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TWO-SCALE CONVERGENCE OF A MODEL FOR FLOW IN A
PARTIALLY FISSURED MEDIUM

G. W. CLARK & R.E. SHOWALTER

ABSTRACT. The distributed-microstructure model for the flow of single phase
fluid in a partially fissured composite medium due to Douglas-Peszynska-
Showalter [12] is extended to a quasi-linear version. This model contains the
geometry of the local cells distributed throughout the medium, the flux ex-
change across their intricate interface with the imbedded fissure system, and
the secondary flux resulting from diffusion paths within the matrix. Both the
exact but highly singular micro-model and the macro-model are shown to be
well-posed, and it is proved that the solution of the micro-model is two-scale
convergent to that of the macro-model as the spatial parameter goes to zero.
In the linear case, the effective coefficients are obtained by a partial decoupling
of the homogenized system.

1. INTRODUCTION

A fissured medium is a structure consisting of a porous and permeable matrix
which is interlaced on a fine scale by a system of highly permeable fissures. The
majority of fluid transport will occur along flow paths through the fissure system,
and the relative volume and storage capacity of the porous matrix is much larger
than that of the fissure system. When the system of fissures is so well developed
that the matrix is broken into individual blocks or cells that are isolated from each
other, there is consequently no flow directly from cell to cell, but only an exchange
of fluid between each cell and the surrounding fissure system. This is the totally
fissured case that arises in the modeling of granular materials. In the more general
partially fissured case of composite media, not only the fissure system but also
the matrix of cells may be connected, so there is some flow directly within the
cell matrix. The developments below concern this more general model with the
additional component of a global flow through the matrix.

An exact microscopic model of flow in a fissured medium treats the regions oc-
cupied by the fissure system and by the porous matrix as two Darcy media with
different physical parameters. The resulting discontinuities in the parameter values
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across the matrix-fissure interface are severe, and the characteristic width of the fis-
sures is very small in comparison with the size of the matrix blocks. Consequently,
any such exact microscopic model, written as a classical interface problem, is nu-
merically and analytically intractable. For the case of a totally fissured medium,
these difficulties were overcome by constructing models which describe the flow on
two scales, macroscopic and microscopic; see [2, 4, 5, 13, 23]. A macro-model for
flow in a totally fissured medium was obtained as the limit of an exact micro-model
with properly chosen scaling of permeability in the porous matrix. It is an exam-
ple of a distributed microstructure model. Derivations of these two—scale models
have been based on averaging over the exact geometry of the region (see [2, 3])
or by the construction of a continuous distribution of blocks over the region as in
[23] or by assuming some periodic structure for the domain that permits the use
of homogenization methods [8, 9]. (See [15] or [16] for a review, and for more in-
formation on homogenization see [7, 21].) This model was extended in [12] to the
partially fissured case. The novelty in this construction was to represent the flow
in the matrix by a parallel construction in the style of [6, 24]. Thus, two flows are
introduced in the exact micro-model for the matrix, one is the slow scale flow of
[6] which leads to local storage, and the additional one is the global flow within
the matrix. A formal asymptotic expansion was used in [12] to derive the corre-
sponding distributed microstructure model. See [10, 11] for another approach to
modeling flow in a partially fissured medium and [15] for further discussion and
related works. Here we extend the considerations to a quasi-linear version, and
we use two-scale convergence to prove the convergence of the micro-model to the
corresponding macro-model.

Our plan for this project is as follows. In the remainder of this section, we
briefly recall the partial differential equations that describe the flow through a ho-
mogeneous medium in order to introduce some notation. Then we describe in turn
various function spaces of LP or of Sobolev type, the two-scale convergence proce-
dure, and basic results for weak and strong formulations of the Cauchy problem
in Banach space. In Section 2 we describe a nonlinear version of the micro-model
from [12] for flow through a partially fissured medium and show that this system
leads to a well-posed initial-boundary-value problem. In Section 3 we show that
this micro-model has a two-scale limit as the parameter € — 0, and this limit sat-
isfies a variational identity. The point of Section 4 is to establish that this limit
satisfies additional properties which collectively comprise the homogenized macro-
model. These results on the well-posedness of the macro-model are sumarized and
completed in Section 5. There we relate the weak and strong formulations of the
macro-model problem to the corresponding realizations as a Cauchy problem for
a nonlinear evolution equation in Banach space. We also develop a simpler and
useful reduced system to describe this limit, and we show that it agrees with the
usual homogenized model from [12] in the linear case.

The authors would like to acknowledge the considerable benefit obtained from
discussions with M. Peszyriska [12, 16, 17, 18, 19, 20] on the homogenization method
for modeling of flow through porous media . These led to many substantial im-
provements in the manuscript.

We begin with a review of notation in the context of the flow of a single phase
slightly compressible liquid through a homogeneous medium. Thus the density
p(x,t) and pressure p(z,t) are related by the state equation p = poe P, and the
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equation for conservation of mass is given by

N
0 0
v}j k(o) 5am) = F(@, ).
— axj z;

The state equation yields the relationship 6672 = /-@p(%’j, so the conservation equa-
tion can be written

v Z L2031 00y _ iy p),
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Finally, by introducing the flow potential u(w fo pdp, we have
Ju
)5~V - (V) = f(a,),

where the ﬂuz is given componentwise by the negative of the function u(Vu) =
L Z i1 ke (2w i (5 L) aafj . We shall assume below that this is a monotone function of the
gradlent The classical Forchheimer-type corrections to the Darcy law for fluids
lead to such functions with growth of order p = %

Various spaces of functions on a bounded (for simplicity) domain Q in RY with
smooth boundary 9Q = T will be used. For each 1 < p < oo, LP(Q) is the
usual Lebesgue space of (equivalence classes of) p-th power summable functions,
and W1P(Q) is the Sobolev space of functions which belong to LP(£2) together with
their first order derivatives. The trace map v : W1P(Q) — LP(T) is the restriction
to boundary values.

