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OSCILLATORY BEHAVIOR FOR SECOND-ORDER DAMPED
DIFFERENTIAL EQUATION WITH NONLINEARITIES
INCLUDING RIEMANN-STIELTJES INTEGRALS

ERCAN TUNGC, HAIDONG LIU

ABSTRACT. In this article, we establish new oscillation criteria for forced
second-order damped differential equations with nonlinearities that include
Riemann-Stieltjes integrals. The results obtained here extend related results
reported in the literature, and can easily be extended to more general equa-
tions of the type considered here. Two examples illustrate the results obtained
here.

1. INTRODUCTION

This article concerns the oscillatory behavior of the forced second order differ-
ential equation with a nonlinear damping term,

(r(®)dal@ (1)) +p()dal@’ (£) + f(t,2) = e(t), t>to >0, (1.1)

with
b

f(ta'r) = Q(t)¢oc('r(t)) + / g(tv S)¢7(t,s)+a70¢,@(t) (x(t))dg(s), (1'2)

a
where a,b € R with b € (a,00), a > 0, and ¢, (u) := |u|* sgnu.
In the remainder of this article we assume that:
(i) r,p,qande: [ty,0) — R are real valued continuous functions with (¢) > 0;
(ii) ¢ : [to,0) X [a,b] — R is a real valued continuous function;
(iii) G : [to,00) — (0,00) and 7 : [tg, 00) X [a,b] — R are real valued continuous
function such that (¢, -) is strictly increasing on [a, b], and

0<v(t,a) <ab(t) <~(t,b) and af(t) <~v(t,a)+«, fort> ty; (1.3)
(iv) € :[a,b] — R is a real valued strictly increasing function.

Here | f f(s)d¢(s) denotes the Riemann-Stieltjes integral of the function f on [a, b]
with respect to &.

As usual, a nontrivial solution z(t) of equation is called oscillatory if it has
arbitrary large zeros, otherwise it is called nonoscillatory. Equation is said to
be oscillatory if all its solutions are oscillatory.
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We note that as special cases, when a@ = 1 and p(t) = 0, equation (|1.1)) reduces
to the equation
b

(r(®)2'(t))" + q(t)2(t) +/ (L, 8)bry(t,5)+1-p(r) (2(1))dE(s) = e(t) : (1.4)

a

when p(t) =0, 5(t) = 1, v(t,s) = v(s) and a = 0, equation (1.1)) reduces to

b
(r(t)a (@' (1)) + a(t)da(@(t)) + /O g(t, 8) by (s) (x(t))dE(s) = e(t); (1.5)

and when £(s) is a step function, the integral term in the equation (1.5 reduces to
a finite sum and hence equation (1.5) becomes

(r(t)da(@’ (1) + a()dalz(t)) + Y ai(t)da, (x(1)) = e(t). (1.6)
=1

In recent years, differential equations and variational problems with variable
exponent growth conditions have been investigated extensively. We refer the reader
to [II, 2 [7, 8, 10, M3, 14, 16, 17, 08]. The study of such problems arise from
nonlinear elasticity theory and electrorheological fluids, see [10, [I8]. At the same
time, some results on the oscillatory behavior of solutions of equations with variable
exponent growth conditions were established in [9, [19] and the references therein.
On the other hand, many authors have been interested in differential equations
with nonlinearity given by a Riemann-Stieltjes integral f: f(s)d€(s). Because the
integral term becomes a finite sum when £(s) is a step function and a Riemann
integral when &(s) = s. We refer to [B], 9], [12] for more information. In particularly,
Liu and Meng [9] discussed equation , Hassan and Kong [5] studied equation
[T3).

Motivated by the above, we will establish interval oscillation criteria for the
general equation which involves variable exponent growth conditions. Our
work is of significance because equation not only contains a a-Laplacian term
but also contains a damping term and allows nonlinear terms given by variable
exponents. It is our belief that the present paper will contribute significantly to
the study of oscillatory behavior of solutions of second order damped differential
equations with nonlinearities given by Riemann-Stieltjes integrals.

The paper is organized as follows. In Section 2 we establish interval oscillation
criteria of both the El-Sayed type and the Kong type for equation . In Section
3 we apply our theory to two examples.

