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GENERALIZATIONS OF THE DRIFT LAPLACE EQUATION IN
THE HEISENBERG GROUP AND GRUSHIN-TYPE SPACES

THOMAS BIESKE, KELLER BLACKWELL

ABSTRACT. We find fundamental solutions to p-Laplace equations with drift
terms in the Heisenberg group and Grushin-type planes. These solutions
are natural generalizations of the fundamental solutions discovered by Beals,
Gaveau, and Greiner for the Laplace equation with drift term. Our results are
independent of the results of Bieske and Childers, in that Bieske and Childers
consider a generalization that focuses on the p-Laplace-type equation while we
primarily concentrate on a generalization of the drift term.

1. INTRODUCTION

When studying partial differential equations, one frequent problem under con-
sideration concerns establishing a closed-form fundamental solution. While it is
often not possible to do so, equations that possess such closed-form solutions spark
further study and interest. One of the most well-known examples is the p-Laplace
equation in (Euclidean) R™. In their seminal paper, Capogna, Danielli, and Garo-
falo [7] establish the closed-form fundamental solution to the p-Laplace equation
in a class of sub-Riemannian spaces called groups of Heisenberg-type. The first
author and Gong [6] found a closed-form fundamental solution to the p-Laplace
equation in some Grushin-type spaces, which are sub-Riemannian spaces that lack
an algebraic group law. Because of this deficiency, the closed-form only holds when
the singularity is at certain points. (See Sections 3 and 4 for further discussion
concerning the Heisenberg group and Grushin-type planes.)

Beals, Gaveau, and Greiner [I] establish a formula for the fundamental solution
to the 2-Laplace equation with drift term in a large class of sub-Riemannian spaces.
In [5] the first author and Childers expanded these results by invoking a p-Laplace
generalization that encompasses the formulas of [T, [7, [6] by generalizing the p-
Laplace operator. That paper also included a negative result [5, Theorems 4.1,
4.2]. In this paper, we focus on that negative result and produce a different natural
generalization of the p-Laplace equation with drift term by focusing on generalizing
the drift term. Our solutions are stable under limits when p — oo and when the
drift parameter L — 0 (which is the standard p-Laplace equation).
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2. MOTIVATING RESULTS

2.1. Heisenberg Group. In the Heisenberg group (See Section 3 for further de-
tails and discussion.) the following theorem establishing the fundamental solution
of the p-Laplace equation in the Heisenberg group was proved by Capogna, Danielli,
and Garofalo [7].

Theorem 2.1 ([7]). Let 1 < p < co. In the first Heisenberg group H, let
u(zy, o, x3) = (23 + 23)% + 1623
Forp+#4, let
_ 4-p
ATy
and let
C o u(x17x27$3)np p#4
P Nogu(ay, x0,23) p= 4.
Then we have Ay, = Cdy for some constant C' in the sense of distributions.
Beals, Gaveau, and Greiner [I] extend this result by finding the fundamental
solution to the 2-Laplace equation with a drift term, as shown in the following
theorem (cf. [5, Theorem 3.4]).
Theorem 2.2 ([1]). Let L € R, |L| # 1. Consider the constants
L—1 (L+1)

=5 and T=— 5

together with the functions
v(xy, 0, 23) = (22 + 23) — dizs  and w(xy, 20, 23) = (x1 + 23) + dizs,
for defining our main function
ug, (21, %2, x3) = v(21, 2, x3) w(x1, T2, 23)7.

Then Agusg g, + iL[X1, Xolua,, = Cdy for some constant C, in the sense of distri-
butions.

2.2. Grushin-type planes. The first author and Gong [6] proved the follow-
ing theorem establishing the fundamental solution to the p-Laplace equation in
Grushin-type planes G,,. (See Section 4 for further details and discussion.)

Theorem 2.3 ([0]). Let 1 < p < co and define
F(y1,y2) = *(y1 — @)@ 4 (n+1)%(y2 — b)%

Forp# n+2, consider
n+2—-p
T .
P (2n+2)(1—p)
so that in G, we have the well-defined function

b = F(y,y2)™ p#n+2
P log F(y1,y2) p=n-+2.
Then Ay, = Cdo for some constant C, in the sense of distributions.

