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EXISTENCE OF SOLUTIONS FOR INFINITE SYSTEMS OF
DIFFERENTIAL EQUATIONS IN SPACES OF TEMPERED
SEQUENCES

JOZEF BANAS, MONIKA KRAJEWSKA

Commumnicated by Vicentiu Radulescu

ABSTRACT. The aim of this article is to study the existence of solutions for
infinite systems of differential equations. We look for solutions in Banach
tempered sequence spaces, using techniques associated with measures of non-
compactness, and results from differential equations in abstract Banach spaces.

1. INTRODUCTION

The theory of differential equations in Banach spaces is nowadays almost a closed
branch of mathematical analysis. Roughly speaking, after the publication of [3] 10,
11, [13], 15, 16}, 19} [22] there have not appeared books or article presenting essential
progress in the theory in question.

One of the most important reason of such a situation is the generality of problems
raised in that theory. From this point of view we may consider the mentioned
theory as closed or almost closed. Nevertheless, if we consider a particular case of
differential equations in Banach spaces created by infinite systems of differential
equations, the situation seems to be very far to be closed or even to be satisfactory
developed. Up to now there appeared only a few papers devoted to the study of
the theory of infinite systems of differential equations. The current state of that
theory is presented in the recent monograph [§] (cf. also [4], 5]).

On the other hand infinite systems of differential equations find numerous ap-
plications in describing of several real world problems which can be encountered in
the theory of neural nets, the theory of branching processes, the theory of dissoci-
ation of polymers and a lot of others (see for example [9] [10, [14] [I8], 25]). It is also
worthwhile mentioning that infinite systems of differential equations are applied to
solve some problems investigated in mechanics [20, 2] 26]. Moreover, when we
consider some problems of partial differential equations, we can use the process of
semidiscretization to transform those problems into infinite systems of differential
equations (cf. [10] 23] 24]).
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To establish some preliminary facts let us consider the infinite system of ordinary
differential equations which can be written in the general form

xy, = fult, 21,22, . ) (1.1)
forte I =10,T) and forn=1,2,....
The Cauchy problem for system can be formulated as the initial value
conditions
2, (0)=2al, formn=12,.... (1.2)
Let us pay attention to be fact that any solution of — has the form of a
function sequence
z(t) = (2 (1)) = (z1(8), 22(¢),...) (1.3)
where ¢ runs over an interval [0,T] (or [0,71] C [0,T]). To avoid unnecessary
ambiguities we will denote the interval of the definition of solution of -
by I i.e., I = [0,T]. Thus, for each fixed ¢ € I the sequence (x,,(t)) presents
certain sequence of real numbers. Therefore, we consider the solvability of problem
— in some sequence space ¢, ¢, lp, I (cf. [ [10]). Details concerning the
mentioned sequence spaces will be given later on.
Now we show that even in rather simple situations the mentioned classical se-
quence spaces are not sufficient for the location of our investigations.

Example 1.1. To show the influence of the choice of initial values in a sequence
space in which are located solutions of a considered initial value problem for an
infinite system of differential equations, let us consider the linear diagonal infinite
system of differential equations

l=x, (1.4)

Ln,

with the initial conditions
2,(0)=n, forn=1,2,.... (1.5)
We consider problem (1.4)—(1.5) on an interval I = [0,T].
It is easily seen that the solution of (1.4)-(|1.5) has the form
z(t) = (2,(t)) = (ne') = (e*,2¢", 3", ...).
This means that z(¢) ¢ [ for each ¢ € I. Thus the sequence space lo, is not
suitable to consider solvability of problem ([1.4)—(1.5) in this space. Obviously,

such a situation appears quite naturally since the initial point (z2) = (n) is not a
member of /.

Example 1.2. Let us consider the infinite system of differential equations

A L (1.6)
" Ve +1
forn =1,2,..., together with initial conditions

2,(0) =0, forn=12,.... (1.7

X

Let us fix arbitrarily a natural number n. Then, we can easy calculate that the

solution of problem (1.6)—(1.7) has the form

(1) -

T2ttt 2vitnt

2t2
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for t € I. Hence, we obtain the estimate
n2t?
2 + nt + 2v/1 + 2nt + n?t?
n?t? S n2t? 1(t - 1 )
= — | Nt —
24 nt+2(1+nt) — 4+4nt 4 nt+1

form=1,2,... and for t € I.

xn(t) >
(1.8)

Further, let us represent the solution of (L.6)—(L.7) in the form x(t) = (z,(t)) =
(21(t),22(t),...). Then, from estimate (1.8]) we infer that x(t) ¢ I, for any ¢t > 0.
On the other hand let us notice that the right-hand sides of equations are not
bounded. Indeed, we have

/@
Vi +

The above given examples suggest that we have to enlarge the spaces under
considerations to ensure that solutions of infinite systems of differential equations
starting from a point in such a space remain in the space in question when ¢ runs
over some interval I. It seems that a natural way to realize the enlargement is to
consider the so - called tempered sequence spaces. Those spaces can be obtained
from classical sequence spaces with help of a tempering sequence. For example, if
we take the classical space [, and the tempering sequence (3, = % (n=1,2,...)
then the new sequence space [, with 8 = (3,) = (%) is understood as the space of
all sequences (z,,) such that the sequence (3,z,) = (1x,) is bounded. The details
concerning tempered sequence spaces will be described later on.

It is worthwhile noticing that such an approach enables us to study an essentially
larger class of infinite systems of differential equations in comparison with the
classical setting.

In this article we discuss some classes of infinite systems of differential equations
having solutions in the above mentioned tempered sequence spaces. The results of
the paper generalize several ones obtained up to now in classical sequence spaces
(see [4, 5, [8, [TOL [T, [17]).

1—>n, as x — o0.

2. AUXILIARY FACTS CONCERNING THE THEORY OF MEASURES OF
NONCOMPACTNESS

This section is devoted to recall a few facts concerning the theory of measures of
noncompactness, which will be needed in our further considerations. Those facts
come mainly from monograph [3] (cf. also [1, 2]). To set the stage for our study we
establish first the notation used in this article.

By the symbol R we will denote the set of real numbers, and by N the set of
natural numbers (positive integers). We write R4 to denote the interval [0, c0).
Further, assume that E is a Banach space with the norm || - || and the zero element
6. Denote by B(x,r) the closed ball in E centered at x and with radius r. We write
B, to denote the ball B(f,7). If X is a subset of F then by X, ConvX we will
denote the closure and convex closure of X, respectively. Moreover, the symbols
X +Y, X, (A €R) stand for standard algebraic operations on sets X and Y.

We denote by Mg the family of all nonempty and bounded subset of the space
E, and by g its subfamily consisting of all relatively compact sets.
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In what follows we will accept the following axiomatic definition of the concept
of a measure of noncompactness [3].

Definition 2.1. A function p: Mg — R is called a measure of noncompactness
if the following conditions are satisfied:
(i) The family ker p = {X € Mg : u(X) = 0} is nonempty and ker u C Ng;
) X CY = u(X) < p(Y);
(ili) p(X) = p(X);
(iv) p(Conv X) = pu(X);
) pAX + (1 =X2)Y) < Au(X) + (1 = A)u(Y) for A € [0,1];
) if (X,,) is a sequence of closed sets from Mg such that X,,11 C X, for n =
1,2,... and lim, o u(X,) = 0 then the set Xoo = N2, X, is nonempty.

The family ker p from axiom (i) is said to be the kernel of the measure f.

Further, let us observe that from axiom (vi) it follows that u(Xs) < u(X,,) for
n=1,2,.... This yields that u(X~) = 0. Hence we conclude that the intersection
set X belongs to the kernel ker . This simple fact plays a very essential role in
applications.

In the sequel we will also consider measures of noncompactness having some
additional properties. Thus, a measure pu is referred to as sublinear if it satisfies
the following two conditions:

(vii) p(AX) = [A[u(X), A € R;

(vill) p(X +Y) < p(X) + p(Y).

We say that a measure of noncompactness has mazimum property if

(i) 1(X UY) = max{u(X), u(Y)}.
The measure y is said to be full if

(x) kerpp =MNg.

