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Boundary stabilization of a linear elastodynamic

system with variable coefficients ∗

Rabah Bey, Amar Heminna & Jean-Pierre Lohéac

Abstract

We consider the boundary stabilization of a linear elastodynamic sys-
tem, with variables coefficients, by natural feedback. In [5, 7], Guesmia
proved the boundary stabilization of the linear elastodynamic system,
with variables coefficients, under restrictive conditions on the shape of
the domain and on the data of the problem. Here, we propose using local
coordinates in the boundary integrals to obtain stability under conditions
that are only geometrical and less restrictive than those in [5, 7]. We also
extend the boundary stabilization result obtained in [2].

Introduction

Let Ω be a bounded open set of R3 such that its boundary Γ satisfies

Γ is of class C2, Γ = Γ0 ∪ Γ1 with meas(Γ1) 6= 0, Γ0 ∩ Γ1 = ∅. (1)

Let aijkl (i, j, k, l = 1, 2, 3) be a set of functions in W2,∞(Ω× R) such that

aijkl = aklij = ajikl , in Ω× R ,

satisfying for some α > 0 the condition

aijklεijεkl ≥ αεijεij , ´aijkl εij εkl ≤ 0 , in Ω× R (2)

for every symmetric tensor εij , where ´ denotes ∂/∂t (we use the summation
convention for repeated indices). Given x, a point on Γ, we denote by ν(x) the
normal unit vector pointing outward from Ω.

For a regular vector field v = (v1, v2, v3), we define

vi,j = ∂jvi , εij(v) =
1
2

(vi,j + vj,i) , σij(v) = aijklεkl(v) .
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Let A and B be two positive constants. We consider the following problem
introduced by Lagnese [12]:

u′′ − div
(
σ(u)

)
= 0 , in Ω× R+ ,

u = 0 , on Γ0 × R+ ,

σ(u)ν +Au +Bu′ = 0 , on Γ1 × R+ ,

u(0) = u0 , in Ω ,

u′(0) = u1 , in Ω .

(3)

Let L2(Ω) (resp. H1(Ω)) be the space of vector fields v such that every com-
ponent of v belongs to L2(Ω) (resp. H1(Ω)). We introduce the space H1

Γ0
(Ω) =

{v ∈ H1(Ω) /v = 0 , on Γ0} and we assume

(u0,u1) ∈ H1
Γ0

(Ω)× L2(Ω) . (4)

Under this assumption, using semi-group theory, one can show that problem (3)
is well-posed.

The energy functional associated with this problem is

E(u, t) =
1
2

∫
Ω

(
|u′|2 + σ(u) : ε(u)

)
dx +

1
2

∫
Γ1

A|u|2 dΓ .

A boundary stabilization result for this system has been proved by Guesmia [4]
under restrictive conditions on the shape of Ω and on other data of the problem.
We propose here a direct approach by using local coordinates in the expression of
boundary integrals. Our conditions are only geometrical and are less restrictive
than those in works of Guesmia. Our proof is constructive. Furthermore, the
reader will observe that similar conditions have been introduced by Lagnese [11]
for some anisotropic linear elastodynamic systems and by Lasieka and Triggiani
[13] for the wave equation.

For a vector field h = (h1, h2, h3) ∈
(
C1(Ω)

)3 we denote by γh a small
(non-negative) number satisfying

|hm ∂m(aijkl) εkl εij | ≤ γh aijkl εkl εij ,

for all symmetric tensor εij . We assume that there exists a vector field h =
(h1, h2, h3) such that

h ∈
(
C1(Ω)

)3
, h.ν ≤ 0 , on Γ0 , h.ν > 0 , on Γ1 , (5)

and furthermore, there exist αh > 0 and βh ∈ R such that

∀ξ ∈
(
C1(Ω)

)3
,

∫
Ω

σij(ξ)hk,jξi,k dx ≥ αh

∫
Ω

σ(ξ) : ε(ξ) dx + βh

∫
Γ1

|ξ|2 dΓ ,

max
Ω

(div(h))−min
Ω

(div(h)) < 2αh − γh , min
Ω

(div(h)) > 0 ,

(6)
where we can choose βh = 0, if meas(Γ0) 6= 0.

Under the above assumptions, we obtain the following result.
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Figure 1: An example of an open set Ω.

Theorem 1 Assume (1), (2) and (4). If there exists a vector field h satisfying
(5) and (6), then there exists some constant ω > 0 such that the solution u of
(3) satisfies

∀t ≥ 0 , E(u, t) ≤ E(u, 0) exp(1− ωt) .

Remark 1 Since Ω is bounded and Γ satisfies (1), Γ1 is compact. Using con-
tinuity of h and ν given in (1) and (5), we get

∃k > 0 : h.ν ≥ k , on Γ1 .

Remark 2 This result can be applied when h(x) = x − x0 (αh = 1, βh = 0)
and

γh < 2 , Γ0 = {x ∈ Γ /h(x).ν(x) ≤ 0 } , Γ1 = {x ∈ Γ /h(x).ν(x) > 0 } .

Especially, a possible case is Ω = U1 \ U2, where U1 is a convex open set, U2

is a closed set, star-shaped with respect to one of its points, x0, such that
{x0} ⊂ U2 ⊂ U1. (see figure 1)

This case has been studied in [4] for a particular shape of Ω (Γ1 is supposed to
be close to a sphere). Furthermore, this remark can be extended as follows.

Theorem 2 Assume (1), (2), (4) and suppose that

γx−x0 < 2 ,
(x− x0).ν(x) ≤ 0 , if x ∈ Γ0 ,

(x− x0).ν(x) ≥ 0 , if x ∈ Γ1 .

Then there exists a constant ω > 0 such that the solution u of (3) satisfies

∀t ≥ 0 , E(u, t) ≤ E(u, 0) exp(1− ωt) .
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This paper is mainly devoted to the proof of Theorem 1. After introducing
some notations and definitions (section 1), we deal with the well-posedness in
section 2 and conclude with the stabilization in section 3 where the proofs of
Theorems 1 and 2 are given.

1 Notation

In this paper, we use the convention of repeated indices. As usual, we write
tr(τ) = τ11 + τ22 + . . . = τii, v.w = viwi, σ(v) : ε(v) = σij(v)εij(v).