Let Y = [0,1] denote the unit cube. Corresponding spaces of Y -periodic
functions will be denoted by a subscript #. For example, Cx(Y") is the Banach
space of functions which are defined on all of RY and which are continuous and
Y-periodic. Similarly, L%(Y) is the Banach space of functions in L (R”Y) which
are Y-periodic. For this space we take the norm of LP(Y)) and note that L%, (Y') is
equivalent to the space of Y-periodic extensions to RY of the functions in LP(Y).
Similarly, we define W;p (Y) to be the Banach space of Y-periodic extensions to
RY of those functions in WP (Y) for which the trace (or boundary values) agree on
opposite sides of the boundary, Y, and its norm is the usual norm of W1?(Y"). The
linear space C(Y) = Cy(Y) N C>(RY) is dense in both of L% (Y) and W#p(Y).

Various spaces of vector-valued functions will arise in the developments below.
If B is a Banach space and X is a topological space, then C(X;B) denotes the
space of continuous B-valued functions on X with the corresponding supremum
norm, and for any measure space Q we let LP(2; B) denote the space of p-th power
norm-summable (equivalence classes of) functions on € with values in B. When
X =1[0,T]) or Q = (0,T) is the indicated time interval, we denote the corresponding
evolution spaces by C(0,T;B) and LP(0,T;B), respectively.

Next we quote some definitions and results on two-scale convergence from [1]
slightly modified to allow for homogenization with a parameter (which we denote
by t ). These changes do not affect the proofs from [1] in any essential way.
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Definition 1.1. A function, ¥(z,t,y) € L”/(Q x (0,T),Cx(Y)), which is Y-periodic
in y and which satisfies

lim w(ac,t,f)p dacdt:/ /w(x,t,y)”' dy dz dt,
=0 Jax(0,T) € Qx(0,7) JY

is called an admissible test function. Here p’ is the conjugate of p, that is, %—i— :z% =1

Definition 1.2. A sequence u® in LP((0,T) x Q) two-scale converges to ug(z,t,y) €
LP((0,T) x Q2 x Y) if for any admissible test function ¢ (z,t,y),

X
1.1 li € t t,— ) dtdx =
(L.1) Elg(lj/sz/(o,T)u (@09 <m’ ’5) ’
/ / / w0, b, y)(x, £, y) dy dt da.
aJor) Jy

Theorem 1.1. If u® is a bounded sequence in LP((0,T") x ), then there exists a
function ug(x,t,y) in LP((0,T) x © x Y) and a subsequence of u® which two-scale
converges to ug. Moreover, the subsequence u® converges weakly in LP((0,7) x §2)

to u(x,t) = [, uo(x,t,y) dy.
When the sequence, u¢, is W1 P-bounded, we get more information.

Theorem 1.2. Let u® be a bounded sequence in LP(0,T; WP(Q)) that converges
weakly to u in LP((0,T); W1P(2)). Then u® two-scale converges to u, and there is
a function U(z,t,y) in LP((0,T) x £; W#p(Y)/R) such that, up to a subsequence,
Vu® two-scale converges to Vyu(z,t) + V,U(x, t,y).

Theorem 1.3. Let u® and eV u® be two bounded sequences in LP((0,T") x Q)).
Then there exists a function U (z,t,y) in LP((0,T) x £; W;p(Y)/R) such that, up
to a subsequence, u® and eV, u® two-scale converge to U (z,t,y) and V,U(z,t,y),
respectively.

Finally, we formulate the Cauchy problem or initial-value problem for an evolu-
tion equation in Banach space in a form that will be convenient for our applications
below. Let V be a reflexive Banach space with dual V’; we shall set V = L?(0,T; V)
for 1 < p < 00, and its dual is V' = L? (0, T; V). Let V be dense and continuously
embedded in a Hilbert space H, so that V < H and we can identify H < V' by
restriction.

Proposition 1.4. The Banach space W,(0,T) = {u € V : v € V'} is contained in
C([0,T],H). Moreover, if u € W,(0,T) then |u(-)|% is absolutely continuous on
[0, 71,

d 2 l

E|u(t)|H =2u/(t)(u(t)) ae tel0,T],
and there is a constant C' for which

lulleqo,rm) < Cllullw,or) , weWp.

Corollary 1.5. If u,v € W,(0,T) then (u(-), v(-))m is absolutely continuous on [0, T']
and

— (u(t),v(t)) , = o' (£)(v(t) + ' (8)(u(t)) , ae. t€[0,7].
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Suppose we are given a (not necessarily linear) function A4 : V' — V' and ug € H,
f € V'. Then consider the Cauchy Problem to find

(1.2) weV:u(t)+Alu(t)) = f(t) in V', u(0) = up in H .