Finally, the measure of noncompactness p is called regular if it is sublinear, full
and has maximum property.

The most convenient and simultaneously important regular measure of noncom-
pactness is the so - called Hausdorff measure x defined in the following way

X(X) = inf{e > 0: X has a finite e-net in E}.

It can be shown that this measure has also some other interesting and useful prop-
erties (cf. [1L 2 B [6]).

The usefulness of the Hausdorff measure x leads to the question if each regular
measure of noncompactness p is equivalent to the Hausdorff measure x. It was
shown in [7] that, in general, the answer is negative. Nevertheless, we have the
following theorem [3] which shows that each regular measure of noncompactness is
one - sided comparable with the Hausdorff measure.

Theorem 2.2. If i is a reqular measure then

n(X) < p(Br)x(X)
for any set X € Mg.

In practice we use those measures of noncompactness which can be expressed
with help of a convenient formula associated with the structure of a considered
Banach space. It turns out that we know only a few Banach spaces in which the
Hausdorff measure of noncompactness can be expressed (or, at least, estimated)
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in such a way [3]. By these regards we mostly apply measures of noncompactness
being not regular but which are connected with sufficient conditions for relative
compactness in Banach spaces under considerations [3] [§].

3. MEASURES OF NONCOMPACTNESS IN CLASSICAL SEQUENCE SPACES

Now we work in the sequence spaces cy, ¢, I, and [, being the classical sequence
spaces. We recall briefly the definition of these spaces.

By the space ¢y we mean the set of all real (or complex) sequences © = (z;,)
converging to zero and normed by the classical supremum (or maximum) norm:

[zl = [I(zn)llcg = sup{lzal : n=1,2,...} = max{|zna| : n=1,2,...}.

Obviously ¢y with this norm creates the Banach space.
Next, denote by ¢ the space of all sequences x = (z,,) converging to a (finite)
limit, with the norm

[zlle = [[(zn)lle = sup{lea] : n = 1,2,...}.

The space ¢ with the norm || - || is a Banach space and ¢g is a closed subspace of c.
If we fix a number p, p > 1, then by [/, we denote the space consisting of all
sequences & = (z,,) such that Y~ | [,|" < oo . If we normed it by

> /
Izl = I, = (3 )
n=1

it becomes a Banach space.
Finally, by the symbol I, we denote the space of all bounded sequences x = (z;,)
with the supremum norm

[l = @)l = sup{[zn] :n =1,2,...}.

Now, we present the known facts concerning the measures of noncompactness in
the above mentioned sequence spaces [3, [8]. In the case of sequence spaces cg, ¢
and [, the situation concerning measures of noncompactness seems to be thoroughly
recognized. Indeed, in the spaces ¢y and I, we know formulas expressing the most
convenient measure of noncompactness i.e., the Hausdorff measure y (cf. Section
2). To present the mentioned formulas let us consider first the space ¢y and let us
take an arbitrary nonempty and bounded subset of cg i.e., take a set X € 9., .
Then we have [3]

x(X) = lim { sup {Sup{|zi| zZn}}}

oo L (z,)eX

Next, if we fix arbitrarily a number p, p > 1, then for X € 9, we have [3, §]

o) = i (o { (S )" 2= o0 < 3}
k=n

In the case of the sequence space ¢ the situation is a bit more complicated.
Namely, we do not know a formula for the Hausdorff measure x in ¢ but we know
only a good estimate x. Indeed, for X € M, let us define the quantity u(X) by the
formula

w(X) = lim {( sup {sup{|xi - kllrgoxk| 2> n}}} (3.1)

n— 00 zp)EX
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Then we have the estimate

1

SH(X) < X(X) < p(X) (3.2)
and this estimate is sharp [3].

It can be shown that measure (3.1) is regular. Nevertheless, let us pay attention
to the fact that the measure u has only theoretical meaning since the use of formula
(3.1) requires to know limits of sequences belonging to a set X. Therefore, to obtain
a more convenient formula we can use the classical Cauchy condition associated with
the limit of a sequence, since such an approach does not require the use of the limit
of a sequence. Thus, for X € 9. we define the quantity

pe(X) = kh—>nolo { (zSI)ng { sup{ |z, — Tm| : n,m > k;}}} (3.3)

It is worthwhile mentioning that in a few papers and monographs (see [3, [5, [§],
for example) we can encounter results asserting that the measure p. defined by
formula is regular and equivalent to the Hausdorff measure x in the space c.
On the other hand there are no proof of that fact. Therefore, to bridge this gap we
provide below the complete proof of the following theorem.

Theorem 3.1. The quantity u. defined by formula (3.3) is a regular measure of
noncompactness in the space c. Moreover, the following inequalities are satisfied

X(X) < pe(X) < 2x(X) (3.4)
for X e M,

Proof. At the beginning let us observe that keeping in mind formula it is not
hard to show the quantity p. satisfies axioms (ii)—(v) and (vii)—(ix) of the definition
of a regular measure of noncompactness (cf. Section 2 and Definition [2.1)).

Next, fix arbitrarily a set X € 9, and choose a sequence x = (z;) € X. Take a
fixed natural number k. Then, for arbitrary n,m > k we have

| — T | < |zp — Hm 2] + |2, — lHm 2.
1—00 11— 00
Hence we derive the estimate
f1e(X) < 2u(X), (3.5)

where p is the measure of noncompactness defined by (3.1)). Linking (3.2 and (3.5)
we obtain

pe(X) < 4x(X) (3.6)
for X € M..

Now, let us denote r = u.(X). Fix € > 0 and find a natural number ky such
that

|Zp — | <r+e€ (3.7
for each © = (x;) € X and n,m > ko. Consider the set X, = {(z1,22,...,2Zk,) :
x = (21,22, Thy» Tho+1,---) € X}. Obviously Xy, is a bounded subset of the
Euclidean space R*o. Thus there exists a finite e-net of the set X}, formed by some
ko - tuples 41,92, - .-, Um, Where g, = (y7, 95, ..., y,) for p=1,2,...,m.

Next, we consider the sequence y, (p =1,2,...,m) defined as

Yp = (Y15 Yds 2 Yrgs Yngr Yhgr -+ )
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We show that the set {y1, ¥y, ..., ym} forms the r + 2e-net of the set X in the space
c. To this end take an arbitrary sequence z = (z;) € X. Then, we can find a
ko-tuple g, = (y7, 95, -, Yy,) (1 <p < m) such that

|z, —yf| <e (3.8)

fori=1,2,...,ky. Further, for ¢ > kg, we obtain

[z = yf | < i — @i | + [0 — U7 = 20 = Tho | + |20 — Y, |-
Hence, from (3.7) and (3.8) we obtain
|z, —y¥| <r+e+e=r+2e. (3.9)

Linking (3.8)) and (3.9)) we conclude that the set {y1,y2,...,ym } forms an r+2e-net
of the set X in the space c¢. Moreover, in view of the arbitrariness of € this yields

x(X) <,
which leads to the inequality
X(X) < pe(X). (3.10)
Combining estimates (3.6) and (3.10) we derive the following inequalities
X(X) < pe(X) < 4x(X), (3.11)

which are satisfied for X € 901..

Now, let us observe that from inequalities we obtain that the quantity .
satisfies axioms (i) and (vi) of Definition Thus, p. is a sublinear measure of
noncompactness with maximum property in the space c¢. Applying again we
deduce that . is a regular measure equivalent to the Hausdorff measure y.

