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STABILITY OF RIEMANN SOLUTIONS TO PRESSURELESS
EULER EQUATIONS WITH COULOMB-TYPE FRICTION BY
FLUX APPROXIMATION

QINGLING ZHANG

Communicated by Jesus Ildefonso Diaz

ABSTRACT. We study the stability of Riemann solutions to pressureless Euler
equations with Coulomb-type friction under the nonlinear approximation of
flux functions with one parameter. The approximated system can be seen as
the generalized Chaplygin pressure Aw-Rascle model with Coulomb-type fric-
tion, which is also equivalent to the nonsymmetric system of Keyfitz-Kranzer
type with generalized Chaplygin pressure and Coulomb-type friction. Com-
pared with the original system. The approximated system is strictly hyper-
bolic, which has one eigenvalue genuinely nonlinear and the other linearly
degenerate. Hence, the structure of its Riemann solutions is much different
from the ones of the original system. However, it is proven that the Riemann
solutions to the approximated system converge to the corresponding ones to
the original system as the perturbation parameter tends to zero, which shows
that the Riemann solutions to the nonhomogeneous pressureless Euler equa-
tions is stable under such kind of flux approximation. In a word, we not only
analyze the mechanism of the occurrence of the delta shocks, but also gener-
alize the result about the stability of Riemann solutions with respect to flux
perturbation from the well-known homogeneous case to the nonhomogeneous
case.

1. INTRODUCTION

Non-strictly hyperbolic systems have important physical background, which are
also difficult and interesting in mathematics. Many people have studied them and
is well known that their Cauchy problem usually does not have a weak L°°-solution.
A typical example of this is the Cauchy problem for pressureless Euler equations
(which is also called as zero pressure flow or transportation equations) [15] [36].
Therefore, the measure-value solution should be introduced to this nonclassical
situation, such as delta shock wave [4] [30} [33] and singular shock [I8| [21], which
can also provide a reasonable explanation for some physical phenomena. However,
the mechanism for the formation of delta shock wave cannot be fully understood,
although the necessity of delta shock wave is obvious for Riemann solutions to some
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non-strictly hyperbolic systems. Now there are some related results for homogenous
equations [4, 27], but few results have been shown for nonhomogeneous equations.

In this article, we are mainly concerned with zero pressure flow with Coulomb-
type friction

pt + (pu)z =0,
(pu)t + (pug)a: - pr
where the state variable p > 0, u denote the density and velocity, respectively, and
B is a frictional constant.

The motivation for studying comes from the violent discontinuities in shal-
low flows with large Froude number [I1]. It can also be derived directly from the
so-called pressureless Euler /Euler-Possion systems [22]. Moreover, system (1.1)) can
also be obtained formally from the model proposed by Brenier et al. [3] to describe
the sticky particle dynamics with interactions. Recently, the Riemann problem and
shadow wave for have been studied in [25] and [I0]. Remarkably, in [25], it
is shown that the Riemann problem for the nonhomogeneous equations has
delta shock wave solutions in some situations.

Delta shock wave is a kind of nonclassical nonlinear wave on which at least one of
the state variables becomes a singular measure. Korchinski [19] firstly introduced
the concept of the d-function into the classical weak solution in his unpublished
Ph.D. thesis. In 1994, Tan, Zhang and Zheng [33] considered some 1-D reduced
system and discovered that the form of J-functions supported on shocks was used
as parts in their Riemann solutions for certain initial data. Since then, delta shock
wave has been widely investigated, see [2] 20, 30] and references cited therein.

The formation of delta shock wave has been extensively studied by the vanishing
pressure approximation for zero pressure flow [4, 27] and Chaplygin gas dynamics
[7, 29, B8]. Recently, the flux approximation with two parameters [39] and three
parameters [37] has also been carried out for zero pressure flow. In the present
paper, we consider the nonlinear approximation of flux functions for zero pressure
flow with Coulomb-type friction which has not attracted much attention before.

Specifically, we introduce the nonlinear approximation of flux functions for
as follows:

(1.1)

Pt + (pu)x =0,
(p(u+ P))¢ + (pu(u + P))z = Bp,
where P is given by the state equation for generalized Chaplygin gas [TI, 24 29, [34]

(1.2)

A
P:_pTw A>0,0<a<]l, (1.3)

with « a real constant and the parameter A sufficiently small. System (1.2)) and
(1.3) can be seen as the generalized Chaplygin pressure Aw-Rascle model with
Coulomb-type friction. By taking u = w — P, (1.2]) can be written as

pr+ (p(w = P))s =0,

with a pure flux approximation. Systems and can also be seen as the
nonsymmetric system of Keyfitz-Kranzer type with generalized Chaplygin pressure
and Coulomb-type friction [I3]. Recently, for 5 = 0, Cheng has showed that the
structure of Riemann solutions to and were very similar [5, [6].

(1.4)



EJDE-2019/65 STABILITY OF RIEMANN SOLUTIONS 3

More precisely, we are only concerned with the Riemann problem, i.e. the initial

data
Wz _ (pfuu7)7 T < 07
(p,u)(x,0) {(p+7u+)7 250 (1.5)

where py and u are all given constants.