Geometrical notation

We define Ω, Γ, ν as above. Since Γ is of class C2, for every point x of Γ, we
can build a local C2-diffeomorphism φ from an open subset Γ̂ of R2 onto some
open neighbourhood of x in Γ. Then, the following vectors

aα(x) =
∂φ

∂ξα

(
φ−1(x)

)
, α ∈ {1, 2} ,

are independent and generate the tangent plane to Γ at x, Tx(Γ). Furthermore,
we denote by T (Γ) the tangent bundle (see [14] and [18]).

Then, we define

• The metric tensor g related to φ: gαβ = aα.aβ , for all (α, β) in {1, 2}2,

• The inverse tensor of g:
(
gαβ
)

1≤α,β≤2
.

We denote by π(x) the orthogonal projection on Tx(Γ) and, for a given vector
field v : Ω→ R

3, we will write

∀x ∈ Γ , v(x) = vT (x) + vν(x)ν(x) ,
with vT (x) = π(x)v(x) , vν(x) = v(x).ν(x) .

We denote by ∂T (resp. ∂ν) the tangential (resp. normal) derivative. If v is
some regular function, the transposed vector of ∂T v is the tangential gradient
of v and is denoted by ∇T v. We have

∇v = ∇T v + ∂νv ν , on Γ . (7)

Strain and stress

If the vector field v is regular enough, as in [14] and [18], we can write

dv =π(∂TvT )π + vν(∂T ν) + (∂νvT )ν
+ ν ((∂T vν)− vT (∂T ν) + (∂νvν)ν) , on Γ ,

(8)

where v (resp. τ) is the transposed vector (resp. matrix) of v (resp. τ). The
strain tensor ε(v) can be written on Γ as follows

ε(v) = εT (v) + νεS(v) + εS(v)ν + εν(v)νν , on Γ ,
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with

2εT (v) =π(∂TvT )π + π∂TvTπ + 2vν∂T ν ,
2εS(v) =∂νvT +∇T vν − (∂T ν)vT ,
εν(v) =∂νvν .

Similarly, we can write

σ(v) = σT (v) + νσS(v) + σS(v)ν + σν(v)νν , on Γ ,

where σT (v) is a linear symmetric operator field on the tangent plane, σS(v) is
a tangent vector field and σν(v) is a scalar field.

Remark 3 Let v be in H1(Ω). From the previous formulæ, we deduce

ε(v) : ε(v) = εT (v) : εT (v) + 2|εS(v)|2 + |εν(v)|2 , on Γ ,

σ(v) : ε(v) = σT (v) : εT (v) + 2σS(v)εS(v) + σν(v)εν(v) , on Γ .

We will consider the following vector spaces.

• Ls(Tx(Γ)) is the space of linear symmetric operators of Tx(Γ),

• Ls(T (Γ)) is the space of symmetric operators of T (Γ).

Remark 4 ∂T ν(x) belongs to Ls(Tx(Γ)); its eigenvalues are principal curva-
tures of Γ at x.

Some function spaces

Consider a tangent field vT : Γ → T (Γ) with: vT = v1a1 + v2a2. We will say
that vT belongs to L2(Γ, T (Γ)) if v1 and v2 belong to L2(Γ). In L2(Γ, T (Γ)),
we define the following norm

‖vT ‖L2(Γ,T (Γ)) =
(∫

Γ

|vT |2 dΓ
)1/2

, (9)

which is equivalent to the norm: vT 7→
(
‖v1‖2L2(Γ) + ‖v2‖2L2(Γ)

)1/2

. Similarly,

vT belongs to H1(Γ, T (Γ)) if v1 and v2 belong to H1(Γ) and we define a norm
in H1(Γ, T (Γ)) by

‖vT ‖H1(Γ,T (Γ)) =
(
‖v1‖2H1(Γ) + ‖v2‖2H1(Γ)

)1/2
. (10)

A field τT : Γ → Ls(T (Γ)) belongs to L2(Γ,Ls(T (Γ))) if (τT : τT )1/2 : Γ → R

belongs to L2(Γ). We take

‖τT ‖L2(Γ,Ls(T (Γ))) = ‖(τT : τT )1/2‖L2(Γ) . (11)

Remark 5 If vT ∈ H1(Γ, T (Γ)), then εT (vT ) ∈ L2(Γ,Ls(T (Γ))).
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Another useful space is V = {v ∈ H1(Ω) /vT ∈ H1(Γ, T (Γ))} with the norm

‖v‖V =
(
‖v‖2

H1(Ω) + ‖vT ‖2H1(Γ,T (Γ))

)1/2
. (12)

Proposition 1 The expression

‖vT ‖21 =
∫

Γ

(
|vT |2 + εT (vT ) : εT (vT )

)
dΓ .

constitutes a norm equivalent to (10).

Proof. We only need to prove that there exists a constant C > 0 such that

‖vT ‖H1(Γ,T (Γ)) ≤ C‖vT ‖1 , ∀vT ∈ H1(Γ, T (Γ)) .

Assume that such a constant does not exist. Then there exits a sequence
(
v(k)
T

)
such that

‖v(k)
T ‖H1(Γ,T (Γ)) = 1 , ∀k ∈ N ,(

εT (v(k)
T )
)
→ 0 , in L2(Γ,Ls(T (Γ))) ,(

v(k)
T

)
→ 0 , in L2(Γ, T (Γ)) .

Setting v(k)
T = vk1a1 + vk2a2 and vkα,β = ∂vkα

∂ξβ
, we get(

vkα,β + gλαgβµv
kµ
,λ

)
→ 0 , in L2(Γ) .

With α = β, we easily get
(
vk1
,1 + vk2

,2

)
→ 0, in L2(Γ). We have

gαη

(
vkα,β + gλαgβµv

kµ
,λ

)
= gαηv

kα
,β + gβµv

kµ
,η .

This expression vanishes in L2(Γ) as k → ∞. We use (β, η) = (1, 1), (β, η) =
(2, 2) and (β, η) = (1, 2) and get(

g11v
k1
,1 + g21v

k2
,1

)
→ 0 , in L2(Γ) ,(

g22v
k2
,2 + g21v

k1
,2

)
→ 0 , in L2(Γ) ,(

g11v
k1
,2 + g22v

k2
,1

)
→ 0 , in L2(Γ) ,(

vk1
,1 + vk2

,2

)
→ 0 , in L2(Γ) .

