result
holds with S, 5. in place of S, 5m and N, 5 in place of S, 5m (this follows easily
along the lines of [I0 p.124-125] and [18| p.90]).

Proposition 3.10. Let ¢(x,y,&) be as in Remark[3.9
i) If a(z,y,§) € ~;’715(Q’ x 2 x RP) then for all K € Q

wmmfﬁmwﬁmyawa

X RP
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belongs to G(£').
ii) If a(z,y,§) € 8% 1o (2 X Q X RP) then wx € G=(') for all K € Q.
iii) If in addition ¢ is a phase function in (x,y,§) then for all K' €

/ wK(x)dx:/ ei¢(w’y’5)a(x7y,f) dx dy d€.
’ K

X K xXRP

Proof. An arbitrary representative of wg is given by the oscillatory integral

(Wi e(z))e := (/Ke:‘;(:’y’f)ae(x,y,f) dyd{)e.

From Remark E it follows that ( [, g, €@ Sac(z,y,€) dydg)_ € E[QV]. At this

point by computing the z-derivatives of the expression ei‘i’(:‘”’y’g)[/éae(aﬁ,y,f) for
¢ # 0, we conclude that

Vae NV, VK' €, 3N €N, 3p€ (0,1]: Vz € K', Vy € K,
V¢ € RP\ {0}, Ve € (0,n], 05 ("8 Liac(x,y,€))| < (€ Istlele
Now if m — js + |a| < —n then we obtain for z € K’ and € € (0, 7],
|05 wie,e(2)] < e
Therefore (wgc)e € Ea (). Obviously if (ac)e € NJ75(Q x Q@ x RP) then (wie)e €

N(@). Ifa e p5rg(Q’ x € x RP) the exponent N in does not depend on
the derivatives and then (wgk ). € E57(€’). This result completes the proof of the
first two assertions. The proof of the third point is a consequence of the analogous
statement in [I0 (23.17.6)], applied to representatives. O

(3.4)

Remark 3.11. Combining Proposition with Definition (3.7 we obtain the
following results:

i) if ¢ is a phase function with respect to (y,€) and there exists a compact
set K of Q such that for all z € &', supp, a(z,-,-) € K then the oscil-

latory integral [ &, @Y q(x,y, &) dyd¢ defines a generalized function
belonging to G(Q');

ii) if ¢ is a phase function with respect to (y,¢) and (z,£) and supp, , a €
Q' x Q then the two oscillatory integrals [, g, @y q(x,y, £) dydé and
Jorsme @ Y8 g (x,y, £) dr d¢ belong to G(Q') and G(2) respectively. More-
over

| e mOatay g dedyds = [ [ aa,y,) dy e do
Q rJQ

' x QX RP xRP

= [ e aa . dodeay,
Q JQ' xRP

Remark 3.12. We recall that for each phase function ¢(z, &)

C¢ = {(x,f) c QxRP \ {0} : V£¢({E,f) = 0}
is a cone-shaped subset of @ x R?\ {0}. Let 7 : Q@ x R?\ {0} —  be the projection
onto Q and put Sy := 1Cy, Ry := Q\ Sy. Interpreting x € ) as a parameter we
have from Proposition [3.10] that

w(z) = /RP 6@ gz, €)dE = (/RP ei‘b(””’é)ae(;zc,§)d§)6 +N
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makes sense as an oscillatory integral for x € R,. More precisely, we have that

i) if a € S7%(Q x RP) then w € G(Ry);

i) ifa € g;’f(;(Q x RP) and supp, a € 2\, where ' is an open neighborhood
of Sy, then w can be extended to a generalized function on 2 with support
contained in 2\ ;

iii) i) and ii) hold with S, s.¢ in place of S, s and G* in place of G;

iv) if a € §]'5(€2 x R?) then for all u € G.(Ry)

fizrosnmeri

v) under the hypothesis of the second statement, . ) holds for all u € G.(Q).

We just give some details concerning the proof of the assertion i) and v). Let
{8 }jem {0y be an open covering of ' such that €2} is relatively compact and €2} C
Qig. C Q. for all j. Choosing cut-oifunctions {10 }jen {0y such that 1p; € C° ()
and 1; = 1 in a neighborhood of 2, we observe that ((1 — 1;(7))ac(z,§))e is a
representative of a identically equal to 0 on €2} for all € € (0,1]. At this point we
see that

wo(x) = ((/Rn W@ g (2,€) d§)|R ) +N(Ry),
w () == ((/ €O (1~ (a))ac(, €) dg )

is a coherent family of generalized functions which defines w € G(€2) such that wy
and w; are its restrictions to Ry and Q’ respectively. Consequently, suppw C Ry '\
= Q\Q'. Now for any u € G.(2), supp,, (au)Usupp(wu) C (Rs\Q')Nsuppu € Ry.
Taking ¢ € C2°(R,) identically 1 in a neighborhood of (Rg \ £2') N supp u we have
that wu = wuty in G(Q) and au = auy) in g;’fé(Q x RP). Since Yu € G.(Ry), tv)
gives

o), FN@), =1

/Q e Oa(r, )u(r) drdg = | e Oa(e, Eyu(w)i(x) do de

xR QxR™

_ /Q w(@)u(z)(z) dr = / w(z)u(z) dz.

Q

4. PSEUDODIFFERENTIAL OPERATORS WITH GENERALIZED AMPLITUDES

As mentioned in the Introduction and as will be seen shortly, we will need dif-
ferent asymptotic scales. This requires an extension of Definition [3.1] and 3.2 which
we now state.

Definition 4.1. Let m, y, p, § be real numbers, p,d € [0,1]. Let w be a real valued
function on the interval (0, 1], w > 0, such that for some r in R, for some C' > 0
and for all € € (0, 1], w(e) > Ce". We denote by S/ (€' x RP), Q' an open subset

of R™ | the set of all (a), € 5[ x RP] such that the following statement holds:
VK e, INeN:Vae N, V3N, 3pe (0,1], I¢>0:Vz € K, V¢ € RP,

Ve € (0,1], [0¢07ac(w,&)| < e(g)mrletHolPleNy ()= 1F1mm+,
(4.1)
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The exponent —(|8] — p)+ = —max{0, |8| — u} reflects differentiability up to
order p in the case when a, is obtained from a non-smooth, classical symbol by
convolution with a mollifier with scale w(e).

Definition 4.2. An element of NVJ3% (Q x RP) is a net in S7'5[Q2" x RP] fulfilling
the following condition:

VK €Y, Va e N?, VBN, VgeN, Inpe (0,1], 3¢ >0: Vz € K,
VE € RP, Ve € (0,1, |00 ac(z, )| < efg)m A1l Bletuy (e) =01,
Nets with this property are called negligible.

(4.2)

The factor space S™* (' x RP) /N (V' x RP) will be denoted by S™* (Q/

p,6,w p,0,w p,6,w

RP). Related to Deﬁnitionjs\ﬁ and we note that nggfi)(Q/ x RP) C SKL&M(Q/
RP), NTBH () x RP) C ;75(9’ x RP) and S"%" (O x RP) N /\/Z%(Q’ x RP)

ps6,w ps6,w

N:ﬁ;i(ﬁ’ x RP), provided (w(e))e belongs to Epy. Therefore, 5;'}5)‘;(9’ x RP)

SZ’&(Q/ x RP). One easily proves that the following mapping properties hold:

N 1N X X

a?af : g:éf;(gl x RP) — §m—p|a|+6\ﬁlvu—|5|(ﬂl x RP),

ps0,w
+ 1 STEH(Q X RP) x ST x RP) — Simimalif o« je).

As mentioned in the Introduction, an important notion is that of a slow scale net.
Recall that a net (r.) € C01] i a slow scale net if for every q > 0 there exist ¢, > 0
such that for all € € (0, 1]

Ire|? < cqe_l. (4.3)

Remark 4.3. If in addition to the usual assumptions on (w(e))., we assume that
(w™L(€))c is a slow scale net, we can uniformly bound the contributions of the
derivatives in by a single negative power of €, obtaining for a suitable constant
¢, for x € K and for all € small enough

10800 a,(x,€)| < c(g)mrlelolfleN-1

This means that if (w™'(e)) is a slow scale net then §)'% (' x R?) C S5 (' x

RP). If in addition (w(e))e € €y, then also ST (' x RP) € 875 (' x RP).

Further, if (w™!(€)). is a slow scale net and SUP,¢(o,1)wW(€) < 00 then
Sy (@ X RY) = 8775 (2 x RP)
since S (¥ x RP) = 87 (2 x RP) and NG00 (0 x RP) = N7 () x RP).

Definition 4.4. We denote by S,,°(€2" x R?) the set of all (ac)e € ST*[Q x R?]
such that

VK €Y, 3N eN: Vm e R, Vo € N?, VﬁeN”: In e (0,1], Ie>0 :

(4.4)
Vo € K, ¥ € RP, Ve € (0,1), |0805ac(x, &) < ()™ 1ol M.
We denote by N =>°(Q x RP) the set of all (a¢). € ST®[Q x RP] such that
VK eV, VmeR, VgeN, Va e N°, V3 e N, 3 (0,1], I¢>0 : 45)

Vo € K, V€ € RP, Ve € (0,1], [0802a.(z,€)| < el 1oler.
The factor space S;;>(Q' x RP) /N ~>°(€ x RP) will be denoted by §fg°° (Y x RP).
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Definition 4.5. Let Q) be an open subset of R™. The elements of the factor spaces

N:;gﬁd (QxR™) and gggi (2xQ xR™) will be called symbols and amplitudes of order

m and type (p, d, u,w), respectively. The elements of the factor spaces gr_goo (QAxR™)
and S;”(Q x 2 x R™) will be called smoothing symbols and smoothing amplitudes,
respectively.