In this article, we will find that the delta shock wave also appears in the Riemann
solutions to for some specific initial data. We are interested in how the delta-
shock solution of and develops under the influence of the Coulomb-type
friction. The advantage of this kind source term is in that can be written in a
conservative form such that exact solutions to the Riemann problem and
can be constructed explicitly. We shall see that the Riemann solutions to and
are not self-similar any more, in which the state variable u varies linearly along
with the time ¢ under the influence of the Coulomb-type friction. In other words, the
state variable u — St remains unchanged in the left, intermediate and right states.
In some situations, the delta-shock wave appears in Riemann solutions to and
. In order to describe the delta-shock wave, the generalized Rankine-Hugoniot
conditions are derived and the exact position, propagation speed and strength of
the delta shock wave are obtained completely. It is shown that the Coulomb-type
friction term make contact discontinuities, shock waves, rarefaction waves and delta
shock waves for Riemann solutions bend into parabolic shapes.

Furthermore, it is proven rigorously that the limits of Riemann solutions to
and converge to the corresponding ones to and when the perturba-
tion parameter A tends to zero. In other words, the Riemann solutions and
is stable with respect to the nonlinear approximations of flux functions in the
form of . Actually, for the case o = 1 in , system becomes the Chap-
lygin pressure Aw-Rascle model with Coulomb-type friction [23]. Similar result can
be easily got, so we do not focus on it here. Moreover, the results got in this paper
can also be generalized to the nonsymmetric system of Keyfitz-Kranzer type (1.4)
with the same generalized Chaplygin pressure and Coulomb-type friction.

This article is organized as follows. In section 2, we describe simply the solutions
to the Riemann problem and for completeness. In Section 3, the approx-
imated system is reformulated into a conservative form and some general
properties of the conservative form are obtained. Then, the exact solution to the
Riemann problem for the conservative form is constructed explicitly, which involves
the delta shock wave. Furthermore, the generalized Rankine-Hugoniot conditions
are established and the exact position, propagation speed and strength of the delta
shock wave are given explicitly. In Section 4, the generalized Rankine-Hugoniot
conditions and three kinds of Riemann solutions to the approximated system
and are given. Furthermore, it is proven rigorously that the delta-shock wave
is indeed a week solution to the Riemann problem and in the sense of
distributions. In Section 5, the limit of Riemann solutions to the approximated
system is taken by letting the perturbation parameter A tends to zero, which
is identical with the corresponding ones to the original system. Finally, conclusions
and discussions are drawn in Section 6.

2. PRELIMINARIES

In this section, we simply describe the results on the Riemann problem (1.1} and
(1.5), which can be referred to [25] for details.
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Let us first state some known facts about elementary waves of the given system.
The system is weakly hyperbolic with double eigenvalues Ay = Ay = u. Let us
first look for a solution to when initial data are constants, (p(z,0),u(z,0)) =
(po,ug). For smooth solutions, one can substitute p; from the first equation of
into the second one and eliminate p from it by division (provided that we are away
from a vacuum state). So, we have now the equation u; + uu, = S that can be
solved by the method of characteristics: u = ug + fBt,z = xg+ ugt + %ﬁtZ. The first
equation then becomes p; + (ug + 5t)p, = 0 with a solution p = pg on each curve
z = xo+uot+3Bt>. So, the solution for constant initial data is (p,u) = (po, uo+pt).

For the case u_ < wuy, there is no characteristic passing through the region
{(z,t) u_t+ %6t2 <zr<uyt+ %BtQ}, so the vacuum should appear in the region.
The solution can be expressed as

(p—,u_ + Bt), foo<x<u_t+%ﬁt2,
(p,u)(x,t) = < vacuum, u_t+ 18t2 < x <uyt+ 6t% (2.1)
(P4 ug + Bt), uspt+ 3Bt <z < oo.

For the case u_ = u4, it is easy to see that the two states (py,usr + St) can
be connected by a contact discontinuity x = uit + % Bt2. So the solution can be
expressed as

1542
(p—,u_ +pt), = <u_t+ 56t°,

3 (2.2)
(p+7u+ +ﬂt)a T > U+t+ 261; 9

(p’ u)(x7t) = {

For the case u_ > u,, the characteristics originating from the origin overlap in
the domain {(z,t) : ust + 1812 < o < u_t + 13t?}, which means that there exists
singularity. A solution containing a weighted J-measure supported on a curve will
be constructed.

To define the measure solution as above, like as in [4], B0], the two-dimensional
weighted d-measure p(s)ds supported on a smooth curve S = {(z(s),t(s)) : a <
s < b} should be introduced as

b
<p(8)5svw(w(8)»t(8))>=/ p(s)((s), t(s))\/ ' ()" +¥/(s)7ds,  (2.3)

a

for any 1) € C§°(R x Ry). For convenience, we usually select the parameter s = ¢
and use w(t) = /14 2/(t)?2p(t) to denote the strength of delta shock wave from
now on.