In what follows let us observe that the estimate on the right hand side of
i.e., estimate can be improved. Indeed, since p. is a regular measure of
noncompactness then, in view of Theorem we have

/uc(X) < ,LLC(Bl)X(X) (312)

for an arbitrary set X € 9. (the symbol B stands for the unit ball in ¢). On the
other hand it is easy to calculate that p.(B;) = 2. Thus, from (3.12)) we obtain

f1e(X) < 2x(X). (3.13)
Finally, combining estimates (3.10) and (3.13) we obtain desired estimate (3.4).
The proof is complete. ([

In the sequel we shall deal with measures of noncompactness in the space l..
Firstly, let us notice that in this space we do not know a formula which expresses the
Hausdorff measure of noncompactness x. Even more, we do not know formulas for
regular measures in I [I B} [8]. Thus, in this case we can only obtain formulas for
measures of noncompactness defined in an axiomatic way (cf. Definition . It is
worthwhile mentioning that there are known and used some convenient formulas for
measures of noncompactness in the space o, [3}8]. Unfortunately, in the literature
there are no proofs of the correctness of those formulas. More precisely, there are
no proofs of the fact that the formulas in question are measures on noncompactness
in l. Below we are going to fill this gap.
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To present the above mentioned formulas let us fix a set X € 9, . Next, we
define the following three quantities:

ui(X) = lim { sup {sup{|z;|:i > n}}}, (3.14)
o0 L (z;)eX
p3°(X) = lim { sup {sup{|z, — 2| :n,m > k}}}, (3.15)
k—oo (z1)EX
15°(X) = limsup diam X,,, (3.16)

n—oo
where X,, = {z,, : ® = (z;) € X} and diam X,, = sup{|a:n —yn| = (11),y =
(y;) € X}. Observe that the formula expressing the quantity u$° coincides with
the formula for the Hausdorff measure of noncompactness in the space ¢g. On the
other hand, formula for the quantity uS° coincides with formula for the
measure of noncompactness ji. in the sequence space c.

Theorem 3.2. The quantities u°(i = 1,2,3) are sublinear measures of noncom-
pactness in the space lo. In addition, the measures pu3° and ps® have mazimum
property. Moreover, for an arbitrary set X € M, the following inequalities hold

X(X) < ps (X)), (3.17)
X(X) < ps*(X), (3.18)
1o (X) < 2u7°(X), (3.19)
s (X ) < 2u7°(X). (3.20)

Proof. The proof of can be conducted in the same way as the proof of .
Indeed, it follows easily from the fact that c is a subspace of the space [

To prove let us fix X € 9M;__ and put r = pu$°(X). Next, take an arbitrary
number € > 0. Then, in view of definition we can find a natural number ng
such that diamX,, < r + ¢ for n > ng. Hence we infer that for arbitrary elements
x = (z;), y = (y;) of the set X we have

T —yn| ST+ € (3.21)

for n > ng. Further, we consider the set X,, = {(x1,22,...,2Zn,) : (z:) € X}.
This set is a relatively compact subset of the Euclidean space R™. Thus, there
exists a finite e-net of the set X,,, composed by ng - tuples g1 = (Y1, 3., yp, )
Yo = (y%,y%,...7y30), Um = W5 yny). Next, fix an arbitrary element
y = (i) = (Y1,Y2,- - s Yngs Yno+1, - - - ) of the set X and consider the finite subset
Y ={y1,y2,...,Ym} of the space I such that

Yi = (U1, Ys, - Yhy Ynio 1> Ynot2s - - - )

for ¢ = 1,2,...,m. We show that Y forms a finite r 4+ e-net of the set X. To
this end take an arbitrary element z = (x;) € X and consider the ng-tuple =

(z1,72,...,2n,). Then we can find a ng-tuple g, € Xn,, 9 = (y¥, 95, ... ,yﬁo) such
that
-y < (3.22)
fori=1,2,...,np.
Now, we take the element yr, = (y§, 95, ..., Y%, Yno+1,Ynot2,---) € Y. Then, in

view of (3.21) and (3.22), we have

[T —yn| <7 +e
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for n = 1,2,.... This means that ||z — yx|l;, < r +¢e. Thus the set Y forms a
finite r + e-net of the set X. Hence we conclude that x(X) < r + ¢. In view of
the arbitrariness of e this implies inequality . Further, let us observe that
estimates and are a simple consequence of the triangle inequality for
absolute value.

Next, from (3.17)) and (3.19) (or from (3.18) and (3.20))) we obtain the following

estimate )
SX(X) < (). (3.23)

Finally, taking into account inequalities (3.17), (3.18) and (3.23) we conclude
that the quantities p° (i = 1,2,3) satisfy axioms (i) and (vi) of Definition
The fact that there are satisfied other conditions (ii)—(v) and (vii), (viii) for all
quantities u$® (i = 1,2,3) and condition (ix) for u$° and p$° is easy to prove. This
completes the proof. O

4. MEASURES OF NONCOMPACTNESS IN SPACES OF TEMPERED SEQUENCES

As we saw in introduction, classical sequence spaces are not always suitable to
consider initial value problems for infinite systems of differential equations. There-
fore, in order to consider those initial value problems we are frequently forced to
treat the problems in question in enlarged sequence spaces. Such sequence spaces
can be obtained if we consider the so - called tempered sequence spaces.

To define the mentioned spaces let us fix a real sequence § = (3,) such that g3,
is positive for n = 1,2, ... and the sequence (/3,,) is nonincreasing. Such a sequence
0 will be called the tempering sequence. Next, consider the set X consisting of all
real (or complex) sequences x = (x,) such that 5,z, — 0 as n — oo. It is easily
seen that X forms a linear space over the field of real (or complex) numbers. We
will denote this space by the symbol cg .

It is easy to check that cg is a Banach space under the norm

”chg = ||(mn)|\cg =sup{fnlzn|:n=1,2,...} = max{f,|z,| :n=1,2,... }.

In a similar way we may consider the space ¢’ consisting of real (complex)
sequences () such that the sequence (3, x,) converges to a finite limit. Obviously
c? forms a linear space and it becomes a Banach space if we normed it by the
supremum norm

[zlleo = [[(@n)llcs = sup{Bnlzn| : 7 =1,2,...}.

In the same way we can consider the tempered sequence space lfo of all sequences
(x,,) (real or complex) such that the sequence (3,z,) is bounded. The space 12, is
a Banach space under the norm

lzllye, = (@n)llz, = sup{Bnlzn| :n =1,2,...}.

Let us pay attention to the fact that taking 8, = 1 for n = 1,2,... we obtain
spaces cg = ¢, ¢ = cand I, = l,.. Similarly, if the sequence (3,) is bounded
from below by a positive constant m i.e., if 3, > m > 0 for n = 1,2,..., then the
norms in the tempered sequence spaces cg , c® and lfo are equivalent to the classical
supremum norm in each of the spaces ¢, ¢ and l,,. Thus, to obtain an essential
enlargement of the spaces ¢y, ¢ and [, we should to assume that the tempering

sequence ([3,,) converges to zero. In what follows we will impose such a requirement.
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The most important fact for our further purposes is the assertion saying that
the pairs of the spaces (co,ch), (¢,¢?) and (Is, 1) are isometric. Indeed, consider
for example the spaces I, and 2 . Next, take the mapping J : I3, — I, defined in
the following way

J(x) = J((2n)) = (Bnn)-

Then, for arbitrarily fixed z,y € 2 we have

[J(x) = Tl = [T ((2n)) = T((gn))ll1
= [(Bnzn) = (Bnyn)llie
= sup{|Bnxn — Bnyn| :mn=1,2,...}
=sup{fnlzn —ynl:n=1,2,...} =z -yl .

This shows that the mapping J is an isometry between the spaces 2 and I..
Obviously, the same mapping establishes the isometry between the spaces ¢ and
c and the spaces cg and ¢y, respectively.

The above assertions enable us to define measures of noncompactness in the
tempered sequence spaces cg ,c® and 12 . In fact, the Hausdorff measure of non-

compactness x(X) for X € E)ﬁcg can be expressed in the following way (cf. Section
3):

n—oo

x(X) = lim {(s.t)lgx{sup {Bilwi| - i > n}}} (4.1)

Similarly, the analogue of the measure of noncompactness y,. defined by formula

(3.3) has the form

tes (X) = lim { sup {sup{|5nmn — Bm&m| i n,m > k}}}, (4.2)
k—o0 ()X
where X € MM 5.
Obviously, in view of the fact that the spaces ¢ and ¢” are isometric (by the
above mentioned isometry J), on the basis of Theorem we have the estimates

X(X) < pres (X) < 2x(X)

for each X € 9M_s, where x denotes the Hausdorff measure of noncompactness in
the space ?.

