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GROUND STATE SOLUTIONS FOR ASYMPTOTICALLY
PERIODIC SCHRODINGER-POISSON SYSTEMS IN R?

JING CHEN, SITONG CHEN, XIANHUA TANG

ABSTRACT. This article concerns the planar Schrédinger-Poisson system
“Aut V(@)u+ ¢u=fz,u), zER?
Ap=u?, zeR?

where V(z) and f(z,u) are periodic or asymptotically periodic in z. By com-
bining the variational approach, the non-Nehari manifold approach and new
analytic techniques, we establish the existence of ground state solutions for
the above problem in the periodic and asymptotically periodic cases. In par-
ticular, in our study, f is not required to satisfy the Ambrosetti-Rabinowitz
type condition or the Nehari-type monotonic condition.

1. INTRODUCTION

In this article, we consider the planar Schrodinger-Poisson system
—Au+V(x)u+ Apu = f(z,u), z€R?
Ap=u?, xR
where A € R, V and f satisfy the following assumptions:
(A1) V € L*(R?,R) and inf,cg2 V(z) > 0;
(A2) f € C(R? x R,R), and there exist constants Cop > 0 and p € (2,00) such
that
|z, )] < Co (T+[tP), VY(z,t) e R*xR;
(A3) f(z,t) = o(]t|) as t — 0, uniformly in z € R%.
System is a special form of the Schrédinger-Poisson system
—Au+V(z)u+ Mpu = f(x,u), zeRY,
Ap=u?, zeRY,
where A € R, V € C(RM,(0,00)) and f € C(RY x R,R). It is well known that

the solutions of (|1.2)) are related to the solitary wave solutions to the Schrédinger-
Poisson system

(1.2)

—ity — AY + E(2)Y + Ay = f(2,¢),

1.3
Ag =L, 3
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in RY x R, where ¢ : RN x R — C is the wave function, E is a real external
potential, A € R is a parameter, ¢ represents an internal potential for a nonlocal self-
interaction of the wave function and the nonlinear term f describes the interaction
effect among many particles. It has a profound physical meaning because it appears
in quantum mechanics models (see e.g. [5 [6l 20]) and in semiconductor theory
[, 23], 25]. For more details in the physical applications, we refer the readers to
3, 4.

From a mathematical point of view, the second equation in determines
¢ : RN — R only is up to harmonic functions. It is natural to choose ¢ as the
negative Newton potential of u?, i.e., the convolution of u? with the fundamental
solution I'; of the Laplacian, which is given by

L n || N=2
FN(x): 21 ) i
{N(2 NwN|‘T|2 N7 N#27

here wy is the volume of the unit N-ball. With this formal inversion of the second
equation in (1.2)), we obtain the integro-differential equation

—Au+V(@)u+ ATy *u?)u = f(z,u), =RV (1.4)
Let ¢y u(z) = (D * u?)(z). At least formally, the energy functional associated to

(1.2) becomes

1
J(u) = 5 /]R (IVuP +V(@)e?) de + 2 / _ovuutds — /R Pl u)de,

where, and in the sequel, F(z,t) fo x,8)ds. If u is a critical point of .J, then
the pair (u, dn,.) is a weak solutlon of (| . For the sake of simplicity, in many
cases we just say u, instead of (u, ¢n ), is a weak solution of -

In recent years, there has been increasing attention on the existence of positive
solutions ground state solutions and multiple solutions for to systems of the form
(1.2). The greatest part of the literature focuses on the study of with N =3
and A < 0. In this case, by Hardy-Littlewood-Sobolev inequality (see [2I] or [22]
page 98]), J is a well-defined of class C! functional on space

v={ueH(R?: /]R3 (IVul]* + V(2)u?) dz < +oo}.

Moreover, the competing nonlocal term

by 2 2
A ®3 u’u2dx = —— / / dedy
RS dm Jgs Jrs |z —yl

is positive and homogeneous of degree 4, the mountain pass geometry can be easily
verified provided f(z,t) is superlinear at ¢ = 0 and super-cubic at ¢ = co. In
this situation, the existence or multiplicity of solutions have been obtained under
various assumptions on V and f, see e.g. [1I, 2] [7, 8 111, 12} 17, [I5] [16] 19, 27, 28],
311, 37, 39, [40].

As described above, there are many results for with V = 3. In contrast,
the literature is scantier for the planar case. Unlike the three dimensional case, the
logarithmic integral kernel

bnula) = 5= [ Tala =yl )y
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is sign-changing and neither bounded from above nor from below, which may behave
like 5-|ul3ln|z| at infinity. Moreover, J is not well defined on H'(R?) even if
V € L*®(R?) and infge V' > 0. Hence, variational methods for with N = 3
can not be directly applied to . This is one of the reasons why much less is
known in the planar case.