Let = x(¢) be a discontinuity curve, we consider a piecewise smooth solution

of (1.1)) in the form

(p—,u_ + Bt), r < x(t),
(o, u)(z,t) = 4 (wt)o(z — z(t)), us(t), = =z(t), (2.4)
(p+,U++ﬂt), :c>x(t),

in which us(t) is the assignment of w on this delta shock wave curve and us(t) — 5t is
assumed to be a constant. The delta shock wave solution of the Riemann problem
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(1.1) and (1.5)) must obey the following generalized Ranking-Hugoniot conditions:

B — () = usto),
2 = o(0le] - ol 25)
dw (tyus(t)

UL = (1) [pu] — [pe?] + Buo(),
and the over-compressive entropy condition
Apt,uy) <o(t) < AMp—,u—), namely up + pt < us(t) <u_ + St. (2.6)
In , it should be remarkable that
[ou] = pi(uy + Bt) = p—(u— + Bt), [pu’] = py(uy + Bt)* — p—(u— + Bt)%.
Through solving with 2(0) = 0, w(0) = 0, we obtain
us(t) = o(t) = oo + B,

x(t) = oot + %51&2, (2.7)
w(t) = —/p=p+(ug —u_)t,

with
p—u—+ \/pruq
VRN
It is easy to prove that the delta shock wave solution with satisfy the
system in the distributional sense. That is to say, the equalities

<p7 wt> + <pua ¢Z> = 07
(pu, ) + (pu? ) = —(Bp, ¥),
hold for any test function ¢ € C§°(R x R, ), in which

(o, ) = / h / " potor da dt + (w(tyus(t)5s, ),

00

(2.8)

with
po=p—+[p|H(x —at), do=mu_— pt+ [u]H(z — ot).

From the above discussions, we can conclude that the Riemann problem
and can be solved by three kinds of solutions: one contact discontinuity, two
contact discontinuities with the vacuum state between them (see Figure , or the
delta shock wave connecting two states (pi,us + Ot) (see Figure .

3. RIEMANN PROBLEM FOR A MODIFIED CONSERVATIVE SYSTEM OF ([1.2))

In this section, we are devoted to the study of the Riemann problem for a con-
servative system of (1.2)) in detail. Let us introduce the new velocity v(z,t) =
u(z,t) — Bt, then the system (1.2)) can be reformulated into a conservative form as

pe+ (p(v + Bt))s = 0,
(p(v+ P))e + (p(v + P)(v+ ft))z = 0.

In fact, the change of variable was introduced by Faccanoni and Mangeney [12]
to study the shock and rarefaction waves of the Riemann problem for the shallow

(3.1)
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tg t Jy
Ja T
Vac. (p—,u_ + Bt) / Vac.
(p+vu++ﬁt) (p+7u+ +Bt)
(p—fu_+pt
x >
0 z

0
(a) u— <0< uy (b) 0 <u_ <us

FIGURE 1. The Riemann solution to (|1.1) and (1.5)) when § > 0.

t,
t 5S sS
(p— u- + pt) (p+,uq + Bt) @ (p+,us + Bt)
0 T 0 T
(a) >0 (b) <0

FIGURE 2. The delta shock wave solution to (|1.1)) and (1.5)) when
uy < u_ and og > 0.

water equations with a Coulomb-type friction. Here, we use this transformation to
study the delta shock wave for the system ([1.2]).
Now we want to deal with the Riemann problem for the conservative system

(3.1) with the same Riemann initial data ([1.5)),

(p—u-), =<0,

(pr,uy), x>0. (3.2)

(p;0)(x,0) = {
We shall see hereafter that the Riemann solutions to (1.2)) and (L.5) can be ob-
5.

tained immediately from the Riemann solutions to (3.1) and ( by using the
transformation of state variables (p,u)(z,t) = (p,v + Bt)(x, t).
System (3.1)) can be rewritten in the quasi-linear form

1 0\ [(p
v+ P+pP p)\v/,

s ioo i sawserm) (0), =)

It can be derived directly from (3.3)) that the conservative system (3.1 has two
eigenvalues

(3.3)

A
M(pv) =v+Bt— = Ay(p,v) = v+ B,

«a )
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whose corresponding right eigenvectors are by
_@)T

pa
So (3.1) is strictly hyperbolic for p > 0. Moreover, VA - 71 # 0 and Vs - 75 = 0.
Then it can be concluded that A; is genuinely nonlinear whose associated waves are
shock waves denoted by S; or rarefaction waves denoted by R;. Then the Riemann
invariants along the characteristic fields may be chosen as

A
w=v——, Z=0,
(%

T = (p7 y T2 = (laO)T

which should satisfy Vw - r; = 0 and Vz - ro = 0, respectively. For details about
above elementary waves, one can refer to [28], 32] to see how to solve the Riemann
problem.

Let us draw our attention on the elementary waves for the system in detail.
We first consider the rarefaction wave which is a one-parameter family of states
connecting a given state. This kind of continuous solution satisfying the system
(3.1) can be obtained by determining the integral curves of the first characteristic
fields. It is worthwhile to notice that the 1-Riemann invariant is conserved in the
1-rarefaction wave.

For a given left state (p_,u_), the l-rarefaction wave curve R;(p_,v_) in the

phase plane, the set of states connected on the right, should satisfy Ry(p_,u_):
dz Aa
= X(pv)=v+pi- 2,

A_ 4 (3.4)

A(p—u-) < Ailp,v).
By differentiating v with respect to p in the second equation in (3.4)), we have

@ — _ﬂ <0

dﬂ - pa+1 ’
d? A
Pv_Aalatl)
de pa+2

Thus, the 1-rarefaction wave is made up of the half-branch of R;(p_,u_) satisfying
v > u_ and p < p_, which is convex in the (p,v) plane.

