Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 134, pp. 1-16.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

ASYMPTOTIC POWER TYPE BEHAVIOR OF SOLUTIONS TO
A NONLINEAR FRACTIONAL INTEGRO-DIFFERENTIAL
EQUATION

AHMAD M. AHMAD, KHALED M. FURATI, NASSER-EDDINE TATAR

Communicated by Mokhtar Kirane

ABSTRACT. This article concerns a general fractional differential equation of
order between 1 and 2. We consider the cases where the nonlinear term con-
tains or does not contain other (lower order) fractional derivatives (of Riemann-
Liouville type). Moreover, the nonlinearity involves also a nonlinear non-local
in time term. The case where this non-local term has a singular kernel is
treated as well. It is proved, in all these situations, that solutions approach
power type functions at infinity.

1. INTRODUCTION

We consider the initial value problem

(D)) = (1 (DL)@). [ kit OFw)(s)ds). >0,

(Ié;ay)(0+) =ar, (D3+y)(0+) =az, a,a2 €R,

(1.1)

where Dgﬁ:r L D€+ and Dg+ are the Riemann-Liouville fractional derivatives of orders
a4+ 1, § and v, respectively, 0 < < a <1 and 0 < v < a < 1. The definition
of the Riemann-Liouville fractional derivative is given in the next section. Notice
that D' = DDg, = (Dg,), 0 < < 1.

We study the asymptotic behavior of solutions of this nonlinear fractional integro-
differential problem. Different types of the nonlinear function f and the kernel k
are discussed. In this regard, we consider the case of fractional and non-fractional
source terms and also the case of singular kernels.

It is of great importance to have an idea about the behavior of solutions for
large values of the time variable. Unfortunately, relatively few problems only can
be solved explicitly. Therefore there is a need to find analytical techniques which
allow us to explore the behavior of solutions without solving the differential equa-
tions. The study of asymptotically linear solutions to linear and nonlinear ordinary
differential equations is important in many fields like fluid mechanics, differential
geometry, bidimensional gravity, Jacobi fields, etc. see e.g. [I7].
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In many cases, the main idea to study the asymptotic behavior of solutions is
to establish sufficient reasonable conditions ensuring comparison or similarity with
the long-time behavior of solutions of simpler differential equations. This important
issue has attracted many researchers, see [13] [16], 2T, 22] 25].

Recently, some papers discussed the issue of asymptotic behavior for some types
of fractional differential equations, see [5] [7, @, [12] 18] 20]. In 2004, Momani, et al.
[19] discussed the Lyapunov stability and asymptotic stability for solutions of the
fractional integro-differential equation

t
(D2 @) = f(tylt) + [ kltsp(o)ds, D<a<ltza  (12)
with the initial condition (I}7%y)(a™) = ¢y € R. The assumptions

(. y(0)] < 1Oy,
| Hosts)do < sl s < fa.dl

where 7(t) and §(t) are continuous nonnegative functions and

sup/ (t —s)*y(s) + 6(s)]ds < o0,

t>a

were imposed. The authors proved that every solution y(t) of (1.2]) satisfies

ol e Lot
MW%MFMW%WLW@WMWW%w

and if .
/thgW*h@»+aﬁus:0«r—@w4x

then |y(t)] < Co(t — a)*~* where Cj is a positive constant, and hence the solution

of (1.2)) is asymptotically stable.
Furati and Tatar [I0] considered (1.2]) subject to the initial condition

tlim+(t1_ay(t)) =b, beR 0<a<l, a=0,

—a

and showed that solutions decay polynomially for some nonlinear functions f and
k. When k = 0, they proved in [IT] that solutions of the problem exist globally and
decay as a power function in the space C{_,[0,00) defined in (3.I), see Section
In 2007, the same authors considered in [9] the equation and found uniform
bounds for solutions and also provided sufficient conditions assuring decay of power
type for the solutions.

In 2015, Medved and Pospisil considered in the paper [18] a more general case
when the right-hand side depends on Caputo fractional derivatives of the solution.
They proved that there exists a constant b € R such that any global solution of the
initial value problem

(CD3+x)(t) = f(t,x(t),x’(t), .- '7x(n_1)(t)7 (CDZ‘iﬂf)(t)a EERE) (CDgfI)(t)),
x(i)(a):cl-, 1=0,1,...,n—1, n €N,

wheret > aandn—-1<a; <a<n,j=1,2,...,m, m €N, is asymptotic to bt"
with r = max{n — 1, a;, }.
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To the best of our knowledge, there are no similar investigations on the asymp-
totic behavior of solutions for fractional integro-differential equations of type (|1.1]).

