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Positive solutions of singular elliptic equations
outside the unit disk *

Noureddine Zeddini

Abstract
We study the existence and the asymptotic behaviour of positive so-
lutions for the nonlinear singular elliptic equation Au + (., u) = 0 in the
outside of the unit disk in R?, with homogeneous Dirichlet boundary con-
dition. The aim is to prove some existence results for the above equation
in a general setting by using a potential theory approach.

1 Introduction
The singular semi-linear elliptic equation
Au+g(z)u™" =0, z€QCR"”, >0, (1.1)

has been extensively studied for both bounded and unbounded domain  (see
for example [4, 5, 6, 7] and the references therein).

For 0 < v < 1, Edelson [4] proved the existence of an entire positive solution
u € CZ*(R?) of (1.1), having logarithmic growth as |x| — oo, provided that

qeC2.(R?),0<a<l,q(x)>0for |z| >0 and

loc

/ t(Logt)*“’(‘mla%q(x))dt < 0.
Lazer and Mckenna [7] considered (1.1) in the case where 2 C R™ (n > 1)
is a bounded domain with smooth boundary. They proved the existence and
the uniqueness of a positive solution u € C2L*(Q) N C(Q) with homogeneous
Dirichlet boundary condition, provided that ¢ € C*(Q) and ¢(x) > 0 for all
z €.
Kusano and Swanson [5] considered the generalized equation

Au+ f(z,u) =0, x € Q, (1.2)

where ) is an exterior domain of R™ n > 2. For n = 2, they proved the
existence of an exterior domain Q7 = {z € R? : |#| > T > 1} and a positive
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solution u on Qp such that w(z)/Log|z| is bounded and bounded away from
zero provided that the following conditions are satisfied

Cl) f e e (Qx (0,00)).

C2) There exist two functions ¥ and ¢ : (0,00) x (0,00) — (0,00) of class
CE.((0,00) x (0,00)), such that ¥(t, u) and ¢(t, u) are non-increasing func-
tions of u for each fixed ¢ > 0, and

(el u) < fla,u) < é(le],u), for all (z,u) € Q x (0,00),

C3) [% ¢(t, cLogt)dt < oo, for some positive constant c.

Kusano and Swanson showed also for n = 2, the existence of a bounded positive
solution of (1.2) in some exterior domain Qr, T sufficiently large, provided that
¢ satisfies C1 and C2, and foo to(t, c)Logtdt < oo, for some constant ¢ > 0.

In this article, we improve the results of [4] by letting the exponent v be
unbounded. More precisely, we are concerned with the following problem

Au+ p(z,u) =0, in D, (in the weak sense) (1.3)

u |8D: 07

where D = {x € R? : |z| > 1} and ¢ is a nonnegative Borel measurable function
in D x (0,00) that belongs to a convex cone which contains, in particular, all
functions

p(@,t) =q(@)t™", v>0

with nonnegative Borel function q. Under appropriate conditions on ¢, we
show that (1.3) has infinitely many positive solutions continuous on D. More
precisely, for each p > 0, there exists a positive solution v € C(D) such that
lim|,| o u(z)/Log|z| = p. Under additional conditions on ¢, we prove that
(1.3) has a bounded positive solution continuous on D.

This paper is organized as follows. In section 2, we recall and establish
some properties of functions belonging to the Kato class introduced in [9]. In
section 3, we prove the existence of many positive solutions of (1.3) which are
continuous on D. In the last section, we give some estimates on the solutions of
(1.3). We point out that for some functions o, we get better estimates on the
solutions; namely for each = € D, we have

puLoglx| < u(x) < CLogl|x|, if lim u() =pu>0
|z|—oo Log|x|

and
1

ol
where C' is a positive constant.

As usual let B(D) be the set of Borel measurable functions in D and let
BT (D) be the subset of the nonnegative functions.

1

||

) <wu(z) < C(l - 5)7 if u is bounded,
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We recall that the potential kernel V associated to A is defined on BT (D)
by

V(z) = /D G(z,y)¥(y)dy, forze D,

where G is the Green’s function of the Laplacian in D. Hence, for any
¥ € BY(D) such that ¥ € L] (D) and V¥ € L{ (D), we have (in the distri-
butional sense)

A(VT) = — in D. (1.4)

We note that for any ¥ € BT (D) such that V¥ # oo, we have V¥ € Ll (D)

loc
(see [2, p.51]). Let us recall that V satisfies the complete maximum principle

[10, p.175], i.e for each f € BT (D) and v a nonnegative superharmonic function
on D such that Vf <wvin {f > 0} we have Vf < v in D.

Throughout this paper, the function ¢ is required to satisfy combinations of
the following hypotheses
H1) ¢ is continuous and non-increasing with respect to the second variable.
H2) ¢(.,c¢) € K*(D) for every ¢ > 0.
H3) V(.,¢) > 0 for every ¢ > 0.

