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Denseness of domains of differential operators in

Sobolev spaces. *

Sasun Yakubov

Abstract

Denseness of the domain of differential operators plays an essential
role in many areas of differential equations and functional analysis. This,
in turn, deals with dense sets in Soblev spaces. Denseness for functions of
a single variable was formulated and proved, in a very general form, in the
book by Yakubov and Yakubov [8, Theorem 3.4.2/1]. In the same book,
denseness for functions of several variables was formulated. However, the
proof of such result is complicated and needs a series of constructions
which are presented in this paper. We also prove some independent and
new results.

1 Introduction

We denote by R” the r-dimensional real Euclidean space. For a bounded (open)
domian G in R" its boundary is denoted by dG: G = G/G.

A bounded domain G C R” is said to be a C*, where ¢ = 1,2, ..., if there
exists a finite number of open balls G;, i = 1,..., N, such that 0G C UY,G;,
G;NIG # 0, i =1,...,N, and if there exist ¢-fold differentiable real vector-
functions £ (z) = (f{?(x),..., 1 (x)) defined in G; such that y = £ (z) is
a one-to-one mapping from G; onto a bounded domain R", where G; N 0G is a
part of the hyper-plane {y : y € R";y, = 0} and G; N G is a simply connected
domain in the half-space R, = {(¢/,y,) : ¥’ € R""1;y,. > 0}. On the Jacobian
of f we assumed that

A, 1) -
Do T TEC

In this case we write 9G € C* and say that G admits a local rectification by
means of smooth non-degenerate transformations of coordinates. The coordi-
nates (9 will be called local coordinates in Gj.
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Let
m,—1
o - OPu(z')
Lyu= Z bua (2 )D%u(z") + Z K,, B ¥ €dG, v=1,...,m,

la|=m, p=0

(1.1)

where D® := D{'-.. D& D; = —ia%, j=1,....r, a:= (a1,...,q.) is a

J
multi-index, |af := Y75, aj, @ := (21,...,2,), 2’ := (2,...,2]), n is a normal

vector to the boundary G at the point ' € OG. Then L,u is called normal
if m; # my, for j # k and for any vector o, normal to the boundary 0G at the
point =’ € 9G,

Lyo(2',0) = Z ba(z)o® #0, v=1,...,m,

lee|=m.,

and the operator K, from Wy P(9G) into L,(0G) is compact, where 0% =
oMo 0G € CF g € (1,00).

Let Ey and E; be two Banach spaces continuously embedded into a Banach
space ' : Eg C E, B4 C E. Such spaces are called an interpolation couple and
is denoted by {Ey, F1}. Consider the Banach space

Ey+ E; = {UZUO+U1 DU GE]‘, jZO,].}

ullgo v, = inf [uollmo + [lualle,)-

u=uo+u1, u;EE;

Due to Triebel [7, 1.3.1], the functional

K(t,u) = inf (||u0||ED + t||u1HE1>, u € By + By,

u=ug+ui, u; EE;
is continuous on (0,00) in ¢, and the following estimate holds:
min{1, Y ull gy, < K (t,u) < max{L, t}|ul g,
An interpolation space for {Ey, E1} by the K-method is defined as follows:
(Eo, E1)gp = {u € Eo+ By - lull(gy,B1), <00, 0<0<1, 1<p< oo,}

° 1/p
lull(zo.E1)0,, = (/ t= 1 OPKP(t, u) dt)
0
(Eo, E1)g,00 := {u € Fy+ Eq ||u||(E07E1)9700 <00, 0<6< 1}

[ull (o, 21)p. = sup K (t,u).
te(0,00)

VVq‘Z((O7 x0); E), 1 < ¢ < oo, with £ integer, denotes a Banach space of functions
u(x) with values from E which have generalized derivatives up to ¢-th order,
inclusive, on (0, 1) and the norm [[ully¢((0,00);5) = Ei:o (fol [u® (2)||% dz) e
is finite.
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Let the embedding Ey C FE; be continuous. Consider the Banach space
W,((0,00); Eo, Br) := Lq((0,00); Eg) N W,((0,00); E1) with the norm