As in the Heisenberg environment, Beals, Gaveau and Greiner [I] extend this
result by finding the fundamental solution to the 2-Laplace equation with a drift
term, as shown in the following theorem (cf. [5, Theorem 3.2]).
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Theorem 2.4 ([I]). Let L € R, |L| # 1. Consider the quantities

-n -n

= m(1+L) and (B = m(l—[/)~

We use these constants with the functions

9(y1,y2) = c(yr — a)" ™ +i(n+1)(y2 — b),
h(y1,y2) = c(yr —a)" ™" —i(n+1)(y2 — b)

for defining our main function

fo.n (1, 92) = g(y1, y2)“hly1, y2)".

Then Agfar, +iL[Y1,Ys]fa,, = Cdg for some constant C, in the sense of distribu-
tions.

To motivate our study, we make the following key observation.

Observation. In the Heisenberg group H! \ {0}, both the equation and solution
of Theorem when p = 2 coincides with the equation and solution of Theorem
when L = 0. In particular, uso = (2. Similarly, in Grushin-type planes

Gn \ {(a,b)}, both the equation and solution of Theorem [2.3] when p = 2 coincides
with the equation and solution of Theoremwhen L = 0. In particular, fo o = 2.
This observation then leads us to state our main question under consideration.

Main question. Can we extend the preceding relationship in H\ {0} and in G,, \
{(a,b)} from p=2toallp, 1 <p < o0?
Specifically, we have the following goals:

e In the case of the Heisenberg group, we wish to find a differential operator
‘Hp,r and a function u, 1, satisfying:

Hp,O = Ap and HQ,L = Ag + iL[Xl,XQ]

with u, o being the solution of Theorem and ug 1, being the solution of
Theorem such that

Hp,Lup,L(Q) =0

for g € H' \ {0}, 1 < p < o0, and L € R.
e In the case of the Grushin-type planes, we wish to find a differential operator
Gp,r and a function f, 1, satisfying:

gp70 = Ap and gQ,L = AQ =+ ZL[Yh YQ]

with fp o being the solution of Theorem @ and fo 1, being the solution of
Theorem [2.4] such that

gp,L.fp,L(q) =0

for g € G, \ {(a,b)}, 1 <p<oo,and L € R.
e Furthermore, we would like f,,  and u, 1 to be the fundamental solutions
to their respective equations.
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3. HEISENBERG GROUP

3.1. Properties. We begin with R? using the coordinates (1, z2, r3) and consider
the linearly independent vector fields {X;, X2, X3}, defined by:

8 i) 8 8 X1 8 6
0z, 2 Oxs’ 2 0o 2 Oxs’ 3 Oxs

which obey the relation

X

[X1, X2] = X3.

We then have a Lie Algebra denoted h; that decomposes as a direct sum hy = Vi &V;
where V7 = span[Xy, Xo] and Vo = span[X3]. The Lie algebra is statified; i.e.,
[Vi,V1] = Vo and [V1,V2] = 0. We endow h; with an inner product (-,-)y and
related norm || - ||y so that this basis is orthonormal.

The corresponding Lie Group is called the general Heisenberg group of dimension
1 and is denoted by H!. With this choice of vector fields the exponential map
is the identity map, so that for any p,q in H', written as p = (w1, 72, 23) and
q = (r1,72,73) the group multiplication law is given by

_ _ 1, __ —
p-q= <5E1 + 21,22 + 22,23+ 23 + §($1$2 —552%1))'

The natural metric on H' is the Carnot-Carathéodory metric given by

1
dopa) =int [/ (Ol
0

where the set I' is the set of all curves v such that v(0) = p,v(1) = ¢ and v/(¢) € V1.
By Chow’s theorem (See, for example, [2].) any two points can be connected by
such a curve, which makes dc(p, q) a left-invariant metric on H?!.

Given a smooth function v : H' — R, we define the horizontal gradient by

Vou = (X1u, Xou).