Finally we mention that the letter C' will denote a generic positive constant
which may vary from line to line.

2 The Kato class K*(D)

Throughout this paper, let D = {x € R? |z| > 1}, D= {x € R? |z| > 1}, and
(lz]* = D(ly[> — 1)
|z —y|?

G(z,y) = 5= Log(1 + ) be the Green’s function of A in D.

Definition A Borel measurable function ¢ in D belongs to the Kato class
K (D) if ¢ satisfies the following conditions

hma—>0 SquED f(\zfy|§a)ﬁD ‘y|‘y_‘1 ‘J‘I_‘lG(xvy)‘Q(y”dy =0 (21)
limas— o0 SUPLep f(\yIZM) ‘y|‘;\1 |$|‘:E_‘1 G(z,y)|q(y)|dy = 0. (2.2)

Lemma 2.1 For each x,y in D,

1 1 1

g(l - m)(l -
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Proof By the definition of G, we have

(l=1* = D(ly* — 1))

|z —y[?

1
—L 1
21 °9 ( +

1 (2l =Dyl =1 /1 |z[[yl (1 + =) (L + [yl)

2r |z ] [z —y? + t(jz? = )(Jy* = 1)

G(z,y)

dt.

For every t € [0,1] and z,y in D, we have
lz =yl + el =Dy =1 _ (z[+w)* + (= = D(yl* — 1)

|z{ly[(1 + =) (1 + [yl) - |zlly| (1 + |z )1+ |yl)
I (C: RS
2yl (1 + =) (X +[yl) —
1oy b
Hence G(z,y) > 5-(1 m)(l |y|)

Proposition 2.2 Let ¢ be a function in the class K°°(D).Then the function
1

y— (1— H)Qq(y) is in L' (D). In particular q € Li (D).
Y

Proof. Let g € K°°(D). Then by (2.1) and (2.2), there exist & > 0 and M > 1
such that

lyl—1 |z
sup/ G(z,y)lq(y)ldy <1
z€D J(Jz—y|<a) |y| ‘.’E| -1

and

yl—1 |z
sup/ ol il 16 (@ y)la(y)ldy < 1.
€D J(|y|>M) lyl =] -

Let 1,Za,...,2, in D such that DN B(0,M) C UJ,<,<, B(z;,@). By using
Lemma 2.1, we get o

/ (1 - 2 )g(y)ldy
D

lyl
1.5 Lo
< (1= —=)7la(y)|dy + (1= )7la(y)|dy
(wi=ny Yl aspl<annp 1Yl
lyl =1 |z
< 27rsup/ G(z,y)lq(y)|dy
zeD J(Jy|>M) lyl =] -1 (vl
- 1
[ Py
; B(z;,a)ND |y|
- lyl =1 |z
< oy | Glas,y)la(y)ldy
; B(z;,a)ND |y‘ |:EZ| -1
-1
< arrzmsw [ 2L TGyl
z€D J B(z,a)ND |y| |£C| -1
< 27(l14n) < .
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Lemma 2.3 Let M > 1 and r > 0. Then there exists a constant C' > 0 such
that for each x € D and y € D satisfying |x —y| > r and |y| < M,
1 1
G(z,y) <C(1——)(1— m)-

||

Proof. We have for |[x —y| > r and |y| < M,
1 eyl = 1) (=7 = D)(Jy* = 1)

A

T -1
2|yl Gla.y)

[z =1y ~ 2m (2| = Dyl |z —y[?
1 (= 1%(yl + 1) |2l (2 + 1)
2m vl |z —yf?
1 1 |z|(Jz] + 1)
< —(1— —)2MM+1)——11 ")
e (S V) IESE
t(t+1
where (|z| — M)V r = max(|z| — M, r). Since the function t — m is
— r
continuous and positive on [1,00) and lim;_, 4 D = 1, then there
’ (t—M)vr)? ’
exists C' > 0 such that
[ |yl -1 Lo
Glz,y) <Cl—7—=)" ¢
[z =1y |yl

In the sequel , we use the notation

=1 o
qllp = sup G(z,y)la(y)ldy.
lallp = sup [ Wt TGl

Proposition 2.4 If g € K*(D), then ||g||p < co.

Proof. Let o« >0 and M > 1. Then

lyl =1 |z
p lyl [=z[-1

G(z,9)lq(y)ldy

< / lyl—1 |z
= Je—yl<aynp Yl 7] =1

lyl -1 |z|
+/ G(z,9)lq(y)|dy
(yi=ay Yyl 2zl =1 (z,y)la(y)]

G(z,y)lqa(y)ldy

-1 |z
o =1 e
(a—yizan(yi<mnnp Yl [zl =1

G(x,y)|q(y)|dy.