[ullwe (0.00):E0.E1) = Ul Ly ((0.000:20) + 18|y (0,00):4)

Let G be an open set of R", in particular, G = R" and G = R’,. Then,
Wi (G) is a Banach space of functions u(z) that have generalized derivatives
on G up to the m-th order inclusive, for which the following norm is finite:

1/q
lullwpey = (D2 ID°ulf, )

la|<m

Let sg and s; be non-negative integers, 0 < § <1, 1 <p< oo, 1 <g< o0
and s = (1 —0)sg + 6s1. From Triebel [7, Theorem 4.3.2/1, formula 2.4.2/16] it
follows that if s = (1 — 0)sg + 0s1 = (1 — 0")s( + 0's], then,

(W5 (G), WEH(G))aq = (Wi (G), Wyt (G))ar o

p

Consider the space
By (G) = (W3 (G), W (G))eq,

where sg, s1 are non-negative integers, 0 < 0 < 1,1 <p < 00, 1 < ¢ < o0 and
s =(1—0)sg + 0s;. For s positive and not an integer, set

W3(G) := By ,(G) = (W (G), Wi (G))a,p -

The closure of a set M of E by the norm of E is denoted by M|z and sometimes
by M. The set M is called dense in E if M|g = E.

The following two equalities are application of Theorem 2.5 in this paper.
For (r —1)/q < 2, we have:

0%u
3 . _ - 1\ _ 2 . _
W3 (Giulog = 0. 53| +ulaf) =0) ‘qu(a) — W2(Gsuloa = 0),
0%u
4 : = —_— / =
WA (G ulog = 0, 8n2‘8G—|—u(x0) 0)’w;<a)
0%y

3 . _ _

= W3 (Giulog = 0, 53| +ulah) =0),

where z(, € G is a fixed point of the boundary dG. These equalities are simple
but are new. Such equalities without the term w(z() follow from interpolation
theorems of Grisvard-Seeley type (see, Grisvard [3], Seeley [6]). The following
equality is also known:

ou 8’“*1u’ac _ )

) _ ik . . - B
G5 (@) )—Wq(G,u\agf%aG,...fw

WG
Moreover, one can add first derivatives of the function u at some fixed points of
the boundary 0G, and integral terms with u(z’) in addition to u(z{) in boundary
conditions.
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2 Functions of several real variables

1
Lemma 2.1 Let p; € W;ijiE(Rr_l), where £, are integer numbers, 0 < j <
£—1, g € (1,00). Then, there exist functions u;(yr, A) = u; (¥, yr, A), A >0
belonging to the Banach space WE(R?Y, ) = WE((0,00); WE(R™™1), Ly(R™™1)) and
satisfying

ajuj(y’, 0,)

dy! =¢;(y), y eR, (2.1)

such that the following estimate holds

l
S X Ml e < O(Iesll iy X T eln,men ). (22)
k=0 e

(R=1)

where Ogjgg—l, ESE.

Proof In the Banach space E = L,(R"™!) consider the operator A = (—A +
I)2. By virtue of Lemma 3.1, for k = 1,2,...,

k
2

D(AF) = D(A*) =WZFR™™Y), D(A?) =D(AF) =W;(R™H).
Consider the functions

_ 27\1/2
wj(yr, \) = e vrATNDT g (2.3)

where g; € E. Since

uD) (5, ) = (~1P e DY (4 g N2 yifzg,

the functions in (2.3) satisfy (2.1) if (—1)7(A + AQI)%gj = ;. Consequently,
wi (g, N) = (1Y e AT (A4 X212 (24)
Since

k

ASuj(ye, A) = (—1)7 A2 (A 4+ N2[)~ e ur(ATA D2
uP (g, N) = (1) (A + N2 ey (AR
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for k < ¢, we have

A 5 ey =N e 0,00y 1)1, 1)

_>\(€ k)q”u Hq
Wk((0,00); E(A2) E)

(e—k)q
<O <||A2uJHL ((0,00);8) T ||u ”% 1((0, <><>)'E))