Set w(k)
T = gv(k)

T = wk1a1 + wk2a2. From
(
v(k)
T

)
→ 0, in L2(Γ, T (Γ)) and

previous computations, one can easily deduce that sequences
(
wk1

)
,
(
wk1

)
,(

wk1
,1 + wk2

,2

)
,
(
wk2
,1 + wk1

,2

)
vanish in L2(Γ). Thanks to Korn’s inequality in Γ̂,

we get that sequences
(
wk1

)
,
(
wk2

)
vanish in H1(Γ). Hence,

(
vk1
)
,
(
vk2
)

vanish
in H1(Γ). This is impossible. �
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2 Well-posedness

By using semi-group theory [17], we can show that problem (3) is well-posed.

Proposition 2 Assume (2). If (u0,u1) belongs to H1
Γ0

(Ω)×L2(Ω), then prob-
lem (3) has one and only one (weak) solution u which satisfies

u ∈ C0(R+,H
1
Γ0

(Ω)) ∩ C1(R+,L
2(Ω)) .

If (u0,u1) belongs to (H2(Ω) ∩H1
Γ0

(Ω))×H1
Γ0

(Ω) and if

σ(u0).ν +Au0 +Bu1 = 0 , on Γ1 ,

then the (strong) solution of (3) satisfies

(u,u′,u′′) ∈ C0(R+, (H2(Ω) ∩H1
Γ0

(Ω))×H1
Γ0

(Ω)× L2(Ω)) .

3 Stabilization

Following Komornik [9], we will prove here that the energy functional is expo-
nentially decreasing with respect to time. From Lemma 5, to be proved later,
it is sufficient to consider the case meas(Γ0) 6= 0. We recall the following fun-
damental result [9].

Lemma 1 Let E : R+ → R+ be a non-increasing function and assume that
there exists T > 0 such that∫ ∞

t

E(s) ds ≤ TE(t) , ∀t ≥ 0 .

Then we have

E(t) ≤ E(0) exp
(

1− t

T

)
, ∀ t ≥ T .

First, we prove that the energy functional is non-increasing.

Proposition 3 Under assumptions (1), (2), (4), the weak solution u of (3) is
such that u′

√
B belongs to L2

loc(R+,L
2(Γ1)) and ´aijkl εij εkl belongs to the space

L1
loc(R+,L1(Ω)). The energy functional is non-increasing and satisfies

E(u, T )− E(u, S) = −
∫ T

S

∫
Γ1

B|u′|2 dΓ dt+
1
2

∫ T

S

∫
Ω

´aijkl εij(u) εkl(u) dx dt ,

for 0 ≤ S < T < +∞.
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Proof. Assume first that u is a strong solution of (3) (with appropriate initial
data). We can write

E′(u, t) =
∫

Ω

(
u′.u′′ + σ(u) : ε(u′) +

1
2

´aijkl εij(u) εkl(u)
)
dx +

∫
Γ1

Au.u′ dΓ

=
∫

Ω

(u′.div(σ(u)) + σ(u) : ε(u′)) dx +
1
2

∫
Ω

´aijkl εij(u) εkl(u) dx

+
∫

Γ1

Au.u′ dΓ

=
∫

Γ1

(σ(u)ν) .u′ +
1
2

∫
Ω

´aijkl εij(u) εkl(u) dx dΓ +
∫

Γ1

Au.u′ dΓ

=−
∫

Γ1

B|u′|2 dΓ +
1
2

∫
Ω

´aijkl εij(u) εkl(u) dx .

We obtain the result by integrating the time variable from S to T . A density
argument completes the proof. �

In order to apply Lemma 1, we have to prove the following results.

Preliminary results

In this subsection, we assume (1) and

(u0,u1) ∈
(
H

2(Ω) ∩H1
Γ0

(Ω)
)
×H1

Γ0
(Ω) ,

σ(u0)ν +Au0 +Bu1 = 0 , on Γ1 ,
(13)

and consider the (strong) solution of (3). Let h be a vector field satisfying (5)
and (6). For some positive constant β, define

Mu = 2(h.∇)u + βu .

The value of β will be chosen later.

Lemma 2 The strong solution u of (3) satisfies∫ T

S

∫
Ω

(div(h)− β) (|u′|2 − σ(u) : ε(u)) dx dt

+2
∫ T

S

∫
Ω

σi,j(u)hk,jui,k dx dt−
∫ T

S

∫
Ω

hm∂m(aijkl)εkl(u)εij(u) dx dt

= −
[∫

Ω

u′Mudx
]T
S

+
∫ T

S

∫
Γ

((σ(u).ν)Mu− h.νσ(u) : ε(u)) dx dt .

+
∫ T

S

∫
Γ

h.ν|u′|2 dΓdt .

Proof. We use the multipliers method (see [9], [15]). Thanks to the first equation
in (3), we may write∫ T

S

∫
Ω

u′′.Mu dx dt =
∫ T

S

∫
Ω

div(σ(u)).Mu dx dt . (14)
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Consider the left-hand side of the above equation.

∫ T

S

∫
Ω

u′′.Mu dx dt =
[ ∫

Ω

u′.Mu dx
]T
S
−
∫ T

S

∫
Ω

u′.Mu′ dx dt

=
[ ∫

Ω

u′.Mu dx
]T
S

− 2
∫ T

S

∫
Ω

u′ihju
′
i,j dx dt− β

∫ T

S

∫
Ω

|u′|2 dx dt .

We have

2
∫ T

S

∫
Ω

u′ihju
′
i,j dx dt =

∫ T

S

∫
Ω

hj∂j
(
|u′|2

)
dx dt

=
∫ T

S

∫
Γ

h.ν |u′|2 dΓ dt−
∫ T

S

∫
Ω

div(h)|u′|2 dx dt .

Hence

∫ T

S

∫
Ω

u′′.Mu dx dt =
[ ∫

Ω

u′.Mu dx
]T
S
−
∫ T

S

∫
Γ

h.ν |u′|2 dΓ dt

+
∫ T

S

∫
Ω

(div(h)− β) |u′|2 dx dt .
(15)

Now, we consider the right-hand side of (14):

∫ T

S

∫
Ω

div(σ(u)).Mu dx dt =2
∫ T

S

∫
Ω

σij,j(u)hmui,m dx dt

+ β

∫ T

S

∫
Ω

u.div(σ(u)) dx dt .