By Lemma 2.3,

Wl -1 |z 1,
Gz, y)lg(y)ldy < C / (1= 2 )2g(y)|dy.
/(|xy>a)ﬁ(|y|<M)ﬂD lyl o] -1 D |yl

Thus, the result follows from (2.1) , (2.2) and Proposition 2.2.  {
The following result of Selmi [11], will be needed in the sequel.
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Theorem 2.5 There exists a constant Cy > 0 depending only on D such that
for all x,y and z in D, we have

G(z,2)G(2,y) {|z|—1 2]
— I
Gla,y) = UL Ll el -1

By using the above theorem we have the following

2l =1yl
2 fyl =1

Gz, z) +

G(zy)| - (23)

Proposition 2.6 There exists a constant Cp > 0 depending only on D such
that for any function q belonging to K*°(D), any nonnegative superharmonic
function h in D and all x € D

/D G(z,y)h(y)lq(y)|dy < Cpllql|ph(z). (2.4)

Proof. Let h be a nonnegative superharmonic function in D, then there exists
a sequence (fy), of nonnegative measurable functions in D such that

h(y) = Sup/D G(y,2)fn(2)dz , Yy € D.
Hence, we need only to verify (2.4) for h(y) = G(y, 2) for all z € D. By using
(2.3), we obtain
1
G(z,2)
If we take h = 1 in Proposition 2.6, we obtain the following statement.

Corollary 2.7 Let q be a function in K*°(D) . Then

/D G(z,4)G(y, 2)la(w)ldy < 2Co]lallp. O

sup / Gz, y)la()|dy < oo. (2.5)
xeD JD

Corollary 2.8 Let g be a function in the class K*°(D). Then the function
1
y — (L= )a(y) is in L'(D).

lyl

Proof. For each z, y in D, by Lemma 2.1 we have

(- )
o

[ =1

1

/ G(z,y)|q(y)|dy. The result follows
D

||

1
Hence [,,(1 — m)|q(y)\dy <27
from Corollary 2.7. <
In the next proposition we prove that for ¢ radial , ¢ € K°°(D) if and only
if (2.5) is satisfied.
Proposition 2.9 Let g be a radial function in D. Then q¢ € K*°(D) if and
only if

“+o0
/1 rLog(r)|q(r)|dr < co. (2.6)



EJDE-2001/53 Noureddine Zeddini 7

Proof. By elementary calculus, we have

+oo
/D G, y)laly)|dy = / rLog(r A R)|q(r)|dr,

where R = |z| and » A R = min(r, R). Hence by (2.5), we deduce that if
g € K*(D) then (2.6) is satisfied. The proof of the converse is found in [9,
Prop.2]. <

Using the same argument as in the proof of Proposition 2.6, we establish the
following lemma (see also [9]).

Lemma 2.10 Let xg € D. Then for any function q belonging to K> (D) and
any positive superharmonic function h in D, we have

1
limsup—/ G(z,y)h(y)|q(y)|dy =0
L e Sy (@, y)h(y)la(y)|

and
1

lim Sup—/ Gz, y)h(y)|q(y)|dy = 0.
oo vel B(@) Jyisan (@, y)h(y)la(y)ldy

Proposition 2.11 Let g be a function in K*(D). Then Vq € C(D) and
lim,_,9p Vq(z) = 0.

Proof. Without loss of generality, assume that ¢ is nonnegative. Let xg € D
and € > 0. By Lemma 2.10, there exist 7 > 0 and M > 1 such that

=1 m

sup / G(z,y)q(y)dy <
B(zg,2r)ND

zeD

and

sup/ G(z,y)q(y)dy <
2€D J(Jy|>M)

Let z,2’ € B(xzo,7) N D, then we have

9
1

Vq(x) — Vq(a')]

< 2sup / G(z y)a(y)dy + 2 sup / G(zy)a(y)dy
2€D J B(zo,2r)ND zeD J(|y|>M)

+f Gla,y) - G y)laly)dy
(lzo—y|=2r)N(1<|y|<M)

<

e+ | Gley) ~ Gl )la(y)dy.
(lzo—yl=2r)N(1<|y|<M)

For every y € (|xzo —y| > 2r) N (1 < |y| < M) and z,2’ € B(xo,r) N D, using

Lemma 2.3 we obtain

Gla,y) = G, y)| < Gla,y) + Gla',y) < O(1 = El\).
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Now since G is continuous out the diagonal, we deduce by Corollary 2.8 and the
Lebesgue’s theorem that

/ (Ga.9) ~ Gl )la(w)dy — 0 as |z — a/| 0.
(lzo—y[22r)N(1<|y|<M)

Hence Vg € C(D). Next, we consider g € dD and € > 0. By Lemma 2.10,
there exist r > 0 and M > 1 such that

9
sw [ Glagatdy <
2€D J B(zg,2r)ND

and

9
swp [ Glegatudy < ]
z€D J(ly|=M)

Let © € B(zg,r) N D, then we have

Vg(x) =

S—

G(z,y)q(y)dy

I
S

<?<x,y>q<y>dy<+t/" Gz, y)a(y)dy

(ly|=M)

G(z,y)q(y)dy

B(zo,2r)ND

_|_

/ch,zr)n(lsmgM)

< G(z,y)q(y)dy.