There is a great volume of literature on the well-posedness for various classes of
fractional differential and integro-differential equations; see [T}, [2, B}, [4] [6, T4}, 27, 28]
29]. In fact most of the analytical investigations are on existence and uniqueness.
Several nonlinearities of the form

t
f<t7 y)7 f(tay7 Dg+y)> f(t7 yaDg+y7A k(87t7Dg+y(s))dS)a

(with different kinds of fractional derivatives) or even more general ones have been
treated. The local existence has been proved under much weaker conditions than
those for the asymptotic behavior. For our purpose here, the local existence holds
under the simple continuity of the nonlinearities. In this paper we will be concerned
mainly with the asymptotic properties of solutions. Therefore, the local existence
(which we will assume throughout this document) justifies our investigations. There
is no need for uniqueness as our results will apply for all possible solutions.

The rest of this paper is organized as follows. In Section 2 we present the
used notations, underlying function spaces, background material and some prelim-
inary results. It contains, in particular, the definitions and basic properties of the
fractional integrals and derivatives used in this paper. Some useful lemmas and
inequalities that will be used later in our proofs are listed there. The asymptotic
behavior of solutions for fractional integro-differential equations of type is
studied in detail in Section 3. Finally, we illustrate our findings by an example in
the last section, Section 4.

2. PRELIMINARIES

In this section we briefly introduce some basic definitions, notions and properties
from the theory of fractional calculus.

Definition 2.1 ([15]). Let —co < a < b < co. The space LP(a,b) (1 < p < o0)
consists of all (Lebesgue) real-valued measurable functions f on (a,b) for which
| f]l, < oo, where

b 1/
5= ([ 1roras) " 1<p<
[ flloo = esssup,<;<p [ f(2)]s

and esssup | f(t)| is the essential supremum of the function |f(t)].

Definition 2.2 ([I5]). We denote by C[a,b] and C"[a,b], n € Ng = NU {0}, the
spaces of continuous and n-times continuously differentiable functions on [a, b}, with
the norms

[fllc = max [f(£)],
t€la,b]

n

I£llen =31 Vlle = 3 max 7O @), n e No
=0 % ’

respectively, where Cla,b] = C[a, b].
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Definition 2.3 ([I5]). We denote by C,a,b], 0 < v < 1, the weighted space of
continuous functions

Cyla,b) ={f: (a,b] = R: (t —a) f(t) € Cla, b}, (2.1)

with the norm

Iflle, =1t =a)" fB)lc,
In particular, C[a, b] = Cyla, b].

Definition 2.4 ([I5]). For n € N and 0 < v < 1, we denote by CZ[a,b], the
following weighted space of continuously differentiable functions up to order n —1
with n-th derivative in C,[a, b],

Ca,b] = {f : (a,b] = R: f € C" a,b], f™ € C,[a,b]},
with the norm
n—1
Ifller =D 1P Ne + 1™, -
k=0
In particular, C,[a,b] = C9[a, b].

Next we introduce some definitions, notation and properties of the Riemann-
Liouville fractional derivative.

Definition 2.5. The Riemann-Liouville left-sided fractional integral of order a > 0
is defined by

1 t
(I3 u)(t) = m/a (t —s)* tu(s)ds, a<t<b,

provided the right-hand side exists. We define I . u = u. The function I' is the

Euler gamma function defined by I'(a) = [~ t* te~'dt, a > 0.

Definition 2.6. The Riemann-Liouville left-sided fractional derivative of order
a > 0, is defined by

(Dgru)(t) = D"(I;u)(t), t > a,

where D" = 4= n = [a] + 1, o] is the integral part of . In particular, when

a =m € Ny, it follows from the definition that D7} v = D™u.

The next lemma shows that the Riemann-Liouville fractional integral and deriv-
ative of the power functions yield power functions multiplied by certain coefficients
and with the order of the fractional derivative added or subtracted from the power.

