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POSITIVE SOLUTIONS TO A DIRICHLET PROBLEM WITH
NON-LIPSCHITZ NONLINEARITIES

GIOVANNI ANELLO

ABSTRACT. Let © be a bounded smooth domain in RY. We study the exis-
tence of positive solutions to the Dirichlet problem
—Au=(1—uwwu"t ="l inQ,
u=0, on 99,

where 1 < r < s <2, and A > 0. In particular, we answer to some questions
posed in the recent paper [3] where this problem was considered.

1. INTRODUCTION

In the recent paper [3], the authors investigate the existence and multiplicity of
nonzero nonnegative solutions to the problem

—Au=(1—-uu’"t = " inQ,

1.1
u=0, on 0f, (1.1)

where Q is a bounded smooth domain in RV (N>1),1<s<2 r>1, and A

is a real parameter. The equation —Au = (1 — u)u®~! — Au"~!, with A > 0, is

the stationary version of a reaction diffusion equation employed to model certain

isothermal autocatalytic chemical reactions (see [6]). In [3], various situations,

which correspond to different values of the parameters s, r, A, are analyzed and, for

each of them, the authors prove some existence and multiplicity results of nonzero

nonnegative solutions. Moreover, the cases in which a nonzero nonnegative solution

is actually a positive solution (via the Strong Maximum Principle) are pointed out

and, for each of these cases, the uniqueness of positive solution is also investigated.
In particular, one can observe that the Strong Maximum Principle applies in the

following cases (see Lemma 2.2 of [3])

A <0;

A>0,r>2;

A>0,r > s;

O<A<l, r=s.

It is worth noting to recall that positive solutions are often the only ones that have a

physical meaning. If the function t € (0, +00) — (1 —#)t*~1 — A\t~ is negative and

non-Lipschitz near 0 (for instance, when 1 < r < s < 2), the standard conditions
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that allow to apply the Strong Maximum Principle are not satisfied any longer,
and in this case the detection of positive solutions to problem becomes a more
delicate question.

In particular, the possible existence of positive solutions (as well as compact
support solutions) in the case A > 0 and 1 < r < s < 2 is an open question posed
in [3].

In this article, we will prove that a positive solution actually exists for A > 0
small enough. Moreover, we will also show that the existence of a positive solution
entails the existence of a second nonnegative solution with positive energy. This
means that the technical condition involving the exponents r, s imposed in [3] to
guarantee the existence of this second solution can be removed.

In what follows, by a nonnegative solution of problem we mean a nonneg-
ative function u € L>(Q) N W, () such that

/ VuVudzr = / (1 —w)u*~! —u"'odz, for each v € Wy(9).
Q Q

By the standard regularity theory of elliptic equations, if € is of class C2, any
nonnegative solution u to problem (in the sense given above) is classical (see [8]
Appendix B]). More precisely, one has u € C1*(Q2)NC?(2), for some « € (0,1), and
u satisfies the equation and the boundary condition of pointwise. Hereafter,
we will always assume that € is of class C?.

Throughout this article, we denote by

(1= [ [wePas)”

the Poincaré norm of W 2(€2) and, for p € [1,00), we denote by

1
/| )’

the standard norm of LP(£2). Moreover, we put
—2

cp = sup lull, and A =c3
weWy (), |lull=1
By the Sobolev embeddings, we know that ¢, < 400, if p < N 2, when N > 3.

The number \; is the first eigenvalue of the Laplacian in Q and it is well known
that A\; is simple.