“,
Be(zo,2r)N(1<|y|<M)

DO ™

For every y € B¢(xg,2r) N D N B(0, M) and = € B(zg,7), we get by using
Lemma 2.3
1

G(z,y)q(y) < C(1 - wl

)a(y)-

Now, since for all y € D,lim,_,sp G(z,y) = 0, then as in the above argument,
we get lim,_,,, V¢(x) = 0. This achieves the proof of the proposition.

3 Positive solutions of Au+ ¢(.,u) =0

In this section, we study the existence of positive solutions for the nonlinear
singular elliptic boundary value problem (1.3).

Lemma 3.1 Let h € BT (D) and v be a nonnegative superharmonic function
on D. Then for all w € B(D) such that V(h|w|) < co and w+ V(hw) = v, we
have 0 < w <.
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Proof. Let w' = max(w,0) and w~ = max(—w,0). Since V(h|w|) < oo, then
wt +V(hwt) =v+w™ + V(hw").

Hence
V(hw?) <v+V(hw™) in {w >0}.

Since v + V(hw™) is a nonnegative superharmonic function in D, we have as
consequence of the complete maximum principle

V(hwt) <v+V(hw™) in D,
that is V(hw) < v = w 4 V(hw). This implies that 0 < w < v.

Proposition 3.2 Let ¢ : D x (0,00) — [0,00) be a measurable function sat-
isfying H1 and A1, Ao, u1, o be real mumbers such that 0 < A < Ao and
0 < p < pg. If up and us are two positive functions continuous on D sat-
isfying for each x € D

ui(z) = A1 + pa Loglz| + V(p(-, u1))(x)

and
uz(x) = Az + peLogla| + V(e(, u2))(2).

Then we have
0 < up(z) —ur(z) < Ao — A1 + (p2 — p1)Loglz| , Vo € D.
Proof. Let h be the function defined on D by
(,0(50,’[1,1(56)) — SO(':C’UQ(I)) if ’LLQ(QL') # ’Uq(d?)

hw) = w2(2) — w1 ()
0, if ug(x) = ur(x).

Then h € BT(D) and we have
uy —uy + V(h(ug —u1)) = Ao — A1 + (p2 — pa) Log| - |.
Furthermore, we have
V(hluz — ua|) < V(p(- uz)) + VI(e(,u1)) < uz 4 ur < oo
Hence we deduce the result from Lemma 3.1.

Theorem 3.3 Let A > 0, u > 0 and ¢ : D x (0,00) — [0,00) be a Borel
measurable function satisfying H1 and H2. Then the problem

Au+p(.,u) =0, in D (in the weak sense), (3.1)
u ‘BD: A, hm\x|—)oo % =M

has a unique positive solution uy € C(D).
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Proof. Let A > 0. Then by hypothesis H2, the function ¢(.,\) € K*(D)
and by Corollary 2.7, we deduce that |[Vo(.,A)|lec < 00. To apply a fixed point
argument, we consider the convex set

F:{“’GC@U{OO}):Agw(xKHM

V€ E}
- A+ pLog|z|

and define the operator T on F' by

A u _
Tw(r) =+ W /D G(%y)sﬁ’(va(y)(l + XLog|y|)>dy, z€D.

Since for allw € Fandy € D, ¢ (y,w(y)(l + §L0g|y|)) < ¢(y, A), then for each
AVe(, Ml
A+ pLog|x|
we show that the family T'F is equicontinuous in D U {oc}. In particular, for
all w € F,Tw € F. Moreover, the family {Tw(x),w € F} is uniformly bounded
in D U {oc}. It follows by Ascoli’s theorem that TF is relatively compact in

C(D U {o0}).
Next, we prove the continuity of 7' in F'. Consider a sequence (wg)gepv in F
which converges uniformly to a function w € F. Then

weFAN<Tw < A+ and as in the proof of Proposition 2.11,

A %
T -7 < 4 ’ 1+ 4z
Tona) ~To@)| < 7o | Glnfe(swnw)(1+ 5 Logly)
o
(4w (1 + £ Logly)) ) |dy.
Now by the monotonocity of ¢, we have
‘w(y,wk(y)(l + %Loglyl)) - w(yw(y)(l + %Loglyl))‘ < 2¢(y, A),

and since ¢ is continuous with respect to the second variable, we deduce by the
dominated convergence theorem and Corollary 2.7, that