It is understood that v’ € V' in (1.2), so it follows from Proposition 1.4 that u is
continuous into H and the condition on «(0) is meaningful. If A is known to map
Y into V', i.e., the realization of A : V — V' as an operator on V has values in VV/,
then (1.2) is equivalent to the variational formulation

(1.3) weV: foreveryv €V witho' €V’ and v(T) =0

_/OT(u(t),v’(t))Hdt—i—/O Alu(t))v(t) dt = / F@)v(t) dt + (uo,v(0)) 5 -

The equivalence of the strong and variational formulations of the Cauchy problem
will be used freely in all of our applications below. See Chapter III of [22] for the
above and related results on the Cauchy problem.

2. THE MICRO-MODEL

We consider a structure consisting of fissures and matrix periodically distributed
in a domain € in RY with period €Y, where ¢ > 0. Let the unit cube Y = [0, 1]
be given in complementary parts, Y7 and Y5, which represent the local structure of
the fissure and matrix, respectively. Denote by x; () the characteristic function of
Y; for j = 1,2, extended Y-periodically to all of RY. Thus, x1 (y) + x2 (y) = 1.
We shall assume that both of the sets {y € RY : x; (y) = 1}, j = 1,2 are smooth.
With the assumptions that we make on the coefficients below to obtain coercivity
estimates, it is not necessary to assume further that these sets are also connected.
The domain 2 is thus divided into the two subdomains, 2 and 5, representing
the fissures and matriz respectively, and given by

QG={recQ: Xj( )_1} j=1,2

Let I'] 5 = 005 N9Q5NQ be that part of the interface of Qf with Q5 that is interior
to Q, and let I'y o = 0Y1NOY>NY be the corresponding interface in the local cell Y.
Likewise, let 'y o = Y> N 9Y and denote by 'S 5 its periodic extension which forms
the interface between those parts of the matrix Q5 which lie within neighboring
€Y -cells.

The flow potential of the fluid in the fissures 5 is denoted by u§ (z,t) and
the corresponding flux there is given by —puq ( Vul) The flow potential in the
matrix 5 is represented as the sum of two parts, one component u§ (z,t) with
flux —puq (%, Vug) which accounts for the global diffusion through the pore system
of the matrix , and the second component u§ (z,t) with flux —eus (£,eVu§) and
corresponding very high frequency spatial variations which lead to local storage in
the matrix. The total flow potential in the matrix Qf is then ou§ + fu§. (Here
a+f=1witha>0and S >0.)

In the following, we shall set Y3 = Y5 and likewise set x3 = x2 in order to
simplify notation. For j = 1,2,3, let p; : RY x RY — R¥ and assume that for

every 56 RN, (,E) is measurable and Y-periodic and for a.e. y €Y, p; (y,-)
is continuous. In addition, assume that we have positive constants k, C, ¢y and
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1 < p < oo such that for every E, 7€RN andae. ycY
) p—1
(2.1) 5 (1:€) ol +k
(2.2) (uj(y, ) — uj(yvﬁ)) : (é = ﬁ)
- P
(2.3) 15 (y,g) £ > o H — k.

Let ¢; € Cy (Y') be given such that

IN

Y

(2.4) 0<eco<cj(y)<C, 1<j5<3.

Since these are given on RY, we can define for j = 1,2, 3 the corresponding scaled
coefficients at z € %, { € RY by

s@=e (@) (=m0

The exact micro-model introduced in [12] for diffusion in a partially fissured
medium is given by the system

0 - - e
(2.5) = (€ @ uf (@.0) = Vo pi (2, Vs (@,6) =0 in €5

0
(2.6) = (e @) us (,0) =V i (2, Vs (@,0) =0 in 05
(2.7) % (c§ (x) u§ (z,t) — eV - i§ (a:, eVu§ (z,t) ) =0 in Q5
(2.8) uj = auj + fus onI'7,
(2.9) apg (m,ﬁui (ac,t)) UL = ps (ac Vs (z, )) 7 onTf,
(2.10) Bui (a:, Vus§ (a:,t)) V) = eps (a: eV (x t)) -1 on I'] 5

where 7 is the unit outward normal on 05. We shall similarly let o> denote
the unit outward normal on 995, so 74 = —1i on I'f,. The first equation is
the conservation of mass in the fissure system. In the matrix, 25, we have two
components of the flow potential. The first is the usual flow through the matrix, and
the second component is scaled by P to represent the very high frequency variations
in flow that result from the relatively very low permeability of the matrix. Each
of these is assumed to satisfy a corresponding conservation equation. The total
flow potential in the matrix is given by the convex combination au$ + fui where
a > 0, 8 > 0 denote the corresponding fractions of each, so « + 8 = 1. Thus,
the first interface condition is the continuity of flow potential, and the remaining
conditions determine the corresponding partition of flux across the interface. Since
the boundary conditions will play no essential role in the development, we shall
assume homogeneous Neumann boundary conditions

(2.11) us <m, Vu§ (ac,t)) =0 on 0N; NN,

(2.12)

=

5 (m, Vs (ac,t)) Uy =0 and

(2.13) 5 (:c Vs (x,t)) Ty=0  ondQ5NAQN.
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The system is completed by the initial conditions
(2.14) ui (50) =ui(), w5 (,0)=uy(), u5(-,0)=u3()
in H®.
Next we develop the variational formulation for the initial-boundary-value prob-

lem (2.5)-(2.14) and show that the resulting Cauchy problem is well posed in the
appropriate function space. Define the state space

H® = 12 (95) x L* (95) x L* (95) |

a Hilbert space with the inner product
([u1, u2, usl, [p1, 02, 03]) g =

/ & (@) ur (2) 1 (2) do + / (€5 (2) s (2) 2 (2) + &5 (2) us (z) s (2)] da.
o5

Q3
Let 75 : Wl’p(Qi) — LP (89;) be the usual trace maps on the respective spaces for
j=1,2, € >0, and define the energy space