We denote by ¢; € C1(Q) the unique (positive) eigenfunction associated with
A1 and normalized with respect to sup-norm ||ul|eo := supg |u|. The function ¢,
satisfies

—A¢r = A1, infQ,
0<¢1 <1, inQ,

¢1 =0, on 09,
and, in particular,

o211 = Allgnll3 (1.2)
Finally, given any v :  — R, we denote by uy,u_ : @ — R the functions defined
b

’ uy () = max{u(x),0}, wu_(z)=max{—u(z),0}, allze.
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2. MAIN RESULT

In what follows, we assume that r, s €]1, 2] are real numbers such that 1 < r < s.
Moreover, for each A > 0, we consider the continuous function fy : R — R defined
by

0, ift € (—o0,0),
HE) =< (1 —t)s~t = =1 ift € [0,1),
AT if t € [1,00),

and the functional Iy : W, 3(Q) — R defined by
1
I(u) = §||u||2 - / Fx(u(x))dz, for each u € W,(Q),
Q

where
3
Fy(¢) = / fr)dt, for each £ € R.
0

A routine argument shows that I is sequentially weakly lower semicontinuous and
of class C! in W&’2(Q), with

I (u)(v) = / VuVudx —/ Ffr(wyvdz, for each u,v € Wi 2(9).
Q Q

A further property of I is given by the next lemma.

Lemma 2.1. Let u € W)(Q). Then
(1) w is a nonnegative solution of (1.1)) if and only if I} (u) = 0;
(2) Ii(u) =0 implies 0 < uw <1 in Q.

Proof. The proof is standard. We give it for completeness. Let u € WO1 2(Q) be a
nonnegative solution to (|1.1)). Then

/ VuVoudxr = / (1 —wus~t = " odz, for each v € Wy (Q). (2.1)
Q Q
Testing this equation with v(z) = max{u(z) — 1,0}, z € Q, we obtain
/ V(o) 2de = / (1 = w)us= () — M= (2)] (u(z) — 1)da < 0.
u>1 u>1

This clearly implies 0 < w(z) < 1, for all x € , which in turn, recalling the
definition of fy, implies the equivalence of and I (u) = 0. Suppose now that
u € Wy(Q) satisfies I} (u) = 0. Then, if we take again v(z) = max{u(z) — 1,0},
x € 2, as a test function, we obtain

ozfg(u)(v)z/ Vuldz + /\ur_l(x)dxz/ Vulde
u>1 u>1

u>1
which implies u(x) < 1, for all € Q. While, testing with v = u_, we obtain
0=1(u)(v) = / |Vu|?da +/ f(w)udz = / |Vul|*dx
u<0 u<0 u<0

and so u(x) > 0, for all z € . O
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The previous lemma says that the nonnegative solutions of are exactly
the critical points of I. In particular, u € Wol’z(Q) is a positive solution to (1.1
if and only if w is a positive critical point of I,. We will see, via the Strong
Maximum Principle, that for A = 0 the non-zero critical points of I are positive
in Q. To be more precise, let P be the interior of the positive cone of the space
C(Q) == {u € CY(Q) : u(z) = 0, for each € IO} equipped with its standard
norm |[ullci g = supq |uf + Zfil Supq, \37“\ As it is well known, the set P is
given by
ou

P:{UECé(ﬁ):u>OinQanda
v

< 0 on 00},
where v denotes the outer unit normal to 9.

Lemma 2.2. For A = 0, any nonnegative and nonzero critical point of Iy = I
belongs to P.

Proof. Assume A =0 and let u € Wol’2 (©) be a nonzero critical point of Iy. Then,
in view of Lemma [2.1} u is a nonzero nonnegative solution of the problem

—Au = fo(u), inQ,

u=0, on 09, (2:2)

where fi(t) = fo(t) = max{0, (1—¢) max{0,¢}*~1}, ¢t € R, is a nonnegative function.
Hence, conclusion follows by the Strong Maximum Principle (see [B, Lemma 3.4 and
Theorem 3.5]). O

For A > 0, f) is negative and is not Lipschitz continuous in a right-neighborhood
of 0, so we cannot use, as for the case A = 0, the Strong Maximum Principle to
deduce that any nonnegative and nonzero critical point of I is positive in €.
Nevertheless, using the regularity theory for elliptic equations, we will see that for
A small, positive critical points of Iy actually exist. More precisely, we have the
following lemma.

Lemma 2.3. If Ay < 1 when s = 2, there exists A > 0 such that, for each \ €
0,A), I admits a global nonzero minimum point uy in Wy *(Q), with Ix(uy) < 0.
Moreover, there also exists Ag € (0,A) such that, for each A € [0,Ag), any global
minimum point of I belongs to P.