Now, let us take into account the tempered sequence space 2 . Then, keeping in
mind formulas - expressing measures of noncompactness in the space
ls, we obtain the following formulas for the counterparts of those measures in the
space 15 :

u*f(X): lim { sup {sup{ﬂi|xi|:i2n}}}, (4.3)
o0 L (z;)eX
p§(0) = tim { sup_{sup{|Bzn — G| imm > k1) (44)
k— o0 (xq)GX
,ug(X) = lim sup diam X7, (4.5)
n—0o0

where X € mlgo . Moreover, Xﬁ in (4.5)) is understood in the following way
XP ={x, B, : (x;) € X}.
Apart from this diam X? = sup {B,|2, — yn| : (z:), (v;) € X }.
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Further, taking into account Theorem [3.2] we deduce the inequalities

where X € 95 and the symbol x denotes the Hausdorff measure of noncompact-
ness in the space 2.

In view of inequalities (4.6] it is easily seen that the kernel ker u? consists
of all sets X belonging to the famlly smlg such that the sequences (8,z,) tend to
zero at infinity uniformly with respect to the set X i.e., for any € > 0 there exists
a natural number ng such that Bnlxn| < e for all (z;) € X and for n > nyg.

Similarly, the kernel ker [1,2 consists of all sets X € Dﬂlg such that the sequences
(Bnxy) tend to finite limits uniformly on the set X. In other words, the sequences
(Bnxy) satisfy Cauchy condition uniformly with respect to X.

Finally, the kernel ker Mg consists of all sets X belonging to the family My
such that the thickness of the bundle formed by sequences (8,x,), where (x;) € X,
tends to zero at infinity.

Let us also observe that the measures of noncompactness uf ) ug , ,ug are not
regular in the space 5.

5. RESULTS FROM DIFFERENTIAL EQUATIONS IN BANACH SPACES

This section has an auxiliary character and contains a few results from the theory
of ordinary differential equations in Banach spaces (cf. [5,[8, [10]). To present those
results let us assume that F is a Banach space with a norm || - ||. Let g be a fixed
element of F i.e., 9 € E and let B(zo,r) denotes a ball in E. We will consider the
differential equation

a' = f(t,z) (5.1)
with the initial condition
z(0) = xo. (5.2)

Here, we assume that f = f(¢, ) is a given function such that f : [0, T] x B(zg,r) —
E. We will write I = [0,T]. Throughout this section we will assume that y is a
measure of noncompactness in the space F.

Further, by the symbol E,, we will denote the so - called kernel set of the measure
of noncompactness p [§] which is defined in the following way

E,={z € E:{a} € ker u}.

It can be shown that £, is a closed, convex subset of the space E. Moreover, if u
is a sublinear measure then E, is a linear closed subspace of E. It is worthwhile
mentioning that the concept of the kernel set plays an important role in the theory
of differential equations in Banach spaces.

Now, we recall a result concerning initial value problem 7 which is not
very general but is useful for our purposes (cf. [3]).
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Theorem 5.1. Suppose the function f is uniformly continuous on I x B(xg,r)
and || f(t,x)|| < A, where AT < r. Further, let u be a sublinear measure of non-
compactness in E such that {xo} € keru. We assume that for any nonempty set
X C B(xo,7) and for almost all t € T the following inequality holds

u(f(t, X)) < p(t)u(X), (5-3)

where p(t) is an integrable function on the interval I. Then (5.1)—(5.2) has at least
one solution © = x(t) on the interval I such that z(t) € E,, fort e 1.

The below given theorem is a slightly modified version of the result contained
in Theorem m which will be more convenient in our further considerations (cf.
[54 &]).

Theorem 5.2. Assume that f is a function defined on [0,T] X E with values in E
such that

It 2)] < P+ Q= (5.4)
for each t € [0,T] and x € E, where P and QQ are nonnegative constants. Further,

assume that f is uniformly continuous on the set [0,T1] x B(zq,r), where QT < 1
and r = %QTIT‘JQEOH. Moreover, we assume that f satisfies condition (5.3)) with
a sublinear measure of noncompactness p such that xqg € E,. Then, initial value
problem (5.1)—(5.2) has a solution x = x(t) on the interval [0,T1] such that z(t) €

E, fort e [0,T1].

Remark 5.3. Observe that in the case when p = x (the Hausdorff measure of
noncompactness), the assumption on the uniform continuity of the function f can
be replaced by the weaker one requiring only the continuity [I6]. The same assertion
is also true if p is a regular measure of noncompactness equivalent to the Hausdorff
measure [12] [16].

6. INFINITE SYSTEMS OF DIFFERENTIAL EQUATIONS IN THE TEMPERED
SEQUENCE SPACE Cg

The considerations of this section will be located in the Banach tempered se-
quence space ¢ described in Section 4. Thus, we will assume that 3 = (3,) is a
sequence with positive terms which is nonincreasing. The space cf consists of all
sequences (z,) such that the sequence (8,x,) converges to zero. We will consider
here only real sequences (z,,). The norm in the space c? is defined by the formula

lelles = I(@n)llp = sup{Bnlwn| 0 =1,2,...}.

To simplify the notation we will use the symbol || - || instead of || - ||C€
The object of our study in this section will be first semilinear lower diagonal
infinite systems of differential equations having the form
kn
) =Y, ()T, + fu(t, 21, 72,...) (6.1)
i=1
with the initial value conditions

2, (0) =2zg, forz=12,.... (6.2)
We assume that for any fixed n € N the sequence (n1,n2,...,nk,) is such that
1<ny <ng <--- < ng, <n. Moreover, the sequence (n1) tends to infinity when

n — o0o. Apart from that we assume that there exists a natural number K such
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that k, < K for all n = 1,2,... . In other words, this means that any “linear
part” of system contains only finite number of nonzero terms and the number
of those terms does not exceed K. In what follows infinite systems satisfying
the above requirement will be called infinite systems of differential equations with
linear parts of constant width.

Apart of the requirement concerning the constant width of linear parts we will
impose the following assumptions in our study of initial value problem 7:

(i) The function ann, = ann, (¢) is continuous on a fixed interval I = [0, 7] for
n=12,... and fori=1,2,...,ky,;

(ii) the functions ayy, (t) are uniformly bounded on the interval I by a positive
constant A i.e., |ann,;(t)] < A for t € I and for n = 1,2... and for i =
1,2,..., kn;

(iii) the sequence () belongs to the space cp;

(iv) for each fixed n the function f,(t,z1,xa,...) = fn(t,x) acts from the set
I x R* into R. Moreover, the function f, : I x cg — R is continuous on
I x cg ;

(v) there exists a sequence (p,) of nonnegative terms with the property that

Bnpn — 0 as n — oo and such that |f,(t,z)| < p, for t € I, z € ¢ and for

n=12...
Now, we can formulate our existence result.

Theorem 6.1. Assume that the functions involved in system (6.1) having linear
parts of constant width K, satisfy conditions (i)—(v). Then initial value problem

(6:1)-(62) has at least one solution x(t) = (x,(t)) = ((z1(t),z2(t),...) in the

sequence space ¢, on the interval I.

Proof. For arbitrarily fixed n € N let us denote

k

gn(t,x) = gn(t, 1, 22,...) = Zami(t)xm + fu(t, z1,22,...),
i=1

where t € I and z = (z,,) € cg . Then, keeping in mind our assumptions, we obtain

kn
Brlgn(t, 1, 22,...)] < Bn Z |anm(t)”xm‘ + Bulfult, 21,22, . )]

i=1

kn kn

i=1 i=1

kn
<A B,

i=1
< AK max{Bn,|Tn,| : 1 =1,2,... kn} + Bubn

< AK sup{B;lz;| : j > ni} + Bupn.

+ Bnpn

Hence, replacing n by j and j by i, we can write the above inequality in the form

Bilgj(t, w1, 2, .. )| < AK sup{fi|wi| : i = 1} + Bjp;- (6.3)
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Next, let us notice that from estimate (|6.3]) it follows that the following inequality
holds

lg(t, 2)l| = sup{B;lg;(t, 21, 22,...)[ : j =1,2,... }
< AKilelg { sup{B;|z;| : i > jl}} +sup{G;p; : i =1,2,...} (6.4)
= AK|z| + P,
where the operator g = ¢g(t, x) is defined on the set I X cg in the following way
g9(t,x) = (91(t, 2), g2(t, ), . ..).-
In view of estimate we see that g transforms the set I x cg into the space cg .

