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EXISTENCE OF SOLUTIONS TO A PHASE-FIELD MODEL
WITH PHASE-DEPENDENT HEAT ABSORPTION

GABRIELA PLANAS

ABSTRACT. We consider a phase-field model for a phase change process with
phase-dependent heat absorption. This model describes the behaviour of films
exposed to radiative heating, where the film can change reversibly between
amorphous and crystalline states. Existence and uniqueness of solutions as
well as stability are established. Moreover, a maximum principle is proved for
the phase-field equation.

1. INTRODUCTION

In recent years the phase-field method has emerged as a powerful computational
approach to modelling and predicting a range of phase transitions and complex
growth structures occurring during solidification. This has spurred many articles
using this approach and proposing several mathematical models. Phase-field models
have also been developed to treat both pure materials and binary alloys; as examples
of papers where mathematical analysis of such models is performed, we single out
[2, B, 4, Bl &, 01, 12 4], where existence of solutions is investigated for various
types of nonlinearities.

We consider in this paper a phase-field model for a phase change process with
phase-dependent heat absorption. Such a model was proposed by Blyuss et al. [1]
to model the behaviour of films exposed to radiative heating, where the film can
change reversibly between amorphous and crystalline states. The models adopted
so far have neglected the difference in the response of different phases to exter-
nal heat sources considering only external forces which do not depend neither on
the phase-field nor on the temperature. To be specific, the model we consider in-
corporates illumination and phase-dependent absorption in the equation for the
temperature, and this influences the phase change process, as described by the
phase-field equation.
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This model can be expressed as the following coupled system

o do=o-'+ D050 g2 waxen, @)

0; — KAG = g(bt + [a1 + a1 + (a1 — a_1)¢]g +b(0, —0) inQx(0,7T), (1.2)
oo 90

% = 0, % = O7 on 0f) x (O,T), (13)

¢(0) = o, 0(0) =6y in Q. (1.4)

Here Q is an open bounded domain of RV, N = 2,3, with smooth boundary 9
and T > 0. The order parameter (phase-field) ¢ is the state variable characterizing
the different phases; the convection adopted is that ¢ € [—1, 1], with the lower limit
¢ = —1 corresponding to pure melt while ¢ = 1 represents solid. The function 6
represents the temperature of a material which melts at 8 = ;. The interface
thickness € is a small parameter and \ is a measure of the strength of coupling
between the phase field and a dimensionless temperature field (8 — 657)/d, where
0 is given by 6 = L/C), being L > 0 the latent heat and C, > 0 the specific heat
at constant pressure. For simplicity of exposition it will be assumed A =1. The
constant K > 0 denotes a thermal diffusivity; a1, are the radiative absorption
coefficients for the solid and molten phases; I is the rate of incident heating; b is a
thermal emission coefficient and 6, is the ambient temperature.

Our aim is to prove existence and uniqueness of solutions as well as stability.
Moreover, a maximum principle is established for the phase-field equation which
ensures that ¢ stays between —1 and 1 as long as the initial data ¢¢ does. We
observe that this bound on the phase-field will allow us to show a stability result
and, subsequently, the uniqueness of the solution. Existence of solutions will be
obtained by using an auxiliary problem. The approach is to modify the problem
by introducing an appropriate truncation of (1 — ¢2)2. This auxiliary problem will
then be studied by using fixed point arguments.

Standard notation will be used. For a given fixed T' > 0, we denote Q = 2x(0,7")
and we consider the following spaces, for ¢ > 1,

W2 Q) = {w € LY(Q) : Dyw, D2w € LU(Q),w; € LY(Q)}.

The outline of this paper is as follows. In the next section we study an auxiliary
problem. The last section is devoted to prove the well-posedness of problem —
. First, we study the existence of solutions, secondly we establish a stability
result which will give us uniqueness at the same time and, finally, a result of reg-
ularity of the solution will be obtained by applying LP-theory of parabolic linear
equations together with bootstrapping arguments.

2. AN AUXILIARY PROBLEM

In this section, we introduce an auxiliary problem related to — for which
we will prove a result of existence of solutions by using Leray-Schauder’s fixed point
theorem [6].