In this work we focus on in the case N = 2 and A > 0, and by rescaling we
may assume A = 1. More precisely, we are dealing with System , the associated
scalar equation

—Au+V(z)u+ Ty xu)u = f(z,u), = cR2 (1.5)

Inspired by Stubbe [30], Cingolani and Weth [10] developed a variational framework
for the above equation with a smaller Hilbert space

E:={ue H'(R?): /]Rz [V(z) +In(1 + |z])] u*dz < oo} (1.6)

equipped with the norm
2 2 2 1/2
lullg = (/ [|Vu| + V(z)u® + In(1 + |z|)u (x)] d;v) )
]RQ

It is easy to see that the corresponding energy functional associated with (|1.5))

1 1
D(u) = —/ (IVu]® + V(2)u?) dz + ~ P20 (x)ude — / F(z,u)dz, (1.7)
2 R2 4 R2 ’ R2
for u € E, is a well-defined of class C! functional on E under assumptions (A1)-
(A3), see also in Section 2. When V satisfies the assumption

(A4) V € C(R?,(0,00)) and V(z) is 1-periodic in z; and za,
and f(z,t) = b|t|P~%t with b > 0 and p > 4, by a strong compactness condition
(modulo translation) for Cerami sequences at arbitrary positive energy levels, Cin-

golani and Weth [I0] proved that (1.1) admits high energy solutions, and every
minimizer v of ® on the Nehari manifold

Ni={ueE:u#0, (?'(u),u) =0}
is a solution which obeys the minimax characterization

D(u) 1Jr\1/f<I> uegl\f{o} ig}g@(tu) > 0. (1.8)
When V =1 and f(z,t) = b|t|P~2t with b > 0 and p > 2, based on the strong com-
pactness condition introduced by Cingolani and Weth [10], and a scaling technique
developed by Jeanjean [I8], Du and Weth [I3] constructed a Cerami sequence with
a key additional property related to the Pohozaev identity, and proved the bound-
edness of this Cerami sequence when 2 < p < 4, which is the main obstacle in [13].
Hence, they can relax the restriction p > 4 to p > 2. Very recently, Chen and Tang
[9) established the existence of nontrivial solutions and ground state solutions in
the axially symmetric functions space.

It is worth pointing out that the approach used in [I0] [I3] heavily rely on the
fact that V is a positive constant or Z2-translation invariance and f(z,t) = b|t|P~2t.
They can not directly applied to with variable potential and nonlinearity, even
if V(z) and f(z,t) are asymptotically periodic in x.

Motivated by [I0} [I3], in the present paper, by combining the approach devel-
oped in [10] with some new tricks, we shall establish the existence of ground state
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solutions for (|1.1)) in the periodic and asymptotically periodic cases. In particular,
in our set of hypotheses, f is not required to satisfy the Ambrosetti-Rabinowitz
type condition

(AR) 0 < 4F(z,t) < f(x,t)t for all x € R? and t € R\ {0},

which would readily imply the boundedness of Palais-Smale sequences; nor does
the Nehari-type monotonic condition:

(MT) the function ¢ — f(x,t)/|t|> is nondecreasing on R\ {0},

which prevents us from using Nehari manifold and fibering methods as e.g. in
[26, 32], 33].

Here, we point out some difficulties involving this subject. (1) The norm of F is
not translation invariant even if the functional ® is translation invariant; (2) The
quadratic part of @ is not coercive on E; (3) The Nehari manifold approach is not
applicable without the monotonicity on f(x,t)/|t|3; (4) ® loses the Z2-translation
invariance in the asymptotically periodic case.

Difficulties (1) and (2) have been overcome in [10]. To overcome difficulty (3),
we shall use the non-Nehari manifold approach developed by Tang [3], i.e., finding
a minimizing Cerami sequence for ® outside A/ by the diagonal method, see Lemma,
Difficulty (4) can be overcome by showing that the minimizer of ® on N is
a critical point (because f is only assumed to be continuous, A/ may not be a
C'-manifold of E), see Lemma below.

Before presenting our theorems, we fix notation. Let

B={uc L>®(R*R) : meas{z € R? : |u(z)| > ¢} < 0o, Ve > 0}.
In addition to (A2)—(A4), we introduce the following assumptions:
(A5) V(z) = Vo(x) + Vi(x), infre V > 0, Vi € C(R2,R), Vp(x) is 1-periodic in x;
and z2, and V; € C(R?, (—o00,0]) N B;
(A6) f(z,t) is 1-periodic in x1 and xo;
(AG’) f(l‘,t) = fO('Iat) + fl(x7t)a fO € C(RQ X R7 R)7 fO('Tat) is 1—periodic in r;
and z2, and f; € C(R? x R, R) satisfies that

1 1
fi(z, t)t >0, fVl(a;)tQ + Zfl(mt)t — Fy(z,t) <0,

(1.9)
i) < a@) (1] + 1) witha € B
where Fi(x,t) fo 1(z, s)ds and pg € (2, 00);
(A7) inf,cpe 1er\ {0} ‘(| B> —00;
(A8) there exists 6 € (0,1) such that
1 0
Zf(a;,t)t — F(x,t) + 1V(a;)t2 >0, V(z,t)cR?xR;
(A8’) there exists 6 € (0,1) such that
f(.Z',T) f(.’L‘,tT) . |1_t2|
— — > 1.
[ = (ir)? | sign(1 —t) + 6V () inr = 0, (1.10)

for all z € R?, t > 0, 7 # 0.

Now, we state our results of this paper.