Ve D, Twi(z) = Tw(r) ask — oc.
Since T'F is relatively compact in C(D U {oc}), then Twy, converges uniformly
to Tw as k — o0o. Thus we have proved that T is a compact mapping from F to

itself. Hence by the Schauder’s fixed point theorem, there exists wy € F' such
that for each x € D,

_ A K
wa() = A+ m /D G(%Q)@(yawx(y)(l + XLOQM))CZ?%

Put ux(z) = w(z)(1 + §Log|z|), for z € D. Then we have

un(z) = A+ pLoglz] + /D G2, )y, ur(y))dy. (3.2)
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In addition, since for each y € D, o(y,ux(y)) < ¢(y,A), we deduce by hy-
pothesis H2 and Proposition 2.2 that the map y — o(y,ux(y)) € L (D). On

loc

the other hand, using Proposition 2.11, it follows that V(¢(-,uy)) € C(D) and
lim,_9p V(¢(-,uxr))(z) = 0. So we can apply A to the equation (3.2) to obtain
Auy + o(-,ux) = 0 (in the weak sense). Furthermore, for every x € D, we have

u A Vol M)l
" A(@) <+t Vel Mlloo
Log|z| — Log|x| Log|z|
Thus lim|g|—o % = 1, and by (3.2), we have uy/9p = A. This shows that

uy is a positive continuous solution of (3.1).

Finally, we show the uniqueness of the solution. Let u be a positive con-
tinuous solution of the problem in Theorem 3.3. Clearly u is a superharmonic
function with boundary value A and lim ;| (u(z) — A) > 0. So, we have by
the maximum principle [3, p.465] that u > A on D. Which together with the
monotonicity of ¢ imply that ¢(,\) > ¢(-,u) € K*(D). So, we deduce by
Proposition 2.2 and Proposition 2.11 that the functions ¢(-,u) and V(-,u)
are in Ll (D) and C(D) respectively with lim,_op V(-,u)(z) = 0. Hence u
satisfies A(u — V(-,u)) = 0 (in the weak sense). It follows that the function
h = u—Ve(,u) — pLoglz| — X\ is harmonic in D satisfying h/op = 0 and

h
(z) = 0. Thus by [3, p.419], we have h = 0. So u satisfies (3.2),

= Fogla]

which yields with Proposition 3.2 to the uniqueness of uy. <&

Lemma 3.4 Ifu € C(D) is a nonnegative solution of the problem

Au+ p(.,u) =0, inD (in the weak sense) (3.3)

u |3D: 0, hm|1\—>oo % =p 2> 0,

then for each x € D,

nLogla| < u(x) < pLogla| + V (p(-,u)) (). (3.4)

Proof. We assume that Vi (-, u) # oo, otherwise the upper inequality is sat-
)

]
u(x
Log|z|

isfied. Let € > 0. Since lim;|_ o = u, there exists M > 1 such that

(1 —e)Loglz| < u(z) < (u+¢e)Loglz|, for |z > M.

The functions defined on D by wv.(z) = wu(x) + (¢ — w)Loglz| and
we(x) = V(. u)(x) —u(z) + (u+ ) Log|z| satisfy the following properties:

ve € C(D), Av.=Au<0 in D,
ve =0 in 9D, liminfuv.(z) >0

|z]—o0
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The function w, is lower semi-continuous on D,

Aw. = —p(,,u) —Au=0 in D,
we >0 in 0D, lllr‘n inf we(z) > 0.
Hence by [3, p.465], we get
(1 —e)Loglz| < u(z) < (1 +e)Loglz| + V(. u) in D.

Since ¢ is arbitrary, we obtain (3.4). <
Now we are ready to prove one of the main results of this section.

Theorem 3.5 Let ¢ : D x (0,00) — [0,00) be a measurable function satis-
fying H1 and H2, and p > 0. Then the problem (3.3) has a unique posi-
tive solution u € C(D) satisfying Vip(-,u) # oo. If we suppose further that
0 € C2.(D x (0,00)), (0 < a < 1), then the solution u € CE*(D) N C(D).
Proof. Let (A,),>0 be a sequence of real numbers that decreases to zero. For
each n € N, we denote by u,, the unique positive solution of problem (3.1) given
in Theorem 3.3 for A = A,. Then by Proposition 3.2, the sequence (uy)n>0
decreases to a function u and so by (3.2), the sequence (u, — Ap)n>0 increases
to u. Due to the monotonicity of ¢, we have for each x € D

Y

w(z) > un(z) — Ay = uLogle| + /D G 9) 0y, wn (1)) dy

wuLog|z| > 0.

Y

Hence, applying the monotone convergence theorem, we get
u(e) = Logla| + [ Gle,p)etuulw)dy , Vi € D. (35)
D

Since u = sup,,(un, — An) = inf,(u,) and for each n € N the function wu,
is continuous on D, then w is a positive continuous function on D. Which
together with (3.5) imply that V(¢(-,u)) € L{ (D). So using hypothesis H2 and

Proposition 2.2, we deduce that the map y — ¢(y,u(y)) € Li (D). Applying
A on both sides of equality (3.5) we obtain

Au+¢(-,u) =0, in D (in the weak sense).