2. MAIN RESULTS

In the following, we denote by L¢[a,b] the set of Riemann-Stieltjes integrable
functions on [a,b] with respect to . We further assume that for any ¢ € [tg, 00),
Y(t,-), 1/7(t,-) € L¢la,b]. To obtain our main results in this paper, we need the
following lemmas.

Lemma 2.1 ([]). If X and Y are nonnegative and A > 1, then
AXYAE XA < (A= 1)V,
where equality holds if and only if X =Y.

The proofs of the following lemmas are similar to those of [0, Lemmas 2.1 and
2.2] and so the proofs will be omitted.
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Lemma 2.2. Assume that (iii) and (1.3|) hold. Let h = sup{s € (a,b) : v(t,s) <
af(t), t € [to,0)}, and set

my(t) := /hb (’)éy(ﬂ:(;)) (/hb d{(s))_ldf(s), t € [tg, ),

ma(t) = /ah ji(st))(/ahdg(s))_ldg(sL t € [to, 00).

Then for any function 0 satisfying 0(t) € (m1(t), ma(t)) fort € [to, 00), there exists
a function n : [tg,00) X [a,b] — (0,00) satisfying, for any t € [tg,0), n(t,:) €
Le¢la, b, such that

b
/ At $)n(t, $)dE(s) = af(),  (t.5) € [to, 00) X [1.1], (2.1)
b
/ 0(t, $)dE(s) = 6(t), (£, 5) € [to,00) X [a, . (2.2)

Lemma 2.3. Let 0 : [tg,00) — (0,00) and 7 : [tg,00) X [a,b] — (0,00) be functions
such that n(t,) € Lela,b] for any t € [to,00) and (2.2)) holds. Then, for any
function w : [tg, 00) X [a,b] — [0, 00) satisfying, for anyt € [ty,00), w(t,-) € Lela, b],
we have

b b
[ it syt e > exo (5 [ nte s mpu o). @)

where we use the convention that In0 = —oo and e~ = 0.

Following El-Sayed [3], for ¢, d € [tg, 00) with ¢ < d, we define the function class
E(c,d) :=={u € Clle,d] : u(c) = 0 = u(d),u # 0}. Our first main result provides an
oscillation criterion for equation (|1.1)) of the El-Sayed type.

Theorem 2.4. Suppose that for any T > tg, there exist T < a1 < by < ag < by
such that fori=1,2,
g(t,s) >0 for (t,s) € [a;, bi] X [a,b], (2.4)
(=1)e(t) >0 fort € [ai, b

Let 0 be a function satisfying 0(t) € (m1(t), B(t)] fort € [to,00), and n : [tg,00) X

[a,b] — (0,00) be a function such that 1/n(t,-) € L¢la,b] and (2.1)-(2.2) hold.
Suppose also that for i = 1,2, there exists a function u; € E(a;,b;) such that

bi
| Bo@ s = s ofui(e) e > o, (26)

i

where
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(B2(t) — 6(£)B(t) + 0(t)) [e(t))] ) sy
t t

0(t)
X exp (ﬁ B = 0050 00 [ln (52(75) —6(t)B(t) + 6( )) (2.7)
Jo m(t, ) In £e25de(s)
* 70 /)
Here we use the convention that In0 = —oo0, e~ =0, and 0° = 1 due to the fact

that lim,_,o+ t* = 1. Then equation (1.1)) is oscillatory.

Proof. Assume that has an extendible solution x(¢) which is eventually positive
or negative. Then, without loss of generality, we may assume that there exists
t1 € [to,00) such that z(¢) > 0 for all ¢t > ¢;. When z(t) is an eventually negative,
the proof follows the same way except that the interval [ag, bs] instead of [aq, b1] is
used. Define the function w(t) by