Let us compute the solution (p,v) at a point in the interior of the 1-rarefaction
wave, then it follows from the first equation in , we have

A
TP L (3.5)
prt
By combining (3.5) with the second equation in (3.4), we obtain

xT
e (e
T Bt—w_ l1-«a
Let us return our attention on the shock wave which is a piecewise constant
discontinuous solution, satisfying the Rankine-Hugoniot conditions and the entropy
condition. Here the Ranking-Hugoniot conditions can be derived in a standard
method as in [2§], since the parameter ¢ only appears in the flux functions in the
conservative system . For a bounded discontinuity at = x(t), let us denote

(3.6)
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o(t) = 2/(t), then the Ranking-Hugoniot conditions for the conservative system
(3.1)) can be expressed as

—a(t)p + [p(v+ Bt)] = 0,
—a(t)[p(v+ P)] + [p(v + P)(v + Bt)] = 0,

where [p] = p, — pi with p; = p(2z(t) — 0,1), pr = p(z(t) + 0,t), in which [p] denote
the jump of p across the discontinuity, etc. It is clear that the propagation speed
of the discontinuity depends on the parameter ¢, which is obviously different from

classical hyperbolic conservation laws.
If o(t) # 0, then it follows from (3.7)) that

(3.7)

A A
pron(oy =) (0, = 52) = (0 = 22)) =0, (3.8)
p’l’ pl
from which we have v, = v; or v, — p% = — p%.
l

Thus, for a given left state (p_, uj ), with the latex entropy condition in mind,
the 1-shock wave curve Si(p_,u_) in the (p,v) plane which is the set of states
connected on the right, should satisfy Sy (p—,u_):

Py — pu_

Ul(t) +6ta
p—p-
P . (3.9)
p* p=

p>p, v<u_,

which indicates the 1-rarefaction wave and 1-shock wave are different branch of the
same curve.

Moreover, from , for a given left state (p_,u_), the 2-contact discontinuity
curve J(p_,u_) in the (p,v) plane which is the set of states connected on the right,
should satisfy J(p_,u_):

o(t)=v+ Bt =u_+ Gt (3.10)
p

: IS J
S(sg !

: I I

Jil|
(p—u-)
T
u_ — A u_ v
=

FIGURE 3. The (p,v) phase plane for the conservative system (3.1]).
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Let us now consider the Riemann problem and (3.2). In the (p,v) phase
plane, for a given left state (p—,u_), the set of states connected on the right consist
of the 1-rarefaction wave Ry (p_, u_), the 1-shock wave Sy (p_, u_) and the 2-contact
discontinuity curve J(p_,u_). It is clear to see that Rj(p_,u_) has the line Ss :

v = u_ — p% and Si(p_,u_) has the positive v-axis as their asymptotic lines,

respectively.

In view of the right state (p4,u4 ) in different positions, one wants to construct
the unique global Riemann solution of and (3.2). However, as in [13], if
uy < u_ — p% is satisfied, the Riemann solution of and can not be

constructed by using only the elementary waves including shocks, rarefaction waves
and contact discontinuities. In this nonclassical situation, the concept of delta shock
wave should be introduced such as in [13] [14] [34] and be discussed later.

Draw all the curves Ry(p_,u_), Si(p—,u_) J(p—,u_) and Ss in the the (p,v)
phase plane, thus the phase plane is divided into three regions I, T and I (See
Figure [3)), where

I={(p,v)lv>u_},

A
I={(p.)lu- — 5 <v<u),

A
= {(p.0)lo < u- = =),

According to the right state (p4,u4) in different regions, the unique global Rie-
mann solution of (3.1)) and (3.2) can be constructed connecting two constant states
(p— u—) and (p4,uy)

If (p+,uq) € I, namely uy > wu_, then the Riemann solution consists of 1-
rarefaction wave Ry and a 2-contact discontinuity J with an intermediate constant
state (p«,vs) determined uniquely by

A A
Vo —— =U_ — — = W_,
P P (3.11)
U4 = VUx
which immediately leads to
A A
—., V) = (U —u_ + —,uy), 3.12
(Z ) = (1w ) (312)
or A
1/«
(p*7v*) = (( ) ,U+), (313)

(uy —u—_ + p%
Thus, the Riemann solution of (3.1)) and (3.2) can be expressed as

(p—u-), @<z (1),
Ry, o] (t) <z < (t),

) 1) = 3.14
OOED= v, () <2< aa(t), (314
(,0+,u+), T > xQ(t)’
in which
A1 . A1

7 (t) = (u_ — p—a)t + §Bt2’ () = (v — =)t + §6t2, (3.15)

— *
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To(t) = uyt + 151527 (3.16)

and the state (p1,u1) in Ry can be calculated by .
If (p4,us) € I, namely u_ — %% < uy < u_, then the Riemann solution consists

of a 1-shock wave S; and a 2- contact discontinuity J with an intermediate constant
state (ps, v4) determined uniquely by (3.13). Thus, the Riemann solution of (3.1))
and (3.2]) can be expressed as

(p— u-), x<wm(t),
(p,0)(x,t) = < (pa,vs), 21(t) < T < 22(t), (3.17)
(p+7u+)7 x> ‘T?(t)a

in which the position of S; is given by

PsVx —p-tu_, 1,
ri(t) = TPy B2, 3.18
(t) P 5 (3.18)
and z2(t) is given by (3.16).
On the other hand, when (p;,us) € I, namely uy < u_ — % then there

exist a nonclassical situation where the Cauchy problem does not own a weak L>°-

solution. In order to solve the Riemann problem and in the framework
of nonclassical solution, a solution containing a weighted J-measure supported on
a curve should be defined such as in [, 23, B0]. In what follows, let us provide
the definition of delta shock wave solution to the Riemann problem (3.1)) and .

