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DEFICIENCY INDICES OF A DIFFERENTIAL OPERATOR
SATISFYING CERTAIN MATCHING INTERFACE CONDITIONS

PALLAV KUMAR BARUAH, M. VENKATESULU

ABSTRACT. A pair of differential operators with matching interface conditions
appears in many physical applications such as: oceanography, the study of step
index fiber in optical fiber communication, and one dimensional scattering in
quantum theory. Here we initiate the study the deficiency index theory of such
operators which precedes the study of the spectral theory.

1. INTRODUCTION

In the study of acoustic wave guides in the ocean, and of one dimensional time
independent scattering in quantum theory, we come across of problems of the from

Lifi - ZP T

defined on an interval I; = (a,c| and

d
Lifi = ZP d{;}ﬁz

defined on an interval Iy = [¢,b), with —c0 < a < ¢ < b < +oo. Here A is an
unknown constant and the functions fi, fo are required to satisfy certain mixed
conditions at the interface ¢ = ¢. In most cases, the complete set of physical
conditions on the system give rise to selfadjoint spectral problems associated with
the pair (Ll, Lg)

Initial-value problem and boundary-value problems for regular and singular cases
for these equations have been discussed in publications such as [2], B [6], [7, [8, [9]. It is
important to study the deficiency index theory of an operator before one embarks
on the study of the spectral theory. Here we present a simple result on deficiency
index of such operators. We take help of the results available in [3]; however the
proof of the main theorem rendered here is new, not the same as that found in [3].
A similar study is found in a recent work of Orochko [4], where he has considered
two arbitrary even ordered symmetric differential expressions degenerated at the
point of interface. The operator depends on two parameters p,q and based on
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certain relations between these parameters and the order of the expressions, the
interface point is classified into penetrable or impenetrable. Whereas in this work
we consider the the interface point to be regular and the functions to be sufficiently
smooth.

Definitions and Notation. Let I; = (a,c] and Iy = [¢,b) where —oo << a < ¢ <
b < +o0. For any non-negative integer n, let C™(I;) denote the space of all complex
valued n-times continuously differentiable functions defined on I;;i = 1,2. Let
C*(I;) denote the space of all infinitely many times differentiable complex valued
functions defined on I;;¢ = 1,2. Let A™(I;) denote the space of all functions in
C=1(I;) such that (n —1)*"derivative is absolutely continuous over each compact
subset of I;;4 = 1,2. For a function f, f@) denote the jt* derivative of f, if it
exists. For any m x n matrix A, let A* denote the adjoint of A. For a square matrix
A, A=1 denotes the inverse of A, if it exists. For any two nonempty sets(topological
spaces) V1 and Vs, let V] X V5 denote the cartesian product (space equipped with
product topology) of Vi and Vs, taken in that order. Let Lo(I;) denote the space
of all measurable complex-valued functions square integrable on I;,¢ = 1,2. Let
the inner product in Lo(I;) be denoted by (.,.), ¢ = 1,2. Let H™(I;) denote those
functions f in A™(I;) such that f belongs to Lo(I;),i = 1,2. Let HZ(I;) denote
the space of all functions f in H™(I;) such that f vanishes in a neighbourhood

of a and f(c) = f'(¢) = ...... = f®=V(c) = 0. Let HJ(I) denote the space
of all functions f in H"(I3) such that f vanishes in a neighbourhood of b and
flO=f(e)="=f""V(e)=0.

Let A and B be non singular nxn matrices with complex entries. For f; € C™(I;),
let fi(t) = column(fi(t), fi(t), ..., fP=D(#)),t € I;;i = 1,2. Let H™(I; xI5) denote
the space of all pairs (f1, fo) € H™(I1) x H"(I) such that Afi(c) = Bfa(c). Let
H{ (I x I) denote the space of all pairs (f1, f2) € H™(I1 x Iz) such that f; vanishes
in a neighbourhood of a and f; vanishes in a neighbourhood of b.