Now, we show that the operator g is continuous on the set I x cg . To this end
we split the operator g into two terms

g(t,x) = (Lz)(t) + f(t, ),
where the operators L and f are defined as follows:
(La)(t) = ((L1z)(t), (Lox)(t), .. .)

where .
(Lnz)(t) = Z A, (£)Zn,
i=1

(n=1,2,...), and
f(t,ZL') = (f(tlvx)a f(tQa (E), e )
First we show that the operator f is continuous on the set I x cg. To do this fix

arbitrarily a number € > 0 and a point z € cg . According to assumption (v) we
can choose a natural number ng such that

S
Bupn < 5 (6.5)

for n > ng. Next, in view of assumption (iv) we can find a number 0; (i =
1,2,...,n0) such that for any y € ¢/ such that ||z — y|| < &; and for arbitrary
t € I we have

|[fi(t,x) = filt,y)| < %

Let us take 6 = min{dy, da, ..., dn, }. Then, for arbitrary y € cg such that ||z —y| <

¢ and for ¢t € I we have -

|fi(t, ) — fi(t,y)| < B (6.6)

Combining and (6.6), for y € ¢ with ||z — y|| lg § and for t € I, we obtain
17t 2) = f(& )l = sup{Bnl fu(t, 2) = fulty)l s n = 1,2,
= max { max { B fu(t,2) = fult.y)| i n=1,2,... .m0},
sup {Bal ot 2) = fultp)] - > no} )
< max{max{mfn(t,a;) — fut,y)] in=1,2,... no},
sup{Ba | £a(t. )] + |fa(t )] s n > mo} |
< max {ﬂl(é),sup {2B80pn i 0 > no}} —e.
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This shows that the operator f is continuous at an arbitrary point (¢,2) € I X cj.
Next, we show that the operator L is continuous on the set I x cg Similarly

as before, fix arbitrarily z € C'B t € I and a number ¢ > 0. Then, for y € cg

with ||z — y|| < € and for an arbltrary fixed natural number n, in view of imposed
assumptions we obtain

5n\(Ln$)(t) - (Lny)(t))|
Z annl xnl Z anm ynZ

<6n2|ann Mzn: = yn,

= fn

VL k’!L
i=1 i=1

< AK max{f;|Tn, —Yn,| :1=1,2,... kn}
< AK sup{f;la; —y;[ : j = na}
< AK sup{Bjlz; —y;| : 7 =1,2,...} = AK ||z — y|| < AKe.

Hence we deduce that the operator L is continuous on the set I x cg . Consequently,

as we announced before, we conclude that the operator g is continuous on the set

Ixcg.

In what follows let us take a number T; such that 77 < T and AKT; < 1.

According to assumptions of our theorem take the number r = %}W nd

consider the ball B(zg,r). Next, choose an arbitrary subset X of the ball B(xq,r).
Then, for z € X and ¢ € [0,T1], in view of estimate (6.3), for an arbitrary fixed
natural number n, we obtain:

Sup{5j|gj(t,x1, Z2,... )‘ : .7 Z Tl}
< sup {AKsup{ﬁi|zi| P>t ig > n} + sup {ﬂjpj ig > n}
< AK sup { sup{Bi|x| : i > ny}, sup{Bila;] : i > (n+ 1)1},
sup{filai| 14> (n+2)1},... } +sup {B;p; : j > n}.
This yields the estimate

Sug{Sup{ﬂj|gj(t,$17$2w--)| j>n}}

paS

< AK sup {sup{sup{Bi|zi| : i > ji} : 5 > n} +sup{Bp; : j > n}}.

pAS

Passing with n — oo in the above estimate and taking into account that j; — oo
as j — 0o, we obtain

x(g(t, X)) < AKx(X),

where x denotes the Hausdorff measure of noncompactness in the space cg expressed
with help of formula (4.1). Finally, in view of the above established facts and
Theorem we complete the proof. O

The following example illustrates the result in Theorem
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Example 6.2. Consider the infinite system of differential equations

Vz1]
VIz[+1°
V72|
Viza| +17
V73|
Nt (6.7)

V |l'n|
V]zn| +1’

x'lzx1+
To =21+ T2+ 2

Ty = X9 + T3+ 3

/
T, =Tp_1+Typ+n

with initial conditions
z,(0)=n forn=1,2,.... (6.8)

Observe that is a semilinear lower diagonal infinite system of differential
equations with linear parts of constant width K = 2. Moreover, it is easily seen
that system is a particular case of system if we take any,,(t) = 1 for
t € I, where we put I = [0,77], where T; > 0 is a number chosen according to
assumptions of Theorem Additionally, n = 1,2... and ¢ = 1,2 for n > 2.
Hence we see that there is satisfied assumption (i) of Theorem [6.1

Further, we have that |ap,, (t)] < 1fort € I and n = 1,2,..., 4 = 1,2. This
means that functions a,,, (t) satisfy assumption (ii).

In what follows let us take the sequence (3, = n—lz forn=1,2.... Obviously we
have that zo = (zf) = (n) € cg, where 3 = (8,) = (7). Thus there is satisfied
assumption (iii). From the form of system we see that we can take

) V |x7l|

falt,x1,20,...) = n—F—-—
! VIEn] +1
for n = 1,2.... Obviously, the function f, = f,(¢,2) is continuous on the set

I x cg . Moreover, we have
|fn(t,z1,20,...)| <n, forn=1,2....

Thus we conclude that the functions f,, satisfy assumptions (iv) and (v) with p,, = n
form=1,2....

Finally, on the basis of Theorem we deduce that there exists at least one
solution z(t) = (z,(t)) of initial value problem (6.7)(6.8) defined on some interval
I = [0,T1] such that for each t € I the sequence (x,(t)) belongs to the space cg
with 8 = (-%). This means that z,(t) = o(n?) as n — oo, for any fixed ¢ € [0,71].

In the sequel we will also consider the semilinear lower diagonal infinite system
of differential equations of the form ie.,

k"L
.T/n = Zanm(t)an +fn(t,$1,1'2,--~) (69)
1=1

with initial value conditions

2,(0)=2%, forn=1,2,.... (6.10)
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Now, we dispense with the assumption requiring that system has linear
parts of constant width. We replace this assumption, as well as assumption (ii), by
the following hypotheses:

(ii’) The sequence (n1) tends to co as n — oo;
(ii”) the sequence (Zf;l |@nn, (t)\) is uniformly bounded on the interval I =
[0,T1] i.e., there exists a constant A > 0 such that

kn
Z |anm (t)| <A
i=1

foreacht € I and forn=1,2,....
Then we have the following result.

Theorem 6.3. Assume that (i), (ii’), (ii”), (iii)~(v) of Theorem[6.1] are satisfied.
Then initial value problem (6.9)—(6.10) has at least one solution x(t) = (z,(t)) in

the sequence space cg defined on the interval I = [0,Ty], where Ty is a number
chosen according to Theorem[5.3

Proof. Similarly, as in the proof of Theorem [6.1], for a fixed n € N let us denote

kn
gn(t,r) = Zanm (), + fu(t, ),
=1

kn
(Ln2) (1) = >, (D

where t € I and z = (z,) = (x1,%2,...) € ¢ Next, let us put

g(t,x) = (gl(t7m)792(t>$)7“'>7
(Lz)(t) = (L1z)(t), (Lax)(t), - .),
f(t,fﬂ) = (fl(tvx)af2(t7x)’ : )

Now, in view of our assumptions, we obtain:

kn
6n|gn(t,$1,$2, s )‘ < ﬂn Z |a’nn¢(t)||mnz| +ﬂn|fn(t,x1,x2, s )|
=1

kn
< |@nn, ()] Bn.
; (6.11)

kn
< Z |@pn, | max {ﬂnl\xnl\ ti= 1,2,...,kn} + Bnbn
i=1

< ASUp{ﬂj‘xﬂ o nl} + Bnpn-
Further, from the above estimate we obtain
lg(t, 2)[| = sup{Bnlgn(t, 21, 2, ... )[} < Allz|| + P, (6.12)

where P = sup{fnpn : n =1,2,...}. Obviously P < oo since S,p, — 0 as n — oo.
Next, in virtue of estimate (6.12)) we have that the operator g transforms the set
I xcd into ¢

0 0°
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In what follows observe that because of a suitable part of the proof of Theorem
we conclude that f is continuous on the set I x cg . Thus, to show the continuity
of the operator g on the set I X cg it is sufficient to show that the operator L is
continuous on this set. To this end fix arbitrarily z € cg ,t € I and a number € > 0.