One can also refer to [8, 9], [16, [I7] about the more exact definition of generahzed
delta shock wave solution for related systems with delta measure initial data.

Definition 3.1. Let (p,v) be a pair of distributions in which p has the form of
plx,t) = p(x, t) + w(x, t)ds, (3.19)

in which p,v € L*°(R x Ry). Then (p,v) is called as the delta shock wave solution
to the Riemann problem (3.1)) and (3.2) if it satisfies

(p,1be) + (p(v + Bt),1hs) = 0,
(p(v+ P)),¢e) + (p(v + P)(v + b)), ¢z) = 0,
for any ¢ € C§°(R x RT). Here we take
{p(v+ P)(v+ Bt)), 1/)>

/ / A )+ Bty de dt + (w(t)os(t) (vs(t) + B)ds, ),

as an example to explam the inner product, in which we use the symbol S to express
the smooth curve with the Dirac delta function supported on it, vs is the value of
v and p% is equal to zero on this delta shock wave S.

With the above definition, if (p4,u4) € Mand uy < u_— pia, a piecewise smooth
solution of the Riemann problem (3.1)) and (3.2)) should be introduced in the form

(p_,u_), r < ‘T(t)v
(p,v)(x,t) = (w(t)é(m - ‘r(t))vvz?)v L= {E(t), (320)
(P45 u), x> (1),
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where z(t), w(t) and o(t) = 2'(t) denote respectively the location, weight and
propagation speed of the delta shock, and vs indicates the assignment of v on this
delta shock wave. It is remarkable that the value of v should be given on the delta
shock curve z = z(t) such that the product of p and v can be defined in the sense
of distributions. When uy = u_ — p%, it can be discussed similarly and we omit it.

The delta shock wave solution of the form (3-20) to the Riemann problem (3.1
and (3.2]) should obey the generalized Rankine-Hugoniot conditions

d”;it) = o(t) = vs + Bt
d%ﬂ = a(t)[p] = [p(v + Bt)]; (3.21)
WD) — o(0loto — )]~ oo~ )0+ )L

with initial data z(0) = 0 and w(0) = 0. In addition, for the unique solvability
of the above Cauchy problem, it is necessary to require that the value of vs to
be a constant along the trajectory of delta shock wave (see [9] for details). The
derivation process of the generalized Rankine-Hugoniot conditions is similar to that
in [25] 26] [31] and we omit it here. To ensure the uniqueness of Riemann solutions,
an over-compressive entropy condition for the delta shock wave should be assumed
as

)\1(p+,U+) < >‘2(p+vu+) < J(t) < Al(p*’u*) < >‘2(p77u7)a (322)
such that we have

A

Uy <vs <U- — —, (3.23)

which implies that all the characteristics on both sides of the delta shock are in-
coming.

It follows from ([3.21)) that

dw(t
WO — (01— p)  (prrus — pu), (3.24)
dw(t A A
Vs dz(t ) = Ué((ﬂ+u+ —p-u-) —( a1 ﬁ))
A (3.25)
9 9 Auy  Au_
- (p+u+ - p*u*) + ( a—1 afl)’
P+ p—
Therefore,
A A
(p+ = P2 = (2o —pou) = (g = —p))us + (ol = pou?)
+ - (3.26)
_ (Au+ B Au,) —0
pet o pt
For convenience, let us denote
A A 1, A A 2
wo =y | p4p—(uy — Uf)((u+ —u) = (4 — 7)) Z( a1 — oﬁl)
P+ - v - (3.27)

A A
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If po # p_, with the entropy condition (3.22)) in mind, one can obtain directly
from (3.26)) that

_ PUy — p-u— +Wo

Vs s (3.28)

P+ — P-

which enables us to obtain

1

o(t) =vs + pt, x(t) = vst + Qﬂtz’ w(t) = wot. (3.29)
Otherwise, if p; = p_, then
1 A

vy = §(U+ +u_ — E) (330)

In this particular case, we obtain

1 A 1 A 1
o(t) = 5(u+ +u_ — p—a) +Bt, x(t) = 5(u+ +u_ — p—a)t + §6t2,

w(t) = (p-u— — pruy)t.

(3.31)

4. RIEMANN PROBLEM FOR THE APPROXIMATED SYSTEM (|1.2))

In this section, let us return to the Riemann problem (1.2]) and (1.5)). If (p4,u) €
I, the Riemann solutions to (1.2]) and (1.5)) Ry + J can be represented as

(p—,u_ + Bt), = <zy(t),
(p1,v1 + Bt), a7 (t) <z <af(t),
(ps, v + Bt),  af(t) <z < 32(2),
(p+7u+ + ﬁt)’ x> x2(t)7

where 27 (t), 7 (t) and x2(t) are given by nd spectively, and the
states (p1,v1) and (p«,v.) can be calculated as (3.6) and (3.13). Let us use Figure
[4(a) to illustrate this situation in detail, where all the characteristics in the rarefac-
tion wave fans R; and the contact discontinuity curve J are curved into parabolic
shapes.