Lemma 2.7 ([I5]). If « > 0, 8 > 0, then
r
(Igﬂr(s — a)g_l)(t) = F(ﬂ(—f—)a) (t— a)m'o‘_l, t>a,

(D5 =" )0 = st -0t

The Riemann fractional integration operator I3, has the semigroup property
expressed in the following lemma.
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Lemma 2.8 ([I5]). Leta >0, 8> 0 and 0 <~y < 1. Then
18010 u =121,

almost everywhere in [a,b] for u € LP(a,b) and holds at any point in (a,b] if u €
Cyla,b]. When u € Cla,b], this relation is valid at every point in [a,b].

Lemma 2.9 ([15]). Let 0 < f < a and 0 < v < 1. Ifu € Cy[a,b], then
DY 1% u=1%"u
at every point in (a,b).

The following result is about the composition I, D¢, of the Riemann-Liouville
fractional integration and differentiation operators.

Lemma 2.10 ([15]). Let @ > 0, 0 <y < 1, n=[a]+1. Ifu € C, [a,b] and
I'"“u € CZa,b], then

n Dn 1In+ au)(a)

12D
(e D u)( MNa—i+1)

(t o a)afi
i=1

for allt € (a,b]. In particular, if 0 < a < 1, u € C, [a,b] and Ii:"‘u € Clla,b],

then
(L7 “w)(a)

(13- Dgu)t) = u(t) ~ 555

(t—a)* 1, (2.2)
for allt € (a,b)].

For more details about fractional integrals and fractional derivatives, the reader
is referred to the books [24] [26] [15].

Let S € R. For two functions f,g : S — R\{0}, we write f o ¢ if g/f is
nondecreasing on S.

Next, we mention two lemmas, due to Pinto [23], about some useful nonlinear
integral inequalities.

Lemma 2.11 ([23] Theorem 1]). Let u,A;, i = 1,...,n be continuous and non-
negative functions on I = [a,b] and the functions w;, i = 1,...,n be continuous
nonnegative and nondecreasing on [0,00) such that wy < wy X -+ X wy,. Assume

further that ¢ is a positive constant. If

<C+Z/ (s))ds, t € [a, b],
then, for t € [a,bi],

u(t) < W;l(Wn(cn_1)+/ An(5)ds),

where
(1) Wi(v) = [ w‘?(TT),U > 0,v; > 0,i=1,...,n and W; " is the inverse func-

tion ofWi.l
(2) The constants c; are given by co = ¢ and ¢; = W, (Wi(ci—y +f Ai(s)ds),
i=1,....n—1.
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(3) The number by € [a,b] is the largest number such that

b 00
! d
/ )\i(s)dsg/ T , i=1,...,n.
a iy wilT)

Lemma 2.12 ([23] Theorem 4]). Let u, A, w;, i = 1,2,3 and ¢ be as in Lemma

213 If
u(t) < c—i—/a A1(s)wi(u(s))ds +/a /\g(s)wg(/: /\3(7’)W3(U(T))d7’)d8,

then, for t € [a,b1],

t
u(t) < W5 (Walea) + [ Aals)ds),
where W, W;l, 1=1,2,3 and cg, c1,co are the same as in Lemma .

3. MAIN RESULTS

According to the types of the functions f and k, we consider the case of fractional
and non-fractional source terms and also the case of singular kernels. We discuss the
asymptotic behavior of solutions for the problem (1.1 in the sense of the following
definition.

Definition 3.1. By a solution y of (1.1)), we mean a function y : (0,b] — R,
that is continuable (continuous on (0, +00)), satisfying the equation and the initial
conditions in (T.1) and is in the space C**1[0,b], 0 < b < 0o, defined by

CPT0,0) = {y: (0,b] > R:y € C1_4[0,b], DSy € C1_4[0,0]}, (3.1)
where the space C1_4[0,b] is defined in (2.1)).

We assume that the functions f and k satisfy the hypotheses

(A1) f(t,u,v)is a C1_q function in D = {(t,u,v) : t >0, u, v € R}.

(A2) k(t,s,u) is continuous in F = {(t,s,u) : 0 < s <t < o0, u € R}.

Before presenting our main results we need to define the following classes of
functions:

Definition 3.2. We say that a function h : [0,00) — [0,00) is of type H, if
h € C[0,00) and t°h(t) € L'(1,00), o > 0.