Let II be the function

-1, r<-1
II(r) =<, -1<r<1
1, r>1.
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Consider the problem

b1 — EAp= ¢ — ¢ + w(l —1I(¢)*)? inQ, (2.1)
Gt—KA9+b9:g¢t+a¢+ﬁ in Q, (2.2)
o9 06
% = O, % = O, on 89 X (O,T), (23)
¢(0) = ¢0, 9(0) = 90, iIl Q, (24)

1 I
where a = (a1 — a,l)i and 8 = (a1 + a,l)g + b0,
We then have the following existence result.

Proposition 2.1. Let (¢o,00) € H(Q) x HF7(Q), 1/2 < v < 1, satisfying

the compatibility condition % = 6—0 =0 a.e. on IQ. Then there exists (¢,0) €
n n

W (Q) x Wi (Q) solution to problem [R1)-@4) for any fired T > 0, which

verifies the estimate
H¢||W§>1(Q) + ||9||W22’1(Q) < C(||¢0||H1(Q) + 1100l &1 () + 1)7 (2.5)
where C' depends on §2, and some physical parameters.

Proof. In order to apply Leray-Schauder’s fixed point theorem we consider the
following family of operators, indexed by the parameter 0 < A <1,

7.:B— B,
where B is the Banach space
B =L*Q) x L*(Q),

and is defined as follows: given (¢,0) € B, let T5(¢,0) = (¢,0), where (¢,0) is
obtained by solving the problem

@—¥A¢—w—¢%=AQ%§@a—H@VFin@ (2.6)
0, — KAO + b0 = g¢t+a¢+ﬂ in Q, (2.7)
0 00
%z& %:0 on 90 x (0,7T), (2.8)
?(0) = ¢o, 6(0) =6y in Q. (2.9)

Before we prove that 7 is well defined, we observe that clearly (¢, 8) is a solution
of — if and only if it is a fixed point of the operator 7.

To verify that the operator 7, is well defined, observe that since 6 e L?(Q) and
|(1—TI(¢)?)?| < 1, we infer from [8, Theorem 2.1] that there is a unique solution ¢
of equation with ¢ € W3 (Q) satisfying the first of the boundary conditions
23).

Since ¢ and ¢; € L?(Q), according to LP-theory of parabolic equations [9, The-
orem 9.1] there is a unique solution # of equation with 0 € W3 (Q) satisfying
the second of the boundary conditions .

Therefore, for each A\ € [0, 1], the mapping 7, is well defined from B into B.
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To prove continuity of 7, let (g?)n, én) € B strongly converging to (qAS, é) € B; for
each n, let (¢, 0,) the corresponding solution of problem

0 _ Gn n .
b~ @86, — (00— ) =220 @ we @)
One — KA, + b0, = gqﬁnt—l—a(bn—l—ﬁ in Q, (2.11)
Odn 90,
a(i =0, o = 0 ondQx(0,T), (2.12)
n(0) = ¢o, 0,(0) =0y in Q. (2.13)

Next, we show that the sequence (¢, 0,) converges strongly to (¢,0) = T,\(q3, é)
in B. For that purpose, we will obtain estimates, uniformly with respect to n, for
(¢n,0,). We denote by C; any positive constant independent of n.

We multiply successively by ¢y, ¢,; and —Ag,,, and integrate over Q x
(0,t). After integration by parts and the use of Holder and Young inequalities, we
obtain the following three estimates

1 t
7/ \¢n|2d“f+/ /(62|V¢n|2+|¢n\4) da ds
2 Ja 0 Jo

¢ (2.14)
=G +02/ / (|én|2 + |¢n|2) dx ds,
0 JQ
1 [t 2 o 2
3 [onaast [ (Givor %t %) o
2 0 JQ Q 2 4 9 (2 15)
t R .
501+C2/ / 16,2 dz ds,
0 Q
1 2 [t
,/ |V¢n|2dq:+—/ /|A¢n|2d1’ds
o S (2.16)

t
< +02/ / (|v¢n|2 + |9n|2) dz ds.
0 Ja
By multiplying (2.15]) by % and adding the result to (2.14)) we find
t
/(I¢n|2+|wn|2+lo>nl4) dxsclwz/ / (\9n|2+|¢n|2) d ds.
Q2 0 Jo

Since |0, || £2(@) is bounded independent of n, by using Gronwall’s lemma we deduce
that

|Pnll oo (0,711 (2)) < Ch- (2.17)
Then, thanks to estimates (2.14)-(2.16)) we arrive at
[&nllL20,m:m2(0)) + [9nillL2(@) < Ch- (2.18)
Next, from LP-theory of parabolic equations applied to equation (2.11)) we have
10nllwz1q) < Crllbollar ) + ¢nillL2@) + l1dnllL2@) + 1) (2.19)