Let 71 and 75 be a pair of formal ordinary differential operators of order n defined

on the intervals I; and I, respectively, of the form

= Y wC =Y ()
k=0 k=0

where the coefficients ap € C°(11), by, € C*(I3) and a,(t) # 0 and b,(t) # 0 on
I; and I respectively. For (f1, fo) € A"(I1) x A™(13), let

(11, 72)(f1, f2) = (T1f1, T2 f2)

where

n

(rf)t) =3 an@®) P (0),t € I,
k=0

(raf2)(t) = S () £ (1), t € I

k=0
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‘We define TQ(TIL) Tl(TZ) m LQ(I) 1= 1 2 and TQ(Tl,TQ) Tl(Tl,TQ) in LQ(Il)XLQ(Ig)
as follows:

D(Ty(m;)) = Hy (L;), To(m) fi = 7ifir, fi € D(To(m:));1 = 1, 2;
D(T\ (7)) = H"(1;), T1(m) fi = 7i fi, fi € D(T1(73));1 = 1,2;
Hy (I x I2), To (1, 72)(f1, f2) = (T1.f1, T2 f2);

D(Ty(1,72)
D(T1(71,72) H"(Iy x I3), Ty (11, 72)(f1, f2) = (T1.f1, 2 f2)-

We note that Ty(7;),T1(7;)) are densely defined unbounded operators in Lo (I;), i =
1,2;To(71,72), T1 (11, 72) are densely defined unbounded operators in Lo (1) X Lo (I3).
We also note that the matching conditions at the interface t = ¢, viz. A fl(c) =
Bfg (¢) are introduced into the domains of Ty (71, 72) and 11 (71, 72). It is true that
To(m:), i = 1,2, Ty(m1,72) are minimal unclosed operators and and Ty (7;), ¢ = 1, 2;
Ty (1, 72) are the maximal closed operators in the respective spaces. Moreover,
To(m:) = To(r)*, where 77 is the formal adjoint of 7;, ¢ = 1,2. Under certain
assumptions on the matrices A, B and the boundary matrices for 7, 72 at ¢, we shall
prove in the next section that 71 (71, 72) = To(71, 75 )*. Thusif 71 and 79 are formally
selfadjoint, then we have Ty (7;) = To(7;)*, i = 1,2 and Ty (11, 72) = To(11, 72)*. The
positive and negative deficiency spaces of Ty(71), To(72) and To(71, 72) are defined
as follows:

)=
)
1 (7

D ={fi € D(T\(n))/mfr = ifr},
D" ={f1 € D(Ty(m1)) /71 f1 = —if1},
D"y ={fo € D(Ty(12)) /T2 fo = ifo},
D" ={f € D(Tl(Tz))/T2f2 = —ifa},
Dy ={(f1, f2) € D(T1(11,72)), [ (11, 72)(f1, fo) = i(f1, f2)},
D_ ={(f1, f2) € D(Ta(11,72)), [ (11, 72)(f1, fo) = =i(f1, fo)},

and the following quantities
dﬁr = dimDﬁr;dL =dimD’_,
d’fr = dimD’Jﬁ;d’i =dim D",
d+ = dsz+, d_ = dsz_
are called the positive and negative deficiencies of Ty (1), To(71), To(71, 72), respec-

tively. Our main interest here is to prove the following theorem.

Theorem 1.1. If 1, > are formally selfadjoint and
(A"Y)*F.(r)A™r = (B~Y*F,(m)B™! (1.1)
where F.(t;) is the boundary matriz of 7; at t = ¢,i = 1,2, then
dy =d\, +d] —n and d_=d_+d’ —n
If 11 = 7o, that is the same differential operator is defined on I; and Is, and
A = B = I, (where I denotes the identity matriz) then [3), corollary (XIII).2.26]
becomes a special case of the above theorem. The proof of Theorem [I.], that we

present here is new and more appealing than the proof given in [3], for the special
case T, = To, and A= B = 1.
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2. PRELIMINARY RESULTS

In this section, we present a few definitions and results that are useful towards
proving Theorem

Let g; be complex valued measurable function which is integrable over every
compact subinterval of I;, i = 1,2. Consider the boundary-value problem (BVP)