Proof. Consider the positive eigenfunction ¢; associated to A\; and normalized with
respect to the sup-norm. For each 7 € (0,1) and A > 0, taking in mind (1.2)) and
that 0 < ¢1 <1 in Q, one has

nee=J1al - [ ([ o)

72 ) ) T¢1(x) . )
=57 llonl —/ (/ (1=t = xe" }dt)dg;
Q 0

2 1
MT st sl A

9 7_8 TT‘
S T
= 261l = Tl + ol + S ol

Since 1 < s <2, and A\; < 1 when s = 2, we can find 79 > 0 such that

s+1
To

s+1

)\17’3
2

'y ,
Co = 613 — ;0||¢1||Z + ¢ 1551 < 0.
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Consequently, if A = —=¢0— then

51y
inf Iy <I\(1p¢1) <0, foreach A€ [0,A) (2.3)
W (2)
In addiction, since fy(t) < 1 for each t € [0,00), and fx(t) = 0 for each t € (—o0,0),
one has

1 1
In(w) = gllull? = lluly = Sllul® = eiflull,  for each u € Wy*(Q).
From this inequality, it follows that
lim  Iy(u) = +o0. (2.4)

fluell =00

Therefore, since I is sequentially lower semicontinuous, it admits at least a global
minimum point in WO1 (). Moreover, if A € [0,A) and uy is any global minimum
point of Iy, in view of one has Iy (uy) < 0. In particular, uy is nonzero.

Now, let us to show that the global minimum points of I, belong to P, provided
that A > 0 is small. Arguing by contradiction, assume that there exists a sequence
{An}nen in (0, A), with X\, — 0, and a sequence {uy, }nen in Wy *(€2) such that, for
each n € N, u,, is a global minimum point of I, and w, ¢ P.

For each n € N, one has I} (u,) = 0. Therefore, by Lemma it turns out
0 < up(z) < 1, for each x € Q. Moreover, if we fix ¢ > N/2, by a classical
regularity result (see [1, Theorem 8.2°]), we have u € W24(£2) and there exists a
constant C' > 0, independent of n, such that

lunllwzag) < CUIEA, wn)llg + llunll) < O+ An)|QY, (2.5)

where the last inequality follows by 0 < u,(x) < 1 and 0 < |f(un(z))] < (1+ M),
for each x € Q. In particular, in view of the embedding W24(Q) — C1*(Q), for
some « € (0,1), from (2.5) we infer that

||Un||cl,a(§) <Ci(24+ An) (2.6)

for a suitable constant C7 > 0 independent of n € N. As a consequence, we obtain
the boundedness of {u,}nen in C1*(Q2). Thus, by the Ascoli-Arzelad Theorem, we
can assume that, up to a subsequence, {u, }n,en converges in Cc! (ﬁ) to a function
ug € Cl(ﬁ). We claim that ug is a global minimum point of Iy. Indeed, consider
the function g : [0, A) — R defined by

g(A) = inf  I\(u)
weEW,2(Q)

inf <7Hu||2—/ / (1—t)t3*1d9c+f/ u(x)rdx),
uewy 2 (Q) \2 0<u<1Jo T Juzo0

for each A € [0,A). The function g is convex and non-decreasing in [0, A) (as a
lower envelope of a family of affine non-decreasing functions). In particular, g is
continuous in [0, A). Consequently, recalling and taking in mind that u,, — ug
in C1(Q) and A\, — 0, we infer that

0> inf Iy(u)=g(0)
ueWy % (2)

= lim g¢g(\,) = lim inf I (u)

n—-o0o n—-+o0o uEWUl’Q(Q)

= lim I)\n(un) :IO(UO)

n——+0o
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which proves our claim.