We now infer from (2.17),(2.18) and (2.19) that the sequence (¢, 6,) is bounded
in W}'(Q) and in

W = {ve L>0,T;H (), v; € L*(0,T; L*(Q))} .
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Since W2 (Q) is compactly embedded in L2(0,T; H'(Q)) and W in C([0, T]; L2(£2))
[13, Corollary 4], it follows that there exist

(,25, e L2(OaT7 H2(Q)) n LOO(OaTa Hl(Q)) with ¢t7 025 € L2(Q)a

and a subsequence of (¢,,68,) (which we still denote by (¢,,6,)), such that, as
n — +o00o,

(6ns0n) = (6,6) in (L2(0, 75 HY(Q)) N C([0, T ()" strongly,
(6ns0n) = (6, 0) in (W2H(Q))? weakly.

It now remains to pass to the limit as n tends to +oo in —. Since
the embedding of W2 (Q) into L2(Q) is compact [10], we infer that ¢3 converges
to ¢ in L?(Q). Moreover, since (1 — II(-)?)? is a bounded Lipschitz continuous
function and ¢, converges to ¢ in L2(Q), we have that (1 — II(¢,)2)2 converges to
(1 —11(¢)%)? in LP(Q) for any p € [1,00). We then pass to the limit in and
get (2.6).

From convergence , it is easy to pass to the limit in and conclude
that holds almost everywhere.

Therefore 7, is continuous for all 0 < A < 1. At the same time, 7, is bounded
in W2H(Q) x W2 (Q) but, the embedding of this space in B is compact. Hence,
7, is a compact operator for each A € [0, 1].

To prove that for ((57 é) in a bounded set of B, T is uniformly continuous with
respect to A, let 0 < Ay, A2 < 1 and (¢4, 6;) (i = 1,2) be the corresponding solutions
of (2.6)-(2.9). We observe that ¢ = ¢1 — ¢ and 6 = 61 — 65 satisfy the problem

(2.20)

¢r — AP =¢(1 — (¢7 + d1¢2 + ¢3))

B A (2.21)

+0u =) (P00 g2) mo,
0, — KAQ + b0 — gqst Yad mQ, (2.22)
g—ﬁ =0, g—z =0 ondQx(0,T), (2.23)
#(0)=0, 6(0)=0 inQ. (2.24)

We remark that d := ¢2 + ¢1¢2 + ¢3 > 0. Now, multiply equation (2.21)) by ¢ and
integrate over €2 x (0, t); after integration by parts and the use of Holder and Young
inequalities we obtain

/Q|¢|2dx+/0t/ﬂv¢|2dxds

t t
< 01/ / |¢|? da: ds + Ca| Ay — )\2|2/ /(|é|2 + 1) dz ds.
0 JQ 0 Q

By applying Gronwall’s lemma we arrive at

||¢||2L°°(O,T;L2(Q)) + H¢||%2(O,T;H1(Q)) < CrA = Al (2.25)
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Multiplying (2.21]) by ¢; and using Holder inequality, we get

t 2
//Q\qﬁt|2da:ds+6—/ |V o|2dx
0
<C’1//\¢|2da:ds+ //|¢t| dx ds
2/5
+Cy //|¢>|10/3da:ds //|d\5dazds>
0 JQ

+ Gyl — AQ\/ (62 + 1) da ds.
Q

Since VV22 1(Q) — L19(Q), the following interpolation inequality holds
1617105y < 1101521 ) + ClI#llE2(q) for alln > 0.

Moreover, since ||d||z5(qg) < C, with C' depending on [|¢;||z10(qy, i = 1,2, by rear-
ranging the terms in the last inequality, we obtain

/ [t dzas+ [ (vopas <cy / [ 10 dads - ConlolFy,
0

(2.26)
+ C3|A\; — /\2|2/ /(|é|2 + 1) dx ds.
0 Jo
Multiplying (2.21)) by —A¢, we infer in a similar way that
t
/ |V¢|2dx+/ / |AG|2dwds
Q 0 Ja
t
<o [ [ (6 + VoP) dods + Canlolfyzng @20
0 2

t
+C3|>\1—/\2|2/ /(|é|2+1)dxds.
0o JQ

By taking 1 > 0 small enough and considering (2.25)), we conclude from (2.26]) and

227 that

||¢HW2 1) T 10l @) < Cild = Aol (2.28)