i) — s 00O 29
Then, in view of and , we obtain
w' (1)
_ st ><z>a<x (1)) (r(t)ga (@' (1) r(t)ga(@'(t) (da(x(t))
=0 ) o[- Pa(x(t)) (da(z(t)))?
— §l(t)r(t)izgf) (t)) _ 6(t) ( )xagt) (t)) o 5(t)q(t)
’ (L)1) (t)
-5) [ att.5)(@(0) dt(s) + 500 5
- adyr(n )
_ ’ v (t,s)—aB(t e(t)
= =8(0a(t) = 50) [ at.5) (@(t) 0 de(s) + 5000 S0 (2.9)
- adr(n L)
b
— y(t,s)—aB(t B(t)
= —8(t)a(t) — 5(1) / 9(t,5) (@(®)""" 7 de(s) + 8(6) 505
J}/ a+1
—ad(t)r(t) | zo(zi)1| @
b
- _ s y(t.5)—aB(®) e(t)
==5(0a() = 5) [ glt.5) () d8(s) + 3(0) Sk
I 0]
(6(e)r(B)V/
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From the assumption, there exists a nontrivial interval [a1, b1] C [¢1, 00) such that
and hold with ¢ = 1. Next, we consider two cases: case (I) 0(t) = 5(¢),
and case (II) 6(¢) € (m4(t), B(t)).

Assume that case (I) holds. Then, in view of 7 and , we see that,
for t € [al, bl],

b
w'(t) < —6(t)q(t) — (1) / o(t, ) (2(®) "7 gg(5) — aL0DI

|
a (0@)r(t)

Clearly, from the assumption on 7, we have that

b
/ 0(t. 5) ((t, 5) — aB(t)) dé(s) = 0. (2.11)

From ([2.11)) and Lemma we obtain, for ¢ € [ag, b1],
b
[ ot e ae(s)

b
= [ atton e s)ate) () I de)
b

1 -1 A (t,s)—aB(t)
> e (55 / n(t, $) (B (¢, $)g(t. 5) ((1)) Jaz(s))
b

/ n(t, s) (Bt~ (t, s)g(t, s)1dE(s)

1
= (575
1/ ¥(t,5)—aB(t)
+7ﬁ(t)/¢; n(t,s)ln[(x(t)) ]df(s))
1 b
= exp (ﬁ(t)/ n(t,s In

)
b
In z(t) n(t, ) (v(t, s faﬂ(t))dﬁ(s))

a

)~ (¢, 5)g(t, 5))dE(s)

+

[5(t)
50) )
b
= exp (g7 [t m (600~ (90t 0)] de(o)
1 b
= exp (WO + 555 [ a9 n o (e s)g(e. )] ()
Using this in , we see that, for ¢ € [aq, by],
w'(t) < —6(t)q(t) — 6(t) exp (1nw<t>1

- 57;/0[ (2.12)
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Multiplying both sides of (2.12)) by |uy(t)|**!, integrating from a; to by, and
using integration by parts, we obtain

b1
3()Q(t)|ur (t)|*+ dt
= - b1|ul(t)\aﬂw'(t)dt—a " g (1) 01 L2

_w®
- ay a a(t)r Ve
i . (@@t)r(t) - (2.13)
=(a+1) 5 bo(ur (t))u) (H)w(t)dt — a 5 |u1(t)|a+1Wdt
by wlt)
< [ o+ Dl @lhoto)] - ofus (0 S
Applying Lemma [2.1] with
(o m@et ao\VA L atl o a(§@r@)FE o e
X = (0G0 ) A= Y = (S )
we see that
oy - ) / yjat
(e Dl (e (Ol (8)] = alun ()1 o < SOl 0)

substituting this into (2.13)) gives
by
/ [BEQ@)ur ()[* = 8(t)r(t)|uy ()[* ]t < 0,

which contradicts (2.6 for i = 1.
Next, assume that case (II) holds. From ([2.2)) and (2.5)), we have

b
5(0) [t o)1 5O ae(s) — 51020

b
_ )z (BB —aB(t) _ e(t) n(t,s) s
o0 [ latt9)late) A ats) -
— ’ v(t,s)—apB(t |€(t)| 77(t73> .
= 3(0) [ ot ol -0+ SOLIR I ag(s)
b
= 4(t) / ”é’”;’t ? [nft(t)s)g(t,s)[x(t)]'Y(t’s)_aﬁ(t) + m]dﬁ(s).
If we let
- 0(t) ORI
P=mm ewsm e T B -ewsn Lo )
A= /62(t) B e(t) (t) + a(t) g(t, S)[x(t)]y(it,s)fozﬁ(t)7 B = } |€(t)| (216)