Ve = He N {[ur,ug,uz) € WHP(Q5) x WHP (Q5) x WHP (Q5) :
Yiur = ayjuz + Bysuz on T'Y 5}
Note that V¢ is a Banach space when equipped with the norm
otz usl e = Il gy + G2l gy + IXGual g2y +

il ]+

V|

Lr(Q e 1X2Y 8 Lo
If we multiply each of (2.5), (2.6), (2.7) by the corresponding 1 (), v2(z), @s(x)
for which [p1, 2, @3] € V¢, integrate over the corresponding domains, and make
use of (2.9)-(2.13), we find that the triple of functions @*(-) = [u5(-), u§(:), u§(+)] in

L?(0,T;V*®) satisfies

<%[Ui(t),UE(t)7U§(t)], [p1, @2, <P3]> + A" ([ui(®), u3 (1), u3 (D)) ([p1, P2, 3]) = 0

HE
for all [y, 2, @3] € V¢, where we define the operator A® : Ve — (V€)' by

A (s uz,s) ([rp ) = [t (0.5 @) - Vo1 0) do

.

for [u1,u2,us), [¢1,92, 93] € V. Thus, the variational form of this problem is to
find, for each ¢ > 0 and [uf,u3,u3] € HE a triple of functions @°(-) = [uf(-), u5(-),
u§(-)] in LP (0,T; V) such that

d

{ug (ac, Vg (m)) Ve () + (m, eVus (ac)) - eVs (m)} dz

£
2

(2.15) () + AT () = 0 in L (0,5 (V)
and
(2.16) @ (0) = @° in H®.

Conversely, a solution of (2.15) will satisfy (2.5)-(2.8), and if that solution is suffi-
ciently smooth, then it will also satisfy (2.5)-(2.13).
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The assumptions (2.1),(2.2) and (2.3) guarantee that A° satisfies the hypothe-

ses of [22, Proposition III.4.1], so there is a unique solution @* = [uf,u§,u§] in
L?(0,T;V*®) of (2.15) and (2.16). Note that since i € L (0,75(V#)") that

u® € C ([0, T]; H¢) and so (2.16) is meaningful by Proposition 1.4 above.

3. TWO-SCALE LIMITS

We introduce the scaled characteristic functions

x .
X; (z) = x5 <E) , j=1,2.

These will be used to denote the zero-extension of various functions. In particular,
for any function w defined on 5 the product xjw is understood to be defined on
all of Q as the zero extension of w. Similarly, if w is given on Y}, then x; w is the
corresponding zero extension to all of Y.

Our starting point is a preliminary convergence result for the solutions described
above.

Lemma 3.1. There exist a pair of functions u; in LP (0, T;Wwhp (Q)) , j=1,2,and
triples of functions U; in L?((0,T) x ; W;p(Y)/R), g; in LP ((0,T) x Q@ x YN)),
uj € L?(QxY) for j = 1,2,3, and a subsequence taken from the sequence of

solutions of (2.15)-(2.16) above, hereafter denoted by @° = [u§, u3, u§], which two-
scale converges as follows:

3.1 xius 2 x1 (y) u1 (z,t)

3.2 X‘iﬁui 2 x1 (y [Vul (z,t) + V Ui (z,v, )}

3.3 X5u5 > x2 (1) u2 (x,1)

3.4 X;ﬁug 2 Xz (y [Vuz (z,t) + V Us (z, v, )}
)

)
)
)
)
) ﬁ@%m<
)
)
)
)

3.5 Us (x,y,t)
3.6 exsVus 2 x2 () VyUs (2, y,t)
3.7 xins (Vus) 3 xa ) g (2,0, 0)
3.8 X515 (616) = x2 (¥) G2 (2, 9,1)
3.9 X5i (eﬁué,) 2 X2 (1) Gs (@,9,1)
3.10) x5u5 (1) 2 Xi(@uj(z), j=1,2,3.
Proof. Using Proposition 1.4 and (2.15) we can write
1d

2 dt ([u17u27u3] [uivugaule’)])Hf + ‘AE ([ui‘?u;?ug]) ([uivu;ug]) =0.

Integrating in t gives

1 € 1 o€ ‘ € € € € € € €
1) I Ol = 517 O+ [ A° (5, u5.03)) (.. 0]) e = 0
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which, with the assumption (2.3) yields
(3.12)

L e 2 ‘ e el
2 17 Ol +eo | (v,

—
€ €

X5 Vug

|

+ stgﬁug

P
)
Lr ()

1
<z ||[X1u(1)7X2U(2)7X2u(3)]||i{a +1 |k| ) 0<t< T.