Example 4.6. Let (w(e)). be a net as in Definition [4.1] tending to 0 as € goes to
0. Given pu € R\ N, we denote by G* () the space of all generalized functions

*,loc,w

a € G(92) having a representative (a.). satisfying the condition:

o), 0<lal <p,

O, Jal>p 0

VK € Q, Va € N, ||aa(l€||Loo(K) = {
This notion is a modified version (with scales) of Ehe generalized Zygmund regularity
introduced in [22]. Tt is clear that for any b € S (2 x R") and a € G (Q),

*,loc,w
the product a(z)b(x,&) defines a symbol in g;’?(;f;(ﬂ x R™). It follows from the
results in [22] that if f is a function belonging to the Zygmund class Ci'(R™) and
¢ € S (R") is a radial mollifier with [;, ¢(x)dz =1 and [, 2*¢(x)dx = 0 for all
a # 0 then fxp, . satisfies the generalized Zygmund property defining giloc,w(Q).

Thus, for any b as above, ((f * @u(e))|, (2)b(,&))e may serve as a representative for

a symbol in g;?éﬁu (Q x R™).

In the sequel we assume p > 0, § < 1 and let d¢ = (27) "dE.
Proposition 4.7. Let a € g‘;ﬁ;i}(ﬁ x Q x R™). The oscillatory integral

Au = /Q "2y, uly) dy dé = (Acue()), + N(Q) (4.6)

X"
where
Acula) = [ %0, (o,y,ucly) dy de
QxRn
defines a linear map from G.(Q) into G(). If (w™(€))e is a slow scale net then
the oscillatory integral defines a linear map from G () to G=(Q). Finally,
ifa € gr;‘)o(Q X 0 x R™) then defines a linear map from G.(Q2) to G=(Q).

Proof. In 7 o(x,y,&) = (x — y)¢ satisfies the assumptions of Remark It is
immediate to prove that the map g;"(;’;(Q X QX R") x G.(Q) — ~,T§(Q x Q xR") :
(a,u) = a(@,y,u(y) = (ac(z,y,E)uc(y))e + N5(2 x Q x R") is well-defined.
From Proposition and Remark assertion i), we obtain that A is a linear
map from G.(Q) into G(Q). If (w™(e))c is a slow scale net and u € G°(2) then

au € 8% (2 x Q x R") and as a consequence of Proposition assertion 1),

A maps G°(Q) into G*(£2). Finally, assuming that a € grEOO(Q x 0 x R™), the
integral
Acu(w) = [ 0%, (0,1, () dy
QxR?
is absolutely convergent. Differentiating we obtain that

(ac)e € S (X AXR™),  (ue)e € Ecm () = (Acue)e € ER7(Q),
(ac)e ENT®(QA X QXR™), (u)e €& m(Q) = (Aue)e € N(Q
(ac)e €S (X AXR™),  (u)e €N(Q) = (Aecuc)e € N(Q

),
)
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This completes the proof. ([

Definition 4.8. Let a € g;?éffu (Q x © x R™). The linear map defined by

A:Gu(Q) = G(Q) :u— Au(z) = / oz, y, Oyuly) dy e

QxR™

will be called a (generalized) pseudodifferential operator with amplitude a.

The formal transpose of A is the pseudodifferential operator *A : G.(2) — G(£2)
defined by

u— [ (e, y, ule) dede = | T a(y, 2, —Euly) dyds.  (4.7)
QxR QxR

The first integral in (4.7) is an oscillatory integral in x and £ depending on the
parameter y € Q. Renaming variables, we see that ‘A can be written in the usual
pseudodifferential form and thus satisfies the mapping properties of Proposition
as well.

Definition 4.9. Let A be a pseudodifferential operator. The map ka4 € L(G.(2 x

), C) defined by
u) = /QA(u(x,))(x)dx (4.8)

We have to prove that the integral in (4.8) makes sense. Let a € S 2 (Qx QXR”)
be an amplitude defining the operator A Let u € G.(2 x Q). F‘rom Deﬁmtlon

Aulz, ) (x) = / Vo, y, Eyule, y) dy d,

QxR™

where a(z,y, )u(z,y) € N;%(Q x £ x R™). From Proposition and Remark
this oscillatory integral defines a generalized function in G(Q2) and A(u(z,-))(z) €

Gc(2). Consequently, [, A(u(z,-))(z)dz is an element of L(G.(Q x ), C) and from
Remark assertion i)

(u) = / / @Dz, y, €)ulz, y) dy A€ da
Q

xR"™

is called the kernel of A.

-~ / eV a(z, y, E)u(w, y) de dy €.
QXQxR™

Proposition 4.10. Let a € 5215‘;(9 x Q x R™) and A be the corresponding pseu-

dodifferential operator.

i) For allu € G.(Q) and v € G.(Q)

kalv@u) = /QAu(a:)v(x)dx = / u(y) " Av(y)dy, (4.9)

Q
where v @ u := (Ve(T)ue(y))e + Ne(Q X Q);
i) ka € G(QAx Q\ A), where A is the diagonal of Q x Q. Moreover, for open
subsets W and W' of Q with W x W' C Q x Q\ A, and for allu € G.(W')

Auyy, () = /QkA(w, y)uly)dy; (4.10)
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iii) if supp, , a € Q x Q\ ', where Q' is an open neighborhood of A, then
ka€G(QxQ);
iv) if (w™t(€))e is a slow scale net then ii) and iii) are valid with G (Qx 2\ A)
and G=(Q x Q) in place of G( x Q\ A) and G(Q2 x Q) respectively;
V) ifa € S (2 x Q@ x R") then ka € G=(Q x Q).
Proof. For the first point of the assertion it is sufficient, as in the classical theory of
pseudodifferential operators, to write down the three oscillatory integrals in (|4.9))
and to change order in integration. We observe that for ¢(z,y,£) = (z — y)&,
Cy =AxR"\ {0} and Ry = Q2 x @\ A. Recalling the first statement of Remark
the oscillatory integral fRn ei(’”_y)fa(x,y,f)df defines a generalized function
in G(2 x 2\ A). Now for all u € G.(2 x 2\ A)

halu) = / u(z,y) / Vg, y, €) dE da dy (4.11)

Qx0 n
and, since as a consequence of Proposition2.11] G(2x Q\A) is included in L(G,(2x
Q\ A),C), shows that ka € G(Q x Q\ A). In particular if u € Go(W’)
and W x W C Q x Q\ A, follows from and the inclusion G(W) C
L(G.(W),C). N
Under the hypothesis that(w™1(¢)). is a slow scale net, a € 873" (2 x Q x R™)

p,0,w
can also be considered as an element of N;’fé,rg(ﬂ x Q xR™). Thus the assertions ii7)
and iv) are obtained from the analogous statements 4i) and ii¢) in Remark
Finally, if @ € S;=(Q x Q x R"), [, e'@¥ea(z,y,€)dE € ¢=(Q x Q) and
([A11) holds for all u € Ge(Q x Q). Hence ka(z,y) = [p. e ¥ea(z,y,£)dE €
G>= (02 x Q). O

We see from (4.9) and Proposition that two pseudodifferential operators
having the same kernel coincide. The definition of the kernel k4 is very useful in
proving the following result of pseudolocality.

Proposition 4.11. Leta € 5;7(;,‘;(9 x QxR"™) and (W (€))c a slow scale net; let
A be the corresponding pseudodifferential operator. Then for all u € G.(Q)

sing supp, Au C sing Supp, U.
Proof. For u € G.(€2), we consider an arbitrary open neighborhood V" of sing supp,, u
contained in 2 and a function ¢ € C°(V) identically equal to 1 in a neighbor-
hood of singsupp, u. Then we write u = u + (1 — ¥)u where Yu € G.(Q2) and
(1 —vY)u € G*(Q). From Proposition A((1 — ¢)u) € G*(2) and then our

assertion becomes

sing supp, A(¢u) C sing supp, u. (4.12)
To prove (4.12), we show that for all u € G.(Q)
sing supp, Au C supp u. (4.13)

Let K = supp u and zg € 2\ K so that g x K C Q x Q\ A. Since 2 x Q\ A
is open, there exist an open neighborhoods W and W’ of zy and K, respectively,
such that W x W’ C Q x Q\ A. We want to demonstrate that xo € 2\ supp, Au,
ie. Auy, € G=(W). It is sufficient to recall Proposition point iv), and the
equality where k4 € G®(W x W'). Writing vu in place of u in , we
conclude that

sing supp, A(Yu) C suppyu C V.
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Since V is arbitrary, the proof is complete. ([

Let us now consider a linear operator A : G.(Q) — G(Q) of the form

Au(x):/ﬂk(x,y)u(y)dy, (4.14)

where k£ € G®(Q2 x ). As noted in Remark k is uniquely determined by
(4.14]) as an element of G(2 x Q). For this reason, we may call it the kernel of A,
adopt the notation k4, and we may call A an operator with regular generalized
kernel. Obviously, every operator with regular generalized kernel is regularizing,
i.e. it maps G.(2) into G=(Q).