(71, 72)(f1, f2) = (91, 92) (2.1)
Afi(c) = Bfa(c) (2.2)

By a solution of problem (2.1))-(2.2)), we mean a pair (f1, fa) € A"(I1) x A™(I3)
such that

(i) (11f1)(t) = g1(t) for almost all t € Iy
(ii) (72f2)(t) = g2(t) for almost all ¢ € I

(iti) Afi(c) = Bfa(c).
Let t; € I, i = 1,2 and {co,...,¢n-1},{do,...,dn_1} be arbitrary set of complex
numbers. Consider the initial conditions

D) =¢i=0,1,....n—1,t, € I, (2.3)
D(ty) =dii=0,1,....n—1,ty € I, (2.4)

The following results can be proved easily.

Lemma 2.1. The initial boundary-value problem (2.1)-(2.2)-(2.3) ((2.1)-(2.2))-
(2.4)) has a unique solution.

Lemma 2.2. If g; has k continuous derivatives in I;, then the component f; of

the solution (f1, f2) of (2.1)-(2.2)-(2.3) ((2.1)-(2.2)-(2.4)) has (n + k) continuous

derivatives in I;, i =1,2.

Lemma 2.3. If (g1,92) = (0,0) andO0=cy=c¢1 = - =c¢p_1(0=dg =

dn—1), then (f1, f2) = (0,0) is the only solution of . . . (. .
@9)).

We say the pairs (fi1, f21), ..., (fip, fop) are linearly independent on I; x I if
p .
SapfUt)=0, tel, j=01,...,n-1,i=1.2
where a1, ..., q, are scalars, then oy = ap = =a, =0.

The next result follows easily from Result [2.]] -

Lemma 2.4. The boundary-value problem

(71772)(f17f2) = (O’O) (2'5)
Afi(e) = Bfa(c) (2.6)
has exactly n linearly independent solutions.

We now prove the Green’s formula for the pair (71, 72).
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Theorem 2.5. Let I} = [a,c], Iz = [¢,b], —00 < a < ¢ < b < +o0. Let relation
(1.1) be true. Then for (f1, f2)(g1,92) € H™(I1 X I3),

c b
/ (r1 f2) (D)7 (£)d + / (ra o) (g (£)dt

c b
:/ fl(t)(ngl)(t)dt'f‘/ fo(t)(7592))dt + Fy(fa, g2) — Fu(f1,01)

where Fy(fi,gi) is the boundary form for r; at t € I;.

Proof. Being the proof routine it suffices to verify that
Fo(f1,91) = Fe(f2, 92)-

To show this, we consider,

The following corollary is immediate.

Corrolary 2.6. If I; and I are arbitrary intervals and Relation s true,
then Green’s formula is valid for (f1, f2), (91,92) € H"(I1 X I3) (or even (f1, f2) €
H™(I X I),(g1,92) € A™(I1) x A™(I3) satisfying Agi(c) = Bga(c)) provided that
either (f1, f2) or (g1, g2) vanishes outside a compact subcell of Iy X I5.

In the rest of the work, we assume Relation (1.1) to be true. The following
results could be proved with suitable modifications as in [3, pp 1291-1295].

Lemma 2.7. Let f; be a function whose square is integrable over every compact
subinterval of I;,i = 1,2. Suppose that

2
Z/ [i(O)TFgi(t)dt =0, for all (g1,92) € HY (11 x I2).
i=1 71

Then (after modification on a set of measure zero)
(f1, f2) € C(I) x C=(Is), Afi(c) = Bfa(c)and(ry, 72)(f1, f2) = (0,0).
Lemma 2.8. Tl(Tl,TQ) = To(Tl*,T;)*.

From Lemma it follows that 77 (71, 72) is a closed operator. Thus T (71, 72)
is an extension of Ty(71,72) and hence Ty(7i,72) has an minimal closed extension
T() (Tl, Tg).