L ()

Thus, @° () is bounded in L* (0,T; H¢), and so xjus, x5u5, and x5u§ are bounded
in L°°(0,T; L3(Q)). Also, x5Vus, x5Vus and ex5Vug are bounded in LP(0,T;
LP(Q)N). We obtain (3.1) through (3.4) exactly as in [1, Theorem 2.9] by Theorem
1.2. Statements (3.5) and (3.6) follow from Theorem 1.3. Finally, from (2.1) and

the bounds already established, we have that x;u$ <:1:, ﬁuj (x,t)) (for j =1,2) and
X515 (m,sﬁug (ac,t)) are bounded in L*' ([O,T],Lp/(Q)> due to (2.3), (3.12) and

T z - I T S =1y
/ /X; I <—,§(:1:))’ dedt < / /X; 5(:1:)‘ dxdt
0 JQ £ 0 JO
T N
= / / X; E(m)‘ dxdt.
0o Ja
Thus X545 (m, ﬁuj (x, t)) and x5u§ (m, eVus (z, t)) converge as stated. O

Define the flow potential u® = x§u§ + x5 (ou§ + Bug) € L (0,T; WP (Q)) for
each ¢ > 0, and note that on I'{ 5

YUt =91ul = ayzuy + Brauz = yzu’.
Thus
eV = exEVUE + X5 (aeﬁug + 55%3) e L7 ([0, T x Q)

and from Lemma (3.1) we see that

w2 X1 (y)ur (@) + x2 (y) (aus (2,8) + BUs (2,9, 1))

and

eVus 2 xz (v) ﬁﬁyUs (z,y,1).

Now let ¢ € C§° (Q, cy (YN)) and note that

/Qeﬁue (x,t)- & (ac, g) dx =
- /ng (z,t) [Eﬁ-@'(m, g) —|—§y . @'(m, g)} dz.

Taking two-scale limits on both sides yields
613) [ [ )90 @00 7 (o9) dody =

- / /Y s () s () + x2 () (s (2, 2) + BUs (2,9,1))) ¥ - & (x, ) dedy.
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The divergence theorem shows that the left hand side of (3.13) is simply
| [ 590 @t g ydudy =~ [ [ 8020009, 3 (o) dody
Q Y2 Q Y2
+ / BUs (x,s,t) @ (z, s) - Vadxds
Q Jov,
while the right hand side of (3.13) can be written
- / / ur (2,) Vy - @ (x,y) dedy
QJyv
/ / auy (z,t) + BUs (z,y,1) Vy - & (z,y) dzdy.
Y>

We see that (3.13) yields

/ OUs (z, 8,t) @ (x, 8) - tadads =
oY,

/ / u1 (z,t) Vy - @ (x,y) dedy — / / aus (z,t) ﬁy - @ (z,y) dedy
Yl Y2
// (z,t) @ (z,s) l/1dal‘d8—// aug (x,t) G (z, s) - vadxds.
vy aYs

Since Us and ¢ are periodic on I'p 2, this shows that
(3.14) BUs+aus =u; ondY1NoYa=T4,.

Next we seek a variational statement which is satisfied by the limits obtained in
Lemma 3.1. Choose smooth functions

0; €L (0,T; WP (Q)), j=1,2, ®; €LP ((o,T) x QWL (Y)) L j=1,2,3,

such that
8901 p’ .7 Lp 4 - 0% p’ .p7lp /
oL e L7 (0,1sW P (Q)), j =12 FEEL ((O,T)XQ,W# (Y)),

and B8P3 (z,y,t) = 1 (x,t) — s (x,t)  for y € I'1 2. In the following we shall use
the notation () ; to represent the time derivative 2 (-). Apply (2.15) to the triple
[p1 (z, 1) +e®1 (2, L,t), @2 (x,1)+ePs (2, £,t) , @5 (z, £,¢)] in LP (0,T; VE), where
we define ®§ (z,y,t) = @3 (x,y,t) + %Cbl (z,y,t) — %@2 (z,y,t). Then integrate by
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parts in ¢ to obtain

(3.15) Z/ /Ecju (pjt +€P,4) dedt — / /Ec3u3‘l>§tdmdt
+Z/ apj(mT)—i—E‘I) ( z ))dm+/§3u3(mT)<I>€(x—T)d
_ ;/ﬂj cju? (goj (2,0) +c®; (a:, 5,0)) dz — /Qg

+ f:/oT/€ K5 (x,ﬁu? (a:,t)) v (goj (z,t) + €@, (:1:,
/ /E s (@, eVus (x, t)) [V@E (m, g,t) + é%@g (ac,

Letting ¢ — 0 in (3.15) now yields

(3.16) Z/ //cj Yuj (z,t) pj¢ (2,t) dydedt

_ / / / ¢3 (4) Us (2,1, 8) @3¢ (2,y, ¢) dydad
Y>

+Z// ¢ (y)uj (x) ¢; (2,T) dydx+//yzc3 s (z) @3 (2,y, T) dyda
72// ¢ (y (J) z) ¢j (, O)dydx—//yzcz,, Yud (z) @3 (,y,0) dydzx
3 [ ey S )+ 940 )] o

T
+/ / / g3 (z,y,t) 'ﬁyq)g (z,y,t) dydzdt = 0.
o JalJy,

We can summarize the preceding as follows. Define the energy space

Suyds (a:, g,O) dx

t)) dedt

t)} dedt = 0.

o8

o8

3
W = {[u1, uz, Uy, Up, Us] € W'P(Q)* x L” (Q;W#p(Y))

BUs(z,y) = u1(z) — aug(x) for y € T'y 2}
We have shown that the limit obtained in Lemma 3.1 satisfies
[u1, ue, U1, Us, Us] € LP (0,T; W)
and by deunsity, (3.16) holds for all [p1, @2, ®1, Pa, D3] € LP (0,T; W) such that

%[gpl, 2, 0,0, D3] € )i (0, T;W'). It remains to find the strong form of the
problem and to identify the fluz terms gj.
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4. THE HOMOGENIZED PROBLEM

We shall decouple the variational identity (3.16) in order to obtain the strong
form of our homogenized system. This will be accomplished by making special
choices of the test functions [p1, @2, P1, P2, P3] as above, and the strong form will
be displayed below in Corollary 5.2. First we choose 1, @2, ®1, P2 all equal to zero,
and choose ®3 as above and to vanish at ¢t = 0 and ¢ = T and on I'y 5. Together
with the identity (3.14) from above, this gives at a.e. x € Q the cell system

8[]3 z,Y, t = -
(41) C3(y)%_vy'g3(mvy7t):07 yEYé7
(4.2) Us and g3 - v are Y-periodic on I'p 2,
(4.3) OUs =u; —augonlys.