Then, for y € cg with ||z — y|| < e and for a fixed n € N, we obtain:

kn

k’”/ ’Vl
< Bn Z |@nn; (O]|Tn;, = yn;| < Z |@nn,; ()] B,

i=1 i=1

Tn; = Yn,

|an7li (t)| Sup{ﬂn@ |$n@ - yn7;| : Z = 17 27 R} kn}

IN
it

up{flz; —y;l: 5 =1,2,...} = Aflz —y|| < Ae.

Hence we obtain that || (Lx) t) — (Ly)(t)|| < Ae which means that the operator L is
continuous on the set I x ¢;. Consequently we obtain the continuity of the operator
gon I x cg .

Now, let us choose a number Ty, T3 < T such that AT} < 1. Next, take the
number r = (P + A)Ti||z,||/(1 — AT1) and assume that X is a nonempty subset
of the ball B(xg,r). Then, arguing similarly as in the proof of Theorem and

utilizing estimate (6.11]) we obtain
x(g(t, X)) < Ax(X),

where x is the Hausdorff measure of noncompactness in the space cg described by
formula (4.1)). Hence, applying Theorem we complete the proof. ([

/-\

Next we provide an example showing the applicability of Theorem

Example 6.4. We consider the lower diagonal infinite system of differential equa-
tions. To expose this system in a transparent way we will assume that n is an
even natural number, say n = 2k. Then, we can present the announced system as
follows:

= + L
1 T x?’
xr1 + o
L= t 22—,
Ty =21 +txs + 1+x%+x§
2 To + I3
/ _— —_—
Ta =gt 1+ 23+ a3’
t2 t3 T3+ T4
/
= — 4—_ =
a x3+31x4+ 1422422
(6.13)
th t2k—2 Top—2 + Top—1
/ . - e 2]{,‘ —1 )
(En71( x2k71) k!karl + + (2/{3 ) ka 1+ ( )1 ¥ x%k;_g ¥ 'rgk;_l
tk? t2k72 t2k‘71 Tok_1 +$2k

Pt Y= DY M i B — 2k————-
Tn(= T2t) If:!z:k“Jr +(2k—2)!x2k1+(2k )Izk+ Lt g,y +a3,’
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We also assume that the following initial conditions are satisfied
2,(0) = n? (6.14)
forn=1,2,... .
Let us observe that initial value problem (6.13))—(6.14)) is a particular case of prob-
1@) (6.10). To justify this assertion we show that the components involved
6.13])—(6.14] j satlsfy assumptions of Theorem [6. SL First of all let us observe that
functlons Gnn, (t) appearing in infinite system (6.13]) have the form
tnifl
forn; =5 +1,542,...,n (if nis even) or n; = [§] +2,[§]+3,...,n (if nis odd).

Obviously the functions a,y,(t) are continuous on each interval of the form [0, 7.
Thus, there is satisfied assumption (i).

Ann; (t) =

Since n; = 5 + 1 for n even or ny = [g] + 2 for n odd, we see that assumption
(ii") is satlsﬁed To check assumption (ii”) observe that we have
" ‘
Zlanm I—Zlam <1ttt o 5 " <

for t € [0,T]. Hence we have that assumption (ii”) is satisfied with A = e”.
Further, take the tempering sequence of the form g = (5,) = (%) Then the
sequence (z) = (n?) is a member of the tempered sequence space cg , SO assumption
(iii) is satisfied. Similarly, it is not hard to verify that the functions f,,, where
falt,z) = fult,z1,29,...) =

Tn—1 T Tn
n———s—-—
2 2
14z | +oz

(n=2,3...) are continuous on the set I x cg Moreover, for each fixed n we obtain

[fa(t,2)| <

|Zn— 1|+|$n|
1+a22 1+m2 -

Thus, we can put p, = n in assumption (v). Obviously we have that 8,p, = # —0
as n — 0o. Thus assumption (v) is satisfied.

Hence, in view of Theorem [6.3 E initial value problem ([6.13)—(6.14) has at least
one solution z(t) = (z,(t)) belonging to the sequence space Co and defined for
t € I = [0,T1], where Ty satisfies the inequality 71 A = Tye™* < 1. We can calculate
that 77 < 0.568....

Remark 6.5. Observe that in Example instead of 3 = (8,) = (1/n3) we can
take the tempering sequence of the form 3, = 1/n?*° where § is an arbitrary
positive number. Similarly, in Example we can take the tempering sequence of
the form 3, = 1/n!'*9, where § > 0 is an arbitrary number and n =1,2....

7. INFINITE PERTURBED DIAGONAL SYSTEMS

In this section we study the existence of solutions of a perturbed diagonal infinite
system of differential equations in the sequence space ¢®. Consider the infinite
perturbed diagonal systems of differential equations of the form

2l = an()zn + gn(t,z1,22,...) (7.1)
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with the initial conditions

2,(0) = 22, (7.2)
forn=1,2,... and t € I =[0,T]. Problem f will be investigated in the
sequence space ¢, where 3 = (3,) is a tempering sequence i.e., the sequence (3,)
is nonincreasing and has positive terms.

Infinite systems of differential equations ([7.1] . contain, as particular cases,
the systems considered in the theory of neural sets (cf. [10, pp. 86-87], and [I8§]).
Let us also mention that system Was studled in [5]. The existence
result concerning initial value problem which we are going to present
here, will generalize essentially results obtalned in the above quoted papers [B]
18] and the monograph [I0]. In our considerations we will utilize the measure of
noncompactness [Lg in the space ¢® defined by formula .

Initial value problem 7 will be studied under the following assumptions.

(i) zo = () € ¢*;
(ii) the mapping g = (91,92, ... ) acts from the set I x ¢® into ¢® and is contin-
uous on I x ¢?;

(iii) There exists a sequence (p,,) with 8,p, — 0 as n — oo such that

|gn(t,$17l'2, ©e )| S Pn

fortel, = (x,)€cl andforn=1,2,....
(iv) The functions a,,(t) are continuous on I and the sequence (a,(t)) converges
uniformly on I (to a function a = a(t)).

Notice that in view of the imposed assumptions the sequence (a,(t)) is equi-
bounded on I. This implies that the constant

A=sup{a,(t):tel,n=1,2,...}
is finite.

Now, we can formulate our result.

Theorem 7 1. Let assumptions (i)-(iv) be satisfied. If AT < 1 then initial value
problem (T1)~(7-2) has a solution x(t) = (x,,(t)) on the interval I such that x(t) €
P for each tel.

Proof. At the beginning, for t € I and z = (x,,) € ¢ let us denote
fn(t,l') = a‘n(t)x’ﬂ + gn(t7x)a f(t,l') = (f1(t,l‘), fQ(ta Qf), s )7

where n is an arbitrarily fixed natural number. Further, fix arbitrary natural num-
bers m,n. Without loss of generality we can assume that m < n. Then, we obtain

|Bnfu(t, ) = B fin(t, @)

< [Bnan(®)n = Brnam () Tm| + [Bugn(t, ©) = Bmgm (t, )]

S |Bnan(t)zn — Brman(t)Tm| 4 [Bman (£)Tm — Bmam (1) 2m| (7.3)
+ Bnlgn(t, )| + B |gm (¢, @)

< lan(®)|Bnzn = Bm@m| + Bm|zmllan(t) = am ()] + Brpn + Bmpm.-

In view of the imposed assumptions we deduce that (SBrzk) is a Cauchy sequence.
The same statement is also valid for the function sequence (ax(t)).