Proposition 4.12. A is an operator with reqular generalized kernel if and only if
it is a pseudodifferential operator with smoothing amplitude in S;;> (2 x Q2 xR™).

Proof. Every pseudodifferential operator with smoothing amplitude has a regular
generalized kernel by Proposition To prove the converse, let k4 € G (2 x Q).
Then for all u € G.(2), Au has as a representative

Acue :/kA,E(xvy)UE(y)dy:/ei(x_y)ge_i(x_y)EkA,6<xay)X(f)ue(y) dydg,
Q QxR

where x(£) € C°(R™) with [ x(£)d¢ = 1. Now if we define

ac(w,y, &) = e Tk (2, y)x(€)

then each a. belongs to S™>°(Q x Q x R™). Further, (ka)e € E57(Q x Q) implies
(ac)e € Sg™ (X QxR™) and (ka)e € N(2xQ) implies (ac). € N™F(QxQxR™).
In conclusion,

Au(z) = / V0 (2, y, € uly) dyde

xR™
for a := (ac)e + N7°(2 x Q@ x R™). O

We introduce properly supported pseudodifferential operators using their kernels

in L(G.(Q x Q),C).

Definition 4.13. A pseudodifferential operator A is properly supported if and only
if supp k4 is a proper set. An amplitude a € S;n(;’:(ﬂ x © x R™) is called properly
supported if and only if supp, , a is a proper set.

We note that if A is properly supported then !A is properly supported.

Proposition 4.14. Let A be a pseudodifferential operator with amplitude a €

g}fg,’;(Q x Q x R"). If (w(€))e is bounded then A is properly supported if and

only if it can be written with a properly supported amplitude in 5:)”5*; (2 x QxR™).

If (w™1(€))e is a slow scale net then A is properly supported if and only if it can be
written with a properly supported amplitude in Zlé,rg(Q x Q x R™).

Proof. Let us consider the first case when (w(e))e is bounded. If A is properly
supported then choosing a proper function y € C*®(£2 x Q) identically equal to 1

in a neighborhood of supp k4 we have that xa := (xae)e + ;&Z(Q x R™) belongs
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to 3’:‘5)‘;(0 x 0 x R™). This uses the boundedness of w(e). Clearly, xa is properly
supported. Moreover, since for all u € G.(2 x Q)

Fa((1 - x)u) = /Q @V oz, €)(1 - x(ay))ule,y) drdyde =0 in C,

xXR"™
the operators with amplitudes a and xa have the same kernel and hence they
coincide.

To prove the converse, assume that a € Sm (2 x Q x R™) is a properly sup-
ported amplitude. Since supp k4 C supp, ,a we ‘see that A is a properly supported
pseudodifferential operator.

If (w™t(e))e is a slow scale net we can repeat the same arguments, substituting

pérg(QxQxR”) for S;”(;“ (Q x Q2 xR™). O

Remark 4.15. Proposition implies that any properly supported pseudodif-
ferential operator A can be written with a properly supported amplitude a such
that there exist a representative (a¢). of a and a proper closed subset of 2 x
containing supp,, , a. for all e.

Proposition 4.16. If A is a properly supported pseudodifferential operator then
for all K € Q there exist K', K" € Q such that for all u € G.(Q2) the following
statements hold:

i) suppu C K implies supp Au C K’,
ii) suppu C Q\ K" implies supp Au C 2\ K.

Proof. From (4.9) we obtain for all u € G.(Q)

supp Au C my (75 *(suppu) Nsuppka). (4.15)
The first assertion follows from (4.15) putting K’ = 7 (75 *(K)Nsupp ka). Defining
K" as mo(n; *(K) Nsupp ka), [.15) leads to assertion ii). O

Proposition [4.16[ is the well-known topological characterization of a properly
supported linear operator.

Proposition 4.17. If A is a properly supported pseudodifferential operator with
amplitude a € Sm’” L(Q2x QxR"™) then
i) A maps gc( ) into G.(2),

ii) A can be um'quely extended to a linear map from G(Q) into G(Q) such that
for allu € G(Q) and v € G.(),

/Au dm—/ﬂu(y) tAv(y)dy. (4.16)

In the particular case when (w™1(€)). is a slow scale net

iii) A maps G°(Q) into G°(Q),

iv) the extension defined above maps G=(Q) into G=(Q).
The same results hold with *A in place of A.

Proof. The first assertion is clear from ¢) in Proposition m To prove the second,
we use the well-known sheaf-theoretic argument. We only need to define A locally.
Let V3 C V5 C ... be an exhausting sequence of relatively compact open sets, let
K; = V; and K/ as in ii) of Proposition where we assume that {K'};en is
increasing. Given u € G(), we define A;u € G(V;) by (A(¢ju))|vj where 1¢; €
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C°(2), ¥ = 1 in an open neighborhood of K. As in the proof of Proposition
2.14] it is clear that the family {A;u};en is coherent. In this way we obtain a
linear extension of the original pseudodifferential operator on G.(2), which satisfies
(4.16). In fact, choosing u € G(Q) and v € G.(£2), we have that suppv C Vj
for some j. Since the function %; is identically 1 in an open neighborhood of
mo (7 1 (V) Nsuppka) and supp *Av C mo(m; ' (V;) Nsupp ka), we conclude that

1ﬁmmmm=/(% M_/% tm)@:AmNM@@

The uniqueness is proved as in .

Assume now that (w™!(e)). is a slow scale net. From Proposition We already
know that A maps G°(Q) into G=(€2). This mapping property combined with
assertion 7) implies that A : G°(2) — G°(Q2). Finally using the sheaf property of
G (), the extension to G(2) defined above maps G*°(Q) into G2 (). O

It is clear that if A is properly supported and (w=!(e)). is a slow scale net then
the pseudolocality property singsupp, Au C singsupp, u holds for every u € G(Q2).
In fact, it suffices to recall that the restrictions of Au to the open subsets V; are
expressed by (A(%u))‘vj7 where 7;u has compact support.

Proposition 4.18. Let a € g;”(;‘:)(ﬁ x Q x R™) with (w™'(€))e a slow scale net.
The corresponding pseudodifferential operator A can be written as the sum Ag+ Aq
where Aqg is a properly supported pseudodifferential operator and A; has regular
generalized kernel.

Proof. Take a proper function y € C*(2 x ) identically equal to 1 in a neighbor-
hood of the diagonal A C 2 x Q. Given u € G.(Q2) we can write Au = Agu + Aju
where Ag is the properly supported pseudodifferential operator with amplitude

ag = xa € S/T(;,rg(Q x 0 x R™) and A; is the pseudodifferential operator with am-

plitude a; = a(l — x) € ~;’f§)rg(§2 x Q0 x R™). Since supp, , a; is included in the
complement of an open neighborhood of A and (w=!(e)). is a slow scale net, the
arguments in the proof of Proposition show that the kernel of A; belongs to

G>(Q x Q). O

5. FORMAL SERIES AND GENERALIZED SYMBOLS

In this section we develop a pseudodifferential calculus: formal series, symbols,
transposition, and composition. Formal series and symbols play a basic role in
the classical theory of pseudodifferential operators. The aim of this section is to
generalize these concepts to our context. As we shall see in detail in Theorem
we will have to consider the subspaces

Shau (2 X RP) i= ST () x RP)JNTH (2 x RP)

of ST5 (€ x RP),

§p,6,rg(
(€ x RP) and

Q' X RP) := 85 1o (' x RP)/NT'5(Q x RF)

of p(;rg

Soy (X RP) i= §,°(Q x RP) /N ~(Q x R?)
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of §7,.°(€2" x RP), obtained by fixing n = 1 in (4.1), (4.2)), in the definitions of
g (2 X RP) and NT(€Y x RP) and in (4.4), (4.5), respectively. This is needed
in order to guarantee that the infinite number of terms in the formal series will be
defined for € in a common interval.
What concerns smoothing symbols, we need a refined version of Definition 1.4}

We denote by S_°*(Q x R™) the set of all (ac). € £[2 x R™] such that

VK eQ, INeN: VmeR, Va,f € N", Je>0: Vz € K, V¢ e R", Ve € (0,1],
|0 07 ac(x,&)] < c(@)™ 1Ml New(e) 171+

and by N _"#(Q x R™) the set of all (a¢). € £[Q x R™] such that

VK@Q, quN, VmGR, VmﬂGN”, Je>0: VxGK, ngRn, VEE(O,].],
0208 ac(x, )| < (€)™ leledw(e)~181=m)+

We introduce the notation S;OO’”(Q x R") for S (Q x R™) /N OH(Q x R™).
Obviously, if (w(e)). is bounded and (w™(e)). is a slow scale net then S~ " (€ x

o0

R") = Sr_g (2xR"). Finally, let (ac)e € S5, (2xR") and K be a compact subset

of . We say that (a.). is of growth type Nx € N on K if and only if
Vo, €N", Je>0: Vo e K, V¢ € R™, Ve € (0,1],
|a?aga€(x7§)| < C<§>m—plal+6\ﬁ|e—NKw(e)—(\ﬁ\—u)+,

Definition 5.1. Let {m;},cn and {u;} be sequences of real numbers with m; \,
—o00, mo = m and po = p. Let {(aje)e}jen be a sequence of elements (aje)e €
Q;r’lg”ﬁj (Q x R™), satisfying the following condition:

VK €, 3Nk € N: ¥Vj €N (aj.)c is of growth type Nx on K. (5.1)

We say that the formal series Y°7° (aj,.c)c is the asymptotic expansion of (a.). €
E[Q x R"], (ae)e ~ >_;(aje)e for short, if and only if for all K € €2 there exists
My € N such that for all r > 1, (ac — Z;;é aje)e is an element of QZL(’;,’L‘(Q x R™)
of growth type Mg on K.