Next let 1 be as above and vanish at ¢ = 0 and ¢ = T', and choose ®3 by the re-
quirement that 8®3(z,y,t) = p1(x,t) for y € Y. With the remaining test functions
all zero, this yields the macro-fissure equation

an ([ awa) 2= 28 [ o

:ﬁ gl(x7yvt)dy

Y1
Similarly we choose @2 as above and vanishing at ¢t = 0 and ¢ = T and let ®3 be
determined by 8®5(z,y,t) = —aps(z,t) for y € Y1 to obtain the macro-matriz
equation

4s) ([ awa) 2D S8 [ cwuienod
=9 [ a@uod.

Finally, by setting the test functions @1, 2, ®3 all equal to zero and by choosing
®,, ®, as above, we obtain the pair of systems

-

(46) Vygj (x,y,t):O yeyrja
(4.7) gi-V=0o0nT17 and g; - ¥ is Y-periodic on 0Y; N 9Y for j =1, 2.
Note that (4.1) and (4.4) and (4.5) hold in L” ((0,T) x @; WP (Y)') and LP' (0, T;

WLP(Q)), respectively. Substituting (4.1)-(4.7) in (3.16) gives the boundary con-
ditions

(4.8) / g1 (z,y,t)dy-v1 =0 and
Y1
(4.9) /Y g2 (z,y,t)dy -3 =0 on 0N
2
and the initial and final conditions
(4.10) Us (z,y,0) = ug (), Us(z,y,T) = us (z,y)
and

(4.11) uj (2,0) =l (), uj (z,T) =u}(z) forj=1,2
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in L2 (Q x Y2) and L? () respectively. The final conditions appearing above will
be used only to identify the functions §; (z,y,t) below; they are not part of the
problem. Note also that using (4.10) and (4.11), integrating by parts in ¢ in (3.16),
and replacing the test functions ¢; (for j = 1,2) and ®; (for j = 1,2,3) with
sequences converging to u; and U; gives the following “homogenized” version of
(3.11),

(4.12) Z// ¢; () |uj (2, T dydx + = //Y y) |Us (z,y,T)|? dydz

Z// ¢ (y ‘u dyda:—l— // cs ( |u3 |dyd:1:

"'Z/ //gj T,y,t) Vu](wt)—i—VU(acy, )} dydzdt

+/ / / gs (z,y,t) - ﬁyUg (z,y,t) dydzdt = 0.
o JalJv

It remains to find g1, g2 and g5 in terms w1, ug, Uy, Uz and Us. To this end, let JJ
. N
and € be in O° ([o,T] x ;0 (Y)) and @y, &y, B3 € C° ([O,T] x ;0 (Y))
and for € > 0, define the triple of functions
T\ = T\ = T - T .
5 (x,t) = x; (g) Vu; (x,t) +ex; (g) Vo, (m, —,t) + Ao (ac, E’t) , j=1,2,

and

15 (2,t) = X2 (g) (56% (m gt) +Ag<x,§,t)) .

Note that each 75 (z,t) and (because of the continuity assumption) u; (2, 5 (z, t))
(j = 1,2,3) arises from an admissible test function, and we have the two-scale
convergence

e 2 _ = . - )
n; — 1 (xayvt) =Xj (y) Vuj (Z‘,t) + Xj (y) qu)j (.Il,y,t) + )‘¢ (Z‘,y,t), j=L2

n 2 s (29,0) = 32 () (V4@ (0,9,0)) + A (@,,1).

By (2.2) we have
(4.13) f:/OT/ (k5 (w2, Vus) = 5 (w,m5) ) (Vs — 5 ) daa
i=1 ;
/ /E x EVu3> — 3 (36,775)) (sﬁug — n§> dzdt > 0.
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Expanding (4.13) and employing (3.11) at ¢t = T gives

2

%Z {/Q c; (‘UQP — |u€- x T)f) dm} + % /Q e (‘ugf v (x,T)|2) dae
j=1 I/ :
_Z/ / (z,115) (6“5—’75‘) + 1 (wﬁfé) -ni}dxdt
_/0 /E {Mg (z,n5) - (Eﬁug - n§> + us (g;’gﬁug) ng} dzdt > 0.