Moreover, we have that §,p, — 0 as n — oo. Taking into account the above
established facts, from estimate we deduce that (8, fn(t,2)) is a Cauchy se-
quence. This yields that (f,(t,z)) C ¢”.
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Next, observe that for arbitrary n € N,¢ € I and for a fixed x € ¢, we have
1Bnfn(t, 2)| < |Bnan()n| +|Bngn(t, 2)| < |an(t)|Bnlzn| + Bnpn < Allz||+ P, (7.4)

where P = sup{B,p, : n = 1,2...} and the symbol | - || denotes the norm in the
space ¢ (cf. Section 4). Obviously P < oo. From estimate (7.4) we deduce the
following one
1f (¢ 2| < Allz] + P. (7.5)
Now, we consider the mapping f(¢,x) on the set I x B(zg,r), where r is taken
according to Theorem ie.,
_ (A P)Tao|
1—-AT
To prove the continuity of the mapping f(¢,x) let us fix arbitrarily ¢ € I and
x € B(xg,7). Next, choose arbitrary s € I and y € B(zg,r). Then, in view of the
imposed assumptions, we obtain

LF(t,z) = f(s,9)ll
= sup {|Bufn(t2) = Bufuls,y) i n=1,2,...}
< sup { Bulan (D) = an(s)yal sn = 1,2, }
+sup { Bulgn(t.2) = guls.9) i n=1,2,... |
< sup { B lan ()20 = an(8)wal + lan ()20 = an(s)ynl] 10 = 1,2, }
+sup { Bulga(t2) = gals,y) im=1.2,... }
< sup { Bulallan(t) = an(s)] in=1,2,... }
+sup { an ()| Bl — ynl 10 = 1,2, |
+sup { Bulga(t,2) = gals.y) im=1.2,... }

< (|lzo|| + r) sup {\an(t) Can(s)|in=1,2,... }
+ Allx —yll + llg(t,z) — g(s,9)|]-

Hence, keeping in mind the fact that the sequence (a,(t)) is equicontinuous on the
interval I and the mapping g is continuous at the point (¢, z) we conclude that the
mapping f is continuous at (¢,z). In view of the arbitrariness of ¢ and z this yields
that f is continuous on the set I x B(zo,r).

Now, let us take a nonempty subset X of the ball B(zg,r). Fix ¢t € I and
z = (z,) € X. Then, in view of , for arbitrarily fixed natural numbers m,n
we obtain

|6nfn(t7 1') - ﬂmfm(ty 1‘)|
< |an(t)”ﬂnxn - /G’mxm‘ + ||5L'|||an(t) - am(t)| + ﬂnpn + 6mpm~
Hence, taking into account the imposed assumptions, we derive the estimate
o (F(t, X)) < a(t)us (X), (7.6)

where (as we mentioned above) ug is the measure of noncompactness in the space
c” defined by formula (4.2). Finally, linking estimates (7.5) and (7.6)), in view of
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Theorem [5.2] we conclude that problem (7.1)—(7.2) has at least one solution in the
space ¢”. The proof is complete. ([

Now we given an example illustrating our considerations.

Example 7.2. Consider the perturbed diagonal infinite system of differential equa-
tions

t
), = (nsin =)z, + arctan(z, + z,11) (7.7)
n
with the initial conditions of the form
2n(0)=n+1 (7.8)

forn=1,2,... and for t € I = [0,T], where T is a fixed positive number such that
T < 5. The value of T will be estimated precisely later.

Observe that initial value problem ([7.7))—(7.8) is a special case of problem ([7.1))
- (7.2) if we put a,(t) = nsint, g,(t,z1,22,...) = arctan(z, + z,41) and if we

n

accept the tempering sequence 3 = (3,,) = (+). We show briefly that in such a case
infinite system with initial conditions satisfies assumptions of Theorem
To this end observe that the function sequence (a,(t)) consists of functions
continuous on the interval I and it is uniformly convergent on I to the function
a(t) =t, t € I. Thus the sequence (a,(t)) satisfies assumption (iv).

Further, we have

|gn(t, 1,22, ..)| = |arctan(zn + Tns1)| < g

for n = 1,2.... Thus, taking p, = 5 we see that assumption (iii) is satisfied.
Similarly we verify assumption (i).

To check assumption (ii) let us fix arbitrarily z,y € %, x = (z), ¥ = (yx)-
Then, for a fixed n € N we obtain:

Brlgn(t,z1,z2,...) — gn(t,y1, Y2, ... )]
1
= E' arctan(z, + Tpy1) — arctan(y, + Ynt1)|
1 1 1
S Cltnt Tagr = Yo = Ynta] S S lzn = yal + lTesn = Y (7.9)

n+1
n

<

Tn — Yn — | Tn+1 — Ynit1

< 2(l|93n — Yn| + L|33n+1 - yn+1|)'
n n+1
Next, in view of , for arbitrarily fixed ¢,s € I and z,y € ¢, we obtain
lg(t, ) — g(s,y)
= sup {%|gn(t,m) —gn(s,y)|:n=1,2,... }

1 1
< sup{Q(ﬁ\xn — Yn| + m|xn+1 —yn+1|) n= 1,2..‘}

1 1
< 2sup{ﬁ\mn—yn| in = 1,2...}+28up{m|33n+1 — Ynt1] :m = 1,2...}
< dllz -yl
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where the symbol || - || denotes the norm in the space ¢®. Thus we showed that the
mapping ¢ is continuous on the set I x ¢ (even Lipschitz continuous). This means
that the mapping ¢ satisfies assumption (ii).

Finally, let us observe that using standard methods of mathematical analysis,
we obtain

A=sup{la,(t)] : t€[0,T],n=1,2,...
t

:sup{nsinf :te0,T,n=1,2,...
n

Thus, if we take T' < %, then applying Theorem we deduce that initial value
problem (7.7)-(7.8)) has at least one solution z(t) = (x,(t)) such that (z,(t)) € ?
for any t € [0,T].

8. INFINITE SYSTEMS OF DIFFERENTIAL EQUATIONS IN THE SEQUENCE SPACE lgo

In this section we will work in the space I, described in details in Section 4. We
will assume here that the tempering sequence 5 = ((3,,) consists of positive terms
and is nonincreasing. We will utilize the measure of noncompactness ug defined on
the family E)ﬁlgo by formula . For simplicity, that measure will be denoted by
w. Recall, that for X € M5 we put

1(X) = lim sup diam X

n’
n—oo

where X = {B,7, : © = (v;) € X}. Equivalently, this formula can be written in a
more convenient way

w(X) = lim sup diam 3, X,,, (8.1)
n—oo
where X, = {z,, : @ = (x;) € X}. We refer to Section 4 for the properties of the

measure .
In what follows we will investigate the following perturbed semilinear lower di-
agonal infinite system of differential equations

x, = Z anj(O)z; + gn(t, z1,22,...) (8.2)
Jj=kn
with the initial conditions
7,(0) = 29 (8.3)
forn=1,2... andt € I =10,T].
Throughout this section we will assume that the sequence (k, ) appearing in
issuch that 1 <k, <nforn=1,2,... and k,, — 0o as n — oo.
It is worthwhile mentioning that infinite systems of differential equations having
form were up to now considered very seldom (cf. [4] §]).
For further purposes we denote by f = f(¢,2) the mapping defined on the set
I x 12 in the following way

f(t"r) = (fl(t’x)7f2(t7x)"")a

where
n

fult,x) = fu(t,z1,22,...) = Z anj(t)x; + gn(t, x1,22,...)
Jj=kn
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for n = 1,2,... . Moreover, we will also define the mapping ¢(¢,x) on the set
I x 12 by putting
g(tvx) = (gl(t’x)792(t7x)v s )
Now, we formulate assumptions under which problem (8.2)(8.3) will be studied.
Namely, we will impose the following hypotheses.
(i) @0 = (2) € 12,;
(ii) the mapping g acts from the set I x [2_ into 2 and is uniformly continuous
on I x12;
(iii) there exists a sequence (p,) with 8,p, — 0 as n — oo and such that

|gn(t,x17x2, s )| S Pn
fort € I,x = (z,) € andn=1,2...;

(iv) The functions ay; : I — R (j = kp,kn+1,...,n, n =1,2...) are contin-
uous and nondecreasing on . Moreover, we assume that the function se-
quence (A, (t)) is equicontinuous on the interval I and the sequence (A,,(t))
is uniformly bounded on I, where

n n
Aa(t) = D ani(), Au(t) = Y lan; (1))

j=kn J=kn
forn=1,2,....