Next, by multiplying (2.22) by 6, integrating over  x (0,¢) and using Holder
inequality we have

t t
/|0|2dx+/ /|V0\2da:ds§01/ /(\¢t|2+|a5\2+\9|2)dxds.
Q 0o JQ 0o JQ

Thus, by using Gronwall’s lemma and (2.28]), we infer that
1011 0,7 2202y < C1 [A1 = Aa]?. (2.29)

It follows from (2.28]) and (2.29)) that 7, is uniformly continuous with respect to A
on bounded sets of B.
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Now we estimate the set of all fixed points of 7. Let (¢,8) € B be such a fixed
point, i.e. a solution of the problem

(O —0)

61— 09— (¢ — ¢) = A= (1 - 11(9))? in Q, (2.30)
0, — KAO + b9 = g@ +ag+B inQ, (2.31)
0 00
8—220, 8—n=O on 09 x (0,7, (2.32)
d)(O) = ¢0, 9(0) = 90 in Q. (233)

First, we multiply equation (2.30)) successively by ¢, ¢; and —A¢, and integrate
over ). After integration by parts, using Holder and Young inequalities we obtain

331 [L1oPde+ [ (@IV6P 1o do < €t Co [ (0F +10P)do, (230

d 1 1
1 2 a € 2, Lya Lo < 2
2/Q|¢’t| dx+dt/ﬂ(2v¢| + 1ol — 319 )dmCl-l—Cg/Qw dz, (2.35)

1d 2
5&/ ‘V¢‘2d:v+/ %|A¢|2dx <y +C’2/(|9|2 + [Vo|)da. (2.36)
Q QO Q

Next, by multiplying (2.31) with 6, arguments similar to the previous ones lead to
the following estimate

2dt/ 0% dx +K/ |VO|?dx < - /|¢t|2dx+01/(|9\2+|¢\ Ydz.  (2.37)

Now, multiply (2.35) by 1 and add the result to (2.34)), (2.36)) and ([2.37)) to obtain
2
d 24 ¢ 2, 4, 1o
G | (G0 + (GH3) Vol + Gloit + 5167 da
2
+/ (62|V¢I2+I¢\4 + §|¢tl2 + %|A¢|2 +K|V9|2)do: (2.38)
Q

<+ Ca [ (107 + 16 + V67?) do
Q
Integrating with respect ¢ and using Gronwall’s lemma we find

9l Lo 0,321 (2)) + 101l L= 0, 1:22(0)) < C1,
where C1 is independent of A\. Therefore, all fixed points of 7, in B are bounded
independently of A € [0,1].

Finally, observe that the equation . —7(x) = 0 is equivalent to say that problem
— for A = 0 has a unique solution. This is concluded reasoning exactly as
in the beginning of this proof, when we proved that 7, was well defined.

Therefore, we can apply Leray-Schauder’s fixed point theorem, and so there is
at least one fixed point (¢,0) € BN W2 (Q) x W' (Q) of the operator Ti, i.e.,
(¢,0) = T1(¢,0). This corresponds to a solution of problem —.

To prove estimate , observe that from it follows

||¢HW22’1(Q)+||9HL2(O,T;H1(Q))HLOO(O,T;Lz(Q)) < C(||¢0HH1(Q)+||90||Lz(g)+1). (2.39)

To obtain an estimate for ||0||W22,1 @) We apply LP-theory of parabolic equations

101121 ) < C (100l (0) + [ 0ellL2(@) + 16l 22 (@) +1)-
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Using (2.39) we deduce the desired estimate. The proof of Proposition [2.1] is thus
complete. ([

3. EXISTENCE AND UNIQUENESS

In this section, we prove the well-posedness of problem (|1.1)-(1.4). We begin
with the following existence result.

Theorem 3.1. Let be given functions satisfying: ¢o, 0o € H*T(Q) with 1/2 <
oo 00y

v < 1, the compatibility condition B = on 0 a.e. on 0N and such that
n n

—1< o <1 a.e inQ. Then there exists (¢,0) € Wi (Q) x W3 (Q) solution to
problem (1.1)-(1.4) which satisfies
—1<¢<1 foralltel0,T] and a.e. in .

In addition to that the following estimate
H¢||W22'1(Q) + ||0HW22’1(Q) < C(lleoll () + 0ol () + 1) (3.1)
holds with C depending on ), T and the physical parameters.