Let ¢ — 0 and apply the two-scale convergence results above to obtain

(4.14) Z// ¢ (y) [0 ()| dydz + = //Y (v) [ul ()| dyda
_i?i% Z/E & |us (2, T)| do + » / & uS (z, T) 2 da
2 T
Z/o /Q/YM] (y,m; (x,y,t))'(Vij (z,y) — Vy@; (z,y,t) — A (x,y,t)) dydzxdt
,Z///g] z,y,t) Vu] (z,t) + V,®; (x,y,t)+A$(x,y,t)) dydzdt
_/ // M3 (y7773 (mvy7t))'(6yU3 (ac,y,t) _6?4(1)3 ($7y7t) —)\E(x,y,t)) dydmdt
0o JaJv,

T
[ [ gt (9 (ot) 4 A (090 dydot = 0,
0 QJY,

Set ¢ = x101 + X202 where 0; € C° ([0,T] x Q,C* (Y;)) and x;0; is Y-periodic.
Following [1] we note that since each p; is continuous in the second variable, we
may replace ®; by sequences converging strongly in LP((0,T) x €; W;’p (Y)/R) to
x1(y) Ur (z,y,%), x2 (y) Uz (z,y,t) and x2 (v) Us (z,y,t) for j = 1,2 and 3, respec-
tively. Thus (4.14) becomes

(4.15) Z// ¢ (y) [ud (x ‘dydm—i— //Y )|ug(x)|2dyda¢

_521_% Z/ J‘u mT‘ dx + = / & ug (z,T)| d
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2 .7
+Z/ / /uj (y, Vu; (x,t) + V,Uj (x,y,t) + A0, (m,y,t)) A0 (z,y,t) dydxdt
o JoJaly;
_Z/ // g; (z,y,t) Vu](m )+ V,U; (2,9, )—l—)\é}(m,y,t))dydacdt

+/0 /Q/Y K3 (y,ﬁyUB (x,y,t)—h\g(m,y,t)) . (A{(;p,y,t)) dydadt
_/OT/Q/Ygg(x,y,t).(%Ug(x,y,t)ﬂg’(x,y,t)) dydzdt > 0.

We now employ (4.10), (4.11) and (4.12) in (4.15) to obtain

(4.16)

2 .7
Z/ / /,uj (y,Vuj (z,t) + VyU; (x,y,t) + A, (ac,y,t)) -A0; (z,y,t) dydxdt
j=170JQJY;

T
+ / / / K3 y7 vaS (l‘, y,t) + )‘S (.’13, Y, t)) : )‘5 (ZIZ, Y, t) dyd:l,‘dt
Y2

—Z///gj x,y,t) )\9 (z,y,t) dydzdt — /// (z,y,t A{xy,)dydmdt
Ya

*5511—% Z/ ]|u xT‘ dx + = /c3|u3(xT)| dz

__Z// ¢; () |uy (2, T dydz + = //Y V) |Us (z,y, T)|? dydz.

The right hand side of (4.16) is non-negative by [1, Proposition 1.6], so dividing by
A and letting A — 0 gives

(4.17)

2 T
S [ (90 @0+ 9,0 @) = 6 )] Gt dyd
= aJy;

/ // 3 y,V Us (z,y, )) g3 (T, Y, )} € (w,y,t) dydwdt > 0.
Y2
This holds for all 51, 52, and E, SO
Hj (:‘ﬁﬁuj (Z’,t) + ﬁvaj ($7y7t)) = gj (.Il,y,t) in )/}7 .] = 1727
and
H3 <y7 6y[]3 (l‘,y,t)) = §3 (x,y,t) in Ys.

These identities complete the strong form of the homogenized problem. We shall
summarize and complement these results in the following section.
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5. THE MAIN RESULT

Theorem 5.1. Assume that (2.1)-(2.4) hold, that 8 > 0, and that u{,u3, and uf €
L?(Q) are given. Then the limits [u1, ua, Uy, Ua, Us] established above in Lemma
3.1 are the unique solution

uj € LP(0,T;WhP(Q), j=1,2, U; € LP((0,T) x ;WP (Y;)/R), j=1,2,3,

with SUs(x,y,t) = ui(z,t) — aus(z,t) for y € I'1 2 of the homogenized system
2 T
S a@u @ e e dydsas
j=170 JQJY;
T
- / / / C3 (y) Us ($7 Y, t) (1)3,t ('1;7 Y, t) dydl‘dt
Y2
—Z//c] 9 apj(mO)dydm—//03 Yu$ (z) 3 (,y,0) dydz
Y2
JrE:/ /Q/Y,uj (y, ﬁuj (z,t) + ﬁij (z, y,t))- [ﬁgoj (z,t) + ﬁyq)j (z, y,t)} dydxdt
j=170 i

T
+ / / / K3 (?J,VyUs (%y,t)) . vy<b3 (Z‘,y,t) dyd.]fdt =0,
0 QJY;

for all

0; €LY (0,T; WP (Q)), j=1,2, ®; €LP ((o,T) x QWL (yj)), j=1,2,3,

for which
890] p’ . 1,p ’ . 0P3 P’ . Lp vV
el (0,15 (W @)), i =12, S e L ((0.1) x & (WL (Y)))
ﬂ(I)3 (.Il,y,t) = ¥1 (.Il,t) — a2 (Z‘,t) for ) S I—‘1,27
and

®1 (x?T) = P2 (va) =3 (xv%T) =0.

Only the uniqueness needs yet to be verified, and this will follow below. In
particular, U; and Us are determined within a constant for each ¢ € (0,T"), so each
of these is unique up to a corresponding function of t. We shall check that (5.1)
is just the wariational form of the Cauchy problem for an appropiate evolution
equation in Banach space, and that the corresponding strong problem is described
as follows. The state space is given by

H = {[p1, p2, ®3] € L*(Q) x L*(Q) x L* (Q; L*(Y2))

with the scalar product

H‘Z// ci(y) dyu;(z) ;(x dac—l—//y y) Us(z,y) P3(z,y) dy dz.
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Define the energy space

V= {lp1, g2, ®5] € H (WH(Q) x WH(Q) x P (WP (1)) )
Be3(x,y) = ¢1(x) — aps(x) for y € 'y 5}
and the corresponding evolution space by V = LP(0,T;V).