Theorem 1.1. Assume that (A2)—(A4), (A6)—(A8) hold. Then (L.5) or (L1.1)) with
A =1 has a nontrivial solution of mountain pass type ug € E such that ®(ug) > 0.
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Theorem 1.2. Assume that (A2)—(A4), (A6), (A7) (A8) hold. Then (1.5)) or (1.1)
with A =1 has a ground state solution ug € E such that ®(ug) = infy @ > 0.

Theorem 1.3. Assume that (A2), (A3), (Ab), (A6’), (A7), (A8’) hold. Then (1.5)
or (L.1) with A =1 has a ground state solution ug € E such that ®(up) = infy & >
0.

Remark 1.4. By (A8’), we have
L ;t4rf(x,r) + F(z,t1) — F(z,7) + oV () (1 — 252)27'2
1
B S L RS I
>0, VzeR? t>0, 7#0.

Let ¢t =0 in (1.11)), one can deduce (A8). This shows that (A8’) implies (A8).

Theorem is new even if f = 0. For the asymptotically periodic case, in
contrast to the case N = 3, it is removed that fj satisfies the Nehari-type monotonic
condition or the condition similar to , see [8, Theorem 1.2].

Besides f(x,t) = b|t|P~2t with b > 0 and p > 4 considered in [10], there are many
functions satisfying (AG), (A7) and (A8’), for example:

flx,t) = K(z)|tP~2% — V(2)|t]**t + V(2)|tlt, V(z,t) € R xR,

where p > 4, K € C(R?,(0,+c0)) and K(x) is 1-periodic in z; and x5, and V
satisfies (A4). Moreover, it is easy to see that the above function does not satisfy
the usual Nehari-type monotonic condition (MT).

Under (A2), (A3) and (A7), it is difficult to find a unique ¢,, > 0 such that t,u €
N for every u € E \ {0}. Hence, one can not obtain the minimax characterization
as in [10]. In the present paper, we introduce a new set

A= {u €E: [V(z)u? = f(z,u)u] dz

R2
1 2 2
+ — In |z — y|u®(z)u” (y)dydz < O}
271' R2 JR2
and construct a similar minimax characterization

inf ®(u) :=m = inf max &(tu) > 0,
ueEN ueA t>0

see Lemmas [2.6H2.8 below.

This article is organized as follows. In Section 2, we give the variational setting
and preliminaries. We complete the proofs of Theorems in Sections 3 and
4.

Throughout this article, we let u;(x) := u(tz) for ¢ > 0, and denote the norm of

1/s
L*(R?) by [lulls = ( [ lul*dz) " for s € [2,00), By(z) = {y € R? : |y — x| < 1},
and positive constants possibly different in different places, by C1,Cs, .. ..

2. VARIATIONAL SETTING AND PRELIMINARIES

Under assumption (A1), we endow H!(R?) with the scalar product and norm

(u,v) = /]Rz (Vu-Vo+ V(z)uw)de, |ul = (/R2 (IVul]® + V(2)u?) dx) 1/2.
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Define the symmetric bilinear forms

(u,v) — Aq(u,v) /R2 /]R2 In (14 |z —y|) (2)v(y)dzdy, (2.1)

(1, 0) = Ao (u, v) /R 2 /R 2 1n< L |) w(@)o)dzdy,  (2.2)
(u,v) — Ap(u,v) = A1 (u,v) — As(u,v) = 7 /R2 /R2 In |z — y|u(z)v(y)dedy,
(2.3)

where the definition is restricted, in each case, to measurable functions u, v:R? — R
such that the corresponding double integral is well defined in Lebesgue sense. Note
that 0 < In(1 + r) < r for r > 0, it follows from the Hardy-Littlewood-Sobolev
inequality (see [21] or [22, page 98}) that

At <o [ ] = _y||u vldrdy < Cillllaliolys  (24)
with a constant C; > 0. Using (2.1] 7 and (2.3)), we define the functionals:
I:HY(R?) — [0,00], Iy -L8/3(R2) —[0,00), Io:H'(R?) — RU {0},
I(u) = A1 (o 2 o S [ ma -y @el)ded,
™ Jr2 JR2
I(u) = Ay(u?, u? / / In 1+ ——)u?(2)u?(y)dzdy,
27'(' R2 JR2 |

Io(u) = Ao(u?, 2 2W//lnm—mu (2)u(y)dady.
R2 JR2

Here I, takes only finite values on L%/3(R?). Indeed, (2.4) implies
L) < Cillullys,  Yue L3 (R?). (2.5)

As in [I0], we define, for any measurable function u : R? — R

Julf? = [ 11+ fau(e)de € fo,oc].
]RQ
Then the set
E={ue H' (R :|jull, < +oo}
is a Hilbert space equipped with the norm
2
lulle = (Jlull? +[lul?)

It is easy to see that E is compactly embedded in L*(R?) for all s € [2,00). More-
over, since

In(1+ |z —y|) <In(1+ Jo +[yl) <In(1+[2]) + (1 +]y]), Yo,y € R?, (2.6)

we have
0 < A;(uv,wz)

<5 [ [ i+ leh + It + ) @@l fwt)s)ldady (27

[ullcllvllllwlizllzllz + [lullzlollzllwlzll.  Ye,v,w,2 € E.