Now, since for each € D and n € N, we have 0 < u,(z) — A, < u(x) < uy(z)

and lim),;_, o un—(:c) = u, then
1= Logla
lim u(z)=0 and lim u(z) =
r—0D |z]— o0 LOg|IIZ|

Thus u € C(D) and u is a positive solution of the problem (3.3). Finally, we
intend to show the uniqueness of the solution. Let u be a positive continuous so-
lution of the problem (3.3) such that V(¢(-,u)) # oo. Then the functions (-, u)
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and Vo(-,u) are in L}, (D). We deduce by [2, p.52] that A(Vo(-,u)) = —¢(-, u),
in D (in the weak sense) and consequently A (V(-,u) + uLog|-| —u) = 0 in

D (in the weak sense). Hence there exists a harmonic function h in D such that
h(z) + u(z) — pLoglz| = Ve(-,u)(z) a.e on D.

Since u and V(.,u) are superharmonic functions in D, we get by [10, p.134]
that

h(z) + u(z) — pLoglz| = V(-,u)(z) on D.

Now using (3.4), we get 0 < h < Vp(-,u) < co. Hence by [10, p.158], we
deduce that A = 0. The function u satisfies (3.5) and the uniqueness follows by
Proposition 3.2. <

Corollary 3.6 Let 1,92 be nonnegative measurable functions in D x (0,00)
satisfying the hypotheses H1 and H2, and w1, ps € Ry such that 0 < o1 < @9
and 0 < py < po. If we denote by u; € C(D) the unique positive solution of the
problem (8.8) with ¢ = p; and p = p;, j € {1,2}, given in Theorem 3.5, then
we have

0 <wug—wuy < (2 —pa)Log|- |+ V (gl u2) — ¢1(-,uz)) in D.

Proof. It follows by Theorem 3.5, that
ur = prLog| - |+ Vi(-,u1) and us = psLog| - [+ Vipa (-, u2).

Let A be the nonnegative measurable function defined on D by

e1(@,uz(2) — 1 (@, ui(z) .
h(z) = up(x) — ug(x) 1 (2) 7 uz(a)
0, if up(x) = us(x).
Then h € BT(D) and we have
uy —uy + V(h(ug —u1)) = (2 — pa)Log| - |+ V (@a(-,u2) — @1(-,u2)).
Now, since

V(hlug—u1]) < V1 (s u2) + V1 (ur) < Vga(u)+Ver (- ur) < ugtug < 00

and (2 — p1)Log| - | + V{(pa(-,uz2) — ¢1(-, u2)) is a nonnegative superharmonic
function on D, we deduce the result from Lemma 3.1.

Theorem 3.7 Let ¢ : D x (0,00) — [0,00) be a measurable function satisfying
H1-H3. Then the problem (1.8) has a unique positive bounded solution u € C(D)

satisfying Vi (-, u) # oo.
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Proof. Let A > 0 and (u,) be a sequence of real numbers that decreases
to zero. For each n € N, we denote by wuy ,, the unique positive continuous
solution of the problem (3.1) and by v, the unique positive continuous solution
of the problem (3.3), given in Theorem 3.5 for u = p,. Then by Corollary 3.6,
the sequence (v,,)nen decreases to a function u and so by (3.5), the sequence
(vp, — pnLog| - ), increases to u. Due to the monotonicity of ¢ and by (3.2), we
have for each x € D

Uy, (T) 2> V()

u(a:) > 'Un(x) - MnLOg|x‘

> / G/, 9)p (, fimLogly] + A+ [Vio(-, Mlloo) d.
D

(A\VARLVS

Letting n tends to infinity, we get
A+ Vel Ml = ul@) 2 Ve ( A+ [[Ve(-, M) (), Va e D.

By H2, H3 and Corollary 2.7, u is a positive bounded function in D. Since, for
eachneNandz e D

on — pnLogle| = /D G(z,9)0(y, va(y)) dy,

we obtain, as n — oo, that
u(e) = [ Glayyely. uly)dy . ¥ € D. (36)
D

As in the proof of Theorem 3.5, we show that v € C(D) and u is a positive
bounded solution of (1.3). Using (3.4), we establish the uniqueness of such a
solution. <

Corollary 3.8 Let ¢ : D x (0,00) — [0,00) be a measurable function satisfying
H1 and H2. Then for each u > 0 and f a nonnegative continuous function on
0D, the following nonlinear problem

Au+ @(,u) =0, in D (in the weak sense) (3.7)
Usop = s hm\r|~>oo m = K,

has a unique positive solution u € C(D) satisfying V(-,u) # oc.
Proof. Let H J’? denotes the unique bounded solution of the following Dirichlet

problem

Aw =0, in D,

W/aD =/
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We note that if u is a continuous solution of (3.7), then as ¢ is a nonnegative
function, we deduce that v — H )f? is superharmonic such that u— H fD =0on dD
and lim|g| o (u(m) - HfD(x)> = +o00. We conclude by the maximum principle,
that

w>Hf inD.