Proof. Observe that it suffices to show that a solution (¢,0) € W3 (Q) x W3 (Q)
to auxiliary problem — with —1 < ¢g < 1 a.e. in € satisfies —1 < ¢ < 1.
In fact, if —1 < ¢ < 1 by definition of the operator II we have that II(¢) = ¢ and,
subsequently, (¢,6) will be a solution of the original problem (L.1))-(1.4).

First, we prove that if ¢g < 1 a.e. in Q then ¢(t) < 1 for all ¢ € [0,7T] and a.e.
in . Let us consider the positive part of (¢ — 1) namely (¢ —1)* = max(¢ — 1,0).
According to [7], we have that V(¢ — )T = Vo if ¢ —1 > 0 and V(¢ — 1)T =
otherwise. Similarly, we have (¢ —1);” = ¢; if #—1 > 0 and (¢—1); = 0 otherwise.

Multiplying equation by (¢ —1)T and integrating over Q x (0,t), for any
0<t<T, we obtain

t
16 = 1" ()72 +62/0 IV(¢ = 1)FlZ2(qds

160~ ) ey + [ [ (00 + P20 mep )6 - 1 doas.

Since ¢y < 1 one has that |[(¢o — 1)T|z2(0) = 0. Moreover, if ¢ < 1 the last
integral vanishes. Now, observe that if ¢ > 1 we have that (¢ — ¢3)(¢ — 1)T =
é(1 — ¢?)(¢p — 1) < 0 and TI(¢) = 1. Thus (1 — I(4)?)? = 0 and so we can
conclude that
(6 = )" ()72 <0, forall0<t<T.

Therefore, (¢ — 1)+ (¢) = 0 for all 0 < ¢ < T and a.e. in £, which implies that
¢(t) <1lforall 0 <t<T and a.e. in .

Next, we prove that if ¢g > —1 a.e. in Q then ¢(t) > —1 for all ¢ € [0,T] and
a.e. in Q. For this we consider the negative part of (¢ + 1) namely (¢ +1)” =
max(—(¢ + 1),0). By multiplying equation by —(¢ + 1)~ we obtain

t
16+ 1)~ ()2 + € / V(6 + 1) 2 ds

o+ 1) Ty + | [ (=0 O =004 11(6)2)2) (~(0 + 1)) dv s,
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Similarly as before, since ¢ > —1 we have that ||(¢o + 1)7||z2(q) = 0. Moreover,
if ¢ > —1 the last integral vanishes. Now, observe that if ¢ < —1 we have that
(0= ¢°)(=(@+1)7) = d(1 - ¢)(1+¢)(—(¢+1)7) < 0and II(¢) = —1. Thus
(1 —I1(¢)?)? = 0 and we deduce

1@+ 1)~ ()72 <0, forall0<t<T.

0 for all 0 < ¢t < T and a.e. in €2, which implies that

Therefore, (¢ + 1) (t) =
t <T and a.e. in 2. The proof is then complete. O

¢(t) > —1forall 0 <

We will prove stability of the solutions which will give us uniqueness at the same
time. We will denote by C' a positive constant that may change from one relation
to another.

Theorem 3.2. Let be given functions satisfying: ¢b, 05 € HT7(Q) with 1/2 < v <
09, _ 965

=0 a.e. on N and such that —1 < ¢} <1 a.e. in Q,i=1,2. Let
n

o on
(¢i,0;) be the corresponding solutions to problem (L.1)-(1.4). Then the following
stability estimate holds

61 = P2llwzaq) + 101 — ballyyza oy < Cllés — S3llmi(e) + 166 — O3l ()
where C' depends on ||¢>Z-HW22,1(Q) and HHZ'HW;,I(Q),
Proof. We observe that ¢ = ¢1 — ¢2 and 0 = 01 — 0, verify the following problem
¢ — 00 =d(1 — (¢7 + dr1¢2 + 63))

_ _ 3.2
9t—KA9—|—b9= g¢t+a¢ in Q, (33)

15] 00
8%:07 a—n:O on 09 x (0,7, (3.4)
$(0) = ¢ — &5 = do, 0(0) =05 — 63 =6y in Q. (3.5)

Now, using the identity (1 — ‘Zﬁ)Q - (1= ¢’§)2 = ¢(¢1 + ¢2)(¢% + (Z% — 2) equation
(3.2) can be written as

0
b0 = 06 = §(1— (6 + d162 + 63)) + ~5-6(61 + 62)(67 + 63 — 2)
+ 506001+ 62)( + 03 —2) + 500 — )
Since |¢;| < 1, from LP-theory of parabolic equations we have