Corollary 5.2. The triple u(-) = [u1(+), ua(-), Us(-)] is the unique solution u(-) € V
with u/(-) € V' of the strong homogenized system

([ cay) 2520+ 22 [ estutsto.s.tdy

=V / i (yﬁul (,0) + V, U (w?.%t)) dy,
Y1

S

([ cxtmar) 22 88 [ cattite oy

2

V- / 72 (y,ﬁuQ (x,t) + ﬁyUg (ac,y,t)) dy,
Y2

U3 (z,y,t - -
s ) BN G (5,9, (e0) =0, yeTs,

Us (z,y,t) and us (y, 6yU3 (z,y, t)) - are Y-periodic on I's 2,
BUs =u; —aug only o,

with the boundary conditions

/ 41 (y,ﬁul (x,t) + ﬁyUl (m,y,t)) dy - v =0 and
Y1

/ 72 (y,ﬁuQ (z,t) + ﬁyUg (m,y,t)) dy - v5 = 0 on 09,
Y2

and the initial conditions
uj (,0) =uf (z) for j =1,2,  Us(x,,0) =uf(z),

where Uy € LP((0,T) x Q;W,P(Y1)/R), Uy € LP((0,T) x ;WP (Y2)/R) are
solutions of the local problems

—

V- ns (VU5 @,y 1) + Vg (@,0) =0, ye;,
Iy (y, §ij (z,y,t) + ﬁuj (x,t)) -v=0o0nTy, Y-periodiconI'y2 j =1,2.

Proof. Define an operator A:V — V' by
2
62) )= [ [ 0. T @)+ 9,050} - (T ) dyda
i=1 i

+ / [ (a0 9, Vs, - (9 Bal,0) dyn,

u= [u17u27U3]7 Y = [@179027@] ev,
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where Uy (z,y) and Us(zx,y) are determined by
(5.3) UjeLP (Q;W;p(yj)) :
L 009000 + G @) (9000 e =0,
$elr (Q; W;P(Yj)) ,

for j = 1, 2. It has been already shown in Section 4 that [u,us, U1, U, Us| satisfies
the homogenized system of Theorem 5.1, and from this it follows that u(-) satisfies
the variational form of the Cauchy problem (1.3). It is easy to check that A is
monotone and bounded ¥V — V', so u(-) is the unique solution as well of the strong
problem (1.2), and this is realized as the strong homogenized system of Corollary
5.2. O

Remark 5.1. Theorem 5.1 describes the limiting form of the original micro-model
from Section 2 as a system for the five unknowns u1, ug, Uy, Uz, and Us. This system
can also be realized from an evolution equation based on the variational identity
(3.16) on the space W, but this would be of degenerate type: the time derivatives
of Uy and Us do not occur in the system. However, by following the suggestion
implicit in Corollary 5.2 we were able to incorporate the local functions U; and U,
in the definition of the operator A and thereby to write our limiting system as a
non-degenerate evolution equation on the space V' with three components.

In the linear case, one can carry this decoupling even further and represent each
of the functions U; and U; in terms of the corresponding u; or us in order to obtain
a closed system for the remaining three unknowns. Suppose that we have symmetric
Y-periodic coefficient functions a;;(y) € C (Y1) and a3;(y) € C (Y2) (which are zero
off their respective domains). We assume that there is a ¢g > 0, independent of y,
such that

N
> aliw)&s > colél?, yeVr fork=1,2.
i,j=1

Extending each afj to all of R by periodicity, we define for £ = 1,2 and 5 € RV

i), - 2o (o

Then with p = 2, the results developed above apply. For each of k = 1,2 we isolate
from (5.1) the following problem for U(z,y,t):

Find Uy € L? ((O,T) x £ W;’Q (Yk)) such that
T — — —
(5.4) / / / [k (y,Vuk (x,t) + V, Uy (ﬂﬁ,y,t)) V@i (2,y,t) dydzdt =0
0 QJY;
for all &y, € L? ((o,T) x QWL (Yk)) .

The “input” to this problem is ﬁuk (z,t), independent of y, so this permits us to
separate variables with the following construction:
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For 1 <i < N, define Wf (y) to be the solution of
V- | pky, VyWE@) + )| =0 in Vi,
pk(y, VyWE(y) + &) -ii=0 on Yy ~ Y
Wk() is Y-periodic.

3

Then by linearity we can write

N oy
k

Uk(x7yvt) = %(xvt)wj(y) .
j=1 "

If we substitute this into (5.1) with ®y(z,y,t) = S MWf(y), we obtain

j:1 6zj
the decoupled homogenized system

2 T 2
- Z/ / erug (z,t) op (z,t) dedt — Z/ epuy () o (2,0) dz
k=170 JQ k=179

2T al Ju O
 Oug k _ _
+E / /Q/Y E Aij—axi(x’t)—ax-(x’t) dydxdt =0 for k=1,2
k=10 k=1

J

T
- / / / ¢3 () Us (2,9, 1) B¢ (2,1, £) dydadt
0 QJY,
- / / ¢3 () ul () s (z, y,0) dydz
QJYy

T
+/ / / 7%} (y,VyUg (ac,y,t)) -Vy®s3 (z,y,t) dydaxdt = 0.
0o JaJyv,

where the coefficients are given by
& = /Y cdy A= /Y iy, VyWE (y) + &) - (V,WF (y) + &) dy .
k k

These are the usual effective coefficients which are constants that result from the
“averaging” due to the homogenization procedure.
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