Definition 3.3. We say that a function g is of type G if it is continuous nonde-

creasing on [0,00) and positive on (0,00) with g(v) < ug(2), v > 1,v > 0 and
ftto;’l(—:éooastﬂooforanyto>0.

The above classes are not empty. Examples showing this fact are given in the
next subsections. We will need to deal with the limit of the ratio of the Riemann-
Liouville fractional integral I ;ﬂ“ of a function and the power function t* as t — oo.
This is treated in the next lemma.

Lemma 3.4. Let f € L'(a,00), a > 0. Suppose that u and v are real-valued
functions defined on [a,0), then

lim i/ (t—9)*f(s,u(s),v(s))ds = /OO f(s,u(s),v(s))ds.
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Proof. Tt is sufficient to prove that

Jim i/ (t—s)o‘f(s,u(s),v(s))dr)—/oof(s,u(s),v(s))ds| —0.

A 15
Note that
- /t(t—s)o‘f(s,u(s / Fs,u ds|
7|/177 (s, u( ds—/ Fls,u(s ds|
|/ Nea($)(1 = 2% = 1)1 (5, u(s), v(s)ds]
_/a Xa ()1 = ) = 1| £ (s, u(s), v(s))Ids
where
X[at]():{(l): SZ{Z;
Since

by the Dominated Convergence Theorem [8] we obtain

tim [ [ (6= 92 f(ssuts) o) = [ flouts) oo

o0

< Jim [ e (9)(0L = 2% = 11 (s, u(s), v(s))ds
= [ a9 = 2 = 1 uls) o5)lds = 0

which is the desired result.

The following lemmas will be needed in the next subsections.

Lemma 3.5. Let y be a solution of problem (1.1) with f € L'(0,00). Then

= F(al_i_l)(az-i-/ooof< (D0+y)( s), /OS k(s,T, (Dngy)(T))dT)ds).

Proof. Applying I}, to both sides of the equation in (L.1)) yields

D))= ast [ 1(5.D80)6). [ hs.r (D)),

(3.2)
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Applying I, to the [3.2] with taking into account Lemmas 2.7} 2.§ and we
obtain

alta_l ast™
Ta) | Tla+D)

+ (15 (s DR, [ K (DF ) ()ar) ) )

y(t) =
(3.3)

for all £ > 0. Taking the limit of the ratio % as t — oo gives the desired result

with the help of Lemma [3.4 (]

The next two lemmas provide estimates for some integrals which will appear
later in our arguments.

Lemma 3.6. Let by, bs and by be positive constants and z(t) be a continuous and
nonnegative function on [0,00). Assume that

t
2(t) < bg + bzt + b4t/ (h1(8)g1(2(8)) + ha(s)g2(2(s)))ds, t >0, (3.4)
0
where hi,ho € Hi and g1,92 € G with g1 o< go. Then

—1
A1) < G 1(d2), 0<t<l1
tGy Y (ds), t>1,

where

fol hi(s)ds

INa+1) )

dy = Go(dy) + /01 ha(s)ds, di =Gy (G1(do) +
dog =by + b3, ds=Ga(e1)+by /loo sha(s)ds,
e1 = G;l(Gl(d4) + by /100 shl(s)ds>,
ds = do + bag1 (G5 (d) / ha(s)ds + baga (G (d2)) / ha(s)ds,

and Gt is the inverse function of Gi(t) = ftf) gfi(TT), 1=1,2,t>1t;>0.
Proof. For 0 <t < 1, from (3.4) we obtain

2(t) < by +bs + by / h ()91 (2(5))ds + by / ha(s)ga(2(s))ds.

From Lemma it follows z(t) < G5 *(dy). For t > 1, from (3.4) we have

@ t S zZ\Ss S t S zZ\Ss S
t gb2+b3+z:4/0 i (s)o1(2()d +b4t/0 s
<t bn [ stalo)n (s 1 [ shao1ga(as.

Notice that the hypotheses of Lemma are satisfied with by = oo (because

:JO gid(:) =00, i =1,2). Then, for ¢t € [1,00) (3.5)) leads to

@ < Gy '(ds).