Lemma 2.9. If 7,72 are formally selfadjoint then To(11,72) is the restriction of
To(r1,m2)*. (that is To(m1,T2) s symmetric).
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Lemma 2.10. If 71, 7o are formally selfadjoint then D', D" ; D'l , D" D, D_ con-
sists precisely of those solutions of the equations (11 —i)f1 = 0, (11 + z)f} = 0;
(2 =) f2 = 0, (2 +9)f2 = 0; ((11,72) +1)(f1, f2) = (0,0), satisfying Afi(c) =
Bfs(c), lying in La(I1), La(I2), La(I1) x La(I3), respectively.

Lemma 2.11. Let J; x Jy be a compact subcell of Iy x Iy. Then

(i) The space H™(Jy x J3) is complete in the norm
n—1 n—1

_ @ () )
I (112 = (3 mael£76), 3 mae 1£27(0)

=0

2 . 1/2
+ (;/J;n‘ (oypar)

(i1) {(fin, fon)} is a sequence in H™(I; X I3) such that {(fin, fon)} and
(11, 72){(f1n, fon)} converge (converge weakly) in Lo(I1) X Lo(l2), then
the sequence {(fin, fon)} converges (converge weakly) in the topology of
H"(Jy x J3) defined by the above norm. For (f1, f2),(91,92) € La(I1) X
Lo(I), the inner product in La(I1) X Lo(I3) is given by

((f1,f2), (91,92)) = (f1, f2) + (91, 92)
Since Ty (71, 72) is closed, H"(I; x Iy) = D(T1(71,72)) becomes a Hilbert
space upon introduction of the inner product

((f1, f2): (g1, 92))" = ((f1, f2), (91, 92)) + {(T1, 72) (f1. f2), (71, 72) (91, 92))

Definition. A boundary value for (71, 72) is a continuous linear functional © on
D(T1 (71, 72)) which vanishes on D(To(71,72)). If ©(f1, f2) = 0 for each (f1, f2) €
D(T (71, 72)) which vanishes in a neighbourhood of a, © is called a boundary value
at a. A boundary value at b is defined similarly . An equation ©(f1, f2) = 0, when
© is a boundary value for (11, 72), is called a boundary condition for (r1,72). A
complete set of boundary values is a maximal linearly independent set of boundary
values. Similarly a complete set of boundary values at a(b) is a maximal linearly
independent set of boundary values at a(b).

Note: If 71, 75 formally selfadjoint, the boundary values for (71, 72) coincides with
[3, Definition (X11)4.20] of a boundary value for Ty(7, 72).

The following results can be provided with suitable modifications as in [3, pp:
1298-1301].

Lemma 2.12. The space of boundary values for (11,72) is the direct sum of the
space of boundary values for (11, 72) at a and the space of boundary values for (11, T2)
at b.

Lemma 2.13. There exists a one to one linear mapping of the space of all boundary
values for m1(72) at a(b) on to the space of all boundary values for (11,72) at a(b).

Lemma 2.14. 71(72) and (11, 72) have the same number of linearly independent
boundary conditions at a(b).

Lemma 2.15. (11, 72) has at most n linearly independent boundary values at a(b).

Lemma 2.16. If I; = [a,c], —o0 < a(lz = [¢,b],b < +00), then the functionals
O:(f1, f2) = fl)(a)( él)(b)),i = 0,1,...n — 1 form a complete set of boundary
values for (11,72) at a(b).
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Lemma 2.17. If 7,75 are formally selfadjoint and
d=dy+d_, d=d +d_, d'=d]+d’
then d =d' +d" — 2n.

3. PROOF OF THEOREM [L.1]

Proof. Let (fi1, f21),---, (fia+, f2a.) be a basis for Dy ; gi1,... ;914 be basis
for D, ; h21,...,h/2/d+ be a basis for D//. Clearly, {(fui, f2i)}, i = 1,2...,d4 are
linearly independent and belong to La(I1) x La(I2); {g1:},i =1,...,d/, are linearly
independent and belong to Ly (11); {h2:i},i = 1,...,d!] arelinearly independent and
belong to Ly(I3). We have dy < d'[,d, <d,.