IN
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According to [10, Lemma 2.2], we have Iy, I; and I are of class C* on E, and
(Il(u),v) = 44;(u*,v), VYu,v € E, i=0,1,2. (2.8)
Then, (A1)—(A3) and (2.8) imply that ® is a well-defined of class C! functional on
E (see [10]), and that
1

Ba) = 310l + 3R ~ ()] - | Plewds, (29)

(@' (u),v) = /]R2 (Vu - Vo 4 V(x)uv) dz + A1 (u?, uv) — Ag(u?, uv)

— / f(z,u)vda.
R2

Hence, the solutions of (L.1) with A = 1 are the critical points of the reduced

functional (2.9)).

To prove the existence of nontrivial solutions for (1.1)) with A = 1, we use the
following version of the Mountain Pass Theorem, see [14] [29].

Lemma 2.1. Let X be a real Banach space and let ¥ € C1(X,R). Let S be a closed
subset of X which disconnects (archwise) X in distinct connected components X
and Xo. Suppose further that ¥(0) =0 and

(1) 0 € Xi and there is pg > 0 such that ¥|s > py > 0,
(2) there is e € X such that ¥(e) < 0.

Then there exists a sequence {u,} C X satisfying

U(un) = c=po >0, [[¥(un)ll(1+ [lunl]) — 0,

(2.10)

where ¢ = infer max;cjo,1) ¥(7(t)) and
I'={yeC([0,1],X) : v(0) = 0, 7(1) € Xz, ¥(v(1)) <0}.
Now, we apply Lemma to obtain a Cerami sequence of ®.

Lemma 2.2. Assume that (A1)—(A3), (A7) hold. Then there exist a constant ¢ > 0
and a sequence {u,} C E satisfying

D(un) = >0, [ (un)]p+(1+ [[unllp) — 0. (2.11)
Proof. By (A2) and (A3), for every & > 0, there exists a constant C. > 0 such that
flz, )t < et?> + C.t]P,  F(x,t) <et? + C|t|P, V(z,t) € R? x R. (2.12)
By and , there exist dp > 0 and py > 0 such that
O(u) >0, V]u|| <o, textand P(u) > po, V||ull = do. (2.13)
Note that for each fixed u € F with u # 0,

4
o) = / 2 / Infe— 2t (ty)d(r) ()

tt 2 2
-2 /R 2 /]R (nftz — ty] = I t) w?(t2)u(ty)d(t)d ty) -

4
5= [ [ ke =] - ) @)l )y
27T R2 JR2

t*1nt

= tIy(u) lulld, vt > 0.
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Moreover, by (A2), (A3), (A7), there exists a constant k1 > 0 such that
F(t 'z, t*u) > —k|t2u|?, VYo e R?* t>0. (2.15)

Then, it follows from (A1), (1.7), (2.14)) and (2.15]) that
t*int

1 ¢
O(t2u,;) = 7/ [t Vu]? + PV (' 2)u?] do + —To(u) — llull3
2 Joo 4 8
—1,, 42
_ / L;”vt“)dm (2.16)
R2 t
t* tt t*Int
< SIVull3 + (Voo + 1) 82 |ull3 + —To(u) — lull2,

2 4 8T

which implies
®(t?uy) — —oo ast — +oo. (2.17)

Taking e = T?ur for T > 0 large, we have ®(e) < 0 = ®(0). Applying Lemma
there exists a sequence {u,} C E satisfying (2.11]). O

Lemma 2.3 ([I0, Lemma 2.1]). Let {u,} be a sequence in L*(R?) such that u, —
u € L2(R?)\ {0} a.e. on R%. If {v,} be a bounded sequence in L*(R?) such that

sup Al(ufl, vi) < 00,

neN
then {||vn|l«} is bounded. If, moreover,
Ay(u2,02) =0 and |jvnllz — 0 asn — oo,
then ||vp ]|« — 0 as n — oo.
To find ground state solutions for with A = 1, we give the following lemmas.
Lemma 2.4. Assume that (A1)—(A3) (A8’) hold. Then

2
ba) > atu) + 2 @, + SO g vue g ez 0 a9
Proof. By , and , one has
B 1=y 1=t B
D) — B(tu) = ol + L Tofuw) —s—/Rz[F(x,tu) Fla,u)|de
_ 44 1— 2)2
= L g+ L e
—I—/ [1 ;t4f(x,u)u+F(x,tu) — F(z,u)|dz
RZ
- 1-0)(1-12)°
> ! 4t <<I>’(7«t)7u>+%llu||2
—|—/ [1 ;t4f(x,u)u + F(z,tu) — F(z,u) + oV () (1—t*)*u?]dz
RQ
_ —42)?
> %(@’(u),w 4 %nun?, £>0.