qxo(t)’
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then from the Young inequality (pA + ¢B > APBY where p+¢ =1, p,q > 0,A >
0,B > 0), we get

o(t gl(t, )[x(t)]v(t,s)—aﬁ(t)+M

n(t,s) z(t)
> (ﬁQ(t) S g s (L)'
)~ 0080 + 00 NDNT s
:( o(.5) g(t78)> ( p ) [2(t)] OV Bo)—aB®)p—a
_ ( °(t) - 9((i)ﬁ§t) + 9(t)g(t’S))P<Ie(t)l)q[x(t)]%m_
ne, s q
By and , we get
b
/ n(t, s)[y(t,s)0(t) — aB?(t)]dé(s) =0, for any t € [t,0). (2.18)
From (2.14)-(2.18) and Lemma [2.3] we see that, for ¢ € a1, b1],

b
([ 5)—aBO ge o) e(t)
§(t)/a g(t,s)[z(t)] de(s) 5(t)xa(t)

P n(t.s) (B2(t) — 0(1)B(E) + 0(t) Prle(t)\9
25(’5)/@ 0 ( (s 9(05)) ()
(1)) 5 40 de (o)

> 6(t) exp (% /abn(t 9o {(52(0 _fy((?i;t) +6(t)g(t7s))p

(t,5)0()—ap?(t)
% (M)q[x(t)]a%é) 9<i)ﬁ<t>+et<t ] 5))
q
o(

5(t)exp<9(1t)/abn(t,s)ln{< 1)~ (t) g) o) (,s))p(kg)')q}dg(s))
(t

b A(t,5)6(t) —
<o (5 19 3 250 1o

(
sty [ (ZEL=S ) (0 Y
nz(t) b 2
X exp (%W(t)—;(t)ﬂt(t)+9(t)/ [”y t)—af (t)}d{(s))
= §(t) exp (GL;) bn(t s)In [52( )= 77((15)7 Sgt) + 0t )g(t7 s)] dé(s)
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e a b
= 5(0('?) exp (% In (5°(t) — 6(t)B(t) + 6(t)) /a n(t, s)d&(s)

p [ g(t,s)
+0(t)/a n(t, s)In n(t,s)d5(5)>
(B2(t) — 6(1)B(t) + 6(t)) le(t)] ) e e T
(

=90 0 — s
()
xexp ( OO e [1n (82() = 6(1)B(1) + 0(1))
g(t, s)

1 b
— t,s)1 d .
+ g0 [ e m EEac)])
Then from (2.9) and above inequality, we have

(B2(t) — 6(£)B(t) + 0<t>>|e<t>|)m
32(t) — 6(6)B(t

)
In (8°() — 0(1)B(t) + 6(t))

W/(t) < =8(t)a(t) — (1)

X exp ( 6(t) [
00— 000)500) 1 000 010
1 g(t, s) w(t)|“= '
0] / ) TS0 ) o g e
fu(t) |5
=—0()Q(t) — OZW ,

where Q(t) is defined by (2.7) with 6(t) € (m1(¢),5(t)). The rest of the proof
is similar to that of case (I) and hence is omitted. This completes the proof of
Theorem 2.41 (]

Following Philos [II] and Kong [0], we say that for any a,b € R with a < b,
a function H(t,s) belongs to a function class H(a,b), denoted by H € H(a,b), if
H e C(D,[0,00)), where D = {(t,s) : b >t > s > a}, which satisfies

H(t,t)=0, H(b,s)>0, H(s,a)>0 forb>s>a,

and H (t, s) has continuous partial derivative 0H (t, s)/0t and OH (t, s)/ds on [a, b] x
[a, b] such that

H o

O 1,5) = o+ Dt ) H (15,
H (3

O ,5) = o+ Dhalt, )1 5),

where hy, he € Ljo.(D,R).
Our next result uses the function class H(a, b) to establish an oscillation criterion
for equation ([1.1)) of the Kong-type.