We have

∫ T

S

∫
Ω

σij,j(u)hkui,k dx dt

=
∫ T

S

∫
Γ

σij(u)νjhkui,k dΓ dt−
∫ T

S

∫
Ω

σij(u)∂j(hkui,k) dx dt

=
∫ T

S

∫
Γ

σ(u)ν.(h.∇)u dΓ dt−
∫ T

S

∫
Ω

σij(u)hk,jui,k dx dt

−
∫ T

S

∫
Ω

σij(u)hkui,jk dx dt ,
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and

−
∫ T

S

∫
Ω

σij(u)hkui,jk dx dt

=− 1
2

∫ T

S

∫
Ω

hk∂k(σ(u) : ε(u)) dx dt+
1
2

∫ T

S

∫
Ω

hm∂m(aijkl)εkl(u)εij(u) dx dt

=
1
2

∫ T

S

∫
Ω

div(h)σ(u) : ε(u) dx dt− 1
2

∫ T

S

∫
Γ

h.ν σ(u) : ε(u) dΓ dt

+
1
2

∫ T

S

∫
Ω

hm∂m(aijkl)εkl(u)εij(u) dx dt .

Furthermore,

∫ T

S

∫
Ω

u.div(σ(u)) dx dt =
∫ T

S

∫
Γ

(σ(u)ν).u dΓ dt−
∫ T

S

∫
Ω

σ(u) : ε(u) dx dt .

Hence

∫ T

S

∫
Ω

div(σ(u)).Mu dx dt

=
∫ T

S

∫
Ω

(div(h)− β)σ(u) : ε(u) dx dt− 2
∫ T

S

∫
Ω

σij(u)hk,jui,k dx dt

+
∫ T

S

∫
Ω

hm∂m(aijkl)εkl(u)εij(u) dx dt

+
∫ T

S

∫
Γ

((σ(u)ν).Mu− h.ν σ(u) : ε(u)) dΓdt .

(16)
We deduce the desired result from (14), (15) and (16). �

Lemma 3 There exist β > 0 and C1 > 0 such that

C1

∫ T

S

E dt ≤ −
[∫

Ω

u′.Mu dx
]T
S

+
∫ T

S

∫
Γ0

h.ν
(
µ|∂νuT |2 + (2µ+ λ)|∂νuν |2

)
dΓ dt

+
∫ T

S

∫
Γ1

((C1

2
− β

)
A|u|2 − βBu.u′ + h.ν |u′|2

)
dΓ dt

−
∫ T

S

∫
Γ1

(2(Au +Bu′).(h.∇)u + h.ν σ(u) : ε(u)) dΓ dt .



EJDE–2001/78 R. Bey, A. Heminna & J.-P. Lohéac 11

Proof. Lemma 2, (5) and (6) give∫ T

S

∫
Ω

(
(div(h)− β)

(
|u′|2 − σ(u) : ε(u)

)
+ (2αh − γh)σ(u) : ε(u)

)
dx dt

≤−
[∫

Ω

u′.Mu dx
]T
S

+
∫ T

S

∫
Γ1

h.ν |u′|2 dΓ dt

+
∫ T

S

∫
Γ

((σ(u)ν).Mu− h.ν σ(u) : ε(u)) dΓ dt .

Since (6) is satisfied, we can choose β > 0 such that

β < div(h) < 2αh + β − γh , in Ω , (17)

and choose C1 > 0 such that

C1

∫ T

S

E dt ≤−
[ ∫

Ω

u′.Mu dx
]T
S

+
∫ T

S

∫
Γ1

(C1

2
A|u|2 + h.ν |u′|2

)
dΓ dt

+
∫ T

S

∫
Γ

((σ(u)ν).Mu− h.ν σ(u) : ε(u)) dΓ dt .

(18)

We write u = uT + uνν and h = hT + hνν on Γ. With Dirichlet boundary
condition, we get on Γ0

Mu = 2(h.∇)u = 2h.ν ∂νu , εT (u) = 0 , 2εS(u) = ∂νuT .

and, with our notations, using Remark 3, we get

(σ(u)ν).Mu = 2h.ν
(
σS(u)∂νuT + σν(u)∂νuν

)
, on Γ0 ,

σ(u) : ε(u) = σS(u)∂νuT + σν(u)∂νuν , on Γ0 ,

(σ(u)ν).Mu− h.ν σ(u) : ε(u) = h.ν σ(u) : ε(u) , on Γ0 .

Hence∫
Γ0

((σ(u)ν).Mu− h.ν σ(u) : ε(u)) dΓ =
∫

Γ0

h.ν σ(u) : ε(u) dΓ . (19)

Using the boundary conditon on Γ1, we get∫
Γ1

(σ(u)ν).Mu dΓ = −
∫

Γ1

2(Au +Bu′).(h.∇)u dΓ− β
∫

Γ1

u.(Au +Bu′) dΓ .

(20)
We deduce the result from (18), (19) and (20). �

Lemma 4 There exists C2 > 0 such that∣∣ ∫
Ω

u′(t).Mu(t) dx
∣∣ ≤ C2E(u, t) , ∀t ≥ 0 .
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Proof. Given t ≥ 0, for every η > 0, we can write∣∣ ∫
Ω

u′.Mu dx
∣∣ ≤ η

2
‖u′‖2

L2(Ω) +
1
2η
‖Mu‖2

L2(Ω) .

We have

‖Mu‖2
L2(Ω) =

∫
Ω

(|2(h.∇)u|2 + β2|u|2 + 4βu.(h.∇)u) dx

=
∫

Ω

(|2(h.∇)u|2 + β2|u|2 + 2β∇(|u|2)h) dx

=
∫

Ω

(|2(h.∇)u|2 + β(β − 2 div(h))|u|2) dx + 2β
∫

Γ1

h.ν |u|2 dΓ .

Setting R = supΩ |h|, from (17), we get

‖Mu‖2
L2(Ω) ≤ 4R2

∫
Ω

|∇u|2 dx + 2β
∫

Γ1

h.ν |u|2 dΓ .