This shows that (2.18]) holds. O
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Corollary 2.5. Assume that (A1)—(A3), (A8’) hold. Then for u € N,

D(u) = max D (tu). (2.19)

To obtain the minimax characterization of m, we define the set

A={ueE: [V(z)u? = f(z,u)u] dz + Iy(u) < 0}.
R2
Lemma 2.6. Assume that (A1)-(A3), (A7), (A8) hold. Then A # 0 and N' C A.
Proof. For each fixed v € E'\ {0}, in the similar way as in (2.14]), we have

Int
Ip(tus) = Ip(u) — —H ||2, Vvt > 0. (2.20)

By (A2), (A3) and (A7), there exists a constant ko > 0 such that
F(t o, tu) > —ro|tu]?, Vo €R? t>0, (2.21)
which, together with (A8), yields
. de > — /]RZ [4ko + OV (x)] uPda. (2.22)
Then, it follows from (A1), and that

/R2 (V(z)(tue)? — flz, tug)tuy] do + Io(tuy)

t e, tu)t Int
— [ V(i e)ulde — f(xiz’“)“der]O(u) n Y 14 (2.23)
R2 R2 t
9 Int
< (dr2 + 20|Voo) [ull3 + To(w) = 5—lull2,
which implies
/ [V (z)(tw)® — f(z, tu)tu,] do + Ip(tuy) — —o0  as t — +oc. (2.24)
R2

Taking v = Tuy for T large, we have v € A. Hence, A # ). Using (2.10)), it is easy
to see that N/ C A. O

Lemma 2.7. Assume that (A1)—-(A3), (A7), (A8) hold. Then, for any u € A,
there exists a unique t(u) > 0 such that t(u)u € N.

Proof. Since (A8’) implies (A8), we have A # () by Lemma For any fixed u € A,
we define a function g(t) := (®'(tu), tu) on [0,00). By (A8’), one has

fx,tr)tr > flz, )t — OV (2)(t> — 1)(t7)?, Ve eR?, t>1, 7 €R, (2.25)
which yields

/]R? [9V(x)(t7)2 — f(z,tr)tr] do < t4/ [0V(:c)7'2 — f(z,7)7] da, (2.26)

R2
forallt>1, 7 € R.

From (2.10) and ([2.26) it follows that
g(t) < t2|\u||2+t4/ [V (z)u? — f(z,u)u] dx+t4fo(u)79t2/ V(x)u?dz, (2.27)
R2

R2
for all t > 1. Using (2.10), (2.12) and (2.27)), it is easy to verify that g(0) = 0,
g(t) > 0 for ¢ > 0 small and ¢(¢) < 0 for ¢ large due to u € A. Therefore, there
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exists a t = t(u) > 0 so that g(f) = 0 and t(u)u € N. Arguing as in [§] or [35], we
prove that ¢(u) is unique for any u € A. In fact, for any given u € A, let 1,2 > 0
such that g(t1) = g(t2) = 0. Jointly with (2.18]), we have

4 — ¢d 1—0)(t? —t2)?
(tyu) > B(tau) + 14t4 2(®' (tyu), tyu) + ()iféﬁnuw
1 1
(2.28)
1—0)(t? —t3)?
:q>(t2u)+—( )ité 2) [lwl)
1
and
t3 —t} 1—0)(t3 — t1)?
@(tzu) > @(ty) + L@ (), ) + T
A-0@-22 2 (229)
= &(tu) + TIIUH .
2

Then, (2.28)) and (2.29)) imply ¢; = ¢2. Hence, t(u) > 0 is unique for any u € A. O
Lemma 2.8. Assume that (A1)—(A3), (A7), (A8’) hold. Then

inf ®(u) :=m = inf max ®(tu) > 0.

ueEN ueA t>0

Proof. Corollary and Lemma imply that m = inf,cx max;>o ®(tu). Using
(A2) and (A3), it is easy to see that there exist C; > 0 and ¢ > 4 such that

F@, 0t < 22+ Cultl7, V(o,t) € R* xR, (2.30)
where 75 := inf,e (g2, u,=1 [[u]|® for s > 2. By 5], (2.10), (2.30) and the

Sobolev embedding theorem, we have
[ul® < ull? + Iy (u) = Ix(u) + . f(z, u)udz
< Callull* + S lull® + Csllul,  u € N,
which implies
[/l > min {2—1/2(02 )Y, 1} =00, YueN. (2.31)
Thus, it follows from with ¢t = 0 and that m > (1 —6)o3/4>0. O

Next we find a minimizing Cerami sequence for ® outside A/ by the diagonal
method, this idea goes back to [36], which is a key in the proof of Theorems
and

Lemma 2.9. Assume that (A1)—(A3), (A7), (A8’) hold. Then there exist a constant
cs € (0,m] and a sequence {u,} C E satisfying

D(un) = oy [[®(un)llp+ (L + [Junllp) — 0. (2.32)
Proof. In view of Lemmas [2.7] and [2:8] we choose v € N' C A such that

1
m§¢(vk)<m+g, keN. (2.33)

Since (®'(vg),vk) = 0, then (2.18)) implies that ®(tvy) < 0 for large t > o/ ||vg]|-
Moreover, (2.13) implies that ®(tvg) > po > 0 = ®(0) for t|lvg|| = do. Applying
Lemma there exists a sequence {uk, }neny C E satisfying

D(upn) — o 1O ()| (1+ |upnlls) — 0, keEN, (2.34)
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where ¢ € [po,supysq ®(tvg)]. By Corollary 2.5 one has ®(vg) = sup;sq ®(tvy).