Keeping in mind assumption (iv), for further purposes we can define the constant

A=sup{A,(t):tel,n=1,2...1}

In view of assumptions (iv) we have that A < co.
Now, we can formulate that following result concerning initial value problem

ED 3.

Theorem 8.1. Assume that conditions (i)—(iv) are satisfied and AT < 1. Then
initial value problem (8.2)—(8.3) has at least one solution z(t) = (zk(t)) on the
interval I = [0,T) such that x(t) € 13, fort € I.

Proof. Let us take an arbitrary element x = (x) € I2,. Next, fix t € I and n € N.
Then, in view of the imposed assumptions we obtain

Brfn(t, )] < B Y lani (O)]2;] + Balgn(t, )]
j=kn

<

|an; (t)|65|2;5] 4 Bnpn

-

I
S =

J (8.4)
< Z lan; ()| max{fB;|z;| : j = kn, kn +1,...,0n} + Bnpn
Jj=kn

< An(t)sup{Bjlz;| 15 =1,2,...} + Bupn < Al|z| + P,

where || - || stands for the norm in the space (2, and P = sup{B.pn : n =1,2...}.
Obviously P < oo in view of assumption (iii). Hence we infer that the mapping f
transforms the set I x I2, into 2.

Next we consider the mapping f(¢,2) on the set I x B(xp,r), where r is taken
according to Theorem ie,r= A+P)Tlzoll First, we show that f is uniformly

n

1-AT
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continuous on the set I x B(zg,r). In view of assumption (ii) it is sufficient to show
that the linear operator L defined by

(La)(t) = (Lax)(t), (Lax)(D), - .. ),

where
n
(Loz)(t) = > an;(t)z;
j=kn
forn =1,2,..., is continuous on the set I x12 . To this end fix arbitrarily ,y € 12 ,

t,s € I and n € N. Without loss of generality we may assume that s < ¢. Then,
keeping in mind our assumptions, we obtain

Bul(Lnz)(t) — (Lny)(s)]

= B D i)z = > ani(s)us|
j=kn ]=kn
n n n n
Z a'nj(t)xj - nj(t)yj + ﬁn Gn j (t)yj - An j (s)yj
j:kn J:kn j:kn j:kn
n n
< B Y Nani@llzg = yil + B Y lani(t) — ang(s)]ly;]
j=kn j=kn
< Z lan; 185125 — yil + > (ans(t) = an;(s)) B5ly;]

= J=kn
S/f tysup {Bjlz; —y;l:j=1,2,...}

n

+ (anj(t) = an;(s)) sup{B;ly;| : § = 1,2,...}
j=kn

n n
< Al —y| + ( > ans(®) = Y an(s)
j:kn Jj=kn
< Allz —yl + (4n () lly
Hence, we derive the estimate

[(La)(t) — (Ly)(s)]| < Allw — yll + sup {An(t) — An(s) :n=1,2... }|yll.

From this estimate and assumption (iv) we conclude that the operator L is contin-
uous on the set I x I2. Obviously L is uniformly continuous as linear.

Next, let us take a nonempty subset X of the ball B(zg,r). Fix arbitrarily
z,y € X and t € I. Then, with help of a similar reasoning as above, for a fixed n
natural, we obtain

ﬁnlfn(t f) - fn(t y)|
< Bn

n

Z an] anj(t)yj’ +6n|gn(tvm) _gn(t,y)|
=k, j=kn

< Bn

Z — 93)| + Bulga(t, 2)] + Bulga(t, )|

=kn
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< B Y lan; (|25 — y;)| + 28000

i=kn
< > ani(®)185175 — y5)| + 2Bnpn
i=kn

< A, (t)sup {ﬁj\xj -yl i =kn,kn+1,... } + 26,5
< A, (t)sup {ﬁj diam X : j =k, kn +1,... } + 28npn-
Hence, we derive the inequality
diam B3,, f,(t, X) < A, (t) sup {B; diam X : j > ky, } + 23,py.
From the above estimate, in view of assumptions (iii) and (iv) we have

p(f(t, X)) < Ap(X), (8.5)

where p is the measure of noncompactness defined by (8.1). Finally, combining
estimates (8.4) and (8.5)), on the basis of Theorem we complete the proof. O

Remark 8.2. Observe that instead of the requirement imposed in assumption (iv)
that the functions a,; (j = kn,kn +1,...,n; n =1,2,...) are nondecreasing on I,
we can assume that those functions are nonincreasing on 1.

The next example shows the applicability of the result in Theorem

Example 8.3. Consider the semilinear lower diagonal perturbed infinite system of
differential equations

x, = Z t" Mg+ sin(zy, + Tpi1 + Tog2) (8.6)
j=kn
with the initial conditions
2, (0) = n, (8.7)
forn=1,2... and for t € I = [0,T], where T < 1. Moreover, we assume that (k)

is a nondecreasing sequence of natural numbers such that 1 < k,, <n and k,, — oo
as n — o0.

Observe that (8.6)—(8.7) is a special case of (8.2)—(8.3), where a,;(t) = t"*J for

j=kn,kn+1,....,nand forn=1,2,.... Apart from this, the function g, has the
form

gn(t, 1,22, ...) =sin(x, + Tpe1 + Tpio)

for n =1,2,.... It is easily seen that infinite system with initial conditions
(8.7) satisfies assumptions of Theorem [8.1]if we take the tempering sequence (83,) of
the form 3, = % for n =1,2,.... Indeed, we have obviously that (z) = (n) € I2..

This means that assumption (i) is satisfied.
Now, take an arbitrary element z = (z1) € I2, and a number ¢ € I. Then, for a
fixed natural number n we obtain

1, .
5n|gn(t,x1,x2, .- )| = E|Sln($n + Tni1 +xn+2)|

IN

1

E(|$n| + |xn+1| + |xn+2|)

n+2< 1
n+2

1 1
|Zn| + m|$n+1| + m|$n+2|)

n
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1 1 1
< 3(5|$n\ + ﬁ|$n+1| + m|$n+2\) < 3f]l,
where the symbol || - || denotes the norm in the space 12 . Hence we obtain
lg(t, )] < 3|z

which shows that g acts from the set I x 2 into 5.
Further, if we fix arbitrarily n € N, z = (21, 22,...) €12,y = (y1,2,...) € 15,
and t,s € I, then we obtain

ﬂn|gn(t7$173327 . ) - gn(sa Yi,Y2, ... )|
1, . .

= E' Sin(Ty, + Tni1 + Tot2) = SI0(Yn + Ynt1 + Ynt2)|
1

< E (|x’ﬂ - ynl —+ |xn+1 - yn+1‘ + |xn+2 - yn+2‘)

_n+2( 1
B n+2

1 1
| — Yn| + m|$n+1 = Ynt1l + —[Tni2 — :Un+2|)

n n+2

n+1

1
§3<ﬁ|xn _yn‘ + |mn+1 _yn+1|+

<3z -yl

1
n+2 |$n+2 - yn+2|)

Hence we derive the estimate

lg(t,x) = g(s,y)|| < 3]z =yl
which shows that the mapping g is uniformly continuous on the set I x I2 . Thus
the mapping ¢ satisfies assumption (ii) of Theorem [8.1
Now, we have

lgn(t, 21, 22, ... )| = [sin(@p + Tyt + Tng2)| <1

which shows that there is satisfied assumption (iii) with p,, = 1 for, n =1,2...
To show that there is satisfied assumption (iv) let us notice that we have

_ 1— tn—kn+1
Ap(t) = A, (t) = t"Hhn
1—1¢
fort e I =10,T) and for n =1,2,... . Using the standard methods of analysis it

is not hard to show that the sequence (4, (t)) is equicontinuous on the interval I.
Moreover, we have the estimate

- 1
An(t) = An(t) <AL 1-T
for any ¢ € I. Summing up we see that initial value problem Qmj satisfies
the assumptions in Theorem [8.1] Therefore the infinite system (8.6) with initial

value conditions has at least one solution in the space 12..
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