With Korn’s inequality, we can find the smallest positive real number R1 (de-
pending on h and β) such that for all v ∈ H1

Γ0
(Γ),

4R2
1

(∫
Ω

σ(v) : ε(v) dx +
∫

Γ1

A|v|2 dΓ
)
≥ 4R2

∫
Ω

|∇v|2 dx+ 2β
∫

Γ1

h.ν |v|2 dΓ .

It follows that∣∣∣ ∫
Ω

u′.Mu dx
∣∣∣ ≤ η

2
‖u′‖2

L2(Ω) +
2R2

1

η

(∫
Ω

σ(u) : ε(u) dx +
∫

Γ1

A|u|2 dΓ
)
.

The choice η = 2R1 gives the result with C2 = 2R1. �

Lemma 5 There exists C3 > 0 such that, for every η in (0, 1),∫ T

S

∫
Γ1

|u|2 dΓ dt ≤ C3

η
E(u, S) + η

∫ T

S

E(u, t) dt , 0 ≤ S < T < +∞ .

Proof. We proceed as in [9]. We define z, depending on t, as follows:

div(σ(z)) = 0 , in Ω ,

z = u , on Γ .

We have∫
Ω

z.div(σ(v)) dx =
∫

Γ1

u.(σ(v)ν) dΓ , ∀v ∈ H2(Ω) ∩H1
0(Ω) .

Using the definition of the energy functional and Proposition 3, we can find
some positive constants c1, c2, c′1, c′2 such that∫

Ω

|z|2 dx ≤ c1
∫

Γ1

|u|2 dΓ ≤ c2E ;∫
Ω

|z′|2 dx ≤ c′1
∫

Γ1

|u′|2 dΓ ≤ c′2(−E′) .
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Furthermore, we have∫
Ω

σ(z) : ε(u− z) dx = −
∫

Ω

(u− z).div(σ(z)) dx +
∫

Γ1

(u− z).(σ(z)ν) dΓ = 0 .

Then ∫
Ω

σ(z) : ε(u) dx =
∫

Ω

σ(z) : ε(z) dx ≥ 0 .

From (3), we deduce

0 =
∫

Ω

z.(u′′ − div(σ(u)) dx dt

=
∫

Ω

z.u′′ dx +
∫

Ω

σ(z) : ε(u) dx−
∫

Γ1

z.(σ(u)ν) dΓ

=
∫

Ω

z.u′′dx +
∫

Ω

σ(z) : ε(u) dx +
∫

Γ1

u.(Au +Bu′) dΓ .

Hence ∫
Γ1

A|u|2 dΓ ≤ −
∫

Ω

z.u′′ dx−
∫

Γ1

Bu.u′ dΓ .

For 0 < S < T <∞, we obtain∫ T

S

∫
Γ1

A|u|2 dΓ dt ≤ −
[ ∫

Ω

z.u′ dx
]T
S

+
∫ T

S

∫
Ω

z′.u′ dx dt−
∫ T

S

∫
Γ1

Bu.u′ dΓ dt .

Let C be a positive constant, large enough. Using the Cauchy-Schwarz inequal-
ity and the estimates obtained above, we can write for every θ > 0,∫ T

S

∫
Γ1

A|u|2 dΓ dt ≤ CE(u, S) + C

∫ T

S

(−E′(u, t))1/2(E(u, t))1/2 dt

+B
∫ T

S

∫
Γ1

|u| |u′| dΓ dt

≤ CE(u, S) +
Cθ

2

∫ T

S

E(u, t) dt+
C

2θ
E(u, S)

+
1
2

∫ T

S

∫
Γ1

A|u|2 dΓ dt+
B2

2A

∫ T

S

∫
Γ1

|u′|2 dΓ dt .

From Proposition 3, we get∫ T

S

∫
Γ1

|u|2 dΓ dt ≤
(

2C
A

+
C

Aθ
+

B

A2

)
E(u, S) +

Cθ

A

∫ T

S

E(u, t) dt .

We now choose θ = Aη
C and obtain the desired result. �
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Proof of Theorem 1

We assume (1) and that h satisfies (5) and (6). From Lemma 5, it suffices to
consider the case meas(Γ0) 6= 0. We first suppose (13) and we consider the
(strong) solution u of (3).

The energy functional is non-increasing (Proposition 3). From Lemma 4, we
deduce

−
[ ∫

Ω

u′.Mu dx
]T
S
≤ 2C2E(u, S) .

Since h.ν ≤ 0 on Γ0, Lemma 3 gives

C1

∫ T

S

E dt ≤ 2C2E(u, S)

+
∫ T

S

∫
Γ1

((C1

2
− β

)
A|u|2 − βBu.u′ + h.ν |u′|2

)
dΓ dt

−
∫ T

S

∫
Γ1

(2(Au +Bu′).(h.∇)u + h.ν σ(u) : ε(u)) dΓ dt .

There exists c > 0 such that∣∣ ∫ T

S

∫
Γ1

βu.u′ dΓ dt
∣∣ ≤ ∫ T

S

∫
Γ1

|u|2 dΓ dt+ c

∫ T

S

∫
Γ1

|u′|2 dΓ dt .

Hence, using Proposition 3, we can find C4 > 0 and C5 > 0 such that

C1

∫ T

S

E dt ≤C4E(u, S) + C5

∫ T

S

∫
Γ1

|u|2 dΓ dt

−
∫ T

S

∫
Γ1

(2(Au +Bu′).(h.∇)u + h.ν σ(u) : ε(u)) dΓ dt .

From (2), Remarks 1 and 3, we get

C1

∫ T

S

E dt ≤C4E(u, S) + C5

∫ T

S

∫
Γ1

|u|2 dΓ dt

−
∫ T

S

∫
Γ1

2(Au +Bu′).(h.∇)u dΓ dt

− kα
∫ T

S

∫
Γ1

(
εT (u) : εT (u) + 2|εS(u)|2 + |εν(u)|2

)
dΓ dt .

(21)

Now, we estimate two integrals which appear on the right hand side (second
line of the above formula).