S N

A+ 2D T e AN DY g e Y gy,
<ONPI) (A 4 m)# ey (147 (A+ 3075 |G ) +1)
< [T ety g,
0
By virtue of Lemma 3.2 and Theorem 3.3, we have
Ny gy < O (el piay,, A eally). 29
o

Since

r— r— efjfé r—
(E’E(Aé»%,ﬁ,q = (L4(R 1),W(12€(R 1))627 pa = W, (R71),
(2.6)

from (2.5) and (2.6) it follows that a function defined by (2.4) belongs to the
space Wf(RQ_) = W(f((O,oo);WqZ(IRTfl),Lq(RT’l)) and estimate (2.2) holds. O

i1
Theorem 2.2 Let ¢p; € W; AR, 0< j <m—1, m < L. Then, there
exist functions u(y,, \) = u(y’,y-,\), A > 0, belonging to the Banach space
WERT) = WE((0,00); WER™), Ly(R™™1)) and satisfying
Au(y’,0, A —t
(&Uj)—goj(y’), y eRL 5=0,...,m—1, (2.7)

such that the following estimate holds

4 m—

J_ f_i_1
>N el < € 3 (el X gl ) (28)
k=0 ! =0 (Rr_l)

._.

where m < £ < /.

Proof By virtue of Lions and Magenes [5, Theorem 1.3.2], if

yra Zcpjuj Pyr, (2'9)
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where _ 2y _
i (pyr, A) = (=1 e PrAENDT (AL N2 ) "2, (2.10)

the operator A is defined in the proof of Lemma 2.1, and the complex numbers
cpj satisfy the systems

0, k+#j7,
Zp m{ I p—0,met, (2.11)
1, k=j,
then
oFU,(0, A 0, k#j
4j(k’ I (2.12)
82]7, ()0]7 k = J
Consequently, the function
m—1 m—1 m
u(Yr, A Z Uj(yr, A) = Z Zcpju] PYrs A (2.13)
J= 7=0 p=1

belongs to the space WS (RY) = W,((0,00); WER™!), Ly(R"™1)) and satisfies
(2.7). From (2.2) and (2.9)—(2.13) for the function u(y., ), it follows estimate
(2.8). O

Corollary 2.3 For A > 0, there exists a continuous operator which is a contin-
uation of R(/\)1 : (00y - 0m—1) = RN\ (@0, - -+ s pm—1) from

— r—j—1 )

+j:01 W, (R into WE(R?,), such that

aJR(A)(¢Oa cee afpm—l)(y/a O)
yr

=9;(y), veERT j=0,....m—1

and

o~y

DA A IR(A) (90, -+ P Dllwe )
k=0

[

m—

<> (lesll i
Wq

+ )\Z_j_% i r—1 )
T @1 ||<PJ||Lq(R )

Jj=0

Proof Define a continuation operator as

m—1 m
R()\)(SD077SDWL 1 Z Zcp]uj pyr7
j=0 p=1
and apply Theorem 2.2. O

Theorem 2.4 Let the following conditions be satisfied:
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1. by € C"™(G), operators K, from W™ ~P(dG) into Ly(dG) and from
W, (0G) into Wi (dG) are compact, where { > max{m,} +1, q €
(1,00), 0G € C*.

2. System (1.1) is normal.

l—m, —

3. f,eW, “0G), v=1,...,m.

Then, there exist functions u(xz, ), A > 0, belonging to the Sobolev space Wf(G)
and satisfying

Lou(z' ) \) = f,(a"), 2 €0G, v=1,...,m, (2.14)

where L, are defined in (1.1), such that the following estimate holds

l m
I—k < - S meyfé ]
2N o SO (el iy o+ X 06 (21

v=1

where max{m, } +1 < /<4,

Proof Consider the balls G;, i =1,..., N, from R", which cover the 9G, i.e.,
oG c UGy, GindaG#0, i=1,...,N.