1¢lhwz1 ) < Cllldollz@) +1I¢llz2(@) + 10llz2(@) + 1016]L2(0))

and

H9||W22=1(Q) < C(H90||H1(Q) + ||¢t||L2(Q) + ||¢’||L2(Q))
< C(10ollmr ) + llPollmr ) + 10l L20) + 1101l L2(q) + 1019l L2(0)) -
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The L?-norm of 6;¢ can be bounded by using Hélder inequality and the Sobolev
embedding

’ 2 2 1/2
1002 < (| 101 s 101 )

< Cl01 Lo 0,731 () |01l 20,7357 () -

Thus, we conclude that

||¢||W22’1(Q)+||0||W22*1(Q) < O(H%HHl(Q)+||90||H1(Q)+||‘9||L2(Q)+H¢||L2(0,T;H1(Q)))-

(3.6)

To obtain estimates for ¢ and 6 we return to equations (3.2))-(3.3) and use stan-
dard techniques. We first deduce that

1d
5 31190 + V0l < Ol + 161 + [ 161]167d0)
where we used that |¢;] < 1.

The last term can be bounded by using Holder and Young inequalities

/Q|91| |02z < 1011|240 9]l L 0]l L2 ()

2
€
< Cll01l1F o (0,751 () 1911 T2 2y + §||V¢||2L2(Q)-
By rearranging terms we arrive at
d
Iz () + €1VElIZ0) < CloN72 () + 101172 ())-

Next, by multiplying equation (3.3]) by 6, we obtain, for any n > 0,

1d
5@”%%2(9) + K|VO|I72 ) < nlldelZ2) + CI161 720 + 101720))-

By integrating in time we deduce from the above relations that
t
[61172) + 11011720 +/0 (IVelZ2q) + IVO72(0y)ds

t
< C(lldoll720) + 10011720 +/0 (181172 + 1017 20)ds) + nlldelZ2(q)

Taking 7 small enough and using (3.6|) yields
t
6l + 1910y + | (9012 + V03 )

t
SC(II%H%I(Q)+||9o||in(m+/0 (I¢ll72(0) + 101172(0))ds)-

Gronwall’s lemma implies

t
o1z () + 10172 +A (IVoll72@) + VOL2(q))ds
< C(llgollzr ) + 1160l F(q))-

By plugging this in (3.6)) we obtain the desired stability result. O

Corollary 3.3. Let assumptions in theorem be fulfilled. Then there exists a
unique solution (¢,0) € W2 (Q) x W2 (Q) to problem (T.1)-(T.4).
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Remark 3.4. The results stated in Theorems [3.1] and [3.2] still hold, exactly with
the same proofs, for initial conditions ¢y and 6y in any functional space including

0
H'(Q) and for which it makes sense to require that % = % = 0 a.e. on 0N
n n

in order to apply LP-theory of the parabolic linear equations. Moreover, a weaker
version of theorems hold, with a natural weaker formulation of -, for initial
conditions ¢q and g just in H*(£2). For the proof, it is enough to take sequences in
HY™(Q) with 1/2 < v < 1 satisfying the compatibility condition and converging to
#o and 6y in H'(Q2), and then to consider a sequence of approximate problems with
these initial conditions. Since the sequence of approximate solutions will satisfy
estimate , it will be possible to pass to the limit and recover a solution of the
original problem.

We will prove a regularity result under the additional assumption that the ini-
tial data are smooth enough by using LP-theory of the parabolic linear equations
together with bootstrapping arguments.

2

Theorem 3.5. Let p > 2. Let be given functions satisfying: ¢g, 0y € W;iE(Q) N
0
HY(Q) with1/2 < v <1, 88% = % =0 a.e. on 0Q and such that —1 < ¢y <1
n n
a.e. in Q. Then the unique solution to problem (L.1)-(1.4) satisfies
(4,0) € W (Q) x W' (Q).

Proof. According to theorem and corollary there exists a unique solution

(6,0) € W2H(Q) x W2 (Q) to problem (T.1)-(T.4). Since |¢| <1 and Wy (Q) —
L9(Q) from LP-theory of parabolic equations applied to the phase-field equation

we have that ¢ € Wfdl(Q) and, subsequently, from the temperature equation we
conclude 4 € leo’l(Q). Now, since leo’l(Q) — L*>(Q) by applying again LP-
theory of parabolic equations we conclude that ¢ € Wg’l(Q) for any p > 2 and
consequently 6 € Wg’l(Q) for any p > 2. O
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