Estimation of I1 =
∫ T
S

∫
Γ1

2Au.(h.∇)u dΓ dt.
We denote by C some positive constant which is independent of u and large
enough. We have u.(h.∇)u = 1

2h.∇(|u|2). Setting u = uT + uνν and h =
hT + hνν on Γ1, we use (7) and get

u.(h.∇)u =
1
2
∇T (|u|2).hT + hνuT .(∂νuT ) + hνuν(∂νuν) , on Γ1 .
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Since ∫
Γ1

A∇T (|u|2).hT dΓ = −
∫

Γ1

A|u|2 div
T

(hT ) dΓ ,

hence ∣∣ ∫
Γ1

A∇T (|u|2).hT dΓ
∣∣ ≤ C ∫

Γ1

|u|2 dΓ . (22)

Using εS(u) (see subsection 1.2), we can write

hν uT .∂νuT = hν uT .(2εS(u) + (∂T ν)uT −∇Tuν) , on Γ1 .

Let θ be some positive number. We have∣∣ ∫
Γ1

4Ahν uT .εS(u) dΓ
∣∣ ≤ θ ∫

Γ1

|εS(u)|2 dΓ +
C

θ

∫
Γ1

|uT |2 dΓ . (23)

Since hν and ∂T ν are bounded, we get∣∣ ∫
Γ1

2Ahν uT .(∂T ν)uT dΓ
∣∣ ≤ C ∫

Γ1

|uT |2 dΓ . (24)

Now, observe∫
Γ1

hν uT .∇Tuν dΓ =−
∫

Γ1

uν div
T

(hνuT ) dΓ

=−
∫

Γ1

hν uν div
T

(uT ) dΓ−
∫

Γ1

uν∇Thν .uT dΓ .

Proposition 1 implies∣∣ ∫
Γ1

2Ahν uν div
T

(uT ) dΓ
∣∣ ≤ θ‖uT ‖21 +

C

θ

∫
Γ1

|u|2 dΓ .

Hence∣∣ ∫
Γ1

2Ahν uT .∇Tuν dΓ
∣∣ ≤ θ ∫

Γ1

εT (uT ) : εT (uT ) dΓ +
C

θ

∫
Γ1

|u|2 dΓ . (25)

We can also write∣∣ ∫
Γ1

2Ahν uν(∂νuν) dΓ
∣∣ ≤ θ ∫

Γ1

|∂νuν |2 dΓ +
C

θ

∫
Γ1

|u|2 dΓ . (26)

Finally, (22)–(26) give

|I1| ≤θ
∫ T

S

∫
Γ1

(
|∂νuν |2 + εT (uT ) : εT (uT ) + |εS(u)|2

)
dΓ dt

+
C

θ

∫ T

S

∫
Γ1

|u|2 dΓ dt .

(27)
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We emphasize that, in (27), θ is a positive number to be chosen later and C is
a positive constant which does not depend on u.

Estimation of I2 =
∫ T
S

∫
Γ1

2Bu′.(h.∇)u dΓ dt.
Here, we use (8) and get

u′.(h.∇)u =u′T (∂TuT )hT + uνu′T (∂T ν)hT + hνu′T∂νuT
+ u′ν(∂Tuν)hT − u′νuT (∂T ν)hT + u′ν(∂νuν)hν , on Γ1 .

This can be rewritten as

u′.(h.∇)u =u′T .(∂TuT )hT + (uνu′T − u′νuT ).(∂T ν)hT
+ u′ν∇Tuν .hT + hν(u′T .∂νuT + u′ν(∂νuν)) , on Γ1 .

Since h and ∂T ν are bounded, we get∣∣ ∫
Γ1

2Bu′T .(∂TuT )hT dΓ
∣∣ ≤ θ

2
‖uT ‖21 +

2C
θ

∫
Γ1

|u′T |2 dΓ , (28)

∣∣ ∫
Γ1

2B(uνu′T − u′νuT ).(∂T ν)hT dΓ
∣∣ ≤ C(∫

Γ1

|u|2 dΓ +
∫

Γ1

|u′|2 dΓ
)
. (29)

Under the assumptions about Ω, we observe that Γ1 is a compact manifold
of dimension 2. So, we can build a finite number of local maps (U1, φ1), . . . ,
(Uk, φk) and an associated partition of unity (ϑ1, . . . , ϑk). We have∫

Γ1

2Bu′ν∇Tuν .hT dΓ =
∑̀
j=1

∫
Uj

2Bϑju′ν∇Tuν .hT dΓ .

Consider one of the ` terms of the previous sum. Omitting the index j, we
denote

∫
U

2Bϑu′ν∇Tuν .hT dΓ . Using the notation introduced in section 1, we
write hT = h1a1 + h2a2. Setting |g| = |det(g)|, W = φ−1(U), we get∫

U

2Bϑu′ν∇Tuν .hT dΓ

=
∫
W

2B(ϑ ◦ φ)(u′ν ◦ φ)
(∂(uν ◦ φ)

∂ξ1
h1 +

∂(uν ◦ φ)
∂ξ2

h2
)
|g|1/2 dξ1dξ2 .

Since ϑ ◦ φ is continuous and compactly supported, vν = uν ◦ φ belongs to
H1/2(W ) and ‖vν‖H1/2(W ) ≤ C‖uν‖H1/2(U). Let us define two subsets of W

W+ = {(ξ1, ξ2) ∈W /h1(ξ1, ξ2) > 0} , W− = {(ξ1, ξ2) ∈W /h1(ξ1, ξ2) < 0} .

We have∫
W

2B(ϑ ◦ φ)v′ν
∂vν
∂ξ1

h1|g|1/2 dξ1dξ2 =
∫
W+

2B(ϑ ◦ φ)v′ν
∂vν
∂ξ1

h1|g|1/2 dξ1dξ2

+
∫
W−

2B(ϑ ◦ φ)v′ν
∂vν
∂ξ1

h1|g|1/2 dξ1dξ2 .
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Setting ψ =
(
(ϑ ◦ φ)h1|g|1/2

)1/2
, in W+, we have∫

W+
2B(ϑ ◦ φ)v′ν

∂vν
∂ξ1

h1|g|1/2 dξ1dξ2

=
∫
W+

2Bψ2v′ν
∂vν
∂ξ1

dξ1dξ2

=
∫
W+

2Bψv′ν
∂(ψvν)
∂ξ1

dξ1dξ2 −
∫
W+

Bψ
(
|vν |2

)′ ∂ψ
∂ξ1

dξ1dξ2 .