Claim 1: At least (d/, —d) number of g;1s are linearly independent with respect to
the set S = {f11,..., f1d+}. For, if possible, let this number of g;1s be strictly less
than (d’, —dy). Then at least (dy + 1) number of g;;s shall be linearly dependent
to S. Without loss of generality, we may assume that gi1,...,914, are linearly
independent to S. Then there exists scalars a;,1,5 = 1,2,dots,dy and 31, ..., B4,
such that

ayyfi + -+ aia, fla, = 9

a1 fi1+ -+ 24, fla, = 912

(3.1)
ag 1 fu+ o+ aq,d, fla, = 914y
and
Brfir+ -+ Ba, fra, = g1a,+1 (3.2)
Since g11,...,914, are linearly independent, the matrix
11 ‘e OéldJr
91 e Oéngr
Qg1 --- Odydy
is nonsingular and consequently system (3.1)) gives that each f1;,i=1,...,dy can
be expressed as a linear combination of gy1,...,g14, and then substituting into
equation (3.2), we get gi4, +1 is a linear combination of gi1,...,g14,, a contradic-
tion. Hence the claim is true.
Now, let G1dy+15- -5 91d, be linearly independent with respect to S. Using
Lemma [2.3] we can extend these functions to the pairs
(91d,+15 92d;+1), -+ (Qlaz'+ ) gzdgr) satisfying
(11, 72) = 1)(914, g2:) = (0,0), (3.3)
Agh‘(c) :ngi(c)7i:d+—|—l,...,d'+ (34)

Clearly, (flh fgl), ey (f1d+,f2d+), (91d++1, ggd++1), ey (gld/Jr, ggd;) are linearly in-
dependent and gy; ¢ La(I2), for any i =dq +1,...,d,.

Next, let S = {fa1,.. .y f2a, }. As in claim 1, we can prove at least (d/f —dy)
number of ha;s must be linearly independent with respect to S. Using Lemma
we can extend these functions to the pairs (hig, 11,24, 41),------ ’(hldl’hml)
satisfying
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((11,72) — @) (h1i, hai) = (0,0) (3.5)
Ahyi(c) = Bha(c) (3.6)
Clearly, (fi1, fo1),---,(f1ay, foar), (Pidy+1,h2d,41)s-- -, (hldi’thl) are linearly
independent and hi; ¢ La(1y), for any i =dy +1,...,d.
Claim 2: (fllanl);-“7(f1d+7f2d+)7(91d++1a92d++1)7-"a(gld;_792d’+)a

(h1dy+1,P2d41)s - - - (hldg; , hgdi) are linearly independent solutions of
((11,72) —4)(f1, f2) = (0,0) (3.7)
Afi(c) = Bfa(c). (3.8)

It suffices to verify the linear independency of these pairs of functions. Again it
suffices to show that g’s and h’s are mutually linear independent. If possible for
some 1, let

(910, 92i) = a1 (ha, +1, haa 1) + -+ + aar—a, (haay, haar)

for some scalars aq, ..., Qg —q, , not all zeros. Then
df —dy
g2i = E a;hg;
i=1

a contradiction, since the left-hand side is not in Lo (I3), whereas the right-hand side
is in Lo(l). Similarly, it can be proved that no (hy;, he;) is a linear combination of
(91i,92i), i =dy +1,...,d.. This proves claim 2.
Finally by Lemma [2:4] we have
dy +(d} —dy) +(df —dy) <n.

That is

di+d, —dy <n (3.9)
Similarly we get,

d'+d —d_<n (3.10)
Claim 3: d{ +d, —dy < n and d| +d/, — d < n For if possible, let the strict
inequality hold in either (3.9)) or (3.10). Then, adding these two we get

(dl+d" )+ (d, +d_)—(dy +d_) <2n.

That is, d’ + d’ — d < 2n which is a contradiction to Lemma This proves
claim 3 and the proof of the theorem is complete. ([

We remark that the operators of the form considered here occur in many physical
situations such as acoustic wave guides in oceans; see [II, 5] [6, [7], 8] 9 [4].
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