Additionally, given a vector field F = Z?Zl fiXi + f3X3, we define the Heisenberg
divergence of F', denoted div F', by

2
divF = infi.
i=1

A quick calculation shows that when f3 = 0, we have
div F' = diveye F

where diveye is the standard Euclidean divergence. The main operator we are

concerned with is the horizontal p-Laplacian for 1 < p < oo defined by

2
Apu = div([|Voull5*Vou) = > X; (| Voul & Xu)
) , , (3.1)
b— —4 -2
= 5 IVoulls > Xl Voulli Xou + | Voull 5> > XiXiu.
i=1 =1

For an extensive treatment of the Heisenberg group, the interested reader is directed
to 2 41 8] [9] 10}, 11} [12] [13] and the references therein.
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3.2. Generalization in the Heisenberg group. For the Heisenberg group H!,
we consider the parameters

_4-p+2L(1-p) _4—p—2L(1—p)

and 7=
4(1—p) 4(1—p)
for L € R with
4—p
L#+#+t—".
# 2(1-p)

We use these parameters with the functions
v(x1, To, x3) = (22 + 22) — dizs, w(xy, T2, x3) = (27 4 22) + dixs
to define our main function
Up. (Y1, y2) = v(x1, T2, x3) w(x1, T2, 23)" . (3.2)
Using this equation, we have the following result.
Theorem 3.1. Let 1 < p < co. On H', we have

Hp7L(up,L) = Apu:m[, + ’L'L[Xl,Xg](”VOup)L ﬁ_Qup,L) = C(So

for some constant C, in the sense of distributions.

Proof. Suppressing arguments and subscripts, we obtain the following:

Xiu = 20" 17! ((qw + 1)1 + (NW — TV)iT2) (3.3)
Xiu=20"""w" (v + Tw)z1 + (o — TWw)iTs)
Xou = 20"""w ! ((nw + Tv)z2 — (Nw — TV)iZ) (3.4)
Xou = 20" ((nu + Tw)z2 — (N — TW)iz)

and so || Voul|? = 8(n* + 72)u™ " LT (23 4 23). (3.5)

Using the above we have
X1 (X1u) = 207 272 (2((77@0 + 10)2} + (—nw — T)iziz2) ((n — L)w + (7 — 1)v)
+ Qi((nw + 7v)25 + (nw — TU)i$2) ( —(n—1Dw+ (v — l)v))
+ow(2af +23)(7 + ) + (pw + 7v))),
Xo(Xou) = 20" 2072 (2((77w + 70)23 + (—nw + T)iz1z2) ((n — L)w + (1 — 1)v)
+2i((nw + Tv)z122 4+ (=W + TV)i2?) (= (n — Dw + (1 — 1)v))
+ o (2(a} + 2B)(7 +0) + (qw + 70))).
In addition, we have
X1[|Voull® = 16(n* + 7)™ 2wt 72
X (vwxy +2(n+7— 1)(90% + x%)Q(xl — 43023;3))

and
)(QHVOUH2 = 16(772 + 7-2)1)77+Tf2w77+7—72

X (vwmg +2(n+ 71— 1) (27 + 23)% (22 — 4951903))
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so that
2
S X Vol (X 0)
=1
= 32(n? + 72 W23yt 3 ((nw + Tv)vw(z] + x3)
+2(n 47— 1) (2 + 23)? ((nw + 70) (27 + 23)* — 4(nw — Tﬂ)il“?,))
and

[Voull* (X1 X1u + X2 Xou)
= 16(n* + 72?323 (42 4 gd) (2vw(nw +70) + dvw(n + 7) (22 + 22)
+2((n = Dw + (1 = Dv) (qw + 7v) (2] + 23)
+2(—(n—Dw+ (7 — L)v) (nw — 7v)(2F + x%))
This yields

Agu = Hvou”p*4(( ZX IWoull2(Xj0) + [ Voul2(X1 X f + X2 Xzu))

2 2 p=2
*2L (4 - pp ( 4L 17 ) ) > s en+H(p=2)7—p) 5 ((P=2)1+p7—p)