Therefore, the function wug is in particular a nonzero critical point of Iy. So, by
Lemma, one has ug € P. Finally, being P an open set of C1(Q), from u,, — ug
in C1(Q) we infer that u,, € P, for n € N large. This is a contradiction with u,, & P,
for each n € N. (]

Lemma ensures that the set
S:={A>0: (1.1) admits a solution u € P} (2.7)

is nonempty since it contains an interval of the type [0, Ag). In the next Lemma we
show that the set S is an interval. This means that we can take Ay = sup S.

Lemma 2.4. Let S be as in (2.7). Then, for each A € (0,supS), there exists a

solution uy € P of problem (1.1) which is also a local minimum point of Iy.

Proof. Let A € (0,supS) and fix \' € (\,sup 5{] NS. Moreover, fix a solution uys of
(Py/) belonging to P. Consider the function f : @ x R — R defined by

Az, t) = P (@), i (2,1) € Q@ x (=00, uy (),
7 f)\(t) if (I,t) €0 x [UA/(I),OO).

and the functional Ty : W, () — R, defined by

B 1 ) u(z) 1.2
I(u) = §||u|| -/ ( ; fA(x,t)dt)dx, for each v € Wy~ (Q).

Clearly, as for Iy, we have that Iy is sequentially weakly lower continuous and of
class O in W,"*(Q). Moreover, since fy(z,t) < 1, for each z € Q and ¢ € R, with
falz,t) =0if t <0, one has

. 1 1
L) = Sllull® = llulls = Sllul® = ellull,  for each u € Wy*(%),

which implies i, 4o0 In(u) = +o00. Therefore, Iy admits a global minimum
point u) in WOM(Q) We claim that uy € P and that u) is also a local minimum

point of I. First of all, note that u) is a solution of the problem
—Au = f,\(x,u), in Q, 238)
u=0, on 9dQ,

Next, let us consider the open set A = {x € Q : ux(z) < uy(x)} and assume A
non-empty. Then, the function uy — uy/, which is negative in A, satisfies

—A(un —un)(@) = falw,ur(@)) = fr(un (@)
=N = Nun(z)""t >0, ifxeA,
(upn —un)(z) =0, ifx € dA.

As a consequence, by the Maximum Principle, we should also have that uy — uy: is
positive in A, a contradiction. This means that A is empty and thus

ux(x) > uy(z), foreach z € Q.

In addiction, note that there can be no point zg € € such that uy(zg) = uy (o)
for, otherwise, g should be a global minimum point for uy — u)/, and then

0> —A(ux —ux)(z0) = (N = N (20) ™" >0,
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a contradiction. Thus, the function uy) — uy/ is actually positive in 2. Moreover, it
satisfies

— A(U)\ — U)\/)(IL')

= ux(@)* 7! = (@)° 71 = [ua(@)® = ui (@) + Aua (@) T = Nui (@)

(i) -1 () -1 (29)
_ s—1 \ux (@) , r—2 \uys(x) — s :
> —Ju(@) 20— v (@) T [ = wn) (@)
ux(z) uyr ()
> —c(x)(uxn — un)()
for all z € ), where
5 —1 -1
c(x) = uy(z)* Lsup + Auy (z)""2 sup
t>1 t—1 o<t<t t—1

Now, observe that, since v} € P, one has
0 < c(x) < kd(x,00)"2, forall z €Q,

for some constant k > 0, where d(-,9Q) denotes the distance from 9. Thus, we can
apply Lemma 1 of [2] and obtain uy —uy € P or, equivalently, uy € U := uy + P,
where U C P is an open set in C*(Q).

Finally, observe that, for each u € U, one has u > uy, in 2, and

j)\(u)

- %Ilull2 —/Q (/me f)\(l'7t)dt+/OU(z) fA(m)dt—/OW(m) f,\(ac,t)dt)dac
=DL(u)— M

where @
u- | (/O (Fa(a )t — (e 1))dt ) e

Recalling that u) is a global minimum point of I, from the previous identity we
infer that wuy is a local minimum point of I with respect to the C'(Q) topology.
Then, by a classical result (see [4]), uy turns out to be a local minimum point of
I, with respect to the Wy"*(Q)-topology as well. O

We are now in position to prove our main result.