Let ¥ be the function defined on D x (0,00) by ¥(z,t) = p(z,t + H]’?(m)) It
is clear to verify that W satisfies the same hypotheses H1-H2 as ¢. Hence by
Theorem 3.5, the problem

Av+¥(,v)=0, in D,
v(z)

\at\l—n)o Log|z| -

)

VoD = 0,

has a unique positive solution v € C(D) satisfying V¥(-,v) # oo. Moreover, u
is a solution of (3.7) if and only if u = v + HfD. This completes the proof. <

Corollary 3.9 Let ¢ : D x (0,00) — [0,00) be a measurable function satisfying
Hi-H3 and f be a nonnegative continuous function on 0D. Then the nonlinear

Dirichlet problem

Au+ (., u) =0, in D (in the weak sense) (3.8)

U/op = fa

has a unique positive bounded solution u € C(D) satisfying V(-,u) # oc.

4 Estimates on solutions

In this section, we give some estimates on the solutions of (1.3) given by (3.5)
and (3.6). We denote by 8 = )i\n%{)\ + [[Ve(-, M) |lo} and we remark that if H3
>

is satisfied then § > 0.

Theorem 4.1 Let > 0 and u be the solution of problem (3.3) given by (3.5).
Then for each x € D, we have

pLoglz| < u(z) < pLog|x| + min (ﬁ, Ve (., uLog|-|) (m))

Proof. For each A > 0 and each = € D, we have
pLogle| < u(x) < ux(x) < ploglr| + A+ [Vl Ao,
where uy is the solution of the problem (3.3). Thus

pLog|z| < u(z) < pLoglz| + B, Va € D.
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Since ¢ is non-increasing with respect to the second variable, from (3.5) we
obtain

pLogle] < u(w) < uLoglel + | Gla)o(y. uLoglyl)dy. Ve < .

Which completes the proof. <

Remark 4.1 Let ¢ > 0, sufficiently small, D. = {z € R?,1 < |#| < 1+ ¢} and
u be the solution of (3.3) given by (3.5). If ¢ satisfies

1
sup/ ——¢(y, uLogly|)dy < oo,
z€D. JD |$ - y\

then there exists a constant ¢ > 0 such that for each x € D,
pLoglz| < u(x) < (u+ c)Log|x|.
Indeed, there exists C' > 0 such that for every x,y in D, we have

(lz] =) A (lyl = 1)
lz -yl '

G(z,y) <C

Hence, for each x € D,

u(z) < plLoglz|+ V(p(-, uLogl|-1))(x)

©o(y, nLogly
< ntoglal + 0 [ LS 4y) 10y 1)
D \x—y|
,uL
< ,uLog\x|+C( sup/ 7@(3/# Og|y|)>(1+5)Log|x|
2€D. JD |z—y\

= pLog|z| + C1Loglx|.

Moreover,

Vo € D\D., u(x) < pLog|z|+ B < uLog|x| + 7 Log|z|.

og(1+e¢)

Consequently, for each x € D

plLoglz| < u(z) < uLog|z| + max(Cy, 7 )Log|z| = (1 + ¢)Log|x|.

og(1+¢)
Example 4.1 Let u be the positive solution of (3.3) given by (3.5). For
r € [1,00), we denote by ¢(r,:) = sup p(z,-). If

||=r

/ ro(r, uLogr)dr < oo,
1
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then there exists ¢ > 0 such that for every = € D,
pLoglz| < u(z) < (u+ c)Log|x|.

Indeed, by Theorem 4.1, we have for each z € D,
pLoglel < ux) < nLoglel + [ Gla.w)e(y. uLoglydy
D

o0
< Loglel + [ rLog(e| Ar)o(rnLogrdr
1

IN

pLoglal + ([ r(r nLogr)dr Logla
1
= (u+c)Loglxl|.

Theorem 4.2 Let u € C(D) be the unique positive bounded solution of (1.3).
Then there exists ¢ > 0 such that
1 1 —
(1 — —) <wu(z) <min (ﬁ,V(p(.7c(1 - m))(x)) ,VzeD.

||

Proof. As it can be seen in the proof of Theorem 3.7, we have
V(. B)(x) <u(z) < B, VazeD.