X (xl —|—x2) z ( 2L(5U1 + x2) + pdizs).
We then compute
iL[X1, Xo)([|Voul"u)

L (4—pP? ALP(1L—p)>\"2" 5, ayes2
:ZL(l—p)p72< d—p)y? ) (] +x3) 2
o 0 A=D1+, (=D (=) r
6563
(4 P s ALP(1—p)*\ %" p2
x U§(p77+(p—2)7—p)w%((p—2)17+p7—p)(_QL(m% + 22) + pdizs)
=-Apu

from which it follows that H,, ru, = 0 on H\ {0}, away from the singularity. We
now consider the normalization

v (21, 29, 23) := (2] + 3) + 2 — dix,
we (1,19, x3) := (23 + 23) + % + dixs
so that

ue (21, T2, 73) 1= v (21, T2, 23) Twe (21, ¥2, 73)".
Suppressing arguments and computing similarly as before yields the distribution

w2 5 (p(4—p) o = =
Hprue =22 52(7+L) + 7)) (27 +x5) 2
P 4(1 o p) ( ) ( 1 2)
np+r(p—2)—p n(p—2)+7p—p
X Ve 2 We 2

(3.8)




EJDE-2021/99 GENERALIZATIONS OF THE DRIFT LAPLACE EQUATION 7

By the argument in [I, Theorem 7.5, (¢)], the distribution of (3.8]) is determined
by the density

3p—2 4— P=2 /0 T 222 zi+a3 T
2 () 1 )0+ 7T (224 (2)) T ()
_mﬂrﬂ'(gf?)fp _n(=2)t7p—p
(224 (22 +1-4i%) (@24 (22 +1+4i%)

(3.9)
where dm denotes the Lebesgue measure in the complex plane. Then as € — 0 the
distribution of (3.9)) tends to the Jg distribution, up to a constant factor. O

Observing that
4—p 2L+4, 2L -4
L#+—— impli
7 Eag o,y meles p7 il lar =

we have immediately the following corollary.

Corollary 3.2. Let p > max{| gfiﬂ, |§§:‘11|} Then the function u, 1, of (3.2) is

a smooth solution to the Dirichlet problem

Hip,r(upr(q) =0 ¢qeH \{0}
0 ¢g=0.

3.3. Limit as p — oco. Recall that the drift p-Laplace equation in the Heisenberg
group H' is given by:

Hpr(u) == Apu+ iL[ X1, Xo] (||V0u|\ﬁ_2u) =0.

A routine expansion of the drift term yields the observation
. P — 2 4 6 —92 3
Hp,p(u) = Apu+ ZL(THVOUHﬁ (TMHVOUH%{)U + [IVoulli 873;3“) =0.

Dividing through by %Hvouﬂﬁf4 and formally taking the limit p — oo, we obtain
Hoor.(u) = Asou + iL[X1, Xo] (|| Voulf)u.
Considering (3.2) and formally letting p — oo yields

14+2L 1-2L
Uoo,1,(T1, T2, x3) = v(x1, 22, 23) + w(wy,x2,23) 1

where we recall the functions

v(x1, T2, 23) = (22 + 23) — dixs,

w(xy, zo, x3) = (22 + 23) + dix3.
Theorem 3.3. The function us, 1, defined above, is a smooth solution to the
Dirichlet problem

Hoo,Luoc,L(q) =0 g€ Hl \ {0}7

0 ¢g=0.