This completes the proof. [
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Lemma 3.7. Let ba, b3 and by be positive constants and let z(t) be a continuous
and nonnegative function on [0,00). Assume further that

S(£) < by + byt + bat /0 t (a(s)1(=()) + ha(s)an /O ’ ha(m)ga(=(r))dr) )ds, (3.6)

fort >0, where hy, hs are of type Hi, hs is of type Ho and g; is of type G, i =1,2,3
with g1 x g3 < g3. Then

LM <t<l1
A1) < G3_1( ), 0<t<
tG3 (My), t>1,

where

1 1
M = G3(ds) +/ hs(s)ds, do = G5 (Ga(dy) + b4/ ha(s)ds),
0 0
1
dy = Gf1<G1(d0) n b4/ hl(s)ds), do = by + bs,
0
M1 = Gg(ez) —+ / 8h3(8)d8, €y = G;l (Gg(el) —+ b4/ hQ(S)dS),
1 1
e1 = Gy NG (M) + b4/ shi(s)ds),
1

1
My = do + bags (G5 (M) / ha (5)ds

+b4g2 g3(G /h3 dT / ha(s

Proof. For 0 <t < 1, from we obtain

t s
) bat bt [ (hl(s)gl(z(s)) +ha(s)gal | ha(rga(a(r))dr) ),
0 0
From Lemma [2.12]it follows that
2(t) <G3H (M) forall0<t<1.
For t > 1, from (3.6) we have

@gdom /0 1 (1 (5)91 (G5 (M) + has / ha(7)gs (G5 (M))dr ) ) ds

+by /j <h1(5)91(z(s)) + hz(s)gz(/o hB(T)gs(Z(T))dT))ds
= Ahh / (o115 + patolon ([ ha(eIon (o)) ) s

Let u = uy 4+ us + ug, where

up(t) = Mo + by /t hi(s)g1(2(s))ds,

—b4/ ha(s)ga(us(s /h3 5)g3(z t>0.

Differentiating u, by the monotonicity of g;,7 = 1,2, 3, we obtain

W' (t) < bathy (t)g1(u(t)) + baha(t)ga(u(t)) + ths(t)gs(u(t)), (3.7)
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for all ¢ > 1. Integrating both sides of (3.7) over [1,¢] gives

u(t) < u(l) + by / shy($)ga(u(s))ds + by [ ha(s)ga(u(s))ds
(3.8)

¢
+/ shs(s)gs(u(s))ds.
1
Now, since ftooo gf(TT) =00, 1 =1,2,3 for any ty > 0, the hypotheses of Lemma
are satisfied with b; = oo. Therefore, by Lemma the inequality (3.8) leads to

u(t) < G3H(My), forall ¢t > 1.

The proof is now complete. ([

Although the estimates in Lemmas[3.6] and [3.7] are not the best, they ensure that
all the involved integrals are bounded, which is the most useful fact we need in the
next subsections.

3.1. Case of a non-fractional source. In this subsection, we consider problem
(1.1) with 8=+ =0 and 0 < a < 1; that is,

(D )0 = £ (1), [ kit u(e))as). >0,

(Ip: “9)(0F) = a1, (DGy)(0%) =az, ar,az €R.

(3.9)

First, we need the following condition:

(A3) There are functions hy,hs € Hi,ha € Hp and g; € G, i = 1,2,3 with
g1 X go g3 such that

|ul

/(6w 0)] < ha(8)g1 (7=5) + ha(B)g2(lo]),  (tu,v) € D, (3.10)
|k(t, s, y)| < h3(s)gg(5LyJ1), (t,s,y) € E. (3.11)

Now, we prove the main result in this subsection.

Theorem 3.8. Suppose that f and k satisfy (A1)—(A3). Then, any solution of
problem (3.9) is asymptotic to ct* as t — oo, for some c € R.

Proof. Applying Igf ! to both sides of the equation in (3.9) gives

alto‘*l ast® a+1 s
far Pyt BT (5806 | k@) ) o).
Then, for all ¢ > 0,

ly@)| _ lai] |az|t t ' ly(s)]
o1 =T(a)  T(a+1)  Tlatl) /0 10 (G)

y(t) =

s ()| (3.12)
y(r
+ hQ(S)gz(/O h3(7)93(77a_1 )dT)]dS-
Let us denote the right hand side of (3.12) by z(¢) for all ¢ > 0, then
t
vl 2(t), forallt >0, (3.13)

ta—l -
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and consequently,

|a| |az| t /t
t) < t h
0=t P e+ T T J, MO0 (314
+ hz(s)gQ( / hg(T)gg(z(T))dT)]ds for all ¢ > 0.
0
It follows from Lemma B.7 that
2(t) <tGy'(My), forallt>1,
and from (3.13)) we have
|yt(§)| < M= G5'(My), forallt>1. (3.15)
Let
t s
J:z/ f(s,y(s),/ k(S,T,y(T))dT)‘dS, t>0.
0 0
Using assumption (A3) and (3.13]) we see that
1 s
7 [ [0 + ha(s)aal | halr)gaetr))an)]ds
0 0 (3.16)