On the other hand, from Lemma 2.1, we have

1 1 1
—(1 - — 1-— dy) < V- N D.
520 o( [ 1= e o) < Vel B va e
Hence, the lower bound inequality follows from H2 and Corollary 2.8, with
1 1
/ (1= =)e(y, B)dy.
D

c=—
2m |yl

Now, since ¢ is non-increasing with respect to the second variable, we get by
using (3.6) that

1
u(x) < G(x, ,o(l——) ) dy.
@ < [ Geme(nc- o) d
This completes the proof.

Remark 4.2 Let ¢ > 0, sufficiently small, D, = {z € R?,1 < || <1+ ¢} and
u be the unique positive bounded solution of (1.3). If ¢ satisfies

1 1
sup / —(p(y,c(l — —))dy <o, Ve>0,
zen. Jp |2 — Yl |yl

then there exists a constant C' > 0 such that for each = € D,

sl= ) Su@ < c(1- ).

||
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Example 4.2 Let u be the positive bounded solution of (1.3) given by (3.6)

and ¢ defined as in Example 4.1. If

e 1
VC>O,/1 rgb(r,c(lf;)) dr < 0o,

then there exists C > 0 such that

1 1 1 _
Indeed, for 1 < |z| < 2, we have
c(l- ) 2u@) < [ Glye(nelt -1 0) dy
lz|” ~ ~ Jp lyl
> 1
< /1 rLog(|z| A r)qzﬁ(r, e(l — ;)) dr
> 1
< Log|gz:|/1 r(b(r,c(l— ;)) dr
1 & 1
< (1- m) (2/1 ré(r,c(l — ;)) dr)
Moreover, for |z| > 2,
1 1
c(1- m) <wu(z)<B<268(1- m).

This gives the desired estimates.

We close this paper by giving an other comparison result for the solutions
of the problem (1.3), in the case of the special nonlinearity p(z,t) = q(x)f(t).

The following hypotheses on ¢ and f are adopted.

e f:(0,00) — (0,00) is a continuously differentiable non-increasing func-

tion.

e g€ CR.(D)NK>=(D), 0 < a < 1, is a nontrivial nonnegative function in

D.

We define the function F in [0,00) by F(t) = fg 1/f(s)ds. From the hypotheses
on f, we note that the function F is a bijection from [0, 00) to itself. Then, we

have the following statement.
Theorem 4.3 Let u € C(D) be the positive solution of the problem
Au+q(z)f(u) =0 in D (in the weak sense)
u(z)

ulop=0, Lm0 Toglz] — M~ 0,

such that V(qf(u)) # 00. Then

V(qf(B+ pLog| - 1)) (z) + pLoglzx| < u(x) < F~Y(Vq(x)) + pLogl|z| , V= € D.
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Proof. Since u < 4 pLog|-|in D and f is nonincreasing with respect to the
second variable, we deduce that for each x in D,

V(qf(B+pLog|-1))(x)+ pLog|z| < u(x) = pLog|x| +/IJG(w,y)q(y)f(U(y))dy-

To show the upper estimate, we consider € > 0 and define the function v in D
by ve(z) = F(u(z) — pLog|z|) — Vq(z) — eLog|z|. Then, v, € C*(D) and

1
AUE(Z‘) = f(u(a:) — HLOQ|$|) Au(m) + Q(x)
(u(x) — puLog|z|)

(u(z) — pLoglz)

!
-4 IV = piLog|- D@
Thus, Av. > 0. Moreover, since 0 < u — pLog|.| < 3, V¢ is bounded in D
and lim,_.gp Vq(x) = 0, we get v. jpp = 0 and lim ;| ve(z) < 0. Hence, by
[3, p.465] we deduce that v, < 0 in D. Since ¢ is arbitrary, we get the upper
inequality. ¢

Using the same arguments as in the proof above, we can prove the following
theorem.

Theorem 4.4 Letu € C(D) be the positive bounded solution of the problem(1.3)
with (., u) = q(x) f(u), such that V(qf(u)) # oco. Then we have

FBVq(z) <ulz) < F'(Vq(x)), Yo e D.

Corollary 4.5 Let ¢ : D x (0,00) — [0,00) be a measurable function satisfying
H1. Further, assume that ¢ satisfies

o(z,t) < q(z)f(t), V (x,1) € D x (0,00).
Let > 0 and u be the solution of the problem (3.3). Then u satisfies

pLoglz| < u(z) < pLoglx| + F~*(Vq(x)), YV € D. (4.2)

Proof. Let v be the solution of the problem (4.1). Then, by Corollary 3.8, we
deduce that v < v in D. Which together with Theorems 4.1 and 4.3, give (4.2).

Example 4.3 Let v > 0. Then the problem

Au+g(x)u=™" =0, inD

U |6D:05 hm\z|~>oo% =pu=>0

has a positive solution u € C(D) satisfying

V((8+ nLog|-|)"q)(x) < u(x) - uLogle| < [(y + )Vq(z)] &7 , ¥z € D.
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