Proof. We prove this theorem by letting p — oo in (3.3), (3.4), (3.6), and (3.7),

and invoking continuity (cf. Corollary [3.2)). However, for completeness we compute
it formally. We let

1+2L 1-2L
= + and T = 1

N
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Suppressing arguments and subscripts, we compute
Xiu = 20" ((Nw 4+ Tv)zy + (Nw — Tw)iz,),
Xou = 20N 1Tt (Nw + Tv)zs — (Nw — Tw)izy),
[Voul|? = (N2 + TN TN (@ 4 a),
X1||Voul? = 16(N? + T2)N+T—2yN+T-2
X (vwml +2(N +T — 1) (2% + 23)* (21 — 4x2x3)),
Xs||Voul? = 16(N? + T2)pN+T =2y N+T=2
X (vwxg +2(N +T — 1) (2% + 23)* (22 — 4x1x3)),
so that
Asou = X1||[Vou|* X1u + Xa||Vou||* Xou
= 32(N? 4 T2)p2NHT =3y N+21=3 ((Nw + Tw)vw(z} + x3)

+ 2N +T — 1) (22 + 22)? ((Nw + Tw)(2? + 22)% — 4(Nw — Tv)ix;;))
= 128iL(N? + T%)(2? + x%)x3v2N+T_2wN+2T_2.
We also have
iL[X 1, Xo]([|Voul*)u = lLUNwT ||V0f||2

= 7128iL(N2 FT2) (02 + 22)aguNTT =2y N 4272,
The proof is complete. O

We notice that when L = 0, this result was a part of the Ph.D. thesis of the
first author [3]. In particular, combined with [3], 4], we have shown the following
commutative diagram in H! \ {0},

Hp,r(upr) =0 ——— Hoo 1 (tec,1) =0

lLHO lL%O

Ap’u,p,o =0 —_— AOO’U,OO 0=20
p—00

4. GRUSHIN-TYPE PLANES

The Grushin-type planes differ from the Heisenberg group in that Grushin-type
planes lack an algebraic group law. We begin with R?, possessing coordinates
(y1,92), a € R, c € R\ {0} and n € N. We use them to construct the vector fields:

0 0
Yi=— d Y, = —
1 o an 2 =c(y1 —a)" 3y2
For these vector fields, the only (possibly) nonzero Lie bracket is

—
dy2

Because n € N, it follows that Héormander’s condition is satisfied by these vector

fields.

[Yla }/2] = Cn(yl - a)
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We will put a (singular) inner product on R?, denoted (-, -)g, with related norm
Il - lg, so that the collection {Y7,Y2} forms an orthonormal basis. We then have
a sub-Riemannian space that we will call g,, which is also the tangent space to
a generalized Grushin-type plane G,,. Points in G,, will also be denoted by p =
(y1,¥2). The Carnot-Carathéodory distance on G,, is defined for points p and ¢ as
follows

do(p.) =t [ 1) .
with I the set of curves « such that (0) = p, y(1) = ¢ and

7' (t) € span{Y1(y(t)), Ya(v(#)) }.

By Chow’s theorem, this is an honest metric.
We shall now discuss calculus on the Grushin-type planes. Given a smooth
function f on G,,, we define the horizontal gradient of f as

Vof(p) = (Yif(p), Y2f(p)).

Using these derivatives, we consider a key operator on Cé functions, namely the
p-Laplacian for 1 < p < oo, given by

Apf = dive([VoflIE*Vof)
= Yi(IVo/ Il *Yaf) + Ya(I VoS lI&*Yf)
= P2 vo 15 (VIR £ + Yal Vo Vo)
+IVof &7 (ViYa S + YaYaf).
4.1. A Generalization in the Grushin plane. For the Grushin-type planes, we

consider the parameters

_n+2—p—1Ln(l—p) B
“CTamrna-p MO

where L € R with

n+2—p+Ln(l—p)
2(n+1)(1—p)

nt2-p

n(l—p)-

‘We use these constants with the functions
9(y1,y2) = c(yr — )" +i(n +1)(y2 — b),
h(y1,y2) = c(yr —a)" ' —i(n+1)(y2 — b)

to define our main function

fp,L(yl»y2) = 9(y17y2)ah(y17y2)5~ (4.2)

Using this equation, we have the following theorem.

L#+

Theorem 4.1. Let1 <p < 0. On G, we have

Go.r.(forr) = Dpfo.r +iL[Y1, Yol (Vo fp |52 fpor) = Cdo

for some constant C, in the sense of distributions.