+ [ [ ) () + ol [ ragtetonan]as, =1

The second integral on the right-hand side of (3.16)) can be estimated using (3.13))
as follows

1< [ ohaoon s + [ haoh [ pstrlgsta(rin
+ /1 ha(7)ga(=(7))dr ) ds

Sgl(Mg)/lt shl(s)ds+gg(gg(M4)/01 hg(f)dwgg(Mg)/lt Ths()dr )

X /j ha(s)ds.

for all t > 1. As hy,hs € Hi,ho € Hg, we deduce that J5 is uniformly bounded
and so is J.
It means that the integral f(f f(s,y(s), [5 k(s,7,y(7))dr)ds is absolutely conver-

gent and so
t

lim f(s,y(s),/oS k(s,T,y(T))dT)ds < oo. (3.17)

t—o0o 0

Integrating both sides of the equation in(3.9) over the interval [0, ¢] yields

t s
(Dgu)®) = ar+ [ F(s.u0) [ K. utr)ir )ds.
0 0
Now, (3.17) ensures that there is a real number ¢ such that

tlim Dfy(t) = ¢.
By Lemma [3.5]
y(t) . (D3+y) (t)

A S = Tlat+1) °
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c:= This completes the proof. ([

F((xc+1) ‘
3.2. Case of a singular kernel. Consider the problem
Dy y(t) = f(t,y(t), (Iéiy)(t)), t>0,0<a<l,0<a+p<1,

(Ié;ay)(0+) =ai, (D0+y)( ) = a2, a1,0a2 eR.
To study the asymptotic behavior of solutions for the problem ([3.18)), we assume
that the function f satisfies the condition
(A4) There are functions hi, he € Hy and g1,92 € G with g1 « g2 such that

70,0 <m0 L) + P09 (1), (tu,0) € .

Theorem 3.9. Suppose that [ satisfies conditions (A1), )A4). Then, every solution
of problem (3.18)) is asymptotic to ct* when t — oo, for some ¢ € R.

(3.18)

Proof. From condition (A4), after applying Igf !

(3.18), we have

—a jaa] _ laat t ! ly(s)l
tl | ( )‘ = ( ) F(Oé+1) + F(O&—‘rl)/o [hl(s)gl(sa_l)

to both sides of the equation in

(1, y)(s)| (319
Since
artetp—1 agtoth a+B+1
IO = Ty + Ty + 1o (). (L) ()0,

for all ¢ > 0, we arrive at

(15 9)()
lay [totPA—1 |ag |tot? .
Ta s e Tl HEym )
|a1|toz+5—1 ta+g

S Ta+p) T@isrl) \a2l+/ [F(s,y(s). (I, )(5))ds),

or equivalently with the help of (A4),

1—o— B |a1| t K |y(8)|
01 < o+ g (el + [ [ (5

o)1 4) v

Sa-l—ﬂ—l

Now, let

Ij.y)(s)]

lyls) )+ hg(s)QQ(‘(SaT))ds, (3.21)

t
z(t) = Ay + Ast + Agt/ (hl(s)gl( ga—1
0

for all ¢ > 0, where

R T a2 a2
Al—max{r(a) (a—'—ﬂ } A2 max{r(a-ﬁ-l)?l—‘(a"’ﬁ—i_l)}’
1 1
A3:maX{F(a+1)7F(a+ﬁ+1)}
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It is not difficult to see from the relations (3.19)-(3.21)), that
Ty (1)l tl_“_ﬂ\(fmy)( )< 2(t), t>0,

and consequently, for ¢ > 0,

() < A, +A2t+A3t/O hl(s)gl(z(s))ds+A3t/O ha(8)ga(2(s))ds, t> 0.