Hence, by ([2.33] - and -, one has

1
O(urn) = ek € [pom+ ), (¥ (wkm)le-(1+ llugnlle) =0, keN. (235)

k )7
Now, we can choose a sequence {n;} C N such that

1 1
B(utn,) € lpom+ ), 19 (|- (14 e ll) < 1, KEN. (2.36)
Let ur, = ug pn,,k € N. Then, going if necessary to a subsequence, we have

O(un) = e € [po,ml, || (un)l| £+ (1 + [JunllE) — 0.

3. THE PERIODIC CASE
In this section, we give the proofs of Theorems and

Proof of Theorem[1.1 In view of Lemma there exists a sequence {u,} C FE
satisfying (2.11]), then

D(uy) —c>0, (D (uy),un) — 0. (3.1)
By (A8), (2.9), (2.10) and (3.1)), one has

c+o(1)

= D(un) — (@ () 0)

0 1-46 1 0
= IV + S P+ [ [ = P + ]

1-46
>

[

This shows that {u,} is bounded in H!(R?). If

4 := lim sup sup / |, [2dz = 0,
n—oo ycR2 J By (y)

then by Lion’s concentration compactness principle [24] or [38, Lemma 1.21], u,, —

0 in L*(R?) for s > 2. Then, (2.5)) implies that I3(u,) — 0. Note that ||u,|2 < M;

with some constant My > 0. By (2.12), for € = ¢/2M;, there exists C. > 0 such

that

3
lim sup | (2, un)un — F(2,u,)|de < 2€8uD [unll3 + Ce lim [Juy|?
n—oo 3 neN (3.3)
<=
— 4

Thus, it follows from (2.9 , - . and . that

c=®(uy,) — %(@'(un),un) +0(1)

= 1)+ 1ha(w) + [ [3H@w)u, — Paa)de o) (3.4)
< % +o(1).

This contradiction shows that 6 > 0.
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Going to a subsequence, if necessary, we assume the existence of k,, € Z? such

that
1)
/ |, [2d > . (3.5)
Ba(ky) 2
Let @, (z) = uy(x + k). Then
1
/ |, |2d > . (3.6)
B2(0) 2
Note that

I%nllZ = / In(1 + |z — kn|)upde < ug |2 +10(1 + ka)|unll3, VYo €N, (3.7)
R2
then @, € E for every n € N. Since V(z) and f(x,u) are periodic in z, and
I;(@y,) = I;(uy) for i = 0,1,2, then (3.1) implies
B(iy) — >0, (D (iin), iin) — 0. (3.8)

Passing to a subsequence, we have i, — ug in H'(R?), @, — ug in Lj (R?),

s € [2,00) and i, (z) — ug(x) a.e. on R%. Thus, (3.6) implies that uy # 0. By
(2.5), (2.12), (3.8) and the Sobolev embedding theorem that
| + I1(a@n) = I2(in) +/ [, )i, de
R2

< Culltinllg s + llin I3 + Calln]?
< Colliin||* + Cslltin]|* + Cal|din||”,

(3.9)

which implies that sup,,cy [1 (@) = sup, ey A1 (42, 42) < co. Applying Lemma
we have {||t,||«} is bounded. Hence, {%,} is bounded in E. We may thus assume,
passing to a subsequence again if necessary, that

Up — ug in B, i, — up in L*(R?),s € [2,00), in(z) — up(x) a.e. on R
(3.10)
Now, we prove that ®'(ug) = 0. To this end, we claim that

(@' (ug),w) = lim (®'(@p,),w) = lim (&' (u,), w(- —k,)) =0, YweE. (3.11)
In fact, it is easy to see that

[w(- = k)% = ||w||2+/ In(1+|a +kn|Jw?de < [Jw|[f +In(L+[ka])[lw]3, (3.12)
R2

for all w € E. Moreover, by (3.6)), we have

Janl = [ 1+~ k)2

2/ (14 |z — k)i da (3.13)
B2(0)

- dIn(|k,| — 1) - dIn(1+ |kn\)’ k. > 3.

> 5 > 1 >
From (3.12) and (3.13)), we conclude that

Ajun |12

(- = k)l < llwlfy + +nd)wlf, vaeN.  (3.14)
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Thus, it follows from (2.10), (2.32)) and (3.14]) that
(@ (tin ), w) = (@' (un), w(- = kn))

4||uy, Z 1/2
< 19 - [l + (122 g o) (3.15)
=o(l), VweE.
Then, (3.15)) implies
(@ (), 0) = (@ () o — E)
4wy, i 1/2 (3.16)
< 19 )l ol + (L2 10 0) g 2] = o).