Remark 5.2. If the elements (a.). and (al). in € £[Q x R"] have the same as-
ymptotic expansion }_(aje)e then (ac —a;)e € S,7"(Q2 x R"). Indeed, we can

write
T T
! /
Qe — Qg = Qe — aj.e+ Aje — Q.
Jj=0 Jj=0

From the definition of an asymptotic expansion, we have that for all K & €2 there
exists a natural number My such that (ac — 327 g a;) and (Y7_gaj. —al),
are elements of Q?g:f((l x R™) of growth type Mg on K. Since My does not
depend on r and the sequence of {m,},en (0} tends to —oo, we conclude that
(ac —al)e € S0 (Q x R™), as desired.

Theorem 5.3. Let {m;};, {i;}; and (ajc)c € I3 (Q x R™) for all j € N as in

0,0,w
Definition[5.1} If in addition one of the following hypotheses
pi > for all j € N and sup w(e) < oo (5.2)
e€(0,1]
or

p; < for all j €N and (w™*(e)). is a slow scale net (5.3)
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holds then there exists (ac)e € S, (2 x R™) such that (ac)e ~ 3 ;(aj.c)e-

p5w

Proof. The proof follows the classical line of arguments, but we will have to keep
track of the e-dependence carefully. We consider a sequence of relatively compact
open sets {V;} contained in €2, such that for all I € N, V; ¢ K; = V; C Vi4; and
Uien Vi = . Let ¢ € C*(R"), 0 < ¢(§) < 1, such that (&) = 0 for [{] < 1 and
(&) =1 for €] > 2. We introduce

bj,e<xa§) = dj()‘jg)aj,ﬁ(xvg)’

where \; will be positive constants, independent of €, with ;11 < A; <1, A\; — 0.
We can define

&) = bjc(x,€). (5.4)

jeN

This sum is locally finite. We observe that 0%(¢(\;€)) = 90*Y(A; f))\la, that
supp(0©9P(A;€)) € {€ + 1/A; < [¢] < 2/A;}, and that 1/X; < [¢] < 2/% im-
plies A; < 2/[¢] <4/(1+[¢]).
Case 1: We assume now hypothesis (5.2). Fixing K € Q and «, 5 € N”, we obtain
for jeN,e€(0,1], z € K, £ € R,

|08 07b;.¢(2,6))

<y ( )Am MO Th (€)1 (€)™ ITHO1B =Ny ) =810
7S (5.5)
< Z ij@KZL\aﬂ\<§>f\aﬂ|<€>mjfp\v\%lﬁ\efNKw(e)f(lﬁlfujH

v<a
< Cjraprc(€)miPldFOIBle=Ni () =UBI=1)+

where in the last computations we use the inequality (|8] — )+ < (18] — w)+
for p1; > p and the boundeness of w. At this point we choose A; such that for
la+ 8] <4, 1<j

Cjapr N < 2_j (5.6)
Our aim is to prove that ac(z,&) defined in (5.4) belongs to 7' (2 x R™). We
already know that (a.). € £[Q x R"]. We observe that
VKe, dleN: KCV,CKj,
(5.7)

Vao, Bo € N, Jjo €N, jo >1: |ag+ Bo| < jo, mj, +1<m.
Now, (a¢)e as the sum of the following two terms:

Jjo—1

ije x, &) + Zbﬂ 2,8) = fo(2,8) + sc(, ).

Jj=Jjo

First we study f.(z, {). For x € K, using hypothesis (5.2]), we have that
900 fe(, )]

Jjo—1
< Z Cj,a0,60 K<§>mj7p|a0Hémo‘efNKw(e)*(|5o|*#j)+ (5.8)
- 81Bo| .~N (180 —
<y g g (€Y Pl0 10l = Nic ) =(Bol =)+
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We now turn to s.(z,&). From (5.5) and (5.6)), we get for z € K and € € (0, 1],
960050 se(x,€)]

“+o0
< Y Chrapnui (€)™ 7120l =N ) =10l =204
J=jo
+o0 ]
< Z 2—1)\;1<§>—1<§>mj+1—P|040|+5|50|6—NKlw(e)—(\ﬁtﬂ—ltﬁr.
Jj=Jo
Since (&) is identically equal to 0 for || < 1, we can assume in our estimates that
(€)~1 < \j, and therefore from (5.7)), we conclude that
1020080 . (3, £)] < ()™=l 150l = Vo, ()=l (5.9)

In conclusion, we obtain that (ac). € S (2 x R™). In order to prove that (ac). ~

ps0,w
>_j(aj.e)e we fix r > 1 and we write

r—1 r—1 +oo
ac(,6) =Y aje(w,€) = > (b(NE) = Daje(,&) + Y b(\&)aye(x,€)
j=0 j=0 j=r

= ge(l‘,f) + te(x?f)'

Recall that i € C>°(R™) was chosen such that ) — 1 € C3°(R™) and supp(¢ — 1) C
{&: €] <2} Thus, for 0 <j <r—1,

supp((A;€) — 1) C{&: M€l <2} C{e: ¢ <201}
As a consequence, for fixed K € 2 and for all € € (0, 1],
|8?8£g€(13,€)‘ < Ca,B,K<§>mr7p|a|+6lﬁ|€7NKCL)(€)7(WI7#)+,

In this way (gc). is an element of Q'Tg’f:(ﬁ x R™) of growth type Ng on the compact
set K. Moreover, repeating the same arguments used in the construction of (a).
we have that (tc). belongs to S7'3//(€2 x R") and it is of growth type N, on K,
where K C V; C K;. Summarizing, we have that for all » > 1, (a.). —Z;;é (aj.e)e €

S)50 (2 x R™) and it is of growth type max(Nk, Ni, ).
Case 2: The proof can be easily adapted to cover hypothesis . The crucial
point is to observe that if p; < p then (|8] — p;)+ > (I8] — 1)+, and that we get
the inequality
w(e)—(lﬁl—wﬂ - w(e)—(\5|—u)+w(6)(|5|—lt)+—(lﬁ\—uj)+ < cj“@w(e)_(lﬁl_”)+e_1,
(5.10)
which follows from the definition of a slow scale net. Using , we may transform

B5), -8, (5-9), respectively, into
10005b;.(2,€)| < Cjanpx (€ TPl (e) L N1y () ~UPImm+ - (5.11)

020050 F(,€)] < oy i ()™ HI0HIB NN Ly () =Ul=m - (5.12)

080070 se(,€)| < ¢y gy ()™ P10l HoIRlem N =ty ()=l =i (5.13)
where z € K, £ € R” and € € (0, 1].
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In this way (ge)e € S50 (€2 x R") is of growth type Nx + 1 on K and (t)e €

S)5 (2 xR™) is of growth type Ny, +1 on K. Finally, (ac)e— Z;;é (aje)e belongs
to 87570 (2 x R™) and it is of growth type max(Nx, Nk,) + 1. O

The following theorem studies the special case of formal series of negligible ele-
ments.

Theorem 5.4. Let {m;};, {11;}; be sequences of real numbers as in Definition[5.]]
and let (ajc)e € N'VH(Q x R™) for all j € N. If the hypothesis (5.2)) holds or if

0,0,w
wi < p for all j € N then there exists (ac). € /\7[2?5%’;(9 % R™) such that for all v > 1
r—1
(ac =D aje), €NpFLQ X R). (5.14)
§=0

If (al). € E[Q x R"| satisfies (5.14) then (a. — al)e € N°0H(2 x R™).

Proof. Repeating the arguments and constructions from the proof of Theorem [5.3
we conclude that

VK € Q,Va,3eN", VgeN, VjeN, 3C;o8K,q>0: Ve K, V§E € R",
Ve € (0,1], |6§‘bej75(x,§)| < Cj,a757K7q<§>mjfp\a|+6\m€qw(€)7(|ﬁ\7u)+.
holds under either of the two hypotheses stated in Theorem At this point we
choose A; such that for [a + 5| < j,1<7j,¢ <7,
Cjapiigh <277 (5.15)

We observe that (5.7) still holds, where, given qo € N, we may take jo > max(l, go).
As a consequence, writing as before a.(z,£) = fe(x, &) + sc(z, ), we have

‘a?oafofe(m,f)‘ < Cuoﬁmqo,K<€>m—0|ao|+5\ﬁo|€qow(6)—(|ﬁol—#)+

and from (5.15))
“+o0

108007 5e(2, )| <Y Cjrag o, a0 (€)™ P10V 0y () = (1ol =00)+
J=Jo

+oo
< Z 2—j)\;1 <€>—1 <§>mj+1—P\0¢0|+5\50\€QOw(6)—(|50|—M)+
Jj=jo
< (g)mplaol+o1Bol cao ()= (Bl =r)+
These results lead us to the conclusion that (a.)e € 7:75‘;(9 x R™). We omit the
rest of the proof since it is a simple adaptation of the proof of Theorem [5.3] where
in place of the growth type Nk we consider an arbitrary exponent ¢ € N. ([
Definition 5.5. Let {m;},cn and {u;} be sequences of real numbers with m; \,
—o00, mog =m and po = p. Let {a;},en be a sequence of symbols a; € 7;757,51 (@ x
R™) whose representatives (aj,¢). satisfy (5.1)).
We say that the formal series 3 ; a; is the asymptotic expansion of a € §Z’wa (Qx
R™), a ~ Zj a; for short, if and only if there exist a representative (ac). of a and,

for every j, representatives (a;e)e of a;, such that (ae)e ~ 3 ;(aj.e)e.