10 T. BIESKE, K. BLACKWELL EJDE-2021/99

Proof. Suppressing arguments and subscripts, we compute the following:

Yif=c(n+1)(y1 —a)"g* 'hP " (ah + Bg) (4.3)
Yif =c(n+1)(y1 —a)"g’ ' h* " (ag + Bh)
Yo f =ic(n+1)(yr — a)"g* "h" ! (ah — Bg) (4.4)
Yaf =ic(n+1)(y1 —a)"g" "h* " (ag — Bh)

IVoflI* = 2¢*(n + 1)*(y1 — a)*"g* P~ P71 (a2 + 7). (4.5)

Using the above we have
Yi(Yif) = c(n+1)(y1 —a)" 1" 2h7 72
x (ngh(ah + Bg) + c(n +1)(y: — a)"**

% ((ah+ Bg)((a = Vh + (8= 1)g) + ghla + 8)) ),
Ya(Yaf) = = (n+1)%(y1 — a)*"g*2h7 >
x ((ah = Bg)((e = D)h — (B — 1)g) — gh(a + B)),
Yi[|Vof|? = 4¢*(n +1)*(a® + %) (y1 — a)*"~'g*HP2poti=2
x (ngh+*(n+1)(a+ B —1)(y1 — a)*"?),
Y2|[Vof|* = 4¢*(n + 1)*(e® + 5%)(y1 — a)*" (y2 — b)
(a+ B —1)g*Hi=2poth=2
and
22: YilIVofIP(Yif) = 4> (n +1)%(® + 8%)(y1 — @)~ g?*HF =3 pot20 3
i=1
x ((ah + Bg)(ngh+ A(n+1)(a+ B —1)(y1 — a)***?)
+ic(n+ 1)y — @) (g2 — b) (@ + B — 1)(ah — Bg)),
IVofIP(VYaf + YaYaf) = 2¢°(n+1)%(a® + B2) (g1 — )"~ g TP~ 2po 203
x (ngh(ah + Bg) + 4e(n + 1) — a)"gh(ap) ).
so that

2
A f = Vo174 (L2 S Y I90 AR 0) + INofIP0NS + ¥aYar))

j=1
= —LQ%%cp*an(n +1)P72(y; —a)"P V(a2 4 ﬂz)L;z
x g2 @PHBE=2)=p) 3 ((P=280=P) (Le(y; — )™ + (1 — p)(n + 1)(yo — b)).
We then compute
LY Yol (Vo f [P72F) = iL2"% & n(n + 1P (41 — )" @™ 7 (o® +57)

9 (g%mpw(p—mf(pfz)) h%(a@fzwp—(p—z)))
y2

= L2 I (0 + 1) 2 (g — 0)" 0D (4 60
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x g2 (P tB(p=2)=p) 3 (a(p=2)+p—p)

x (Le(yy — a)™™ +i(1 = p)(n+ 1)(y2 — b))
= A f

from which it follows that G, 1. fp.r. =0 on G, \ {(a,d)}, away from the singularity.
We now consider the normalization

9=(y1,y2) == c(yr —a)" + % +i(n + 1)(y2 — b),
he(y1,y2) = c(yr — a)" + > —i(n+ 1)(y2 — b)
so that

fey1,92) = g=(y1, y2) e (y1,92)"
Suppressing arguments and computing similarly as before yields the distribution

Gp.fe = 721)77262((71 +2-p)— nLQ)cpfln(n + 1)1”*2(012 + 52)122;2
X (yl - a)"(Pfl)—1gap+B<g—2>—p ha(p—2)2+/ip—p.

By the argument in [II Theorem 7.5, (c)], the distribution of (4.8)) is determined
by the density

=~ 2 (42 p) = L)@ n(n 4 1) R 4 5
yr—a \nle=hl y1—a Y2 —by, 1
% (M) dm<€2/(n+1))d( 2 )(_721)

ap pP— —P 4.9)
y1 —a \"t! . (y2 — b)\ 2% (
x (C(gz/ml)) 14l +1)7= 5 )

o\ (g by e
x(c(€2/(n+l)) +1—i(n+1) g )

(4.8)

where dm denotes the Lebesgue measure in the complex plane. Then as € — 0 the
distribution of (4.9) tends to the dy distribution, up to a constant factor. O

Observing that

n+2)+n

L(n—|—2)—n’
n+ L

-1 L
L;fréiM implies p;é’ ( p—

n+2—-p
we have immediately the following corollary.