If (p4,uy) € 1, the Riemann solutions to ([1.2]) and (1.5)) S;+.J can be represented
as

(pw)(a,t) = (4.1)

(p—,u_ +0t), x<xz(t),
(p,u)(x,t) = (p*,’U*—FBt), xl(t) <z <$2(t), (42)

(p+,U+ Jr,Bt), x> xZ(t)ﬂ
where x1(t) and z5(t) are given by (3.18) and (3.16) respectively and the states
(p«,vx) can be calculated as (3.13)). Let us use Figure|d(b) to illustrate this situation
in detail, where both the shock wave curve S; and the contact discontinuity curve

J are curved into parabolic shapes.

Analogously, if (p4,us) € I, namely uy < u_ — p%, then we can also define the

weak solutions to the Riemann problem (1.2)) and (1.5]) in the sense of distributions
below.

Definition 4.1. Let (p,u) be a pair of distributions in which p has the form of
3.19)), then it is called as the delta shock wave solution to the Riemann problem
1.2) and (1.5)) if it satisfies

(0 0e) + (pu, ) = 0,

(p(u =+ P)),1be) + (pu(u + P)),vz) = —(Bp, ), #3)
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for any ¢ € C§°(R x RT), in which

(pulu+ P)), / / (Pulu >>wdxdt+< () (us (1)) 265, ),

and ug(t) is the assignment of u on this delta shock wave curve.

t Ry

(pss 05 + )

(p+:ut + Bt)
(p—,u_ + Bt)

0 T

(a) u— — & <u- <uy

t S
J
(p*,U*—f-Bt
(p—,u— + Bt)

(p+vu++ﬂt)
0 x

(b)u_—p%<u+<u_

FIGURE 4. The Riemann solution to ([1.2) and (1.5) when u_ —
p% < ug and 8 > 0, where (px,v,) is given by (3.13).

With the above definition in mind, if vy < u_ — p% is satisfied, then we look for
a piecewise smooth solution to the Riemann problem (1.2)) and (1.5)) in the form
(p—su—+ Bt), x < x(t),
(p,u)(z,t) = ¢ (w(t)d(z — 2(t)),us(t)), ===z(t), (4.4)
(p+7u++ﬁt)a x>x(t),

It is worthwhile to notice that us(t) — St is assumed to be a constant based on the
result in Sect.2. With the similar analysis and derivation as before, the delta shock
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wave solution of the form (4.4) to the Riemann problem ((1.2)) and (1.5) should also
satisfy the following generalized Rankine-Hugoniot conditions

PO — o(6) = uste),
WO — (1)) oul (15
LD — oot 0] lpulu— )]+ Bu(o)
in which the jumps across the discontinuity are
lpul = pi (s + B) — p(u_ + BO), (4.6)
A A A
(i — )] = i (g + B8y + Bt — =) — p(u + BE)(u + Bt — ). (AT
p PE pe

To ensure the uniqueness of a solution to the Riemann problem ((1.2) and .,
the over-compressive entropy condition for the delta shock wave

uy + Bt <us(t) <u_ — 1:01[ + ft. (4.8)

should also be assumed when u; < u_ — p%.

As before, we can also obtain z(t),o(t) and w(t) from (4.5) and (4.8 together.
In brief, we have the following theorem to depict the Riemann solution to (|1.2)) and
(1.5) when the Riemann initial data (|1.5)) satisfy uy < u_ — p% and py # p_.

Theorem 4.2. If both uy < u_ — p— and p+ # p_ are satzsﬁed then the delta
shock solution to the Riemann solutions to and (| can be expressed as
dx(t
ﬁ)zdw:ww,
dw(t
WO — o1)]6] - [oul, (19

in which
1
o) =us(t) = vs +Bt, a(t) = vst + L7, w(t) =wet,  (410)

where wy and vy are given by (3.27)) and (3.28) respectively.

Let us check briefly that the above constructed delta shock wave solution
and satisfy in the sense of distributions. The proof of this theorem is
completely analogs to the one in [25] 26]. Therefore, we only state the main steps
for the proof of the second equality in for completeness. Actually, one can
deduce that

I_/ / u——zﬂt—l—pu(u——)wx)dacdt

()
- /0 [ (p—(u_ + Bt — E)¢t +p_(u_ + Bt)(u_ + Bt — ;)%)dxdt
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-I-/O /gc(t)(P+(u+ + pt — E)% + py(uy + Bt)(uy + Bt — E)wm)dwdt

+ /0 N wot (Vs + BE) (Y1 (x(1), 1) + (vs5 + Bt)Ya(2(1), 1)) dt.

It can be derived from (4.10)) that the curve of delta shock wave is given by

z(t) = vst + %&2. (4.11)
! 5S
(p—u— + Bt) (p+>uq + Bt)
0 T
(a) >0
t e,
85
(p—,u—+ pt) (P45 ut + B)
0 T
(b) <0

FIGURE 5. The delta shock wave solution to (1.1) and (1.2)) when
Up < U_ — p% and vs > 0, where v is given by (3.28)) for p_ # py

and ([3.30)) for p_ = py.

For 3 > 0 (see Figure [§|a)), there exists an inverse function of z(t) globally in
the time ¢, which may be written in the form

_ %, 2 v
t(x) = 62+ﬁ 5

2
Otherwise, for 5 < 0 (see Figure (b))7 there is a critical point (_;%7 —%‘5) on the
delta shock wave curve such that z’(t) change its sign when across the critical point.