Theorem 2.5. Suppose that for any T > to, there exist nontrivial subinterval
[a1,b1] and [az, ba] of [T, 00) such that (2.4) and (2.5)) hold fori=1,2. Let 6 and n

be functions defined as in Theorem [2.4) such that 1/n(t,-) € Le[a,b] and 2.1)-2.2)
hold. Suppose also that for i = 1,2, there exists ¢; € (a;,b;) and H; € H(a;,b;)
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such that
}[(cla)/ 1[(S(S)Q(S)I{i(S,ai) - 5(S)T(S)|hi1(3aaz’)|a+1]ds
R bi (220)
+ m / [6(5)Q(8)H;(bs,s) — 6(s)r(s)|hiz(bi, 8)|*T]ds > 0,

where §(t) and Q(t) are as in Theorem[2.4} Then equation (L)) is oscillatory.
Proof. Proceeding as in the proof of Theorem we again arrive at (2.12)) and

. In view of and , we see that
a+1l
lw(t)| =
(@(t)r ()t
Multiplying both sides of , with ¢ replaced by s, by Hi(s,a1) and integrating
from aq to ¢, we see that

/5 s)H1(s,a1)ds < — /H15a1 s)ds—« / Hi(s,a1) )(:z|);/

Integrating by parts, we obtain

/ 0(s)Q(s)H1(s,ay)ds

w'(t) < =5(t)Q(t) — « t € [ay,by]. (2.21)

€1 _a

< —Hj(c1,a1)w(c) +/ (a+ 1) |h11(s, a)|H{H (s,a1)|w(s)|ds (2.22)

ay

[w(s)] %
-« Hy(s,a1)—=——————ds.
/ d(s)r(s))/e
Applying Lemma [2.1| with

_ f‘ifl(s,al)lw(s)lA x,_atl a(8(s)r(s)) = a
X= (0 e ) A=t Y= (R s a))

we see that
(a+1)|h11(s, 1) [H{ 7 (s, a1)|w(s)| — aHi (s, a1)

< 8(s)r(s)|ha1 (s, a1)|*",
substituting this into , we obtain
/ [0(s)Q(s)Hi(s,a1) — 6(s)r(s)[h11 (s, a1)[*)ds < —Hi(cr, ar)w(er)

1
or

1 “ a+1
m /a1 [6(5)Q(s)H1(s,a1) — 0(s)r(s)|h11(s,a1)|* T ]ds < —w(er). (2.23)

Similarly, multiplying both sides of (2.21)), with ¢ replaced by s, by Hj(b1,s) and
integrating it from ¢; to by, and then applying Lemma we see that

b1
m / 15(5)Q(s) Ha (b1, 8) — 8()r(s)[haa(br, 8)|°F]ds < w(er).  (2.24)
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Combining (2.23)) and ([2.24)), we arrive at

1 ) —o(s)r(s s a1 )9t ds
Hl(clal)/a [6(s)Q(s)Hi(s,a1) — 6(s)r(s)|h1i(s,a1)|*T1]d

1 b
e 1) Hi(b — 0 hao(b atl176 <
o / 5(5)Q(S) Hr (br, 5) — 6()r(s) [ (b, )|+ ]ds <
which contradicts (2.20) for i = 1, and completes the proof. O

Remark 2.6. When p(t) =0, 8(t) =1, a =1, a = 0 and (¢, s) = v(s), Theorems
2-4 and 2.5 reduce to [12, Theorems 2.1 and 2.2]. When p(t) =0, 8(t) =1,a=0
and y(t,s) = (s Theorems 2.4]and [2.5|reduce to [5, Theorems 2.1 and 2. 2] When
p(t) =0 and a = 1 Theorem 2.4 and [2.5| reduce to [9, Theorems 2.1 and 2.2].

3. EXAMPLES

In this section, we will work out two numerical examples to illustrate our main
results. Here we use the convention that In0 = —oo and e = 0.