Let {0;(x)} be a partition of unity subordinate to a cover of G by {G;} (see,
e. g., Lions and Magenes [5, 2.5.1]). The functions 6;(x) have the following
properties:

1. The support of the function ;(x) belongs to the set G;, i.e., 6;(z) = 0
outside of Gj;

2. Functions 6;(x) are infinitely differentiable on R";
3. 0<0;(x) <1; N 0i(x) =1, x € HG.

In G; we introduce a system of curvilinear coordinates y;(z'),..., y.(z'),
where 2/ € OG. Assume that y.(z') = n(z’) is the normal vector, while
y1(2),...,yr—1(2') are tangential vectors on dG. The operators L, may be
expressed in these curvilinear coordinates as

0%u(y',0)
Oy - - Oy oy

Cva (ylv 0)

o o™ a(y’,0)
R ! 9
L,a :=c,(y ’0)76313.”” + E

la|<my,|a|<m,

S valy',0) :
+ Y Kp——rp—, v=1...,m, (y,0) € f(GinadG), (2.16)
p=0 Oyr
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where
() = (7)), € FOGNG),
R P i (50, ) (40 00, (000 = 5O,

where ¢, ¢,o € C™ (FD(G;NG)), and fO is defined in a similar way as in
the beginning of the paper. It holds that ¢, (y/,0) # 0 for (y/,0) € f@(G;NIG).

We look for functions u(z,\) € W£(G), A > 0, satisfying the relations
L= f,(4,0), (,0)efOG;nNdG), v=1,...,m, (2.17)
where L, are operators defined in (2.16), and for which additionally

I -
W :O, j#mu, j:O,...,maX{mV}_l’ (y,70) Ef(z)(GlﬂaG)
Yr

(2.18)
Consider for (y',0) € f(G; N dG) the functions

@J(y/) ::07 .] #mlh j:O,...,maX{my}—l,
—1r .
e, ) = (e ,0)  [fl,0)

—1

806@04 (y/) & % /
- cva(y',0) zar 2@ — Kupop(y)|
> oy~ & Kely)]

la|<my,|ar|<m,

(2.19)

Since Wg = (W0, W71)p 4, s > 0 is not an integer, so, s1 are integers, 0 < 6 < 1,

and s = (1 — 6)sg + 0s1, by virtue of the interpolation theorem [4] (see, e.g., [7,
1

1.16.4]) and condition 1 of Theorem 2.4, the operators K, from W;ipfa (0G)

1

into W: ?
—j-1

1 and 3 of Theorem 2.4 and (2.19) it follows that ¢; € W, (G N oa).

Let n;(z) € C*(R"),i=1,...,N, and suppn; C G;, n;(x) = 1, x € supp¥;.
Consider the function

(0G), for my, + 1 < k < ¢, are compact. Then, from conditions

U(ZIJ, )‘) = ()\)(@07 ey ‘pm—l)(x’ )‘)
N
1=Zﬁi(fﬂ)R()\)(ei((f(i))_l(y’>0))@07 (2:20)
()T 0)pm—1) (F P (), ),
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where m = max{m, } + 1, for * € G (where n;(z)R{ }(f@(x),\) = 0 outside
of G;). By virtue of Corollary 2.3, for function (2.20) we have

daly’,0,)) _Fu((f7)"'(y',0),\)
oyt dy?
N .
=D () 0)ps = 0¥, Y ERTTH =0, — 1,

i=1

(2.21)
where ¢;(y’) is defined in (2.19). From (2.19) and (2.21) we get (2.17) and
(2.14). Since the mapping f* is a diffeomorphism of class C* then, by virtue
of Corollary 2.3, function (2.20) satisfies estimate (2.15). O

Theorem 2.5 Let the following conditions be satisfied:

1. by € C"™(G), operators K, from W™ ~P(dG) into Ly(dG) and from
ijp(aG) into qu*m” (0G) are compact, where £ > max{m,} +1, q €
(1,00), 9G € C*.

2. System (1.1) is normal.

Then, for integer k € [0, (],

. _ _ _ k(. _
WHG; Lyu=0,v=1,...,m) W@y Wi (G Lyu=0,m, <k—1). (2.22)

Proof For k = 0, (2.22) follows from the known embedding C§°(G) L)
Ly(G). Let & > 1. Obviously, !