Thus, the inverse function of x(¢) is needed to find respectively for ¢ < —%5 and
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which enable us to have

§ 2x Vs vs
- —+———, t< -4,
t(x) = { s B 2 (4.12)

7_71*6 _Ys
,/ 2, t> -

Without loss of generality, let us assume that g > 0 for simplicity. Actually, the
other situation can be dealt with similarly. Under our assumption, it follows from
that the position of delta shock wave satisfies = x(t) > 0 for all the time.
It follows from that

di(a(t),t) dr (1)
TP = ()0 + P (t), )

Pe(x(t),t) + (v + Bt)va (2(t),1)
= Ve((t), 1) + us(t)iha (1), 1)

By interchanging the order of integration and using integration by parts, we have

I:/ / p_(u_Jrﬂtf%)?/)tdtd:c
0 t(x) pP=
_|_

/ —(u— 4+ Bt)(u_ + Bt — %)Q/Jx dt dx
0 t( pP=
I
+ [

0

t>-4,

Ed

/m)
t(x) A
/ p4(us + Bt — —)pr dt d
Pt
t(z A
/ +(ug + Bt)(ug + pt — p—a)z/}g;dtdz
+

+ [ wot(vs + Bt)di(x(t),1)

= [ (st + B = ) = -+ Bila) — ) plat)de (113
0 Py P-

oo A
+ /0 (p,(u, + Bt)(u— + pt — pj)

il By + Bt~ ) )0(alt) )
P+

oo 00 oo rt(x)
—/ Bp,wdtdx—/ Bp+ dt dx
0

t(x) 0 0

_ / " wo(vs + 280)b(a(t), t)dt

_ /0 T (), Hdt — / / " vt + / /x )

in which
C(t) = (py (g + Bt — o) — p_(u_ + Bt — ) (w5 + 1)
L p%
+ (p—(u— + pt)(u— + Bt — p%) — py(ug + Bt)(uy + Bt — /;;t)) (4.14)

— wo(vs + 20t).
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By tedious calculations, we have

C(t) = —Pwot = —Pw(t). (4.15)
Thus, it can be concluded from and together that the second equality
in holds in the sense of distributions. The proof is complete.
Remark 4.3. If both vy < u_ — p% and py = p_ are satisfied, then the delta

shock solution to the Riemann pI‘ObleIEl (1.2) and (1.5 can be expressed in the form
(4.4) where

A A
o(t) = us(t) = %(qu +u_ — p—a) +pt, x(t) = %(qu +u_ — E)t+ %Bt{

w(t) = (p-u— — pruy)t.

(4.16)
The proof is completely similar to the above proofs, so we omit it.
Remark 44. If uy = u_ — p%, then the delta shock solution to the Riemann

problem (1.2) and (1.5) can also be expressed as the form in Theorem and
Remark The process of proof is easy and we omit it.

5. FLUX APPROXIMATION LIMITS OF RIEMANN SOLUTIONS TO (|1.2))

In this section, we are concerned that the flux approximation limits of Riemann

solutions to and converge to the corresponding ones to and or
not when the perturbation parameter A tends to zero. According to the relations
between u_ and wuy, we will divide our discussion into the following three cases:
U < Uy, U— = Uy, and u_ > uqy.
Case 1: u_ < uy. In this case, (py,us) € Iin the (p,v) plane, so the Riemann
solutions to (L.2) and (L.5) Ry + J is given by (4.I), where 27 (t), 7 (t) and 22 (t)
are given by (3.15) and (3.16) respectively and the states (p1,v1) and (p«,vs) can
be calculated as (3.6 and (3.13]). From and we have

. L Al—a) \1/a
}xlinopli,}xlino(%—ﬁt—w_) =0
A o
lim p, = lim ( v )1/ =0,
A—0 A—0 u+_u_+p7

which indicate the occurrence of the vacuum states. Furthermore, the Riemann

solutions to (|1.2) and (1.5) converge to

(p—,u_ + pt), m<u_t+%ﬁt2,
}xiglo(p’ u)(x,t) = { vacuum, u_t+1pt2 <x <uyt+ 363 (5.1)
(P uy + Bt), @ >ugt+ 552,
which is exactly the corresponding Riemann solutions to the pressureless Euler
equations with the same source term and the same initial data.

Case 2: u_ = uy. In this case, (py,uq) is on the J curve in the (p,v) plane, so

the Riemann solutions to (|1.2) and (1.5) is

1
(P, U)(l‘7t) — {(p—7u_ +ﬁt), < u_t+ 5/&)[;}27

5.2
(P uy +Bt), & >uit+ 568 (52
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which is exactly the corresponding Riemann solutions to the pressureless Euler
equations with the same source term and the same initial data.

Case 3: u_ > u,.

Lemma 5.1. If u_ > uy, there exists Ay > Ay > 0, such that (py,uy) € I as
Ag < A< Ay, and (py,uq) €l as A < Ap.

Proof. If (p4,u4) € I, then 0 < u_ — p% < u4 < u_, which gives p® (u_ —uy) <
A < p®u_. Thus we take Ag = p®(u_ —uy) and A; = p*u_, then (ps,uy) € I
as Ag < A< A and (py,uy) €M as A < Ap.