Note that if some representative of a; satisfies (.1) then every representative
does. Theorems 5.1 and 5.2 lead us to the following characterization of a ~ 3~ a;.
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Proposition 5.6. Under the hypotheses of Theorem a~ Zj a; if and only if
for any choice of representatives (a;)e of a; there exists a representative (ac)e of
a such that (ac)e ~ 3 (aj.e)e.

Proof. We assume that there exist (ae)e and (aj,c)e such that (ae)e ~ > (aj.e)e.
Let (aj.)e be another choice of representatives of a;. It is clear that > (aj. —
aj .)e fulfills the requirements of Theorem and therefore there exists (a). €

NV (Q x R™) such that for all 7 > 1, (af — Z;;é(aj,e —a}))e €ENTFL(QxR).

2 p,0,w
As a consequence, (a. —al). € 821(’5“ ' (2 x R™) is another representative of a and

(ae —a)e ~ 3,(aj )e. In fact, for all r > 1 we have that (ac —a; — SThal)

Jj=0 "3,e/¢€
can be written as the difference of (a. — Z;;é aje)e € )5 L(Q x R™) and (af —
Z;;é(a“ —aj.))e € N5 (Q x R™), where the growth order on every compact
set is independent of r. ([

mj, g

Theorem 5.7. Let {m;};, {u;}; and a; € S 5’w (@ x R™) for all j € N as in
Deﬁm’tz’onn If in addition the hypothesis or . holds then there exists
a € Sp(;w(Q x R") such that a ~ 3, a;. Moreover if b e Spéw(Q x R™) has
asymptotic erpansion Z aj then there exists a representative (ac). of a and a
representative (be). of b such that (ac — be)e € S, (2 x R™).

Proof. The existence of a is a direct consequence of Theorem In particular,
there is a choice of representatives (aj¢). of a; and a representative (). of a such
that (ac)e ~ > ;(aje)e. Now if b ~ >~ a;, the previous proposition guarantees
the existence of a representative (be)e such that (be)e ~ >°;(aj.e)e. Therefore, from
Remark [5.2) ., c €S X R™). O

Combining Theorem . with Remark we have that if a € Sp M)(Q x R™)
p(;w '(Q x R™) then
it has a representative of the form ae = a, +a, where (ay)e € N7’ (2 x R™) and
(a)e € STH(Q X R™).

In the sequel we always assume 0 < § < p < 1.

has asymptotic expansion Z a; where each term a; = 0 in S

Theorem 5.8. Let A be a properly supported pseudodifferential operator with am-
plitude a € Sp(;w(Q x 0 x R"™) where (w™t(¢€))c is a slow scale net. Then there

exists 0 € S Q x R™) such that for all u € G (R™)

pérg(

Alw)(e) = [ "ot a(e) e (5.16)

Moreover, o ~ 3= l8AYD’V(1(30 RIIN

expansion is understood in the sense ofS

where DY = (—i)7197 and the asymptotic
(Q x R™).

=Yy
p,0,rg
Proof. As shown in Proposition m given a proper function y € C*°(2 x Q) iden-

tically equal to 1 in a neighborhood of supp k4UA, the pseudodifferential operator
A can be written with the properly supported amplitude ya := (xae)e + N5 (2 x
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(2 x Q x R™). Now we define

~m
Q2 x R™) and can be viewed as an element of S, 5,

7i@&) = [ B+ nan,

o,y €) = / GO (2, y)ac(x,y,€) dy.

~

The net (be)e belongs to £[Q2 x  x R™]. Using integration by parts and the as-
sumptions on (w~!(€))., we obtain for z € K € Q and ¢ € (0, 1],

|(fz77)78?8£l;;(x, m, £)|

=X (g) / e CmIMORO 0y (X y)ac(x, v, )y
B'<B @
< Cap 7<§>mfp|a\+5lﬁ+vlefNK71.

Consequently, we have for any M € N that
|08 05 be(,m, €)| < Cog,nr () PIXITOVIFOM (1) =M = Nic =1, (5.17)

From (5.17) we obtain for z € K and € € (0, 1]

0800 0c(x,8)| <cap e V<! / (& 4 m)m Pl FOIBIRM () =M gy

< C/a,ﬁ,MG_NK_1<§>p+6Ma
where p = max(m — pla| + §|5],0) and M is large enough. Next we estimate

h—1
1
0'6(5(},5)— Z ?agD;ae(%%é)‘z:y

lyl=0 "
for b > 1. Recalling that 0 Djac(z,y,&)|s=y = 0¢ DY (X(z,y)ac(®,y,))|o=y, a

power series expansion of l;;(x, n,€ +n) in the last argument about £ and the same
reasoning as in [40], p.24-25] leads to the following estimates:

1
joe(2,6) =Y =0T D]ac(x,y, €)lamy| < CreNxTl(gym—lmdhn,
lyl<h '

10202 (0(2,€) =3 ~-01Dyac(,9,)lamy)| < Che= 1 (gym—{p=0Ihtn=plal 4313
lvl<h '

‘We now write

o)~ 3 00 Dyaclw,y, )lamy

lvl<h
. ) (5.18)
:O'e(z7£)_ Z jagD;ae(xvyagﬂx:y_" Z jagD’yyae(x7y7§)|x=y'
lyl<h ' h<lyl<hr

where b/ = h+n/(p — 9).
(From the previous computations, (o, — Zla\<h/ iagD;ae(x,y,f)\z:y)e is an

element of §Z’L;r(g75)h(ﬂ x R™) and the last sum in (5.18]) belongs to ngr(g*é)h(fl X
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R™). This result shows that (o.(z, §)) (Q x R™) and

p 5 T8
(0c)e ~ Z (a DW@E(CC Yo &) y)
— !
It remains to prove that (5.16) holds with o := (o) + N 75 (2 x R™). Tt is sufficient
to show that the generalized functions involved in (5.16|) coincide locally. In fact,
with the notations introduced in the proof of Proposition we have for u €
gy (Rn)a

= @9y a(z (y)u
( | ¢ y)ale,y, €05 (w)uly) dy e )|,
([ e / DS (@ yaa,y, €y y) dy d Tn)n ),
R QxRn™

where 1); € C°
Now since x/(z,

NS

) and is identically 1 in a neighborhood of 7 (! (V;) N supp x).
a(z,y,£)(¥;(y) —1) = 0 on V}, we can conclude that

(Aw ), = ([ e=otamyatm dn)],,.
O

Remark 5.9. From the above computations it follows that (ac). € N (Q x Q x

R™) implies (0c)e € N7'5(Q2 x R™). Therefore, the integral

ol ) = / @0 (2, y)a(z, y, € +n) dy di
2xRn (5.19)
= ([ bl mdn) + NS0 xR

p5w

yields a well-defined element of S S, 5rg(Q x R™). In this way gives a map,
depending on x, from the set of the amplitudes in S S5 w(Q x £ x R™) which define
A to the space of symbols Sp srg (2 X R™).

We note that since x(z,y)a(x,y,&) is a properly supported amplitude, the ex-
1stence of o in §

S

pérg(Q x R™) can be deduced, using the sheaf properties of

S, .6.0g(§2 X R™) with respect to {2, by means of the local definition

o1, (.6) = ( / I )aey €+ ) dydn) € S5 (Vs X RY)
W; Vi

where W; = ﬂg(ﬂfl(vj) N supp x) x R™. Since the proper set suppy contains

supp, , a. for each e, we arrive at the global expression (.19) for o.

Formula gives only a map from amplitudes to symbols, but the spaces of
generalized symbols contain different symbols for the same operator. This is due
to the fact that the difference of two symbols may be not negligible in the sense
of the symbol space, though the action of the corresponding operators may be the
same. A simple example of this effect is given by the net of zero-order symbols
(Ce(x,8))e = (p(ne€) — 1) where ¢ is some function in . (R™) with ¢(0) = 1 and
(ne)e belongs to N, i.e., is a negligible net of real numbers. The net (7¢), represents

an element of S Q x R™) which is not the zero element there, though the

pérg(
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corresponding operator defined through (5.16)) is the zero operator. This lack of
uniqueness is remedied by the following observation.