According to [I0, Lemma 2.6], we have
Ay (@2, (@, — up)w) = o(1), Yw € E. (3.17)

Thus, it follows from (3.8)), (3.10)), (3.16)), (3.17) and Lebesgue’s dominated conver-
gence theorem that

0= (D' (ay), Uy — ug) + o(1)
= [|anl* = luoll* + Av (@7, (@n — u0)?) + Av (@, (n — uo)uo)
— Ay (@2, Ty (Tn — up)) — / f(x, ) (G, — uo)dz + o(1)
R2
= [|an]* = lluoll? + Ax (a3, (@n — u0)?) + o(1),
which, together with @, — ug in H'(R?), yields
[@n — uoll — 0, Ay (@2, (@n — ug)?) — 0. (3.19)

Applying Lemma[2.3] we have ||@, — uo||. — 0. Hence, ||&, — uo||z — 0. By ([2.7),
we have

(3.18)

Ax(ay —ug, uow) < |[in — uo|l[|in + uo|l[luoll2|lwll2 = o(1). (3.20)

By (2.10), (3.10), (3.17), (3-20) and Lebesgue’s dominated convergence theorem,

we have

(@' (i) — @' (uo), w)
= (@in, — o, w) + Ay (2, (@n — uo)w) + A1 (42 — ug, uow)
— Ay (ﬂi, (tUp, — uo)w) — A, (ﬂi —uZ, uow) (3.21)

- / [f(z,0n) — f(2,u0)] wdz = o(1).
R2

Therefore, (3.11) follows from (3.15) and (3.21). This shows that up € F is a
nontrivial solution of (1.5, and ®(ug) = ¢ > 0. O
Proof of Theorem[1.Z In view of Lemma there exists a sequence {u,} C E
satisfying (2.32)). Then

D(un) — ¢ € (0,m], (@(un),un) — 0. (3.22)
By the same argument as in the last part of the proof of Theorem [I.1] we conclude
that there exists ug € E \ {0} such that ®'(up) = 0 and ®(ug) = ¢* € (0,m].

Moreover, since ug € N, we have ®(ug) > m. This shows that ug € F is a ground
state solution for (L.5)) with ®(ug) = m = infar ® > 0. O
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4. THE ASYMPTOTICALLY PERIODIC CASE

In this section, we have V(z) = Vo(z) + Vi(z) and f(z,u) = fo(z,u) + fi(z,u).
We define the functional

1 1
(I)O(’u,) = 5/ (|Vu|2 + Vb(m)ug) dx + 1 []1 (u) — [Q(U)] — Fo(.’[:, w)dz, (4.1)
R2 R2
where Fy(z,u) = [ fo(z,s)ds. Then (A2), (A3), (A5) and (A6’) imply that
Py € ct ( ) and

(D (u),v) = /R2 (Vu - Vo + Vo(2)ww) dz + Ap(u?, uwv) — Ag(u?, uv)
(4.2)

— folz,u)vde.
R2

By a standard argument, we can obtain the following lemma.

Lemma 4.1. Assume that (A2), (A3), (A5), (A6’) hold. If u, — 0 in H*(R?),
then

lim Vi(z)uidz =0, lim Vi(@)upvde =0, Yo € H'(R?), (4.3)

n—oo [po n—oo [po

lim Fy(z,up)dr =0, lim fi(z,up)vde =0, Yo HY(R?). (4.4)

n—oo [p2 n—oo [po

In the asymptotically periodic case, we prove that the minimizer of ® on N is a
critical point.

Lemma 4.2. Assume that (A1)—(A3), (A7), (A8’) hold. Ifuy € N and ®(ug) =
then ug is a critical point of ®.

Proof. Assume that ug € N, ®(ug) = m and ®'(ug) # 0. Then there exist § > 0
and p > 0 such that
lu = uollz < 30 = || (u)]| = o (4.5)

In view of Lemma [2.4] one has

®(tug) < P(ug) — (4.6)

=m— " u|?, Vt>0.

For ¢ := min{3(1 — 6)||uo||?/64,1,05/8}, S := B(ug,d), [38, Lemma 2.3] yields a
deformation n € C([0,1] x E, E) such that
(1) n(1,u) = w if ®(u) < m — 2 or ®(u) > m + 2¢;
(ii) n(1,®™* ¢ N B(ug,d)) C ™5
(iii) ®(n(l,u)) < ®(u), for all u € F;
(iv) n(1, u) is a homeomorphism of E.

By Corollary 2.5 ®(tug) < ®(ug) = m for t > 0, then it follows from (ii) that

d(n(1l,tug)) <m—eg, V>0, |t—1] <d/||uol- (4.7)
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On the other hand, by (iii) and (4.6]), one has
P(n(1, tug)) < P(tuo)
(1—-6)(1—1t2)?

<m - ST 2 (1)
<m- U= w0 =112 /).
Combining with , we have
te[lr/%z,i\)%/Q] ®(n(1,tug)) < m. (4.9)

We prove that n(1,tug) NN # 0 for some t € [1/2,4/7/2], contradicting to the
definition of m. Define

‘I/[)(t) = <<I>'(tu0),tu0>, \Ill(t) = <<I>’(n(17tuo)),n(l,tuo)), Vi Z 0.

Since ug € A, by Lemma and degree theory, deg(¥y, (1/2,v/7/2),0) = 1. Using
([4.6) and 1), it is easy to verify that (1, tug) = tug for t = 1/2 and t = v/7/2. Thus,
deg (W1, (1/2,1/7/2),0) = deg(¥o, (1/2,v/7/2),0) = 1. Since ug # 0, it follows from
(iv) that 1(1,tug) # 0 for all ¢ > 0. Hence, Wy (ty) = 0 for some to € (1/2,1/7/2),
that is (1, toug) € N, which is a contradiction. O

Proof of Theorem[1.3 Lemma implies the existence of a sequence {u,} C F
satisfying (2.32)). Similar to the proof of (3.2), we can deduce that {u,} is bounded
in H'(R?). Passing to a subsequence, we may assume that u, — @ in H'(R?),
u, — uin Li (R?), s € [2,00) and uy,(z) — u(z) a.e. on R?. There are two
possible cases: 4 =0 and @ # 0.