Thus ∣∣∣[ ∫
W+

Bψ|vν |2
∂ψ

∂ξ1
dξ1dξ2

]T
S

∣∣∣ ≤ CE(u, S) .

We know that ψ is compactly supported in W , and ψ = 0, on ∂W+. Define
function

G = ψvν , in W+ × R+ , G = 0 , in (R2 \W+)× R+ .

We have ∫
W+

2Bψv′ν
∂(ψvν)
∂ξ1

dξ1dξ2 =
∫
R2

2BG′
∂G

∂ξ1
dξ1dξ2 .

Let Ĝ be the Fourier transform of G, with respect to ξ1. We write∫
W+

2Bψv′ν
∂(ψvν)
∂ξ1

dξ1dξ2 =
∫
R2

4Biπη1Ĝ
′Ĝ dη1dξ2 .

This implies∫ T

S

∫
W+

2Bψv′ν
∂(ψvν)
∂ξ1

dξ1dξ2dt =
[ ∫
R2

2Biπη1|Ĝ|2 dη1dξ2

]T
S
.

But ∣∣ ∫
R2
η1|Ĝ|2 dη1dξ2

∣∣ ≤ C1‖G‖2H1/2(R2) ≤ C2‖uν‖2H1/2(Γ1) .

Hence, using the energy functional and Proposition 3, we get∣∣∣ ∫ T

S

∫
W+

2Bψv′ν
∂(ψvν)
∂ξ1

dξ1dξ2dt
∣∣∣ ≤ CE(u, S) .

For the integral in W−, we replace a1 by −a1, h1 by −h1, respectively and
proceed as above. We can also get a similar result concerning the integral terms
containing h2.

Finally, we obtain∣∣∣ ∫ T

S

∫
Γ1

2Bu′ν∇Tuν .hT dΓ dt
∣∣∣ ≤ CE(u, S) . (30)

Using εS(u),

hν u′T .∂νuT = hν u′T .(2εS(u)− (∇Tuν) + ∂T νuT ) , on Γ1 ,
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and, for (23) and (24), respectively,∣∣ ∫
Γ1

4Bhν u′T .εS(u) dΓ
∣∣ ≤ θ ∫

Γ1

|εS(u)|2 dΓ +
C

θ

∫
Γ1

|u′T |2 dΓ , (31)

∣∣ ∫
Γ1

2Bhν u′T .(∂T ν)uT dΓ
∣∣ ≤ C ∫

Γ1

(
|u′T |2 + |uT |2

)
dΓ . (32)

Now compute∫ T

S

∫
Γ1

hν u′T .∇Tuν dΓ dt

=
[ ∫

Γ1

hν uT .∇Tuν dΓ
]T
S
−
∫ T

S

∫
Γ1

hν uT .(∇Tu′ν) dΓ dt

=
[ ∫

Γ1

hν uT .∇Tuν dΓ
]T
S

+
∫ T

S

∫
Γ1

u′ν div
T

(kuT ) dΓ dt .

Since divT (hνuT ) = hν divT (uT ) +∇Thν .uT , Proposition 1 gives∣∣ ∫
Γ1

2Bu′ν div
T

(hνuT ) dΓ
∣∣ ≤ θ

2
‖uT ‖21 +

2C
θ

∫
Γ1

|u′|2 dΓ . (33)

Now consider
∫

Γ1
hν uT .∇Tuν dΓ. Given t > 0, let ζ be in H1(Γ1) (notice that

H1(Γ1) = H1
0(Γ1)) such that

ζ −∆T ζ = div
T

(uT )(t) .

Since divT (uT )(t) belongs to H−1/2(Γ1), ζ satisfies

‖ζ‖H1(Γ1) ≤ C‖uT (t)‖L2(Γ1,T (Γ1)) ,

ζ ∈ H3/2(Γ1) and ‖ζ‖H3/2(Γ1) ≤ C‖uT (t)‖H1/2(Γ1,T (Γ1)) .
(34)

Then we have∫
Γ1

hν uT .∇Tuν dΓ

= −
∫

Γ1

uν div
T

(hνuT ) dΓ

= −
∫

Γ1

uν∇Thν .uT dΓ−
∫

Γ1

uνhνζ dΓ +
∫

Γ1

uνhν∆T ζ dΓ .

First, thanks to (34), we have∣∣ ∫
Γ1

uν∇Thν .uT dΓ
∣∣ ≤ C ∫

Γ1

|u|2 dΓ ,

∣∣ ∫
Γ1

uνhνζ dΓ
∣∣ ≤ C ∫

Γ1

(|uν |2 + |ζ|2) dΓ ≤ C
∫

Γ1

|u|2 dΓ .
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Second

−
∫

Γ1

uνhν∆T ζ dΓ =
∫

Γ1

(−∆T )1/4(uνhν)(−∆T )3/4ζ dΓ ,

and, again with (34),∣∣ ∫
Γ1

uνhν∆ζ dΓ
∣∣ ≤ C‖uν‖H1/2(Γ1)‖ζ‖H3/2(Γ1) ≤ C‖u‖2H1(Ω) .

Hence ∣∣ ∫
Γ1

hν uT .∇Tuν dΓ
∣∣ ≤ C(∫

Γ1

|u|2 dΓ + ‖u‖2H1(Ω)

)
.

Using Poincaré’s inequality and Korn’s inequality, we finally get∣∣ ∫
Γ1

2Bhν uT .∇Tuν dΓ
∣∣ ≤ CE(u, t) . (35)

Observing that the energy functional is non-increasing and using (33), (35), we
obtain ∣∣ ∫ T

S

∫
Γ1

2Bhν u′T .∇Tuν dΓ dt
∣∣ ≤CE(u, S) + θ

∫ T

S

‖uT ‖21 dt

+
C

θ

∫ T

S

∫
Γ1

|u′|2 dΓ dt .

(36)

Again, we use boundedness of h and get∣∣ ∫
Γ1

2Bhν u′ν∂νuν dΓ
∣∣ ≤ θ ∫

Γ1

|∂νuν |2 dΓ +
C

θ

∫
Γ1

|u′|2 dΓ . (37)

Finally, with (28)–(32), (36) and (37), we obtain

|I2| ≤θ
∫ T

S

∫
Γ1

(
εT (uT ) : εT (uT ) + |εS(u)|2 + |∂νuν |2

)
dΓ dt

+
C

θ

∫ T

S

∫
Γ1

(|u|2 + |u′|2) dΓ dt+ CE(u, S) .