Remark 5.10. The family of generalized functions A(e*¢)(z) in G(2), parametri-
zed by &, defines a generalized function in G(2 x R™). Taking any proper function
X as above,

Al (z) = (/ =0y (2, y)ac (z, y,n)eE dy d‘n) + N (2 x R™),
QxRn® €
and after a suitable change of coordinates
eiiwsA(ei'g)(:c) _ (/Q ei(w*y)nx(%y)ae(:ﬂ,y,f +n)dy (1’77) + N(Q xR")
XR™ €

- (ae(x,f)) +N(Q x RY).

‘ (5.20)
Thus defines a map from the space of properly supported pseudodifferential
operators with amplitude of type (p, d, u,w) to the algebra G(2 x R™). It follows
that the symbol, viewed as an element of G(£2 x R™), depends only on the operator
A and not on the choice of amplitude a or the proper function y. This justifies
to refer to it as the symbol of the operator A. Note that the symbol ¢ described
above vanishes as an element of G(£2 x R™). More precisely, one can actually show
that the symbol is already unique in the space G, (€2 x R™) of generalized functions
which are tempered in the second variable, for which we refer to [16], Def. 1.2.52].

Remark 5.11. The formal series }__ ﬁagD;a(a:,y,g)‘my satisfies the require-
ments of Deﬁnitionwith mj=m—(p—20)j, uj = p— j and

a; = Z %8§D;a(x,y,f)‘zzy.
[vI=3
Theorem [5 - says that there exists a symbol o belonging, more specifically, to
the space Sp 5, W(Q x R™) and there are representatives (o¢ ). and (oc). of op and
o, respectively, such that (0. — 00.c)e € S,y (Q x R™). In place of the equation

-, we can only assert that the equation Au = [gn €00 (x, £)U(E) @ is valid
modulo an operator with regular generalized kernel on G.(2).

Theorem 5.12. Let A be a properly supported pseudodifferential operator with

amplitude a € Sp(;w(Q x Q0 x R™) where (w™(€)). is a slow scale net. Let o be

given by (5.16). Then there exists o’ € Sp s.0g(QXR™) such that for allu € G.»(R™)
Aw)(o) = [ oo, €)ale) e
QxR

—1)I!
and o' ~ 3" ( }v)' 9! Do (x,~§).
Proof. From (4.16]) we have for all u,v € G.(Q2) that

/ o(@)  Aulz dx—//lei D oy, €)uly) dy 46 v(z) do

//Mi %0 (y, —)uly) dy A€ v(x) da
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As a consequence of the injectivity of the inclusion of G() in L(G.(£2), C) we obtain
that

Aule) = [ @Dy —Quly) dyde. u € Gule).
QxRn®
Thus ‘A 1s a properly supported pseudodifferential operator with amplitude
o(y,—¢&) € Sp 5rg(Q x  x R™) and satisfies the assumptions of Theorem
direct application of that theorem guarantees the existence of o’ € s S, 50g(2 X R™)
as required. (I

Remark 5.13. Theorem [5.12] combined with Proposition [£:17] shows that for all
u € Ge(Q)

Aua) = (“Au)(a) = [ 0y €July) dy e
QxRn?
Defining the dual symbol &(z,£) = o'(x,—§) € Sp[;rg(Q x R™), we have the

Il
asymptotic expansion & ~ 3 ( i). . 9 DJo(x,§) and

Aute) = [y uly) dys

Since Au € G(2) and we can choose ([, g €/ 7V45(y, E)uc(y) dy €)c in Ec a1 ()
as a (compactly supported) representative, we see that

—

A= [ 6.0 Ouly) d.
Therefore, Au(¢ = Jgn €5 (y, E)uly) dy.

Remark 5.14. Let A be pseudodifferential operator with amplitude a € s S,5, w(Q X
Q x R™) where (w™!(¢))c is a slow scale net. As a consequence of Theorem

Theorem and Proposition we have

Aua) = [ "ol OO dE + Rulo),
t (5.21)
“Aule) = [ €50/ (@,€)al€) de + Suo)

for all u € G.(2), where 0,0’ belong to S 1 x R™) and R and S are operators

with regular generalized kernels.

pérg(

Theorem 5.15. Let A and B be two properly supported pseudodifferential operators

with amplitude a € Sp JW(Q x QX R™) and b € Sp ;5(9 x Q% R"), respectively.

Assume that (w™1(€)). is a slow scale net. Then, given oy € Sp5rg(Q x R™) and

o9 € S;L(; 1o (2 X R™) satisfying - for A and B, respectively, there exists o €
S

+
Z?g,r;nz (Q x R™) such that the properly supported pseudodifferential operator AB
can be written in the form

AB(uy,)(x) = / ¢ o (3, E)U(E) AE, 1 € G (R (5.22)

n

and o ~ 3 %agglpgaz.
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Proof. Using Theorem [5.8) we can write for all u € G.(Q)
ABu(e) = [ &0, (2,6)Bu(y) dy e
Q

XRT’,
Since Bu € G.(12), from Remark [5.13]

ABu(e) = [ @06 Buty) dyde = [ oo, Bu(e) de
= [ oo [ o oum dyae (5:23)
= [0 (0,200 ulw) dy .

XR™
This equality shows that AB 1s a pseudodifferential operator and its amplitude
o1(x,€)d2(y, &) belongs to Sp 6 rg (Q x 2 x R™). By considering the kernel of AB,
we can prove that the composition of two properly supported pseudodifferential

operators is a properly supported pseudodifferential operator as in the classical
~mi+ma

case. Therefore, applying again Theorem there exists 0 € S, 5., (2 x R")
such that ( - ) holds and
1 -
o~ Z a@gD;(ol(%f)ag(y,f))hs:y. (5.24)
B!
As in [0} p.27-28], (5.24) leads to o ~ > ,Y,a o1D)os. O

To conclude this section we want to consider the composition of two pseudodif-
ferential operators when only one operator is properly supported. This requires
some preliminary results.

Lemma 5.16. Let A be a properly supported pseudodifferential operator with am-
plitude a belonging to S)'3" (2 x Q x R") where (w™L(€))e is a slow scale net and
let R be an operator with regular generalized kernel kg € G (2 x Q). Then

A(kr(y))(@) = (Ac(kr.e(- y))(@))e + N(Q x Q),
"A(kr(z,))(y) = ("Ac(kr.e(@, ) (1)) + N (2 x Q)
are well-defined elements of G (£ x ).

Proof. We prove the lemma for A(kg(-,y))(x). The proof for 'A(kg(z,-))(y) is
analogous. We begin by observing that for all fixed y € Q, kr(-,y) := (kr.c(-,y))e +
N () is a generalized function in G*°(Q). Since A is properly supported and
(w™1(€))c a slow scale net, Propositionsays that A(kg(-,y)) belongs to G ().
In detail,

A(kr (5 )y, (2) = Aj(kr(H ) (x) = Al (kr(Y)))y, (2)

= ([ e a2 0y () de ) 29

|VJ

where {V;}; is an exhausting sequence of relatively compact sets, K; = V;, K i =
mo (7 H(K;) Nsupp ka) and 1; € C°(Q) with 1; = 1 in an open neighborhood of
K. From Prop051t10nand the assumption on (w™!(€)). the oscillatory integral

in - depending on the parameters (z,y) € 2 x Q defines a generalized function
in G*°(2 x Q). Hence A(kr(-,y))(z) € G= (2 x Q). O
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Proposition 5.17. Let A be a properly supported pseudodifferential operator with

amplitude a € ;fg’:(ﬂ x Q x R") where (w™1(€))c is a slow scale net and let R be

an operator with reqular generalized kernel. Then AR and RA are operators with
regular generalized kernel.

Proof. Let us consider AR. From Proposition we have for all u,v € G.(€) that

/QARu(x)v(x) dx—/Ru( ) tAv(z) da
//kR (z,y)u(y) dy *Av(z) dv (5.26)
//kR (z,y) *Av(z) dz u(y) dy,

where tAv € G.(Q) and kg € G=®(2 x Q). Since ‘A is properly supported and
kr(-,y) € G=(Q) for every fixed y € Q, we have

/m@wwme=/mmmwmmmm, (5.27)
Q Q

where from the previous lemma A(kg(-,y))(z) € G®(Q2 x Q). Combining (5.26)
with (5.27) we obtain that for all v € G.(Q)

/Q(AR“(I) - /QA(kR(-,y))(:E)U(y) dy)v(a:) dzx = 0.

Finally, Proposition shows that ARu(z) = [, A( y))(@)u(y)dy. In an
analogous way one sees that RA has regular generahzed kernel tA(k: r(z,))(y). O

Proposition 5.18. Let A be a properly supported pseudodifferential operator with
amplitude in Sp(;w(Q x Q x R™) and let B be a pseudodifferential operator with

amplitude in Sp S (Q X Q x R™). Assuming that (w™1(€))c is a slow scale net, there

ezist o and T in S, . *(Q x R™) such that for all u € G.()

pérg

ABu(z) = [ o (s, 0(6) dé + Ru(o),
BAu(z) = [ c"Er(a a(e) d + Su(e),

where R and S have regular generalized kernel.

Proof. From Proposition we have that A = Ay + Ay, where Ag is properly
supported and A; has regular generalized kernel. At this point, an application of
Theorem and Proposition lead us to our assertion. O

6. HYPOELLIPTICITY AND REGULARITY RESULTS

This section is devoted to regularity theory for equations with G*°-right hand
side. We give a general definition of hypoelliptic symbols and construct paramet-
rices for these symbols. The G*°-regularity result for pseudodifferential equations
then follows along the lines of the classical arguments.