)

Corollary 4.2. Let p > max{|L(7;;fg+”| |L(T;+_227"|}. Then the function f, 1, of

Equation[].9 is a smooth solution to the Dirichlet problem
Gp,(fp,(0)) =0 q€Gn\{(a,0)}
0 ¢=(a,b).

4.2. Limit as p — co. Recall that the drift p-Laplace equation in the Grushin-type
planes G,, is given by

Gp.L(f) = Apf +iL[Y1, Yol (| Vo fIIE2f) = 0.

A routine expansion of the drift term yields the observation

— _4, 0
G,.1(£) = Ay +iLen(on — )" (P52 V018 (5 V0 f3) 1

0
p—2 _
+IVoflE 5, ) =0
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Dividing through by % ||V0f||fé_4 and formally taking the limit p — oo, we obtain

Goo,r.(f) = Auo f +iL[Y1, Y2)([ Vo fI2) .
Considering (4.2]) and formally letting p — oo yields

1  _(1_ 1
Joo, L (Y1,2) = 9(1/1,92)2("“)(1 nL)h(y17y2)2("+”(l+nL)

where we recall the functions
9(y1,y2) = c(yr — a)" ™ +i(n+ 1) (y2 — b),
h(y1,y2) = c(yr —a)" "' —i(n+1)(y2 — b).

Theorem 4.3. The function fo,r, defined above, is a smooth solution to the
Dirichlet problem

goo,Lfoo,L(Q) =0 q S Gn \ {(a’ b)}v
0 ¢=(a,b).

Proof. We prove this theorem by letting p — oo in (4.3), (4.4), (4.6), (4.7), and

invoking continuity (cf. Corollary [4.2]). However, for completeness we compute it
formally. We let

A= ﬁ(l —nL) and B= ﬁ(l +nlL)
and, suppressing arguments and subscripts, compute
Yif =c(n+1)(y1 — a)"g* " *hP~1(Ah + By),
Yo f =ic(n+1)(yr — a)"g*~"h" "' (Ah — By),
IVoflI* = 2¢°(n + 1)%(y1 — a)*"g TP~ RATE=1 (A% + B?),
YilIVoflI? = 4¢3 (n + 1)2(A2 + B?)(y; — a)2n—1gA+B-2pA+B-2
x (ngh+(n+1)(A+ B —1)(y1 — a)**?),
V3| Vofl? = 4c*(n + 1)* (A% + B?)(y1 — a)*" (y2 — b)
(a+ f — 1)gA+B-2pA+B-2,
so that
Asof = Y|V fIPYif + Yol Vo f|*Yaf
= 43 (n + 1)3(A% + B?)(y1 — a)3n—1g2A+B—3pA+25-3
x (AR + Bg)(ngh + c*(n+ 1)(A+ B = 1)1 — a)*"*?)
+ic(n+1)%(y1 —a)" " (y2 — b)(A+ B —1)(Ah — Bg))
= HiLA(n + 1)°n2(A2 + B)(y1 — a)3" " L(ys — b)g?ATB-2pA+28-2,
We also compute
iL[Y1, Ya (Vo fI1%) f

; n— a
= iLg*h® (en(yr — )" 5[ Vof|P)
Y2

= —4iLc*(n+1)°n? (A% 4+ B2)g2A+B=2pAT2B=2(y _ )31 (yy — b).

The proof is complete. O



EJDE-2021/99 GENERALIZATIONS OF THE DRIFT LAPLACE EQUATION 13

In particular, combining this with [6], we have shown that the following commu-
tative diagram in G, \ {(a,b)},

Gprfo,e =0 —— Goo.Lfoo, =0
p—00

lL—m lL—>O

Apfp,O:O —_— Aoofoo,OZO

p—00
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