(38)

Again, we emphasize that, in (38), θ is a positive number to be chosen later and
C is a positive constant which does not depend on u.
Final segment of the proof.
From (21), (27), (38), we obtain two positive constants C6 and C7 such that

C1

∫ T

S

E dt ≤C6E(u, S) +
C7

θ

∫ T

S

∫
Γ1

(|u|2 + |u′|2) dΓ dt

+ 2θ
∫ T

S

∫
Γ1

(
εT (uT ) : εT (uT ) + |εS(u)|2 + |∂νuν |2

)
dΓ dt

− kα
∫ T

S

∫
Γ1

(
εT (u) : εT (u) + 2|εS(u)|2 + |∂νuν |2

)
dΓ dt .

(39)
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From the relations εT (u) = εT (uT ) + εT (uνν) = εT (uT ) +uν∂T ν on Γ, we have

εT (u) : εT (u)
= εT (uT ) : εT (uT ) + 2εT (uT ) : εT (uνν) + εT (uνν) : εT (uνν) , on Γ1 .

Using |εT (uT ) : εT (uνν)| ≤ θεT (uT ) : εT (uT )+(4θ)−1εT (uνν) : εT (uνν), we get

εT (u) : εT (u) ≥ (1− 2θ)εT (uT ) : εT (uT ) +
(
1− 1

2θ
)
εT (uνν) : εT (uνν) , on Γ1 .

Since
∫

Γ1
εT (uνν) : εT (uνν) dΓ =

∫
Γ1
|uν |2(∂T ν : ∂T ν) dΓ ≤ C

∫
Γ1
|uν |2 dΓ, we de-

duce from (39) that there exists C8 > 0 such that

C1

∫ T

S

E dt

≤ C6E(u, S) +
C8

θ

∫ T

S

∫
Γ1

(|u|2 + |u′|2) dΓ dt

+2θ
∫ T

S

∫
Γ1

(
εT (uT ) : εT (uT ) + |εS(u)|2 + |εν(u)|2

)
dΓ dt

−kα
∫ T

S

∫
Γ1

(
(1− 2θ)εT (uT ) : εT (uT ) + 2|εS(u)|2 + |εν(u)|2

)
dΓ dt .

Then, for θ > 0 small enough, we can find a positive constant C9 such that

C1

∫ T

S

E dt ≤ C6E(u, S) + C9

∫ T

S

∫
Γ1

(|u|2 + |u′|2) dΓ dt .

From Proposition 3 and Lemma 5, there exists C10 > 0 such that, for every
η > 0,

C1

∫ T

S

E dt ≤ C10

η
E(u, S) + η

∫ T

S

E dt .

Hence, for η small enough, we get the theorem by applying Lemma 1 with
ω = (C1 − η)η/C10. Now, we can observe that all above constants do not
depend on the strong solution u of (3). Hence, by a denseness argument, this
result can be extended to a weak solution of (3). �

3.1 Proof of Theorem 2

We now show that Theorem 1 can be applied with the vector field

h(x) = (x− x0) + ρh̃(x) ,

where ρ is some positive constant and h̃ ∈
(
C1(Ω)

)3 is such that

h̃ = 0 , on Γ0 , h̃ = ν , on Γ1 .
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Note that h satisfies (5). Indeed,

h(x).ν(x) = (x− x0).ν(x) ≤ 0 , if x ∈ Γ0 ,

h(x).ν(x) = (x− x0).ν(x) + ρ > 0 , if x ∈ Γ1 .

Also note that h satisfies (6). We will consider two cases.
First case: meas(Γ0) 6= 0. Here we choose βh = 0. Then∫

Ω

σij(ξ)hk,jξi,k dx =
∫

Ω

σij(ξ)ξi,j dx + ρ

∫
Ω

σij(ξ)h̃k,jξi,k dx .

Since ξ ∈ H1
Γ0

(Ω) and h̃ ∈
(
C1(Ω)

)3, using Korn’s inequality, we can find a
constant C(h̃) > 0 such that∣∣ ∫

Ω

σij(ξ)h̃k,jξi,k dx
∣∣ ≤ C(h̃)

∫
Ω

σ(ξ) : ε(ξ) dx ,

and ∫
Ω

σij(ξ)hk,jξi,k dx ≥
(
1− ρC(h̃)

) ∫
Ω

σ(ξ) : ε(ξ) dx .

We choose αh = 1− ρC(h̃) and get αh > 0 for ρ small enough.
Second case: meas(Γ0) = 0. Since meas(Γ1) 6= 0, the map

ξ 7→
( ∫

Ω

σ(ξ) : ε(ξ) dx +
∫

Γ1

|ξ|2 dΓ
)1/2

defines an equivalent norm on H1(Ω) [15]. We have∫
Ω

σij(ξ)hk,jξi,k dx =
∫

Ω

σij(ξ)ξi,j dx + ρ

∫
Ω

σij(ξ)h̃k,jξi,k dx .

Since ξ ∈ H1(Ω) and h̃ ∈
(
C1(Ω)

)3, we can find a constant C(h̃) > 0 such that∣∣ ∫
Ω

σij(ξ)h̃k,jξi,k dx
∣∣ ≤ C(h̃)

( ∫
Ω

σ(ξ) : ε(ξ) dx +
∫

Γ1

|ξ|2 dΓ
)
,

and ∫
Ω

σij(ξ)hk,jξi,k dx ≥
(
1− ρC(h̃)

) ∫
Ω

σ(ξ) : ε(ξ) dx− C(h̃)
∫

Γ1

|ξ|2 dΓ .

Then we choose αh = 1 − ρC(h̃), which is positive for ρ small enough, and
βh = −C(h̃).

Now one can easily show that the other conditions in (6) are satisfied if

ρ < min
( 1

C(h̃)
,

2− γx−x0

1 + 2C(h̃) + maxΩ(div(h̃))−minΩ(div(h̃))
,

3

|minΩ(div(h̃))|

)
.

This completes the proof. �
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