When Ag < A < Ay, (p+,uy) € T in the (p,v) plane, so the Riemann solution
to (1.2) and (L.5) is given by (4.2]), where z1(t) and xo(t) are given by (3.18) and
(3.16]) respectively and the states (p«,v.) can be calculated as (3.13]). From (3.13))
we have

. s A /o p,A 1/a

Ali)n}‘op*iAli?}‘O (’U,+—’U/7+p%) 7A~>H}\0 (A—AO) o
O

Furthermore, we have the following result.
Lemma 5.2. Let d%p =o1(t), d%t(t) = o9(t), then
AT, e 0= i o1 (0= g 20
A (5.3)
= (u- — pf?)t + Bt =y + Bt = o(t),
Ig(t)
li wdr = p_(u_ — t, 5.4
i " prdr = p_(u_ —uy) (5.4)
Ig(t)
lim P (Vs + Bt)dx = p_(u— — uy)(ug + Bt)t. (5.5)
A—>A0 231(t)

Proof. Equality (5.3)) is obviously true. We will only prove (5.4) and (5.5). Note
that

T2 (t)

i " pedr = lim p.(22(t) — 21(t))
= Jim p.(us — %) = p—(u- —uy)t,
) z3(t) ) z3(t)
i " ps(vs + Bt)de = (uy + Bt) lim " pxda
— po(u —uy)(us + AL,
The proof is complete. O

From Lemma[5.2]it follows that the curves of the shock wave S; and the contact
discontinuity J will coincide when A tends to Ag and the delta shock wave will form.
Next we arrange the values which gives the exact position, propagation speed and
strength of the delta shock wave according to Lemma

Using (5.4) and (5.5)), we let
w(t) = p—(u— — uy)t, (5.6)
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w(t)us(t) = p—(u- —uy)(ug + BE)L. (5.7)
Then
us(t) = (us + Bt), (5.8)

dz(tt) = o(t), we have

which is equal to o(t). Furthermore, by letting

2(t) = urt + %BtQ. (5.9)

From —, we can see that the quantities defined above are exactly con-
sistent with those given by (3.27)-(3.31)) or (4.10)) in which we take A = Ay. Thus,
it uniquely determines that the limits of the Riemann solutions to the system
and when A — A in the case (p4,uy) € I is just the delta shock solution of
and in the case (py,uy) € S5, where Sy is actually the boundary between
the regions II and 1. So we obtain the following results in the case uy < u_.

Theorem 5.3. If uy < u_, for each fized A with Ay < A < A1, (py,uy) €
I, assuming that (p,u) is a solution containing a shock wave Sy and a contact
discontinuity J of and constructed in Section 4, it follows that when
A — Ay, the solution (p,u) converges to a delta shock wave solution of , and
(1.5) when A = Ay.

When A < Ag, (p+,uy) € 10, so the Riemann solutions to (1.2) and (1.5) is

given by (4.4) with (4.10) or (4.16)), which is a delta shock wave solution. It is easy
to see that when A — 0, for p; # p_,

#(t) > oot + 5%, w(t) > ETp(us —u)t, olt) = us(t) — 0o+ B,

where

— VP-U— T+ /Py

NN

for py = p-,

R{t) = 3 )4 B2 wlt) > o ),

o(t) = us(t) — %(m +u_)+ pt,

which is exactly the corresponding Riemann solution to the pressureless Euler equa-
tions with the same source term and the same initial data [25]. Thus, we have the
following result.

Theorem 5.4. If uy < u_, for each fired A < Ao, (p+,us) € I, assuming that
(p,u) is a delta shock wave solution of and which is constructed in
Section 4, it is obtained that when A — 0, (p,u) converges to a delta shock wave
solution to the pressureless Fuler equations with the same source term and the same
initial data [25].

We summarize the main result in this section as follows.

Theorem 5.5. As the perturbed parameter A — 0, the Riemann solutions to the
approrimated nonhomogeneous system tend to the three kinds of Riemann
solutions to the nonhomogeneous pressureless Euler equations with the same source
term and the same initial data, which include a delta shock wave and a vacuum
state. That is to say, the Riemann solutions to the transportation equations with
Coulomb-type friction is stable under this kind of flux perturbation.
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6. CONCLUSIONS AND DISCUSSIONS

It can be seen from the above discussions that the limits of solutions to the
Riemann problem (1.2)) and converge to the corresponding ones of the Riemann
problem and (1.5) as A — 0. The approximated system is strictly
hyperbolic. Although the characteristic field for A; is genuinely nonlinear, the
characteristic field for Ay is still linearly degenerate and still belongs to the
Temple class. Thus, this perturbation does not totally change the structure of
Riemann solutions to (|1.1J).

If we also consider the approximation of the flux functions for in the form

Pt + (pu)w = 07

(plus-+ = P))e + (pulu+ P)). = By,
where P is also given by (L.3). We can check that has two different eigenvalues
A =ux y/adp~®u, and the characteristic fields for both the two eigenvalues are
genuinely nonlinear. Hence, is strictly hyperbolic and by simple calculation,
it can be seen that does not belong to the Temple class anymore. It is
clear to see that the Riemann solutions for the approximated system have
completely different structures from those for the original system . Similar to
[26, 27, 29, 3], 4], we can construct the Riemann solutions to the Riemann problem
and in all situations and prove them converge to the corresponding ones

to the Riemann problem (1.1)) and (1.5) as A — 0.
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