Case (i): @ =0. Then u, — 0 in H*(R?), and so u,, — 0 in L§ (R?), s € [2,00)
and u,(z) — 0 a.e. on R% Note that
ul|2 = / (Vul? +Vol@)u?) de + [ Vi(a)ulde, we H'(R?),  (4.10)
R? R?
1
o (u) = ®(u) — f/ Vi (z)u?dz —|—/ Fi(z,u)dx, (4.11)
2 R2 R2
(B (u),v) = (D (u),v) —/ Vi(z)uvdz + | fi(x,u)vdz. (4.12)
R? R?
By (2.32), (4.3), (4.4), (4.11) and (4.12), one has
Do (up) — c* € (0,m], (Py(un),un) — 0, D(u,) — 0. (4.13)

Analogous to the proof of (3.5)), there exists k,, € Z2, going to a subsequence, if

necessary, such that
)
/ |u,|?dz > = > 0.
Ba(kn) 2

Let us define v, (z) = uy,(z + ky) so that
5
/ o |2de > —. (4.14)
B2(0) 2

Since Vp(z) and fo(x,u) are periodic in z, it follows from (4.13) that
Do (vy) — ¢ € (0,m], (Dy(vy),vn) — 0. (4.15)
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Passing to a subsequence, we have v,, — v in H'(R?), v,, — v in Lj, .(R?), s € [2, 00)

and v, (r) — v(z) a.e. on R2. Thus, (4.14) implies that ¥ # 0. Arguing as in the
proof of Theorem we conclude that {v,, } is bounded in E. We may thus assume,
passing to a subsequence again if necessary, that

v, = vin B, v, —vin L*(R?), s € [2,00), wv,(x)— v(z)a.e. on R®. (4.16)
By (1.9), (4.2)), (4.12)), (4.15) and (4.16)), one has
(@' (v),v) < (®((0),v) < liminf(®((vy,),vy,) = 0.

In view of Lemma there exists a unique to = t(v) € (0, 1] such that tov € N,
and so ®(tyv) > m. Now, we prove that ®(to0) = m. By (A8’), we have

flz,tr)tr < flx,7)rtt + 0V (2)(1 —t3)(t1)2, Vo €R?, 0<t<1, 7 €R. (4.17)

Note that (1.11)) implies

tr—1 1—2t2 4+ ¢4

F(x,tr) > f(z,7)7 + F(z,7) - 1

OV (x)72, (4.18)

for all z € R?, ¢t >0, 7 € R.
Then, (E.17) and (L15) imply
0V (x)

if(.%‘,tT)tT — F(x,tT) + T(tT)2 < if(.’L‘,T)T — F(x,7)+

forallz € R2, 0<t<1,7€R.

Thus, it follows from (1.9)), (2.9), (2.10), (4.1), eqrefPhd0, (4.15)), (4.16]), (4.19)

and Lebesgue’s dominated convergence theorem that

9V4(J:) 2

(4.19)

m < q’(to@) = (I)(t()@) — i<q)l(t05),t017>
_ %

4 Joo

1 0
+/ [Zf(m,toﬂ)toﬁ — F(x,to0) +
R2

[[Vo]* + (1 = 0)V(2)[o]*] dz

Vix)

(toﬁ)Q] dz

< i/R [[Vo]? + (1= 0)V(2)[o)*] dz
+ [ o= Fao+ @R

— 0(0)~ 1@ 00+ [ [0 - Fule) + 2 0

< @0(0) = (@(0).7)

=1 L IVoR + Vo@lol) o+ [ | [35(e. 05 - o))

< lim inf {% /R [IV0n[? + V()o2] dz + /R [if(x,vn)vn - Flav,))dr)
= lim_ [®o(en) = 5 (®h(en), va)]

=c" <m.



EJDE-2018/192 GROUND STATES FOR SCHRODINGER-POISSON SYSTEMS 17

This shows that ®(tg0) = m. Let ug = tov. Then uy € N and ®(ug) = m. In view
of Lemma we obtain ®'(ug) = 0. This shows that ug € E is a ground state
solution for (1.5) with ®(ug) =m = infyr & > 0.

Case ii: 4 # 0. Similar to the proof of (3.9), we can deduce that sup,,ey I1 (un) =
sup,, ey A1(u2, u2) < 0o. By Lemma[2.3] we have {||u, |} is bounded, and so {u,}
is bounded in E. We may assume, passing to a subsequence, that uw, — @ in F,
u, — 4 in L¥(R?), s € [2,00) and u,(z) — u(z) a.e. on R%. By the same fashion
as the last part of the proof of Theorem |[1.1} we can obtain that |u, —@||g — 0 and
®'(u) =0, and so ®(u) = ¢* € (0,m]. Since @ € N, we have ®(u) > m. This shows
that @ € E is a ground state solution for with ®(4) = m =infyr @ >0. O
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