. — — k(. _
WEHG; Lyu=0,v=1,...,m) C W, (G;Lyu=0,m, <k—1). (2.23)

WE(G)
Indeed, let u,, € W,f(G; Lou=0,vr=1,...,m) and let
Jim[lup = ullwre) = 0.

It is proved in Theorem 2.4 that from condition 1 of Theorem 2.5 it follows that

k—m, —

_ 1
operators K, from W,f P79(0G) into W, (0G), for m, +1 < k < (, are
compact. Then, by virtue of [7, Theorem 4.7.1], for m,, < k — 1 we have

—1
q

lim || Lyun — Lyu| ooy, —2 <C lim ||u, —u|| ,_
n—oo W, 7(8G) n—oo W,

%(BG)
<C lim |ju, — u||W§(G) =0, m,<k-1
(2.24)
Thus, L,u =0, m, <k —1, since L,u,, =0.
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Now, we show the inverse inclusion

k(. _ : — 0. —
Wi (G5 Lyu=0,m, <k—1)C WY{G; L,u=0,v=1,...,m) (2.25)

WG

Let u € W,f (G; Lyu=0,m, < k—1). Then, there exists a sequence of functions
vp(x) € C°(G), n=1,...,00, such that

lim o, — ullwx(q) = 0. (2.26)
From (2.26) and (2.24) it follows that

lim [|[Lyvn|| sem,—1 = ||Lou| s, -1 =0, m,<k-1.(2.27)
n—00 W, (6G) w, 7(6G)

q

By virtue of Theorem 2.4 (for £ = k, A = \o), there exists a solution w, € W,f(G)
of the system

Luwn = _Lyvna my < k— 17 (228)
and
HwnHqu(G) <C Z ||Luvn||W:—mV7%(ag)- (2.29)
m, <k—1

Then, from (2.27) and (2.29) it follows that
Jim Jwnlw gy = 0- (2.30)

Let A\, be a sequence tending to oo, if with respect to n

”Lll(vn + wn)” fmmy—1 <C, my, >k (2.31)
Wq 4(0G)
and
An = max ||L, (v, +wn)”5 fmmy— L ) (2.32)
m 2k W, T 1(00)
where 6 > ¢, if ||L, (v, + wy)]| oy -1 is not a bounded sequence at least
a (0G)
for one m, > k. R
Apply Theorem 2.4 (for £ = £, A = \,,) to the system
L,gn, =0, mugk_lv
g (2.33)

Lugn = _Lu('Un +wn> m, > k.

Then there exists a solution g,(z) of (2.33) on W;(G) and for this solution, as
n — 0o,

_ l—m,—1
X gnllweer <C 30 (™ B0 (wn + wa) 2,00
my, >k

1Ly (On +wn)l| oo, -2 ) .
Wy 7(0G)
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From this and (2.31),(2.32) we have

1 1
e—mu—a"rg

1
Hgn”Wq’”(G) < c Z ()\n +)\76L))\,r_/+k

my, >k
k—m,— 141 —tk+l (2:34)
SC Y (TN,
my, >k
Since § > ¢, (2.34) and (2.31),(2.32) imply
Jim lgnllwp(a) = 0. (2.35)

Now, it is easy to see that for the sequence of functions u,, = v, + w, + gn €
W(G) the relations

Lyu,=0, v=1,....,m, (2.36)
lim [lun — ullwrg) =0 (2.37)

hold. Namely, (2.36) follows from (2.28) and (2.33), and (2.37) follows from
(2.26), (2.30), and (2.35). So, the inverse inclusion (2.25) has also been proved.
From (2.23) and (2.25) it follows (2.22). O

3 Appendix

Lemma 3.1 ([7, Lemma 2.5.3 and formula 2.5.3/11]) Let 1 < ¢ < oo,
er—1|(L+[*) 2|, (gr-1) = 1 and

o t r—1
(P(t)u) (x) =c¢r1 ‘/]erl e +t2)r/2u(y)dy, 0<t<oo, u€ Ly(R™).
If additionally P(0) = I, then P(t) is a holomorphic semigroup in the space
Ly(R™1Y). If A is a corresponding infinitesimal operator for P(t), then

A2y = (—1)™A™u, DA™ = WMNRTY, m=1,2,....