A strongly positive slow scale net is a slow scale net (r.). € R(%! such that 7. > 0
for all € € (0,1] and inf.r. # 0.
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Definition 6.1. Let m, 1, u, p,d be real numbers with l < m and 0 < § < p < 1.
We say that (ac)e € S} (2 x R™) is an element of Hﬁzgf(ﬂ x R™) if and only if
for all K € Q there exists a strongly positive slow scale net (7 )e, & net (w1 k. c)e,
w1,k > Ckge™ on the interval (0,1] for certain constants Cx > 0, sk € R, and

slow scale nets (wo i q.8,¢)e, such that for all z € K, for |£| > rk ., for all € € (0,1],

|ac(@, )] = w1,k (€)' (6.1)
and
|8?8£a6(3;‘,§)| < w2,K,a,B,e|ae(CE>5)‘<£>_p|a|+5wl~ (6.2)
for all (a, 8) # (0,0). When w is independent of € we use the notation HQZ;;{rg(Q X
R™).

Before proceeding, we indicate a simple example of an element of H QZLZ’SZZL(Q X
R™).

Example 6.2. Let (w™!(¢)). be a slow scale net with sup, w(e) < oo. Given
p € R\N, let (ac). be a representative of a generalized function in G, . () (see
Example such that
VK €Q, YaeN", 3¢>0: Ve e K, Vee (0,1], [0%e(z)| < cw(e)~Iol=m+
(6.3)

and

VK € Q, F(wi,k,e)e : Ve (0,1], ig}f(|a€(a§)| > Wi K e, (6.4)
where (wf }(76)6 is a slow scale net. Now, for any classical hypoelliptic symbol
b(z,€) € HS'5(Q2 x R™), the product (ac(z)b(z,&))e belongs to Hﬁ::é{f(ﬂ x R™).
Since, as already proved in Section 4, (ac(x)b(x,))e € S;' (2 x R™), we simply

have to check the estimates (6.1) and (6.2]). Combining (6.3) and (6.4) with the

properties of b, we obtain that for all compact sets K there exists a radius Rx such
that for x € K, || > Rk, € € (0,1],

|ae(z)b(z,&)| > cwr ke (€)',
and
o /8 ! o —B'
10202 (ac(e)b(a, )] < 3 (ﬁ,)mf 0e(@) 102087 b(z, €)]
p'<B
< cw(e)—“ﬁ‘—”)m;}( w1 KE<£>—p|a\+6|ﬂ|
< dw(e) M Jae(x)b(x, §)[(€) ~Plotoldl,
where (u}(e)’(|'6"“)+<,ul_7}<7€)e is a slow scale net.

Returning to (a.)e in Definition [6.1] it is evident from that a.(z,£) # 0 for
x € K and |{| > rk .. Let us choose a locally finite open covering (£2;)en of Q such
that Q; C Q; € Q41 for all j. Let (¥;);en be a partition of unity subordinate to
(€;); and let (rje)e := (rg, )e be an increasing sequence of strongly positive slow
scale nets satisfying and with K = Q;. We take a function ¢ € C>°(R")
such that ¢(&) =0 for |¢] <1 and p(§) = 1 for || > 2. At this point we can define

§

Tj.e

Po.c(x,6) = Zazl(w,@so( )i (), (6.5)
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where by construction (po ). € E[Q2xR"] since every (a7 (z, &) ( -))e € E[QxR]
and the sum is locally finite. Before proceeding with the study of ( Po,e)e We need a
technical lemma.

Lemma 6.3. Let (ac). € HSZL;:,‘(Q x R™). For all K € Q and a, 3 € N, there

exists a slow scale net (dk o p.e)e such that

|a?aﬂ 71(£C,f)| < dK,&157€<§>7p|a‘+5|6||a;1(x’€)|» reK, [{|> TK,, €€ (0, 1].
(6.6)

Proof. Obviously is true for o, 3 = 0. Differentiating a_'a.(z,£) = 1 on
K x {|{| > rk,} we obtain
opa (@8 __ (a) (ﬁ)ag’af’asms) 0¢ 00" a (w,6)
act(z,€) B)  ac(x,€) acl(z,€)

0<a'<a
0<p'<B

Using induction, we conclude that
a 90 —1
—|8 Oca Z dK.ar B pla’Hélﬁ’\w2 Koo—o! f—p' E<g>*plafa'lJrélﬁfB’\
|ac — 2 o
8'<p
<dg.ap 6<§>—p\a|+5lﬁ\7
where (dk,q,8,¢)e is a slow scale net since it is a finite sum of products of slow scale
nets. ([

Proposition 6.4. Let (a.). € HS;“(SlLf(Q X R™). Then (po.)e is an element of

HS;(;;;(Q x R™) and for all K € Q there exists a strongly positive slow scale net

(rk.c)e such that for all v € K, |§| > 1 . and for all € € (0,1],

po,e(z,&)ac(x,§) = 1. (6.7)
Proof. We begin by observing that for all K & (2 there exists jo € N such that for
all j > jo, supp®; N K = 0 and then
Jo
ol e = D (07 0 0y (0)

j=0 |K><Rn

For € K and || > 2r;,  we have pg(z,§) = ;0 o0t Nz, Y (z) = a t(z,€).

This result proves (6.7). Using (6.1 and the definition of (po,c). we conclude
po.c(x, )| = la; (2, )] > e (&) "N w(e) M, we K, [¢] > 2rj., € €(0,1],

[po.c(@ O] < exc max (wig )T < e ()T w e K LR, € (01,

where My = maxo<;<j, (sﬁj)Jr. Let us now consider agagpo,e(x,g) for (o, B) #
(0,0). Since pg,e coincides with a_*(z,£) on K x {|¢| > 2rj, .}, Lemma guar-
antees the estimate

10 07p0.c (2, €)] < dic.ap.elpo.c(w, E)I(€) 7+ (6:8)

on this set. In order to prove that (pyc) is an element of H§;5:g (Q x R™), it

remains to estimate every term 8?8£(a;1(x, ﬁ)ga(rfe Y(2)), § < jo, on K x{rj <
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€| < 2rj, ¢} From and (6.2), recalling the assumptions on the nets involved
in our formulas, we obtain
€

002 a7 (. 0 () )

< Z dﬁj,a’ﬁ’,eljxjo(|§|)<£>_p|a +a18 ‘|ae_1<x7§)|

a'<a,f'<p
X sup |07 (€)]sup [0 ()] (6.9)
1<]€1<2 z
/ —l—plal+d18], ,—1 . la—a’
= <2/;<ﬂdﬁjﬁa”ﬁ’,e<§> e w;ﬁj;e<2T]07€>pa “
o' <a,B3'<

< gﬁjya,ﬁ,ee_MK <é—>—l—p\a|+6\ﬂ\7 e K, [§] < 270 e

where 1; ;, is the characteristic function of the interval [r;,2rj, . As a conse-
quence there exist certain slow scale nets (g, a,g,¢)e such that the following estimate
holds on K x R":

10802 po.c(2,€)| < gK.ap,e€ M (€) T PIIFIIBL (6.10)

In conclusion, combining the estimate from below with and (6.10]), we have
that (po.c)e belongs to HS % ™(Q x R™) and it is of growth type Mg + 1 on the

=p,6,rg
compact set K. O
Proposition 6.5. Let (a.). be in HQZ?(’;{Z‘(Q x R™). Then for all o, 3 in N™, we
have (po’e(m,i)agafae(x,é“))e n 7;’3‘?2%‘6‘, More precisely, for every K € §Q, for

alre K, £ eR" and e € (0,1],
10205 (po.c(2, )9 O ac (v, )| S 8k,a,7.0,6 (€)1, (6.11)
where (Sk,a,8,~,0.¢)e 15 @ slow scale net.

Proof. We fix K € Q. From (6.2) and we easily see that there exists a slow
scale net satisfying (6.11]) on K x {|{| > 2rj, ¢}. Let us assume now [{| < 27, .
From ([6.2) and the same arguments as used in we obtain

10707 (po,c(w,£)0¢ D ac(x, £))|
ag / ’ o v o—c'
< ¥ (0)(0)er e mwolor 0 a0

v<yo<o N
E _ —ply'1+dle’] , —platy—7'|+6|8+0—0"|
= lev’Y'y‘Y/75<£> w279j7a+7—7/7ﬁ+0—0'17€<§>
v <,0'<0,5 <o
- s
< SK.apac) AT,
where (g, /v )e and (K a,8,7,0.c)e are slow scale nets. O

Proposition 6.6. Let (a.) € HQZfé{f(Q x R™). We define for h > 1
(—i)h1 . .
pre@, ) = ={ 3 T 07ac@,©001p;c(,€) po.c(x, ).
ig=h
j<h
Then, each (pj.c)e € Q;fs;(gp_é)j(ﬁ x R™) and the requirements of Deﬁnition are
satisfied.
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Proof. We argue by induction. For h =1,
aoz fpl e(m 5)

=iy 3 ( )( )ag 05 (07 acpo.o) (x, )08~ 9~ 0] po.c (. €).