It follows from Lemma [3.6] that
2(t) < tGy*(ds), forallt > 1,

where G5 !and ds are given in Lemma Now, the proof can be completed as
the proof of Theorem O

3.3. Case of fractional source terms. In this subsection we study the asymp-
totic behavior of solutions for problem (1.1]) under the following condition:
(A5) There are functions hy,hs € Hy, ho € Ho and ¢g; € G, i = 1,2,3, with
g1 X g2 gz such that

(s, 0)] < (g (0

ta—ﬁ—l

(. 5.9)| < ha$)gs (o 25). (tsw) € E.

) + ha(t)g2(|v]),  (t,u,v) € D,

The main result of this subsection is as follows.

Theorem 3.10. Suppose that [ and k satisfy conditions (Al), (A2), (A5). Then,
every solution of the problem (L.1)) is asymptotic to ct® when t — oo, for some
ceR.

Proof. Here we have
alta_l ast®
t) =
Y= Ty T Tt D

. (3.22)
= (15 (5 (D) 0). [ ks.m (DR)r)ar) )0,
aq a ¢ |(D6+ )(s)]
|ty°‘(f)1| =T * F(|a2—||—t1) - F(at+ 1)/ e (5355 (3.23)
+ ha(s)go / ha (T g*z)(l)l)dr)}ds, t>0.

Applying DY, and D], to both sides of (3:22), and taking Lemma and Lemma
2.9 into account, we have

Cl1ta_’8_l a2t04—[‘3
Fa=5) " T+a=p)
+ (I 5 (5 (8o, [ Mo (D)) o), £>0.

D . (thairyil ast®™
o= Ta =5 * Fita—7)

(Dgsy)(t) =

+ (1 (5 hw o), [ K D) )0, 1>
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respectively. Therefore for all ¢ > 0,

== D(DF,y)(2)]

|ai| |as|t Dg.y)(s)|
Ta—8) T(+ta-p) 1+a ﬁt/hl Sgl )“ (3.24)

er/ot ha(s)g (/0 h3(7—)93(%)d7'>d8, t>0,
and
=Dy, y) ()]

|aa| |azlt t ' (Dg.y)(s)]
= o —1) + Nl4+a-—1v) + l4+a-—7v) /0 hl(s)gl( 3‘2—5—1 )ds (3.25)

+ M/{; hz(s)gz(/os hg(T)gs(%)dﬂd& t>0.

Now, let

1 1 1

M) T 5) Tla ) =l
1 1 1
Ma+1)’ Tl+a-0)T1l+a— *y)}

t
dﬂ@+@ﬂbﬂ/[h@g(sy2a

)
e g e I

Then, for all ¢ > 0 we obtain

ly(®)] (D5 y)(t)] (Dge )@ _

ta—l’ ta— p—1 7 ta—vy—1 —Z(t)

by = |a1| max {

by = max{

(3.26)

The remaining steps of the proof are similar to those of the proof of Theorem
3.8 O
4. EXAMPLE

The next example provides some functions to which Theorem applies.

Example 4.1. Consider the equation
t
(Dg‘jly)(t) =the™t y(t) + t“Qe_t/ ste= 5ty (s)ds, t >0, (4.1)
0

where 0 < a < 1, pg > —a — 1, uo > —1 and pg > —a — 1. Notice that the
right-hand side of the equation (4.1]) can be rewritten as

pta—1,-t Y1) y(t) _H,“e—t/ ghata—1,—(s+t) Y1S) y( ) £>0
ta— 1 0 1 :

Let hy(t) = ttata-le=rt hy(t) = th2e=r2t hg(t) = trsta—le=rst for t > 0,

gt)=t, 0<p <1, i=1,23 t>0.
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Then conditions (A1)—(A3) are satisfied,

/ thy (t)dt < / thy (t)dt = / potagmtg - Tintatl)
1 0 0

pllt1+a+1
/ ho(t)dt < / ha(t)dt = / thze=P2ldt = % < o0,
1 0 0 p22
/ tha(t)dt < / tha(t)dt :/ pHatae—pat g — % < oo,

1 0 0 p5®
<1 1

/ ——dt = / —dt = o0 for any tg > 0.
to 9i(t) to 1t

From Theorem [3.8] every solution of (4.1)), subject to the initial conditions given in
(4.1), is asymptotic to dqt® as t — oo, for some d; € R.
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