Example 3.1. Consider equation with o = 2, r(¢ ) =1, p(t) =0, q(t )
Asin 4t with A > 0 is a constant, a = 1, b = 3, y(t,s) = se™*, g(t, s) =1,6(t)=et,
&(s) = s, and e(t) = —f(t) cos2t with f € C[0,00) is any nonnegative functlon
For any T' > 0, we choose k € Z large enough that 2km > T and let a; = 2km,
as = by = 2km + T, and by = 2km + 5. Then, and hold, and we have
mi(t) =2In3e” and ma(t) = 2In2e~*. With

0(t) =de” ", §€(2In(3/2),1], p= %11(231/112;’
~J2pet/s, (t,s) €[0,00) x [1,2),
n(t,s) = {2(1 —p)e_t/s, (t,s) € [O, 00) X [2>3]’

it is easy to verify that (2.1)) and (2.2)) hold. Letting u,(¢) = sin4t for ¢t € [a;, by,
i1 =1,2, and from the definition of Q(t), we see that

t 1-5
Q(t) = Asindt + [(1+ 156 5)f(t)| cos 2t|] =0
de’ -2t -2t e
X exp (m [In(e™?" —de=% + de7 ) — 3/1 n(t, s) Inn(t, s)ds])
=: F(\4,t),
from this and §(t) = 1, we obtain
by /4
5 (t)]us (t)dt :/ F (X, 6,t)sin® 4tdt,
0
/2 _
/ (t)|ua(t)Pdt = —/ F(X,6,t) sin® 4tdt,
where
t+2km

1-6
F(\,0,t) = Asindt + Kl + 3 )f(t + 2km)| cos 2t|] ImokaetER
5et+2k7r

—2(t+2km —2(t+2km —(t+2km
XGXP(WI:IH(C ( )_(Se ( )+§€ ( ))
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et+2k7r
3 / n(t + 2km, s) lnn(t + 2k, s)ds] ),

1

and
" bi 64
S(t)r(t) ()Pt = / 64] cos? atjdt = O

a; a;

Thus, by Theorem we see that (| is oscillatory if f
64/3 and — [7/2 F(), 0, 1) sin® 4tdt > 64/3

ﬂ/4 F(\,6,t)sin 3 4¢dt >

Example 3.2. Consider equation with @ = 3/2, r(t) = 1, p(t) = 1, q(t) =
Asint with A > 0 is a constant, a = 1, b = 3, y(t,s) = s(cos £ + 3), g(t,s) = 1,
B(t) =cost+3,{(s) = s, and e € C[0,00) be any function satisfying (—1)e(t) >0
on [a;,b;] for i = 1,2. For any T > 0, we choose k € Z large enough that 2km > T
and let a; = 2km, az = by = 2km+ 7, by = 2kw+ 5, c1 = 2km+ 5 and ¢ = 2k‘7r—|—%".
Then, it is easy to see that and hold, and my (t) = In2(cos £ + 2) and
ma(t) =3In3(cos L + 2). With

t 3 0—1In2
0(t) = 5(cos§ + 5), de(In2,1], p= m,
n(tos) = {3p<cos; +3)/s  (6s)€[0,00) x [1,3/2),
’ (1 —p)(cos% + %)/8, (t,s) € 0,00) x [/3/2,3],

we see that (2.1) and (2.2)) are valid, and from the definition of Q(t), we obtain

(1=8)(cos £+3)

0 1—8)cos E+3)xs
t) = Asint 1 ] GO F+3)+s
Q(t) = Asin +K +(1_5)(COS%+%)>|6()|]
g ¢ 3 2 t 3 5
Xexp((l—5)(005%4-%)+5[ln((COS§+§) f§(c0s,§+§)
t 3 1 3
+(5(coS§ + 5)) - 5(cos§+§’)/1 n(t, s) 1D77(t,s)ds]),

If we choose H(t,s) = (t — s)°/2, then hy(t,s) = 1, ha(t,s) = —1. Since §(t) = €,
by Theorem we see that (|1.1) is oscillatory if

2km+3 2km+ 5
/ Q(S)es(s—ka)5/2ds+/ Q(s)es(2k7r+7r/4—s)5/2ds > 621c7r(e7r/4_1)7
2

km 2kn+%
and
2km+ 37 2km+ 5
/ Q(s)e’(s — 2km — m/4)>/2ds + / Q(s)e® (2km + /2 — 5)°/%ds
2km+4 2k 3%
> e?kﬂ-(eﬂ/Q _ €7T/4).
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