Theorem 2.5. For each A € (0,supS), problem (1.1) admits at least two nonzero
nonnegative solutions, one of which belongs to P and is a local minimum point of
1.
Proof. Let X € (0,supS) and fix ¢ € (2,00), with ¢ < ]\2,—]_\[2, if N > 3. Moreover,
we put
Fy(t
M = sup ﬁ
t>0 17

It is easy to check that M € (0,+00) and
1 1
L(w) = Sl = Mlull§ > Sllul® = Mcg]ull” >0,

1
for each u € Wy*(Q), with 0 < |lu| < (2M¢g) . In particular, 0 is a (strict)
local minimum point for Iy. By Lemma [2.4] we know that there exists another
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local minimum point uy € P. In addiction, in view of one has that any
Palais-Smale sequence for I (that is any sequence {up }nen in WO1 2(Q) such that
{Ix(tn)}nen converges in R and I} (u,) — 0 in Wy*(Q)) is bounded. Therefore,
by a standard result (see Proposition 2.2 of [§], for instance), we see that functional
I satisfies the Palais-Smale condition. At this point, by applying a well known
Mountain Pass Theorem (see [7]), we can deduce the existence of a second critical
point vy € Wy?(Q) (besides uy) for Iy, with Iy(vy) > 0. This completes the
proof. O

Remark 2.6. Theorem gives a positive answer to [3, Conjectures 3.5 and 7.4]
about the existence of positive solutions to problem . However, the existence of
possible compact-support solutions remains an open problem. Moreover, Theorem
confirms that, as anticipated in [3], condition (3.3) in [3] is technical and can
be removed.

Remark 2.7. Consider the set
S ={A>0: (L.1) admits a nonnegative solution u € W, *(Q) \ {0}}.

Clearly, S O S and it is easy to see that S is an interval. Indeed, if A € (0,sup S),
choosing X' € (\,supS) NS, and fixing a nonzero nonnegative solution uy, to (I.1)
with X instead of A\, we can see that u) is a sub-solution of . Moreover, if
4 is the unique positive solution of —Au =1 in Q, v = 0 on 01, choosing k > 0
large enough, ku turns out to be a super-solution of , with ku > uy in Q.
Then, by the sub-supersolution method, we easily derive the existence of a nonzero
nonnegative solution to (L.I). Again in view of [3, Conjectures 3.5 and 7.4], it would
be interesting to give an answer to the following questions:

(1) Does Problem admit a nonzero nonnegative solution for A\ = sup S?

(2) Is it true that supS = sup S? In other words, is it true that problem

admits no nonzero solution for A > sup S§?

The next result answers positively to the first question.

Theorem 2.8. Let S be as in Remark and put \* = supS. Then Problem

(1.1), with \* instead of \, admits a nonzero and nonnegative solution.

Proof. Let {\;}nen be a sequence in (0,\*) such that A, T A*. Moreover, let
{tun}nen be a sequence in Wol’z(Q) such that w, is a nonzero and nonnegative
solution to Problem , with A, instead of A, for each n € N. Since I} (u,) =0,
arguing as in Lemma we obtain an inequality as . Therefore, up to a
subsequence, u, — u* in the C1(Q2)-topology, for some u* € C1(Q). Consequently,

/ *\ : / —
I.(u") = nEIJIrlOOIAn(un) =0.
To conclude, it remains to show that u* is nonzero. To this end, fix ¢ € (2, 00),

with ¢ < 1\2,]:[2 if N > 3, and put

o f>\1(t)
M=sp St

Then, M € (0,00) and, for each n € N, one has

0= I}, (1) (1tn) = [Jun]]? — / P (1 (1))t ()
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%

ln 2 /Q P (tn ()i ()t

| = Mlunllf = llunll* — Mcf]lun |,

v

which implies

lunll > (Mc2)7 > 0.
Since u, — u* in C1(2), passing to the limit in the above inequality, we finally
obtain [ju*|| > (Mcd) =7, that is u* # 0. O
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