The estimate of the semigroup is a central point in the theory of differential-
operator equations.

For ¢ € (0, ) we denote by X, the closed sector {A € C: |argA| < ¢ }U{0}.

Let A be a closed, densely defined operator in a complex Banach space E.
We say that A is of type ¢ with bound L if for every A € X, the operator A+ AI
is invertible with bounded inverse and

I(A+ D)~ <

A +1°

We note that, in particular, an operator of type ¢ is invertible. Moreover,
an operator of type ¢ with ¢ > /2 is the inverse of the generator of a holo-
morphic semigroup whose norm decays exponentially at infinity (see Fattorini
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[2, Theorem 4.2.2]). If A is of type ¢ with bound L, then for every A € ¥,

L
A +AD T = = A+ AD T < 14l <14 L

We remark that, in view of the properties of the resolvent operator, if A+ I
is invertible for A € [0, 00) and sup, (g o) (A +1)(A+ AI)~!|| < oo, then there
exists ¢ > 0 such that A is of type ¢.

Lemma 3.2 ([8, Lemma 5.4.2/6]) Let A be a closed, densely defined opera-
tor in a Banach space E and

IR A < CA+ DT JargAl =7 — ¢,

where R(A\, A) := (A — A)™! is the resolvent of the operator A and 0 < ¢ < 7.
Then,

a) For |argA| < ¢, a € R there ezist fractional powers A® and (A + X)®
for 0 < a < B with

[A*(A+AD) P <O+ A)*7, Jarg A < o

b) For|arg A\| < @ there exists the semigroup e~ =(AADY? " yhich is holomor-
phic for x > 0 and strongly continuous for x > 0; moreover, for a« € R

and for some w > 0,
H(A+ )\I)ae—m(A—i-)\[)l/ZH < Ce—um|>\‘1/2, 2> 20> 0, |arg)\| <o

Theorem 3.3 ( [8, Theorem 5.4.2/1]) Let E be a complex Banach space, A

be a closed operator in E of type ¢ with bound L. Moreover, let m be a positive

integer, p € (1,00) and o € (5=, m + %) Then, there exists C (depending only

2p’
on L, ¢, m, a and p) such that for every u € (E,E(Am))g_z; p and A € X,
m mp

> a —T 3 P a—1i
A |+ anem D | dw < O (Iullfp pamy, , +WFE )
m 2mp’

The proof of this theorem can be found in [1].

References

[1] Dore, G. and Yakubov, S., Semigroup estimates and noncoercive boundary
value problems, Semigroup Forum, 60 (2000), 93-121.

[2] Fattorini, H. O., “The Cauchy Problem,” Addison-Wesley, Reading, Mass.,
1983.

[3] Grisvard, P., Caracterization de quelques espaces d’interpolation, Arch.
Rat. Mech. Anal., 25 (1967), 40-63.



EJDE-2002/23 Sasun Yakubov 13

[4] Hayakawa, K., Interpolation by the real method preserves compactness of
operators, J. Math. Soc. Japan, 21 (1969), 189-199.

[5] Lions, J. L. and Magenes, E., “Non-Homogeneous Boundary Value Prob-
lems and Applications,” v.I, Springer-Verlag, Berlin, 1972.

[6] Seeley, R., Interpolation in L? with boundary conditions, Studia Math., 44
(1972), 47-60.

[7] Triebel, H., “Interpolation Theory. Function Spaces. Differential Opera-
tors,” North-Holland, Amsterdam, 1978.

[8] Yakubov, S. and Yakubov, Ya., “Differential-Operator Equations. Ordinary
and Partial Differential Equations,” Chapman and Hall/CRC, Boca Raton,
2000, p. 568.

SASUN YAKUBOV

Department of Mathematics, University of Haifa,
Haifa 31905, Israel

e-mail: rsmaf06@mathcs.haifa.ac.il