[vI=1a'<a
B'<p

Using Proposition and (6.10)) we obtain that
‘8?852)1,6(1:75)‘

<> > (2) (g,)|8?’8£’<8;a6p0,5)<x,§>||6§‘°"+’*8£"’po,e<x,5)

[v=1a'<a
B'<B

Z Z ( )(ﬁ,)sKa,5/W<g>—pla’+6w’+v

[7I=1a'<a
B8'<p

X 9K7a—a’+%ﬁ—ﬁ',66_MK <§>—l—p|a—a F+o18=F
< tl,K,a,ﬁ,eeiMK <£>*l*(9*5)*ﬂ|a\+5|5|,

where (t1,K,0,8,c)e 1S a slow scale net. We assume that for all K € Q there is
Mk € N such that Vo, 8 € N™ there exists a slow scale net (t4,x,q,8,)e S0 that

10207 ph.c(@,€)| < thokapee M (€)1 PmORTAllHIA (6.12)

for all z € K,£ € R™ and € € (0,1]. We want to prove that (6.12) holds for h + 1.
We have

|08 07 prs1,e (2, )|

< ¥ G2 (8)(5) e @amote oz 00 v )

\“/\Jrj:thl o/<a
§<h+1 8'<B

< Z Z )(5’)8Ka () P11 4

Iyl+i=h+1a'<a
j<h+1 pg'<p

X tj7K7a*Oé'+’Y7ﬁfﬁ/,€ G_MK <£>_l_(p_6)] <£>_p|a_a,+7|+5‘ﬁ_ﬁ,|

< thot ko€ M ()Tl b0 (ht ) —plal+ol8]
This estimate concludes the proof. 0

Definition 6.7. A symbol a € Sp 5w(Q x R™) is called hypoelliptic if one of its

representatives (ac). belongs to H S;”(Sl H(Q x R™).

m,l,
The set of hypoelliptic symbols is denoted by HSp(;:j(Q x R™). The next,

central result shows that operators with symbols of this type admit a (generalized)
parametrix.

Theorem 6.8. Let a € HSp:;f(Q x R™) where (w™1(€))c is a slow scale net and

let A be the corresponding pseudodifferential operator. Then there exists a properly
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supported pseudodifferential operator P with symbol in S (2 xR™) such that for

all uw € G.() the equalities

p5rg

PAu = u + Ru, 6.13
APu=u+ Su (6.13)
hold in G(2), where R and S are operators with reqular generalized kernel.
Proof. We work with a representative (a¢). € 8:?;’5(9 x R™) of a. From Propo-

sition . and Theorem the formal series >, p; . defines an element (p¢). €
8;5 1g (2 R™) such that (pe)e ~ >_;(Pje)e- Let x € C(2x Q) be a proper function
identically equal to 1 in a neighborhood of the diagonal Then the pseudodifferential

operator P with amplitude (x(x, y)pe(x, &)+ (QXQXR") € Sp 5rg (X QXR™)
is properly supported and, using Theorem @ 1t can be written in the form

Pula) = [ o (z a6,

where u € G.(Q2) and oy € Sp 5rg(Q x R™).
We observe that there exists a representative (o1,¢)e of o1 such that

(01,e =De)e € Spg (2 X R™). (6.14)
Analogoubly, by Remark there exists o3 € S, S, 5.0g(Q2xR™) such that for all u €
G.(02), A = [ane 28 gy (x, €)T(€) d€ modulo an operator with regular generalized
kernel, and in particular there is a representative (og.). of o2 with the property

(02,6 —ac)e € S;7° (2 x R™). (6.15)
At this stage, Proposition [5.18| guarantees the existence of o € s S,s rg(Q x R™) such

that for all u € G.(Q2)
Pau(e) = [ e ale, €S + Tu(o),

where T' is an operator with regular generalized kernel. Combining ((6.14)) and (6.15| -
with o ~ Ev 1. é?'yalD;Ug, we may assume that there exists a representatlve (06)6
of o such that for all h e N, h > 1,

(06 -y %agpepga ) e ST Q xR, (6.16)
lvI<h

and it is of growth type Mg + Nk, where Mk and N are suitable growth types

of (pe)e € Sparg(Q x R™) and (ac)e € 8)'5,5(€2 x R") on the compact set K,

respectively. We shall show that (o, — 1) is an element of S, (€2 x R") of growth

type Mk + Nk + 1. Since (pe)e ~ >_;(Pj.e)es

Oc— Z i'c‘)gpeD;ae =0.— Z D aezagpge* Z %37%76&2(16, (6.17)

lvl<h ' \v|<h [v|<h

where (9/rp,cDjac)c is an element of Sm l (p 5)(h+M)(Q x R™) of growth type
Mg + Ng. Next, - ) combined with proves that the difference

( Z D’Yae Zagpj 6)

h|<h
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belongs to S;"é fg (= 5)h(§2 x R™) and it is of the growth type Mk + Nk . Now let
us write
> 5 D2 an%e
|7|<h
(6.18)
1
= D0,ele + Z{Pk eQe + Z gpj eD ae} + Z ﬁagpj,eD;ae-
yig=k [yl+5>h
<k |v|<h,j<h

From Proposition and the equality (po.cae)(z,§) = 1 for € € (0,1], z € K,
€| > 7' ., where (1 )e is a strongly positive slow scale net, we conclude that

1
Z D Ve Zagp] e=14 Z —'agp“D;aE, ec(0,1], z € K, [§] > rk.
N Iyl+i>h

[v|<h,j<h
where the sum on the right-hand side satisfies the estimates of an element of
SIS LT ) Ry € STPTOM(Q 5 R of growth type M + N on
K x {|¢] > 7 }. It is important to note that, from the properties of (po,). and
(Pj.e)e, the continuity of the functions involved in (6.18) on compact sets and the
assumptions on (7 ), we can omit the condition [§] > 7“’K76 adding 1 in the growth
type. Therefore,
h—1
D a a7 )
(5 oin S otmic ),

|W|<h

belongs to S;n(; rlg (b= 6)h(Q x R™) and it is of growth type My + Nx + 1. This means

that (0c — 1) € ;" (2 x R™). In conclusion,

QxR™

(] 00,9 ~ Ducy)dy de) + M) + Tula)
QxR"» €

PAu(z) = / N, (y)dyd€) +N (@)
= Tu(x) + Ru(x),

for all u € G.(2), where R is an operator with regular generalized kernel and is the
sum of the pseudodifferential operator with symbol (o — 1), + A/~°°(Q x R™) and
T.

In an analogous way we can easily prove that there is a properly supported
pseudodifferential operator Q with symbol ¢ € S S, Mg(Q x R™) such that AQ =
I + R, where R’ has regular generalized kernel. Since P(AQ) = P + PR’ and

P(AQ) = (PA)Q = Q + RQ, Proposition shows that P — Q = RQ — PR’ is
an operator with regular generalized kernel. Consequently, (6.13) holds. (]

Corollary 6.9. Let a € HSP 5w (Q x R™) where (w™(€)). is a slow scale net. We
assume that the corresponding pseudodifferential operator A is properly supported.
Then there is a properly supported pseudodifferential operator P with symbol in
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~—1

S, 5.1g (2 X R™) such that for all u € G(Q)
PAu = u+ Ru,
APu = u+ Su, (6.19)

where R and S have reqular generalized kernels.

Proof. From the previous theorem we know the existence of a parametrix P such
that holds for all u € G.(). Since PA—TI and AP—I are properly supported,
R and S are properly supported operators with regular generalized kernel. We
extend the operators PA and I + R from G.(£2) into G(©2). Guided by Proposition
we have that for every u € G(£2) the coherent sequence

PAU‘VZ_ = PA(’[#ZU)

v,

defines PAu. Here V1 C V2 C ... is an exhausting sequence of relatively compact
sets of  and ¢; € C2°(Q2) is identically 1 in a neighborhood of 7 (75 ' (V;) N (A U
supp kg)). Since ¥;u € G.(?) we obtain from (6.13]) that

PAuy, = I(u)), + R(du)), ,

where the sequences I(v;u)), and R(v;u)), define u and Ru respectively. In
conclusion, PAu = u + Ru for every u € G(2). The equality APu = u + Su is
proved analogously. O

m,l,p

Theorem 6.10. Leta € Hsp,é,w (2 x R™) where (w™(€))c is a slow scale net. We
assume that the corresponding pseudodifferential operator A is properly supported.

Then for every u € G(Q2), sing supp, (Au) = sing supp,u.

Proof. The inclusion sing suppg(Au) C sing supp,u is clear from the pseudo-locality
property of A. Now, let us consider a parametrix P of A. From we have that
u can be written as PAu — Ru where R has regular generalized kernel. Therefore,
singsuppyu C singsupp,(PAu). The pseudo-locality property of P allows us to
conclude that sing supp, u C sing supp,,(Au). O

Theorem [6.10]is the main regularity result of this section. It says that a hypoel-
liptic symbol in the sense of Definition leads to a G*°-hypoelliptic operator. In
[24] partial differential operators with generalized constant coefficients were consid-
ered. In particular, the symbol of a (WH)-elliptic operator with slow scale radius —

~m,l .
as defined there — belongs to HS; (€2 x R™). Therefore, the constant coefficient
G*>-regularity result [24) Thm. 5.5] is a special case of Theorem
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